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PREFACE. 


Thk  olgect  of  this  book  is  to  set  forth  in  a  oompact  form  those 
parts  of  the  Science  of  Mechanics  which  are  practically  applicable 
to  Stroctoies  and  Machines.  Its  plan  is  sufficiently  explained  by 
the  Table  of  Contents,  by  the  Introduction,  and  by  the  initial 
articles  of  the  six  parts  into  which  the  body  of  the  treatise  is 
divided. 

This  work,  like  others  of  the  same  class,  contains  facts  and 
IHindples  that  have  been  long  and  widely  known,  mingled  with 
others,  of  which  some  are  the  results  of  the  labours  of  recent 
diacoYerers,  some  have  been  published  only  in  scientific  Transac- 
tions and  periodicals,  not  generally  circulated,  or  in  oral  lectures, 
and  some  are  now  published  for  the  first  time.  I  have  endea- 
voured, to  the  best  of  my  knowledge,  to  mention  in  their  proper 
phu^es  the  authors  of  recent  discoveries  and  improvements,  and  to 
refer  to  scientific  papers  which  have  furnished  sources  of  infor- 
mation. 

A  branch  of  Mechanics  not  usually  found  in  elementary  treatises 
is  explained  in  this  work,  viz.,  that  which  relates  to  the  equili- 
brium of  stress,  or  internal  pressure,  at  a  point  in  a  solid  mass,  and 
to  the  general  theory  of  the  elasticity  of  solids.  It  is  the  basis  of 
a  sound  knowledge  of  the  principles  of  the  stability  of  earth,  and 
of  the  strength  and  stLOGoLess  of  materials  ;  but,  so  &r  as  I  know, 
the  only  elementary  treatise  on  it  that  has  hitherto  been  published 
is  that  of  M.  Lam^,  entitled  Leqom  sur  la  Tkknit  TnoMnuUique  de 
TEkuUcUe  da  Corps  aolidea. 

In  treating  of  the  stability  of  arches,  the  lateral  pressure  of  the 
load  is  taken  into  accoimt.  So  &r  as  I  know,  the  only  author  who 
has  hitherto  done  so  in  an  exact  manner,  is  M.  Ytou- Yillarceaux, 
in  the  M^moins  dea  Sanans  elfrafnger$. 
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PREFACE. 


The  principle  of  the  transformation  of  stnictures  and  its  appli- 
cations have  hitherto  appeared  in  the  Proceedings  of  the  Royal 
Society  alone. 

The  correct  laws  of  the  flow  of  elastic  flttids  (first  investigated 
by  Dr.  Joule  and  Dr.  Thomson),  and  the  true  equations  of  the 
action  of  steam  and  other  vapours  against  pistons,  as  deduced  from 
the  principles  of  thermodynamics,  by  Professor  Clausius  and  myself, 
contemporaneously,  are  now  for  the  first  time  stated  and  applied  in 
an  elementary  manual. 

Other  portions  of  the  work,  which  are  wholly  or  partly  new,  are 
indicated  in  their  places. 

In  the  arrangement  of  this  treatise  an  efibrt  has  been  made  to 
adhere  as  rigidly  as  possible  to  a  methodical  classification  of  its 
subjects ;  and,  in  particular,  care  ha^r  been  taken  to  keep  in  view 
the  distinction  between  the  comparison  of  motions  with  each  other, 
and  the  relations  between  motions  and  forces,  which  was  first 
pointed  out  by  Monge  and  Ampere,  and  which  Mr.  Willis  has 
so  successfully  applied  to  the  subject  of  mechanism.  The  observing 
of  that  distinction  is  highly  conducive  to  the  correct  understanding 
and  ready  application  of  the  principles  of  Mechanics. 

W.  J.  M.  R. 

Glasgow  Universpty.  May,  1838, 
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For  the  detection  of  most  of  the  errors  in  the  First  Edition, 
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EBRATA* 
Page  811,  m  the  toble,  after  the  words  «  Bight  ofO"/r*'— W"  raai  <*  • 
Page  820,  equation  (L)  duold  be  as  foflows: 

jfi-2 or — ^ 


w 


ADDEHDUIC. 


XV 


Addihdum  (referred  to  in  Azticle  634,  page  579). 


iC  ITaMr  te  Waves.— I.  SeUing  Wa9e».^lsk  waves  iHiidi  an  not 
aooompspied  hj  pennsnent  trandotian  of  the  psTfeides  of  waiter,  it  is  known  hv 
obMrnidon  thM  those  paiticles  revolve  in  orbits  situated  in  vertical  planes  which 
aie  pcrpCTidicnlar  to  the  ridra  and  fiuruws  of  the  waves,  and  parallel  to  their 
^lectitm  of  advanoe;  also,  that  each  revolving  nairtide  moves  forward  idiile  on 
the  crest  of  a  wa>ve^  downward  when  on  tibe  back  dope,  backward  when  in  the 
troof^  and  upwaia  when  on  the  front  slope.  Hie  Imgth  of  a  wave  is  the 
diatwoe;  in  the  diiection  of  advance,  from  oest  to  crest;  the  height  is  equal  to 
the  vertical  diameter  of  the  orbit  of  a  surface  partide.  Each  naiticle  makes  one 
xevobitkm  while  tiie  wave  advances  tlm>iigh  a  wave-length :  ue  interval  of  time 
tfans  occupied  is  called  Hm  period.    Let  L  denote  the  wave-length,  T  the  period, 

•  the  velocity  of  advance;  then  a  =  ^;  and  also,  mean  vekxnty  of  revohition  of 

a  particle  =  corcmnferenoe  of  odbit  -^T. 

The  orbits  of  the  partides  are  i^prozimately  dliptic,  with  the  longvr  axis 
horimiital.    In  going  from  the 

nr&ce   towards  the^bottom,  ^ >. 

the  dimensions  of  the  orbits  are  ^ 

toond  to  diminish,  the  vertkal 

u]g  diminishing:  faster  than  tibe 

horisimtal  axis,  as  shown  at  A, 

B,C,infic^A.     Atthebottom 

ue  partides  move  back  and 

forward  in  a  straight  line,  as 

atD. 

The  deeper  the  water  is,  as 
compared  with  the  length  of 
s  wave,  the  mere  neaiiy  e^nal 
ne  the  two  wees  of  the  orbit  of 
«  mfaoe  partide ;  and  in  water 
wkose  depth  is  hiJf  a  wave-length  and  upwards,  those  axes  are  serndbty  equal, 
•ad  the  orbit  of  a  soifaoe  partide  sensihly  drcolar. 

n.  Sdation  bdween  Figure  of  Surface  tmd  Vdodty  of  Adiaanee.—lii  fig.  252, 
psge  678,  let  G  be  the  centre,  and  C  B  the  radius  of  the  drcolar  orbit  of  a 
pwtide.  Lay  off  C  A  vertically  apwards,  of  a  length  equal  to  that  of  the 
•prtMtoa  jwnavZitai  (that  is,  the  peDdnlnm  whose  period  is  T)--^u-f 


CA  =  ?^=      T*  (seconds) 

4  »«      0-815  foot  nearly 


a.) 


Then  we  have  gravity :  oentrifagal  force: :  A  C  :  G  B ;  and  A  B  represents  (as 
in  Aitide  634,  page  578)  the  resoltant  of  ^vity  and  oentxifiKnl  force ;  so  that 
•  iw/oce  of  vtuform prature  traversing  B  is  nonnal  to  A  B.^  The  upper  sorfaoe 
of  the  wave  issodi  a  sazfaoe ;  uid  in  order  to  fulfil  that  condition  its  profile  must 
be  •  irockoid  traced  hp  the  point  B  whUe  a  eirde  of  the  radius  G  A  rolls  on  the 
^^tdermde^a  karimnial  sMffkt  line  traversina  A.  The  length  of  such  a  wave, 
>od  its  ceCoo^r  of  advance,  are  given  l^  the  following  equations :— 


L  =  2»G  A  = 


_^T«  _ 


2» 


=  (in  feet)  5-12  T*; 


(2.) 


a  =  ^  =  ^  =  fm  feet  per  second)  612  T. 


(3.) 


When  the  orfasts  of  the  surface  partides  are  elliptic,  let  m  be  the  ratio  in  which 
the  vertical  ask  » less  than  the  borisontal  axis.  Then  it  is  evident  that  in  order 
tbt  the  surface  of  the  wave  may  still  be  everywhere  normal  to  the  resultant  of 
gratity  and  re-action,  we  must  liave 
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L  = -^  =  (in  feet)  512  «  T»; (4.) 

a  =  ^^  =  Cm  feet  per  seoond)  612  m  T. (5.) 

IIL  Rdation  between  VeloeUy  of  Advance  and  Depth  of  Uniform  Diatvtrhance. — 
Let  h  be  the  height  of  a  wave ;  that  is.  the  vertical  diameter  of  the  orbit  of  & 
surface  particle.  Tlien,  in  an  indefinitely  short  interval  of  time,  the  front  slope 
of  the  wave  advances  through  the  distance  adt,  and  the  volume  of  water  con- 
tained between  the  original  and  new  positions  of  the  front  slope,  per  unit  of 
breadth,  iBhadi,  In  the  same  interval  of  time  there  passes  mto  the  space 
vertically  below  the  front  slope,  per  unit  of  breadth,  the  volume  of  water 
2  «  c  of  t,  where  u  is  the  forwara  velocity  of  a  surface  particle  at  the  crest, -u  the 
equal  backward  velocity  of  a  surface  particle  in  the  larough,  and  c  a  depth  which 
may  be  called  the  depUi  of  uniform  disturbance,  because  it  is  equal  to  the  mean 
depth  of  a  canal  in  which  the  volume  of  water  displaced  per  second  would  be 
equal  to  that  displaced  per  second  in  the  actual  wave^  the  horizontal  velocity 
of  diBturbance  were  the  same  from  surface  to  bottom.  Equating  the  two  volumes 
just  given,  we  have  ha=  2  u  c;  but  u  can  be  shown  to  oe  =  gh-^2a\  there- 
fore c  =  €fi  -^  g.  Hence  the  velocity  of  advance  of  a  wave  of  any  figure  in  which 
the  volume  displaced  horizontally  per  second  is  equivalent  to  that  due  to  a  hori- 
zontal velocity  of  disturbance  equal  to  the  surface  velocity  down  to  the  depth  r, 
is  given  by  the  equation 

a  =  >JgT. (a) 

For  waves  rolling  in  deep  water,  without  interference  by  external  forces,  it  can 
be  shown  that  the  diameters  of  the  orbits  of  particles  at  different  depths  vary 

t 

proiK>rtionally  to  e     ^ ;  where  t  is  the  depth  of  the  centre  of  the  orbit  of  the 
particle  in  question  below  the  centre  of  the  orbit  of  a  surface  particle. 
In  water  of  the  depth  A,  let  L  -H  2  ir  =  6 ;  then  it  can  be  shown  that  at  the 

surface,  m=\e^  —  e     */  H-  V« *  +  «     */ >  that  e  =  m 6;  and  that  the  hori- 

k—K  M—k 

zontal  and  vertical  diameters  of  an  oibit  vary  r6q>ectively  as  «    ^    +  e    ^  ,  and 

as  «    *  —  e    *       In  very  deep  water,  m  sensibly  =  1,  and  c  =  6. 

In  very  shallow  water  the  horizontal  disturbance  is  sensibly  uniform  from  the 
surface  to  the  bottom,  so  that  e  represents  the  actual  depth ;  and  the  vertical 
disturbance  is  sensibly  proportional  to  the  height  above  the  bottom. 

rV.  Wavee  of  TrandaUon  are  those  which  are  accompanied  by  a  permanent 
travelling  of  the  particles  of  water,  and  are  said  to  be  positive  or  negative  accord- 
ing as  that  travelling  is  forward  or  backward.  Their  motions  may  be  expressed 
by  taking  two  different  quantities,  v'  and  —  tc",  to  denote  respectively  the  for- 
ward velocity  of  a  particle  at  the  ciest  of  a  wave,  and  the  backward  velocity  of 
a  particle  in  the  toough;  when  the  velocity  of  advance  will  be  given  by  the 
formula 

a  +  lK-ul (7.) 

V.  AuihoritieB  on  TToves.— Weber's  Wdlentehre;  Scott  Russell,  in  Bepwis  of 
the  British  Auociation,  1844;  Airy,  On  Tidea  and  Waves;  Stokes,  Cambridge 
Transactions,  1842,  1850;  Eamshaw,  lb.,  1845;  Froude.  Trans,  of  the  Institution 
of  Naval  Architects,  1862;  Bankine,  Philos,  Trans.,  1863;  Do,  PAOos.  Mag., 
November,  1864;  Do.,  Proceedings  of  the  BoyalSoeidy,  1868;  Watts,  Bankine, 
Napier,  and  Barnes,  On  Shipbuilding;  Thomas  Stevenson,  On  ff arbours; 
Caligny,  LiouviUe's  Journal,  June  and  July,  1866;  Cialdi,  Sui  Moto  Ondoso  dd 
Mare, 
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BABXONI  OP  THEOBT  AND  PBACTICE  IN  UEGHANICS. 


Thb  wordsy  iheory  and  practice,  are  of  Greek  oiigin  :  they  carry 
our  thoughts  back  to  the  time  of  those  ancient  philosophers  by 
vhom  they  were  contrived ;  and  by  whom  also  they  were  con- 
trasted and  placed  in  opposition,  as  denoting  two  conflicting  and 
matoally  inconsistent  ideas. 

In  geometry,  in  philosophy,  in  poetry,  in  rhetoric,  and  in  the 
fine  arts,  tlio  Greeks  are  onr  masters ;  and  great  are  our  obligations 
to  the  ideas  and  the  models  which  they  have  transmitted  to  our 
timea.  But  in  physics  and  in  mechanics  their  notions  were  very 
generally  pervaded  by  a  great  fsdlacy,  which  attained  its  complete 
and  meet  mischievous  development  amongst  the  mediaeval  school- 
men, and  the  remains  of  whose  influence  can  be  traced  even  at  the 
present  day — the  fallacy  of  a  double  system  of  naMi/ral  laws;  one 
theofetica],  geometrical,  rational,  discoverable  by  contemplation, 
applicable  to  celestial,  sertherial,  indestructible  bodies,  and  being  an 
object  of  the  noble  and  liberal  arts ;  the  other  practical,  mechanical, 
empiiical,  discoverable  by  experience,  applicable  to  terrestrial,  gross, 
destructible  bodies,  and  being  an  object  of  ^rhat  were  once  called 
ti.e  Tolgu- luid  Bortlid  ..rta 

The  so-oaUed  physical  theories  of  most  of  those  whose  under- 
itendings  were  under  the  influence  of  that  &Ilacy,  being  empty 
dreams,  with  but  a  trace  of  truth  here  and  there,  and  at  varianoe 
with  the  results  of  every-day  observation  on  the  sur&oe  of  the 
pknei  we  inhabit,  were  calciQated  to  perpetuate  the  fallacy.  The 
stars  were  celestial,  incorruptible  bodies ;  their  orbits  were  circular 
■ad  thor  motions  perpetual ;  such  orbits  and  motions  being  charac- 
perfection.    Objects  on  the  earth's  sur&oe  were  terrestrial 


*  TUs  DisMrtotion  «oiitaiiM  the  siibetanoe  of  a  disoonne,  **  De  CoDCordiA  inter 
Sdntianiin  Machinalinm  Contemplationem  et  Usom,"  read  before  the  Senate  of 
eke  UfiHcnity  of  Glasgair  on  the  10th  of  December,  1855,  and  of  an  inaagnral  lec- 
tore.  deUvered  to  the  Claas  of  (^vil  Engineering  and  Mechanica  in  that  University  on 
the  dd  of  Jattoary,  1856. 
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and  corruptible ;  their  motions  being  characteristic  of  impeifection, 
were  in  mixed  straight  and  carved  lines,  and  of  limited  duration. 
Bational  and  practical  mechanics  (as  l^ewton  observes  in  his 
preface  to  the  FHncipia)  were  considered  as  in  a  measure  opposed 
to  each  other,  the  latter  being  an  inferior  branch  of  studj, 
to  be  cultivated  only  for  the  sake  of  gain  or  some  other  material 
advantage.  Archytas  of  Tarentum  might  illustrate  the  truths  of 
geometry  by  mechanical  contrivances ;  his  methods  were  regarded 
by  his  pupil  Plato  as  a  lowering  of  the  dignity  of  science.  Archi- 
medes, to  the  character  of  the  first  geometer  and  arithmetician  of 
his  day,  might  add  that  of  the  first  mechanician  and  physicist, — he 
might,  by  his  unaided  strength  acting  through  suitable  machinery, 
move  a  loaded  ship  on  dry  land, — ^he  might  contrive  and  execute 
deadly  engines  of  war,  of  which  even  the  Koman  soldiers  stood  in 
dread, — he  might,  with  an  art  afterwards  regarded  as  fiabulotis 
till  it  was  revived  by  Bufibn,  bum  fleets  with  the  concentrated 
sunbeams ;  but  that  mechanical  knowledge,  and  that  practical  skill, 
which,  in  our  eyes,  render  that  great  man  so  illustrious,  were,  by 
men  of  learning,  his  contemporaries  and  successors,  r^arded  as 
accomplishments  of  an  inferior  order,  to  which  the  pMlosopher, 
£rom  the  height  of  geometrical  abstraction,  condescended,  with  a 
view  to  the  service  of  the  State.  In  those  days  the  notion  arose 
that  scientific  men  were  unfit  for  the  business  of  life,  and  various 
facetious  anecdotes  were  contrived  illustrative  of  this  notion,  which 
have  been  handed  down  from  age  to  age,  and  in  each  age  appUed, 
with  little  variation,  to  the  eminent  philosophers  of  the  time. 

That  the  Komans  were  eminently  skilful  in  many  departments 
of  practical  mechanics,  especially  in  masonry,  road-making,  and 
hydiraulics,  is  clearly  established  by  the  existing  remains  of  their 
magnificent  works  of  engineering  and  architecture,  from  many  of 
which  we  should  do  well  to  take  a  lesson.  But  the  fallacy  of  a 
supposed  discordance  between  rational  and  practical,  celestial  and 
terrestrial  mechanics,  still  continued  in  force,  and  seems  to  have 
gathered  strength,  and  to  have  attained  its  fxdl  vigour  during  the 
middle  ages.  In  those  ages,  indeed,  were  erected  those  incom- 
parable ecclesiastical  buildings,  whose  beauty,  dependiug,  as  it  does, 
mainly  on  the  nice  adjustment  of  the  form,  strength,  and  position 
of  each  part,  to  the  forces  which  it  has  to  sustain,  evinces  a  pro- 
found study  of  the  principles  of  equilibrium  on  the  part  of  the 
architects.  But  the  very  names  of  those  architects,  with  few  and 
doubtful  exceptions,  were  suffered  to  be  forgotten ;  and  the  piin- 
ciples  which  guided  their  work  remain  unrecorded,  and  were  1^  to 
be  re-discovered  in  our  own  day  ;  for  the  scholars  of  those  times, 
despising  practice  and  observation,  were  occupied  in  developing 
and  magnifying  the  numerous  errors,  and  in  perverting  and  obecur- 
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ing  the  xnncli  more  nmnerous  truthsy  which  are  to  be  found  in  the 
imtingB  of  Aristotle ;  and  those  few  men  who,  like  Koger  Bacon, 
oumhined  sdentific  with  practical  knowledge,  were  objects  of  fear 
and  persecution,  as  supposed  allies  of  the  powers  of  darkness. 

At  length,  during  l2ie  great  reyival  of  learning  and  reformation 
of  science  in  the  fifteenth,  sixteenth,  and  seventeenth  centuries, 
the  system  fedsely  styled  Aristotelian  was  overthrown  :  so  also  was 
the  &Uacy  of  a  double  system  of  natural  laws ;  and  the  truth  began 
to  be  duly  appreciated,  that  sound  theory  in  physical  science  con- 
siatB  simply  of  facts,  and  the  deductions  of  common  sense  from 
them,  reduced  to  a  systematic  form.  The  science  of  motion  was 
founded  by  Galileo,  and  perfected  by  Newton.  Then  it  was  estab- 
lished ih&t  celestial  and  terrestrial  mechanics  are  branches  of  one 
seiaice ;  that  they  depend  on  one  and  the  same  system  of  clear  and 
simple  first  principles ;  that  those  very  laws  which  regulate  the 
motion  and  the  stability  of  bodies  on  earth,  govern  also  the  revolutions 
of  the  stars,  and  extend  their  dominion  throughout  the  immensity 
of  space.  Then  it  came  to  be  acknowledged,  that  no  material 
obie^  however  small, — ^no  force,  however  feeble, — ^no  phenomenon, 
however  familiar,  is  insignificant,  or  beneath  the  attention  of  the 
philosopher ;  that  the  processes  of  the  workshop,  the  labpurs  of  the 
artizan,  are  full  of  iii^rtruction  to  the  man  of  science ;  that  the 
floentific  study  of  practical  mechanics  is  well  worthy  of  the  atten- 
tion of  the  most  accomplished  mathematician.  Then  the  notion, 
that  scientific  men  are  unfit  for  business,  began  to  disappear.  It 
was  not  court  favour,  not  high  connection,  not  Parliamentary  in- 
fluence, which  caused  Newton  to  be  appointed  Warden,  and  after- 
wards Master,  of  the  Mint ;  it  was  none  of  these ;  but  it  was  the 
knowledge  possessed  by  a  wise  minister  of  the  fact,  that  Newton's 
akilly  both  theoretical  and  practical,  in  those  branches  of  knowledge 
which  that  office  required,  rendered  him  the  fittest  man  in  all 
Britain  to  direct  the  execution  of  a  great  reform  of  the  coinage. 
Of  tile  manner  in  which  Newton  performed  the  business  entrusted 
to  him,  we  have  the  following  account  in  the  words  of  Lord 
Macauiay,  an  author  who  cannot  be  accused  of  undue  partiality  to 
speculative  science  or  its  cultivators : — 

^The  abHitj,  the  industry,  and  the  strict  uprightness  of  the  great  philo- 
tofJier,  speedily  produced  a  complete  revolation  throughout  the  depart- 
ment which  was  under  his  direction.  He  devoted  himself  to  the  ta^ik 
with  an  activity  which  left  him  no  time  to  spare  for  those  pursuits  in  which 
he  had  surpassed  Archimedes  and  Galileo.  Till  the  great  work  was  com- 
pletely done,  he  resisted  firmly,  and  almost  angrily,  every  attempt  that 
was  made  by  men  of  sdence,  here  or  on  the  Continent,  to  draw  him  away 
irom  his  official  duties.'** 

•  VoL  iv.,  p.  703. 
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Then  the  liistoriaii  proceeds  to  detail  the  resolts  of  Newton*8 
exertions,  and  shows,  that  within  a  short  time  after  his  appoint- 
ment, the  weekly  amount  of  the  coinage  of  silver  was  increased  to 
eightfold  of  that  which  had  been  looked  upon  as  the  utmost  practi- 
cable amoimt  by  his  predecessors. 

The  extension  of  experimental  methods  of  investigation,  has 
caused  even  manual  skill  in  practical  mechanics,  when  scientifically 
exercised,  to  be  duly  honoured,  and  not  (as  in  ancient  times)  to  be 
regarded  as  beneath  the  dignity  of  science. 

As  a  systematically  avowed  doctrine,  there  can  be  no  doubt  that 
the  fallacy  of  a  discrepancy  between  rational  and  practical  me- 
chanics came  long  ago  to  an  end  \  and  that  every  well-informed 
and  sane  man,  expressing  a  delibmtte  opinion  upon  the  mutual 
relations  of  those  two  branches  of  science,  would  at  once  admit  that 
they  agree  in  their  principles,  and  assist  each  other's  progress,  and 
that  such  distinction  as  exists  between  them  arises  from  die  differ- 
ence of  the  pwrpoaes  to  which  the  same  body  of  principles  is  applied. 

If  this  doctrine  had  as  strong  an  influence  over  the  actions  of 
men  as  it  now  has  over  their  reasonings,  it  would  have  been  unne- 
cessaiy  for  me  to  describe,  so  fully  as  I  have  done,  the  great  scienti- 
fie  fallacy  of  the  ancients.  I  might,  in  fact,  have  passed  it  over  in 
silence,  as  dead  and  forgotten ;  but,  unfortunately,  that  discrepancy 
between  theory  and  practice,  which  in  soimd  physical  and  mechani- 
cal  science  is  a  delusion,  has  a  real  existence  in  the  minds  of  men  ; 
and  that  fallacy,  though  rejected  by  their  judgments,  continues  to 
exert  an  influence  over  their  acts.  Therefore  it  is  that  I  have 
endeavoured  to  trace  the  prejudice  as  to  the  discrepancy  of  theory 
and  practice,  espedaUy  in  Mechanics,  to  its  origin ;  and  to  show 
that  it  is  the  ghost  of  a  defunct  fiJlacy  of  the  ancient  Greeks  and 
of  the  mediseval  schoolmen. 

This  prejudice,  &s  I  have  stated,  is  not  to  be  foxmd,  at  the  present 
day,  in  the  form  of  a  definite  and  avowed  principle :  it  is  to  be 
traced  only  in  its  pernicious  effects  on  the  progress  both  of  specula- 
tive science  and  of  practice,  and  sometimes  in  a  sort  of  tacit  influ- 
ence which  it  exerts  on  the  forms  of  expression  of  writers,  who 
have  assuredly  no  intention  of  perpetuating  a  delusion.  To  exem- 
plify the  kind  of  influence  last  referred  to,  I  shall  cite  a  passage 
from  the  same  historical  work  which  I  recently  quoted  for  a  differ- 
ent  purpose.  Lord  Macaulay,  in  treating  of  the  Act  of  Toleratiou 
of  William  III.,  compares,  metaphorically,  the  science  of  politics  to 
tliat  of  mechanics,  and  then  proceeds  as  follows  : — 

^^  The  mathematician  can  easily  demonstrate  that  a  certain  power,  ap- 
plied by  means  of  a  certain  lever,  or  of  a  certain  system  of  pulleys,  will 
suffice  to  raise  a  certain  weight.  But  his  demonstration  proceeds  on  the 
supposition  that  the  machinery  is  such  as  no  load  will  bend  or  break.    If 
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Ihe  en^;iiieer  who  baa  to  lift  a  sreat  mass  of  real  ffranite  bj  tbe  instni- 
mentaiity  of  real  timber  and  real  hemp,  should  absolutely  rely  on  the  pro- 
pootioDa  which  he  finds  in  treatises  on  Dynamics,  ana  should  make  no 
aQowanoe  for  the  imperfection  of  his  materials,  his  whole  apparatus  of 
beama,  wheels,  and  ropes,  would  soon  come  down  in  ruin,  and  with  aU  his 
geometrical  skill,  he  would  be  found  a  far  inferior  builder  to  those  painted 
barbarians  who,  though  they  never  heard  of  the  parallelogram  of  forces, 
managed  to  pile  up  Stonehenge."  * 

It  is  impoaedble  to  read  this  passage  without  feeling  admiration 
for  the  force  and  deamcss  (and  I  may  add,  for  the  brilliancy  and 
vnt)  of  the  language  in  which  it  is  expressed;  and  those  very 
qtiaiities  of  force  and  cleame&Sy  as  well  as  the  author's  eminence^ 
render  it  one  of  the  best  examples  that  can  be  found  to  illustrate 
the  lurking  influence  of  the  &llacy  of  a  double  set  of  mechanical 
lawBy  rational  and  practical 

In  &ct,  the  mathematical  theory  of  a  machine, — ^that  is,  the  body 
of  principles  which  enables  the  engineer  to  compute  the  arrange- 
ment and  dimensions  of  the  parts  of  a  machine  intended  to  perform 
given  operations, — is  divided  by  mathematicians,  for  the  sake  of 
convenience  of  investigation,  into  two  parts.  The  part  first  treated 
of^  as  being  the  more  simple,  relates  to  the  motions  and  mutual 
actions  of  the  solid  pieces  of  a  machine,  and  the  forces  exerted  by 
and  upon  them,  each  continuous  solid  piece  being  treated  as  a 
whole,  and  of  sensibly  invariable  figure.  The  second  and  more 
intricate  part  relates  to  the  actions  of  the  forces  tending  to  break 
or  to  alter  the  figure  of  each  such  solid  piece,  and  the  dimensions 
and  form  to  be  given  to  it  in  order  to  enable  it  to  resist  those 
forces :  this  part  of  the  theory  depends,  as  much  as  the  first  part^ 
on  the  general  laws  of  mechanics;  and  it  is,  as  truly  as  the  first 
part,  a  subject  for  the  reasonings  of  the  mathematician,  and  equally 
requisite  for  the  completeness  of  the  mathematical  treatise  which 
the  engineer  is  supposed  to  consult.  It  is  true,  that  should  the 
engineer  implicitly  trust  to  a  pretended  mathematician,  or  an 
incomplete  treatise,  his  apparatus  would  come  down  in  ruin,  as 
the  historian  has  stated :  it  is  true  also  that  the  same  result  would 
follow,  if  the  engineer  was  one  who  had  not  qualified  himself,  by 
experience  and  observation,  to  distinguish  between  good  and  bad 
materials  and  workmanship;  but  the  passage  I  have  quoted  conveys 
an  idea  different  from  these;  for  it  proceeds  on  the  erroneous  sup- 
position, that  the  first  part  of  the  theoiy  of  a  machine  is  the  whole 
theovT,  and  is  at  variance  with  something  else  which  is  independent 
oi  mathematics,  and  which  constitutes,  or  is  the  foundation  o^ 
fractical  mechanics. 

The  evil  influence  of  the  supposed  inconsistency  of  theory  and 

•  YoL  lit,  p.  84. 
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practice  upon  specnlatiye  science,  although  much  less  oonspictioiis 
than  it  was  in  the  ancient  and  middle  ages,  is  still  occasionally  to 
be  traced.  This  it  is  which  opposes  the  mutual  communication  of 
ideas  between  men  of  science  and  men  of  practice,  and  which  leads 
scientific  men  sometimes  to  employ,  on  problems  that  can  only  be 
regarded  as  ingenious  mathematical  exercises,  much  time  and 
mental  exertion  that  would  be  better  bestowed  on  questions  havilig 
some  connection  with  the  arts,  and  sometimes  to  state  the  resrults 
of  really  important  investigations  on  practical  subjects  in  a  form 
too  abs^iise  for  ordinary  use;  so  that  the  benefit  which  might  be 
derived  from  their  application  is  for  years  lost  to  the  public;  and 
valuable  practical  principles,  which  might  have  been  anticipated  by 
reasoning,  are  left  to  be  discovered  by  slow  and  costly  experience. 

But  it  is  on  the  practice  of  mechanics  and  engineering  that  the 
influence  of  the  great  fallacy  is  most  conspicuous  and  most  fatal. 
There  is  assuredly,  in  Britain,  no  deficiency  of  men  distinguished 
by  skill  in  judging  of  the  quality  of  materials  and  work,  and  in 
directing  the  operations  of  workmen, — ^by  that  sort  of  skill,  in 
fact,  which  is  purely  practical,  and  acquired  by  observation  and 
experience  in  business.  But  of  that  scientifically  practical  skill 
which  produces  the  greatest  effect  with  the  least  possible  expendi- 
ture of  material  and  work,  the  instances  are  comparatively  rare. 
In  too  many  cases  we  see  the  strength  and  the  stability,  which 
ought  to  be  given  by  the  skilful  arrangement  of  the  parts  of  a 
structure,  supplied  by  means  of  clumsy  massiveness,  and  of  lavish 
expenditure  of  material,  labour,  and  money ;  and  the  evil  is 
increased  by  a  perversion  of  the  public  taste,  which  causes  works 
to  be  admired,  not  in  proportion  to  their  fitness  for  their  purposes^ 
or  to  the  skill  evinced  in  attaining  that  fitness^  but  in  proportion 
to  their  size  and  cost 

With  respect  to  those  works  which,  from  unscientific  design, 
give  way  during  or  immediately  after  their  erection,  I  shall  say 
little;  for,  with  all  their  evils,  they  add  to  our  experimental  know- 
ledge, and  convey  a  lesson,  though  a  costly  one.  But  a  class  of 
structures  fraught  with  mudi  greater  evils  exists  in  great  abundance 
throughout  the  country : — ^namely,  those  in  which  the  faults  of  an 
unscientific  design  have  been  so  far  counteracted  by  massive  strength^ 
good  materials,  and  careful  workmanship,  that  a  temporary  stability 
has  been  produced,  but  which  contain  within  themselves  sources  of 
weakness,  obvious  to  a  scientific  examination  only,  that  must  inevi- 
tably cause  their  destruction  within  a  limited  number  of  years. 

Another  evil,  and  one  of  the  worst  which  arises  from  the  separa- 
tion of  theoretical  and  practical  knowledge,  is  the  fact  that  a  large 
number  of  persons,  possessed  of  an  inventive  turn  of  mind  and  of 
considerable  skill  in  the  manual  operations  of  practical  mechanics^ 
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an  destikite  of  that  knowledge  of  scientific  principles  wbich  ig 
leqoisite  to  prevent  their  being  misled  by  their  own  ingenniiy. 
Sadi  men  too  often  f^nd  their  money,  waste  their  liyes^  and  it 
may  be  lose  their  reason,  in  the  vain  pursuit  of  yiaionary  inventions, 
of  which  a  moderate  amount  of  theoretical  knowledge  would  be 
nffident  to  demonstrate  the  fallacy;  and  for  want  of  such  know- 
ledge, many  a  man  who  might  have  been  a  useful  and  happy 
member  of  society,  becomes  a  being  than  whom  it  would  be  hard 
to  find  anything  more  miserable. 

The  number  of  those  unhappy  persons — ^to  judge  from  the  patent- 
and  from  some  of  the  mechanical  journals — ^must  be  much 
greater  than  ia  generally  believed.  The  most  absurd  of  all  their 
dehnona, — that  conmioi^y  called  the  perpetual  motion,  or  to  speak 
more  accurately,  the  inexhaustible  source  of  power, — ^is,  in  various 
fbfiDs,  the  subject  of  several  patents  in  each  year. 

The  ill  suoceas  of  the  projects  of  misdirected  ingenuity  has  very 
Batoially  the  effect  of  driving  those  men  of  practical  skill  who, 
though  withoat  scientific  knowledge,  possess  prudence  and  common 
tense,  to  the  opposite  extreme  of  caution,  and  of  inducing  them  to 
%T6sd  all  experiments,  and  to  confine  themselves  to  the  careful 
copying  of  successful  existing  structures  and  machines:  a  course 
whM^  although  it  avoids  risk,  would,  if  generally  foUowed,  stop 
the  progress  of  all  improvement.  A  similar  course  has  sometimes, 
ladnd,  been  adopted  by  men  possessed  of  scientific  as  well  as 
pndioal  skill :  such  men  having,  in  certain  cases,  from  deference 
to  popular  prejudice,  or  from  a  dread  of  being  reputed  as  theorists, 
considered  it  advisable  to  adopt  the  worse  and  customary  design 
for  a  work  in  preference  to  a  better  but  unusual  design. 

Some  of  the  evils  which  are  caused  by  the  fisdlacy  of  an  incom- 
patilnlify  between  theory  and  practice  having  been  described,  it 
must  now  be  admitted,  that  at  the  present  time  those  evils  show  a 
<fedded  tendency  to  decline.  The  extent  of  intercourse,  and  of 
mutual  assistance,  between  men  'of  science  and  men  of  practice,  the 
ptBctical  knowledge  of  scientific  men,  and  the  scientific  knowledge  of 
practical  men,  have  been  for  some  time  steadily  increasing ;  and  that 
comlnnation  and  harmony  of  theoretical  and  practical  knowledge — 
that  skill  in  the  application  of  scientific  principles  to  practical 
purposes,  which  in  former  times  was  confined  to  a  few  remarkable 
individuals^  now  tends  to  become  more  generally  dif^ised.  With 
a  Tiew  to  promote  the  division  of  that  kind  of  skill.  Chairs  were 
iutituied  at  periods  of  from  fifteen  to  ten  years  ago,  in  the  two 
Collq;cs  of  the  University  of  London,  in  the  University  of  Dublin, 
in  the  three  Queen's  Colleges  of  Belikst^  Cork,  and  Galway,  and  in 
Ihis  University  of  GUu^ow. 

For  the  sake  of  a  parallel,  it  may  here  be  worth  while  to  refer 
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to  another  brancli  of  practical  science — that  of  Medicine.  From  the 
time  of  the  first  establishment  of  Medical  Schools  in  UniYersities, 
there  have  existed,  not  only  Chairs  for  the  teaching  of  the  pnzely 
scientific  departments  of  Medical  Science,  such  as  Anatomy  and 
Physiology,  but  also  Chairs  for  instruction  in  the  art  of  applying 
scientific  principles  to  practice,  such  as  those  of  Suigery,  the 
Practice  of  Physic,  and  other&  The  institution  of  a  Chair  of 
Mechanics  and  Engineering  in  a  University  where  there  have 
long  existed  Chairs  of  Mathematics  and  Natural  Philosophy,  is  an 
endeavour  to  place  Mechanical  Science  on  the  same  footing  m^  that 
of  Medicine. 

Another  parallel  may  be  found  in  an  Institution,  which,  though 
not  a  University,  and  though  established  as  much  for  the  advance* 
ment  as  for  the  difiusion  of  knowledge,  has  had  a  most  beneficial 
effect  in  promoting  the  appreciation  of  science  by  the  public, — 1 
mean  the  British  Association.  When  that  body  was  first  instituted, 
both  the  theoretical  advancement  and  the  practical  application  of 
Mechanics,  and  the  several  branches  of  Physics,  were  allotted  to  a 
single  section,  called  Section  A.  The  business  before  that  Section 
soon  became  so  excessive  in  amount,  and  so  multifarious  in  its 
character,  that  it  was  found  necessary  to  institute  Section  G,  for  the 
purpose  of  considering  the  practical  application  of  those  branches 
of  science  to  whose  tiieoretical  advancement  Section  A  was  now 
devoted;  and  notwithstanding  this  separation,  those  two  Sections 
work  harmoniously  together  for  the  promotion  of  kindred  objects ; 
and  the  same  men  are,  in  many  instances,  leading  members  of  both. 
What  Section  G  is  to  Section  A  in  the  British  Association,  this 
class  of  Engineering  and  Mechanics  is  to  those  of  Physics  and 
Mathematics  in  the  university. 

It  being  admitted,  that  Theoretical  and  Practical  Mechanics  are 
in  harmony  with  each  other,  and  depend  on  the  same  first  prin- 
ciples, and  that  they  differ  only  in  the  purposes  to  which  those 
principles  are  applied,  it  now  remains  to  be  considered,  in  what 
manner  that  difference  affects  the  mode  of  instruction  to  be  followed 
in  communicating  those  branches  of  science. 

Mechanical  knowledge  may  obviously  be  distinguished  into  three 
kinds :  purely  scientific  knowledge, — ^purely  prac^cal  knowledge — 
and  that  intermediate  knowledge  which  relates  to  the  application 
of  scientific  principles  to  practical  purposes,  and  whicii  arises 
from  understanding  the  harmony  of  theory  and  practice. 

The  objects  of  instruction  in  purely  scient&o  mechanics  and 
physics  are,  first,  to  produce  in  the  student  that  improvement  of 
the  understanding  which  results  from  the  cultivation  of  natural 
knowledge,  and  that  elevation  of  mind  which  flows  from  the  con- 
templation of  the  order  of  the  universe;  and  secondly,  if  possible, 
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corerer.  In  this  bnmcli  of 
ad  mathematical  diScultaes 
riiie  of  the  subject  leads  to 
on  of  truth  are  the  objectB; 
d  apon  merely  as  natnial 
rimental  data  for  the  aacer- 
heir  illustration, 
wledge  is  that  which  the 
ce  aid  obflervstion  of  the 
I  to  judge  of  the  qnaUty  of 
estious  of  convenience  and 
one  of  workmen,  to  imitate 
existing  stmctuies^^d  machines,  to  follow  establiahed  practical 
rnle^  and  to  tiwisact  the'  commercial  business  which  is  connected 
vith  mechanical  pnrstiits. 

The  third  and  intennediats  kind  of  inatniction,  which  connects 
the  first  two,  Bud  for  the  promotion  of  which  this  Chair  was  estab- 
lished, relates  to  the  application  of  scientific  priuciplee  to  practical 
porpoeea.  It  qualifies  the  student  to  plan  a  structure  or  a  machine 
for  a  givea  purpoM,  without  the  necesaity  of  copying  some  existing 
example,  and  to  adapt  his  designs  to  aituations  to  which  no  eusting 
example  affords  a  ptualleL  It  enables  him  to  compute  the  theo- 
retical limit  of  the  strength  or  stability  of  a  structure,  or  the 
efficieiicy  trf  a  machine  of  a  particular  kind, — to  ascertain  how  far 
an  actual  structure  or  machine  fails  to  attain  that  limit, — to  dis- 
eova  tiie  causes  of  sucli  shortcomings, — and  to  devise  improvement 
iiv  obviating  suck  causea;  and  it  enables  him  to  judge  how  &r  an 
established  practical  rule  is  founded  ou  reason,  how  tax  on  mere 
CDstom,  and  how  &r  on  error. 

There  are  certain  characteristics  in  the  mode  of  treating  the 
Bubjecte,  by  which  this  practical-scientifio  instruction  ought  to  be 
distinguished  from  instruction  for  purely  scientific  purposes. 

In  the  first  place  it  will  be  nniversally  admitted,  that  as  far  as  is 
poeaible,  mathematical  intricacy  ought  to  be  avoided. 

In  the  original  discovery  of  a  proposition  of  practical  utility,  by 
deduction  from  general  prindplea  and  from  experimental  data,  a 
Gomfdex  algebraical  investigation  is  often  not  merely  useful,  but 
indi^nnaable;  but  in  expounding  such  a  proposition  as  a  part  of 
practical  sdraioB,  and  applying  it  to  practical  purposes,  simpHcity  is 
of  the  £nt  impotiunce : — and,  in  &ct,  the  more  tlioroughly  a  scien- 
tific man  has  studied  the  higher  mathematics,  the  more  fully  does 
be  become  aware  of  this  tmtli, — and,  I  may  add,  the  better  qualified 
doee  he  become  to  &ee  the  exposition  and  application  of  scientific 
principles  fiom  mathematical  intricacy.  I  cannot  bett«r  support 
tliia   view  than  by  referring  to  Sir  John  Herschel's  Oallinet  of 
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Astrtmomy — a  work  in  which  one  of  the  most  profound  mathema* 
ticians  in  the  world  has  succeeded  admirably  in  divesting  of  all 
mathematical  intricacy  the  explanation  of  the  principles  of  that 
natural  science  which  employs  the  higher  mathematics  most 

In  fact,  the  symbols  of  algebra,  when  employed  in  abstruse  and 
complex  theoretical  investigations,  constitute  a  sort  of  thought- 
saving  machine,  by  whose  aid  a  person  skiUed  in  its  use  can  solve 
problems  respecting  quantities,  and  dispense  with  the  mental  labour 
of  thinking  of  the  quantities  denoted  by  the  symbols,  except  at  the 
beginning  and  end  of  the  operation.  In  treating  of  the  practical 
application  of  scientific  pidnciples,  an  algebraical  formula  should 
only  be  employed  when  its  shortness  and  simplicity  are  such  as  to 
render  it  a  clearer  expression  of  a  proposition  or  rule  than  common 
language  would  be,  and  when  there  is  no  difficulty  in  keeping  the 
thing  represented  by  each  symbol  constantly  before  the  mind. 

Ajaother  characteristic  by  which  instruction  in  practical  science 
should  be  distinguished  from  purely  scientific  instruction,  is  one 
which  appears  to  me  to  possess  the  advantage  of  calling  into  opera- 
tion a  mental  faculty  distinct  from  those  which  are  exercised  by 
theoretical  science.     It  is  of  the  following  kind : — 

In  theoretical  science,  the  question  is — What  a/re  we  to  tliink? 
and  when  a  doubtful  point  arises,  for  the  solution  of  which  either 
experimental  data  are  wanting,  or  mathematical  methods  are  not 
'  sufficiently  advanced,  it  is  the  duty  of  philosophic  minds  not  to  dis- 
pute about  the  probability  of  conflicting  suppositions,  but  to  labour 
for  the  advancement  of  experimental  inquiry  and  of  mathematics, 
and  await  patiently  the  time  when  these  shall  be  adequate  to  solve 
the  question. 

But  in  practical  science  the  question  is — What  are  we  to  do? — 
a  question  which  involves  the  necessity  for  the  immediate  adoption 
of  some  rule  of  working.  In  doubtful  cases,  we  cannot  allow  our 
machines  and  our  works  of  improvement  to  wait  for  the  advance- 
ment of  science ;  and  if  existing  data  are  insufficient  to  give  an  exact 
solution  of  the  question,  that  approximate  solution  must  be  acted 
upon  which  the  best  data  attainable  show  to  be  the  most  probabl& 
A  prompt  and  soimd  judgment  in  cases  of  this  kind  is  one  of  the 
characteristics  of  a  practical  man,  in  the  right  sense  of  that  term. 

In  conclusion,  I  will  now  observe,  that  the  cultivation  of  the 
Harmony  between  Theory  and  Practice  in  Mechanics — of  the 
application  of  Science  to  the  Mechanical  Arts — ^besides  all  the 
benefits  which  it  confers  on  us,  by  promoting  the  comfort  and 
))ro6perity  of  individuals,  and  augmenting  the  wealth  and  power  of 
the  nations-confers  on  us  also  the  more  important  benefit  of  raising 
the  character  of  the  mechanical  arts,  and  of  those  who  practise 
them.     A  great  mechanical  philosopher,  the  late  Dr.  Bobison  of 
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Edinburgh,  after  Btatmg  that  the  principles  of  Carpentiy  depend 
ina  two  branches  of  the  science  of  Statics,  remarks— "It  is  this 
which  makes  Carpentry  a  liberal  art" 

So  also  is  Masonry  a  liberal  art, — so  is  the  art  of  working  in 
Iitxi,  so  is  every  art,  when  guided  by  scientific  principles.  Every 
structure  or  machine,  whose  design  evinces  the  guidance  of  science, 
is  to  be  regarded  not  merely  as  an  instrument  for  promoting  oon- 
Tenience  and  profit,  but  as  a  monument  and  testimony  that  those 
"wiio  planned  and  made  it  had  studied  the  laws  of  nature;  and  this 
renders  it  an  object  of  interest  and  value,  how  small  soever  its 
balk,  how  common  soever  its  material. 

For  a  century  there  has  stood,  in  a  room  in  this  College,  a  small, 
rude,  and  plain  model,  of  appearance  so  uncouth,  that  when  an 
artist  lately  introduced  its  likeness  into  a  historical  painting,  those 
w^ho  saw  the  Hkeneas,  and  knew  nothing  of  the  origmal,  wondered 
"w^hat  the  artist  meant  by  painting  an  object  so  unattractive. 

But  the  artist  was  right ;  lor  ninety-one  years  ago  a  man  took  that 
model,  ^iplied  to  it  his  knowledge  of  natural  laws,  and  made  it 
into  the  first  of  those  steam  engines  that  now  cover  the  land  and 
the  sea;  and  ever  since,  in  R^^n's  eye,  that  small  and  uncouth 
mass  of  wood  and  metal  shines  with  imperishable  beauty,  as  the 
earliest  embodiment  of  the  genius  of  James  Watt 

Thus  it  is  that  the  commonest  objects  are  by  science  rendered 
precioas;  add  in  like  manner  the  aigineer  or  the  mechanic,  who 
plans  and  works  with  understanding  of  the  natural  laws  that  regulate 
the  results  of  his  operations,  rises  to  the  dignity  of  a  Sage. 


INTRODUCTION. 


PEFCnnON  OF  GENERAL  TERMS  AND  DIVISION  OP  THE  SUBJECT. 


Abx.  1.  Tiff>rfcB«tr«  18  the  flcienoe  of  rest,  motion,  and  force. 

The  laws,  or  first  principles  of  meclianics,  are  the  same  for  all 
Mks,  celestial  and  terrestrial,  natoral  and  artificial 

The  methods  qf  applying  the  principles  of  mechanics  to  particular 
cases  are  more  or  leas  d^erent,  acocnding  to  the  circumstances  of 
tJie  esse.     Hence  arise  branches  in  the  science  of  mechanics. 


2.  JkwpUmA  MurfcBMif — ^The  branch  to  which  the  term  ''  Applied 
MTiTAiffics**  has  been  restricted  by  custom,  consists  of  those 
ooQseqnenoes  of  the  laws  of  mechanics  which  rehite  to  worics  of 
hmnan  art. 

A  treatise  on  applied  mechanics  must  commence  hy  setting  forth 
those  first  principles  which  are  common  to  all  branches  of  mechanics ; 
hot  it  mnsfe  contain  only  sach  consequences  of  those  principles  as 
are  applic&ble  to  pnrpoees  of  art 

3.  mmtsms  (considered  mechanically)  is  that  which  fills  space. 

-L  w»«M  are  limited  portions  of  matter.  Bodies  exist  in  three 
eonditions — the  solid,  the  liquid,  and  the  gaseoua  Solid  bodies 
tend  to  presenre  a  definite  size  and  shape.  Liquid  bodies  tend  to 
pfeserve  a  definite  size  only.  Gaseous  bodies  tend  to  expand  inde- 
finitdy.  Bodies  also  exist  in  conditions  intermediate  between  the 
and  liquid. 


5.  A  Hatctlikl  or  PhTiicalTttbnie  is  the  space  occupied  by  a  body 
or  by  a  part  of  a  body. 


6.  A  ivatoiia  or  Pkyvical  flviiice  is  the  boundary  of  a  body,  or 
between  two  parts  of  a  body. 

7.  JLlMt  PMal,  Vhyilaa  V«tat»  MtmmmKm  •€  Ijtmw^. — ^In  mechanics, 
as  in  geometiy,  a  Lons  ia  the  boundary  of  a  sur&ce,  or  between  two 
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parts  of  a  sui&oe ;  and  a  Ponrr  is  the  boundary  of  a  line,  or  be- 
tween two  parts  of  a  line ;  but  the  term  "  Physiccd  Poini"  is  some- 
times used  by  mechanical  writers  to  denote  an  immecuvavbly  rnnall 
body — a  sense  inconsistent  with  the  strict  meaning  of  the  word 
"  point  ;'*  but  still  not  leading  to  error,  so  long  as  it  is  rightly  under- 
stood. 

In  measv/ring  the  dimensions  of  bodies,  the  standard  British  unit 
of  length  is  the  y<vrdf  being  the  length  at  the  temperature  of  Q^ 
Fahrenheit,  and  at  the  mean  atmospheric  pressure,  between  the 
two  endsofaoertain bar  which  is  kept  in  the  office  of  the  Exchequer, 
at  Westminster. 

In  computations  respecting  motion  and  force,  and  in  expressing 
the  dimensions  of  large  structures,  the  unit  of  length  commonly 
employed  in  Britain  is  the^bo^,  being  one-third  of  the  yard. 

In  expressing  the  dimensions  of  machineiy,  the  unit  of  length 
commonly  employed  in  Britain  is  the  tncA,  b^ng  one-thirty-sixth 
part  of  the  yard  Fractions  of  an  inch  are  very  commonly  stated 
by  mechanics  and  other  artificers  in  halves,  quarters,  eighths,  six- 
teenths, and  thirty-second  parts ;  but  according  to  a  resolution  of 
the  Institution  of  Mechani(»l  Engineers,  passed  at  the  meeting  held 
at  Manchester  in  June,  1857,  the  practice  has  been  introduced  of 
exmressing  fractions  of  an  inch  in  decimals. 

The  French  unit  of  length  is  the  m^tre,  being  about  4000*0000  of 
the  earth's  circumfei*ence,  measured  round  the  poles.  (See  table 
at  the  end  of  the  volume.) 

8.  Beat  is  the  relation  between  two  points,  when  the  straight 
line  joining  them  does  not  change  in  length  nor  in  direction. 

A  body  is  at  rest  relatively  to  a  point,  when  every  point  in  the 
body  is  at  rest  relatively  to  tiie  first  mentioned  point. 

9.  nrotion  is  the  relation  between  two  points  when  the  straight 
line  joining  them  changes  in  length,  or  in  direction,  or  in  both. 

A  body  moves  relatively  to  a  point  when  any  point  in  the  body 
moves  relatively  to  the  first  mentioned  point 

10.  Fixed  PoiBC — ^When  a  single  point  is  spoken  of  as  having 
motion  or  rest,  some  other  point,  either  actual  or  ideal,  is  always 
either  expressed  or  understood,  rdatively  to  which  the  motion  or 
rest  of  the  first  point  takes  place.  Such  a  point  is  called  a  Jixed 
point. 

So  far  as  the  phenomena  of  motion  alone  indicate,  the  choice  of 
a  fixed  point  with  which  to  compare  the  positions  of  other  points 
appears  to  be  arbitrary,  and  a  matter  of  convenience  alone ;  but 
when  the  laws  of  force^  as  affecting  motion,  come  to  be  considered. 


8T&UCTUBES  AKJ>  KACHUnsa  Id 

it  will  be  aeen  that  there  are  reasons  for  calling  certain  points 
fixed,  in  preference  to  others. 

In  the  mechanics  of  the  solar  system,  the  fbced  point  is  what  is 
called  the  comimon  eenbre  of  gravity  of  the  bodies  composing  that 
system.  In  applied  mechanics,  the  fixed  point  is  eitiber  a  point 
vhich  is  at  rest  relatively  to  the  earth,  or  (if  the  structure  or 
machine  under  consideration  be  moveable  from  place  to  place  on 
the  earth),  a  point  -which  is  at  rest  relatively  to  the  structure,  or  to 
the  frame  of  the  machine,  as  the  case  may  be. 

Points,  lines,  surfaces,  and  volumes,  which  are  at  rest  relatively 
to  a  fixed  point,  are  fixed. 


11.  fSimrmmtUm,  The  comparison  of  motions  with  each  other, 
without  reference  to  their  causes,  is  tho  subject  of  a  branch  of 
geometry  called  '^  Cmematica.^* 


\%  F«c«e  18  an  action  between  two  bodies,  either  causing  or 
tending  to  cause  change  in  their  relative  rest  or  motion. 

The  notion  of  force  is  first  obtained  directly  by  sensation;  for 
the  forces  exerted  bj  the  voluntary  muscles  can  be  felt.  The  ex- 
istence of  forces  other  than  muscular  tension  is  inferred  from  their 


13L  giMiHWl^M  or  Bafawce  is  the  condition  of  two  or  more 
forces  which  are  so  opposed  that  their  combined  action  on  a  body 
produces  no  diange  in  its  rest  or  motion. 

The  notion  of  balance  is  first  obtained  by  sensation;  for  the 
forces  exerted  by  voluntary  muscles  can  be  felt  to  balance  some- 
times each  other,  and  sometimes  external  pressures. 


14.  ffifHiB  mmA  'Ojwaamittm. — ^Forces  may  take  effect,  either  by 
K^U«i/TTig  other  forces,  or  by  producing  change  of  motion.  The 
former  of  those  effects  is  the  subject  of  Statics;  the  latter  that  of 
Ihfnamies;  these,  together  with  Cinematics,  already  defined,  form 
the  three  great  divisions  of  pure,  abstract,  or  genersil  mechanics. 


15.  fliractMrea  mmM  Haehtacs. — The  works  of  human  art  to  which 
the  sdenoe  of  applied  mechanics  relates,  are  divided  into  two 
daases,  according  as  the  parts  of  which  they  consist  are  intended  to 
rest  or  to  move  relatively  to  each  other.  In  the  former  case  they 
are  called  Structwres;  in  the  latter,  Machinss.  Structures  are  sub- 
jects of  Statics  alone;  Machines,  when  the  motions  of  their  parts 
are  considered  alone,  are  subjects  of  Cinematics ;  when  the  forces 
acting  on  and  between  their  parts  are  also  considered,  machines  are 
subjectft  of  Statics  and  Dynamics. 


J  G  nnBODucTios:. 

16.  OflMni  ▲mi^mMMtt  •f  the  Said«et. — ^The  subject  of  the  pre- 
6(>nt  treatise  -will  be  arranged  as  follows  :— 

I.  FiBST  Fringiples  of  Statics. 

IL  Theobt  of  Stbuctubbs. 
IIL  Fntsr  Funciflbs  of  Cikematics. 
IV.  Theosy  of  Mechanisil 

T.  FiBST  Pbinciples  of  Bynamicbl 
VL  Theoby  of  Machines. 


PART  I. 

PRINCIPLES  OF  STATICS. 


CHAPTER  L 

BAIJkVCS  A2II>  KEASUSEMENT  OF  FORCES  ACmrQ  IK  ONE 

STRAIGHT  LINE. 


17.  Vhpms  k#w  PiftiMhwij — ^Althougli  every  force  (as  has  been 
stated  in  Art^  12)  is  an  action  between  two  bodies,  still  it  is  con- 
dndTe  to  aiinplicity'  to  consider  in  the  first  place  the  condition  of 
one  of  those  two  bodies  alona 

The  natoze  of  a  force,  as  req^ects  one  of  the  two  bodies  between 
which  it  actSy  is  determined,  or  made  known,  when  the  following 
time  things  ar^  known  respecting  it : — ^first,  the  plctoe,  or  part  of 
the  body  to  which  it  is  applied;  secondly,  the  direction  of  its 
sctian;  thirdly,  its  moffnUude. 

ItL  w§mt9  m€  Ap>Mfii>M— p»iirt  #f  ApFlieart—. — The  place  of  the 
application  of  a  fbroe  to  a  body  may  be  the  whole  or  part  of  its  in- 
ternal mass }  in  which  case  the  force  is  an  attraction  or  a  repulsion, 
aooording  as  it  tends  to  move  the  bodies  between  which  it  acts 
tofwsrds  or  from  each  other;  or  the  place  of  application  may  be  the 
soxiace  at  which  two  bodies  tonch  each  other,  or  thf  bounding 
soriace  between  two  parts  of  the  same  body,  in  which  case  the  force 
is  a  tension  or  pull,  a  thrust  or  posh,  or  a  lateral  stress,  according 
to  drcomstaiioes. 

Thus  every  force  has  its  action  distributed  over  a  certain  space, 
either  a  v<dume  or  a  surface;  and  a  force  concentrated  at  a  single 
point  has  no  xeal  existence.  Nevertheless  it  is  necessary,  in  treating 
of  ^  principles  of  statics,  to  b^in  by  demonstrating  the  properties 
otsaek  ideal  forces,  conceived  to  be  concentrated  at  single  points. 
It  lejm  afterwards  be  shown  how  the  conclusions  so  arrived  at  re- 
specting single/orees  (as  they  may  be  called),  are  made  applicable  to 
the  distribated  forces  which  really  act  in  nature. 

In  illustrating  the  principleB  of  statics  experimentally,  a  force 
ooocentrated  at  a  single  point  may  be  represented  with  any  required 
degree  of  accuracy  by  a  force  distributed  over  a  very  small  space,  if 
that  space  be  made  small  enough. 

c 
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19.  s«ppMtii«B  •r  Perfect  BigMitT. — In  feasoning  respectmg 
forces  concentrated  at  single  points,  they  are  assumed  to  be  applied 
to  solid  bodies  which  are  perfectly  rigid,  or  incapable  of  alteration 
of  figure  under  any  forces  which  can  be  applied  to  them.  This 
also  is  a  supposition  not  realized  in  nature.  It  will  afterwards  be 
shown  how  its  consequences  are  applied  to  actual  bodies. 

20.  DtoectioB— liiiM  mf  Acttoa. — The  DiRECTiOK  of  a  foroe  is  that 
of  the  motion  which  it  tends  to  pcoduce.  A  straight  line  drawn 
through  the  point  of  application  of  a  single  foroe,  and  along  its 
direction,  is  the  line  of  action  of  that  force. 

21.  Btagaitade— itbU  mt  Fmrce. — ^The  magnitudes  of  two  forces 
are  equal^  when  being  applied  to  the  same  body  in  opposite  direc- 
tions along  the  same  line  of  action,  they  balance  each  other. 

The  magnitude  of  a  force  is  expressed  arithmetically  by  stating 
in  numbers  its  ratio  to  a  certain  unit  or  standard  of  force,  which  is 
usually  the  weight  (or  attraction  towards  the  earth),  at  a  certain 
latitude,  and  at  a  certain  level,  of  a  known  mass  of  a  certain 
material  Thus  the  British  unit  of  force  is  the  stamdcvrd  pound 
(Mmrdupois;  which  is  the  weight  in  the  latitude  of  London  of  a 
certain  piece  of  platinum  kept  in  the  Exchequer  office  (See  the  Act 
18  and  19  Yict.,  cap.  72;  also  a  paper  by  I^fessor  W.  H.  Miller, 
in  the  Philosophical  Tra/nsa^iions  for  1856). 

For  the  sake  of  convenience  or  of  compliance  with  custom,  other 
units  of  force  are  occasionally  employed  in  Britain,  bearing  certain 
ratios  to  the  standard  pound;  such  as — 

The  grain  =  7^  of  a  pound  avoirdupois. 

The  troy  pound  =  5,760  grains  =  0*82285714  pound  avoirdupois. 

The  hundredweight  =  112  pounds  avoirdupois. 

The  ton  =  2,240  pounds  avoirdupois. 

The  French  standard  unit  of  foroe  is  the  gramme^  which  is  the 
weight,  in  the  latitude  of  Paris,  of  a  cubic  centimetre  of  pure  water, 
measured  at  the  temperature  at  which  the  density  of  water  is 
greatest,  viz.,  4°*1  centigrade,  or  39°'4  Fahrenheit,  and  under  the 
pressure  which  supports  a  barometric  column  of  760  millimetres  of 
mercury. 

A  comparison  of  French  and  British  measures  of  force  and  of 
size  is  given  in  a  table  at  the  end  of  this  volume. 

22.  B««dlwu  •r  F«*«M  ActlMg  In  One  Stndglit  IJbc. — ^The  RE- 
SULTANT of  any  number  of  given  forces  applied  to  one  body,  is  a 
single  force  capable  of  balancing  that  single  force  which  balanoes 
the  given  forces ;  that  is  to  say,  the  resultant  of  the  given  forces  is 
equal  and  directly  opposed  to  the  force  which  balances  the  given 
forces ;  and  is  equivaUrU  to  the  given  forces  so  far  as  the  balance  of 
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Fig.  1. 


the  body  is  oonoemed.     The  given  forces  are  called  oomponmU  of 
their  resultaiitb 

The  resultant  of  any  number  of  forces  acting  on  one  body  in  the 
flBine  straight  line  of  action,  acts  along  that  line,  and  is  equal  in 
magmtade  to  the  sum  of  the  component  forces ;  it  being  under- 
stood, that  when  some  of  the  component  forces  are  opposed  to  the 
others,  the  word  '^  wm  "  is  to  be  taken  in  the  algebraicid  sense ;  that 
is  tosay,  that  forces  acting  in  the  same  direction  are  to  be  added  to, 
and  forces  acting  in  opposite  directions  subtracted  from  each  other. 

23.  Wf>ff  fiHiiMi  vT  Fmtcc*  ky  'MJmem, — ^A  single  force  may  be 
represented  in  a  drawing  by  a  straight  line ;  an  extremity  of  the 
line  indicating  the  point  of 
application  of  the  force, — ^the 
direction  of  the  line,  the  direo- 
tion  of  the  force, — and  the  length 
of  the  line,  the  magnitude  of  the 
fom,  according  to  an  arbitrary 
scale. 

For  example,  in  fig.  1,  the 
YBct  that  the  body  B  B  B  B  is  acted  upon  at  the  point  Oi  by  a 
given  force,  may  be  expressed  by  drawing  fron^  Oi  a  straight  line 
0|  F,  in  the  direction  <^  the  force,  and  of  a  length  representing  the 
msgoitade  of  the  force.  

£r  the  force  represented  by  O^Fi  is  balanced  by  a  force  applied 
either  at  the  same  point,  or  at  another  point  O3  ^which  must  be  in 
the  line  of  action  L  L  of  the  force  to  be  balanoea),  then  the  second 
foroe  wiU  be  represented  by  a  straight  line  0%  F^,  opposite  in  direc- 
tion, and  equal  in  length  to  OTFJ,  and  lying  in  the  same  line  of 
actionLLu 

If  the  body  BBBB  (^.  2),  be  balanced  by  several  forces  acting 
in  the  same  straight  line  L  L,  applied  at  points  Oi  O2,  kc,  and  re- 
presented by  lines  OJP\,  0,F„  Ac ;  then  either  direction  in  the 
Hne  L  L  (such  as  the  dii^o- 
tion  towards  +  L)  is  to  be 
considered  as  positive,  and 
the  opposite  direction  (such 
as  the  direction  towards 
-  L)  as  negative  j  and  if  the 
ram  of  all  the  lines  repre- 
senting forces  which  point 
positively  be  equal  to  the 
sum  of  aU  those  which  point 
negatively,  the  algebraical  sum  of  all  the  forces  is  nothing,  and  the 
body  is  balanced. 


Fig. ». 
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24.  Pmmmm. — ^Most  \mter8  on  mechanics,  in  treating  of  the 
first  principles  of  statics,  use  the  word  ^^ pressure**  to  denote  any 
balcmced  force. 

In  the  popular  sense,  which  is  also  the  sense  generally  employed 
in  applied  mechanics,  tJie  word  presaiure  is  nsed  to  denote  a  force, 
of  the  natnre  of  a  thrust,  distributed  over  a  surfieice;  in  other  words, 
the  kind  of  force  with  which  a  body  tends  to  expand,  or  resists  an 
effort  to  compress  it. 

In  this  treatise  care  will  be  taken  so  to  employ  the  word  "  pres- 
sure*' that  the  context  shall  show  in  what  sense  it  is  used. 
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CHAPTER  H 

THBDRT  OF  00UPLE8  AXD  OF  THE  BALANGB  OF  PABALLEL  F08CB8. 

Section  L— 0»  Couples  with  ^  Same  Aais. 


25.  CMipitM. — Two  forced  of  equal  magnitude  applied  to  the  same 
bwty  in  peiallel  and  opposite  directions,  but  not  in  the  same  line  of 
aetbn,  constitate  what  is  called  a  " couple" 

26.  F«vce«r»CMple— Am«vi<eTcnce. — Theyoros  of  a  couple  is 
the  common  magnitude  of  the  two  equal  forces;  the  arm  OTleoerage 
of  a  couple  is  the  perpendicular  distance  between  the  lines  of  action 
of  the  two  eqnal  forces. 

liiihBBiua  c;— pit* — The  tendency  of  a  couple  is  to  turn  the  body 
to  which  it  is  applied  in  the  plane  of  the  couple — ^that  is,  the  plane 
which  contains  the  lines  of  action  of  the  two  forces.  (The  plime  in 
which  a  body  turns,  is  any  plane  parallel  to  those  planes  in  the 
body  wiioee  position  is  not  altered  by  the  turning).  The  axis  of  a 
couple  is  any  line  perpendicular  to  its  plana  llie  turning  of  a 
body  18  said  to  be  right-handed  when  it  appears  to  a  spectator  to 
take  place  in  the  same  direction 
viUi  that  of  the  hands  of  a  watch, 
and  lefi-hemded  when  in  the  opposite 
direction;  and  oouples  are  desig- 
nated asTight-handed  or  left-handed 
aeoording  to  the  direction  of  the 
timing  which  they  tend  to  pro-  *'^*^^^^ 
dttce. 
Thus  in  fig.  3,  the  equal  and 

qypoote  farces  Oi  F,,  0,P^  whose 

leyeiage  is  L|  L^  form  a  right-  Fig.  8. 

handed  couple;  and  the  equal  and 

ofiposite  forces  0,F„  O4F4,  form  a  left-handed  couple. 

28.  giwliwle^  <3mv1m  •f  B4W1I  F«rae  mmA  I^ercnifle. — ^In  order 
that  two  oouples  similar  in  direction,  and  of  eqnal  force  and  lever^ 
ag9,  may  be  exactly  alike  or  eauxealeni  in  their  tendency  to  turn  the 
body,  it  is  necessary  and  sufficient  that  their  planes  should  be  either 
identical  or  paralleL 
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Two  couples  applied  to  the  same  body  in  the  same  plane,  or  in 
parallel  planes,  of  equal  force  and  leverage,  but  opposite  in  direction, 
balance  each  other;  and  if  for  either  of  the  two  an  equivalent 
couple  be  substituted,  the  equilibrium  will  not  be  disturbed. 

29.  JfffMMeat  of  m  €•■»>«• — ^The  mometU  of  a  couple  means  the 
product  of  the  magnitude  of  its  force  by  the  length  of  its  arm.  If 
the  force  be  a  certain  number  of  pounds,  and  the  arm  a  certain 
number  of  feet,  the  product  of  those  two  numbers  is  called  the 
moment  iafoot-poundsy  and  similarly  for  other  measurea 

30.  AddittonofOMiFlMvfB^wJFmree. — T.TgififfA-      Two  COUpUs  of 

equal  force  acting  in  the  same  direction,  with  the  same  axis,  are  eqwoar 
lent  to  a  couple  whose  moment  is  the  sum  of  their  mometUs.  Let  the 
two  couples  be  denoted  by  A  and  B;  let  Fa  =  Fb  be  their  equal 

forces;  let  L^  and  Lb  be  their 
respective  arms;  then  F^  L^  and 
^  Fb  Lb  are  their  moments,  which^ 
as  their  forces  are  equal,  are  pro- 
portional to  the  aim&  Li  fig.  4, 
let  the  forces  F^  constituting  A 
be  applied  in  linespassingthrough 
a  and  c,  ac  or  L^  being  perpen- 
dicular to  the  lines  of  action  of 
Fig.  4.  the  forces;  and  if  the  forces  con- 

stituting B  be  not  already  applied  as  shown  in  the  figure,  sub- 
stitute for  B  an  equivalent  couple  of  equal  force  and  arm,  having 
its  forces  Fb  applied  in  lines  parallel  to  the  lines  of  action  of  the 
forces  F^  and  passing  one  through  the  point  c  and  the  other  through 
h,  so  that  the  arm  c  6  or  Lb  shall  be  in  the  same  straight  line  with 
a  c  or  L^.  Then  the  equaland  opposite  forces  F^  Fb,  applied  at  e, 
balance  each  other,  and  there  remain  only  the  equal  and  opposite 
forces  Fa,  Fb,  applied  at  a  and  h,  which  form  a  couple  whose  forco 
is  Fa  =  Fb,  and  its  arm  a&  =  L^  +  Lb,  being  the  sum  of  the  arms  of 
the  couples  A  and  B ;  so  that  its  moment  is  the  sum  of  their 
moments;  and  this  couple  is  equivalent  to  the  two  couples  A  and  R 

31.  B««lnacBt  €«aplM  •fB^MJ  M^mmmi, — THEOREM.      If  the  mo- 

ments  of  two  couples  acting  in  the  same  direction  and  with  the  same  axis 
are  equal,  those  couples  are  equiwdent  Let  one  of  the  couples  be  called 
A,  and  let  its  force,  arm,  and  moment  be  respectively  F^,  L^,  and 
^A  ^k3  let  the  other  couple  be  called  B,  and  let  its  force,  arm,  and 
moment  be  respectively  Fg,  Lb,  and  Fb  Lb.  The  equality  of  the 
moments  of  those  couples  is  expressed  by  the  equation 

Fa  La  =  FbLb. 

If  the  forces  and  arms  of  the  two  couples  be  commensurable^  so 
that 
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F^  :  Fb  :  :  Lb  :  La  :  :  w*  :  » 

(to  and  «  being  two  whole  munbere). 

Lb        La 

and  ^  ^  —  ~  "r"* 

TO  w 

Then  the  couple  A  is  eqxdvalent  to  toti  couples  of  the  moment/ 1 ; 
and  80  also  iB  the  couple  Bj  therefore  the  couples  A  and  B  are 

eqtUTalent  to  each  other.  , ,     .    .     ,  .vi^ 

If  the  forces  and  arms  are  incommensurable,  it  is  always  posaWe 
to  find  forces  and  aims  which  shall  be  commensurable,  and  shaU 
differ  from  the  given  forces  and  arms  by  differences  less  than  any 
riven  quantity :  so  that  if  the  theorem  were  in  error  for  incommen- 
LiaWe  forces  and  arms,  it  would  also  be  in  error  for  certam  com- 
mensoiable  forces  and  arms;  but  this  is  imposable;  therefore  ^e 
theorem  is  true  for  incommensurable  as  well  as  for  commensui-able 
farces  and  arms.  ^        . .  ^^      a 

3a  tUmmMimm  mt  Om^Im  wWfc  the  ■— e  AKto—CoBOlLABT.      A 

combinatUm  o/<my  number  ofempUt  hming  Ous  same  aau  «  eqvmir 
Zu^TZ^  Jose  fn<mJt  is  a^  algib^ 

33   T—imif  T- r--  ■■"«—««■«  — 'o  A«i..— Two  opposite 

coupiesofe^uillmoment,  haTii«  the  same  aads,  balance  ^  o^^ 
An?  nxual^  of  couples,  luiviiig  the  «tme  axis,  Ixdanoe^h  oih« 

whL  Uie  moments  of  the  right-handed  couples  a«  togj^  equ^d 
to  the  moments  of  the  left-handed  couples ;  in  other  words,  when 
the  namltont  moment  is  ^^.^  ,^_The  nature  and  amount 

its  axis,  are  known.  These  drcmn- 
stanoes  are  expressed  by  means  of  a 
line  in  the  following  manner. 

In  fig.  5,  from  any  point  O  draw  a 
straight  line  OM,  paraUel  to  the  axis 
(thS^is,  perpendicular  to  the  plane)  of 
the  couple  to  be  represented,  and  m  such  ^        yjg.  5. 

a  direction,  that  to  an  observer  looking  , 

IZTt^UdsMthe  couple  shaU  '««'^,"«'»*-^'**^/, ^t^! 
the  length  of  the  line  OM  represent  the  moment  of  the  couple, 
aooording  to  any  asmgned  scale. 


24 


PRINCIPLES  OF  STATICS. 


Section  2. — On  Couples  with  Different  Axes, 

33.  B«mdtmBt  •£  Tw«  Conples   with  mOermmt  Axes. — ^ThEOREV. 

If  the  two  sides  of  a  parallelogram  represent  the  positions  of  the  aaxs, 
amd  tfie  directions  cmd  mofnentSy  of  two  ctmples  acting  on  the  sa/me 
body,  tJie  diagonal  of  the  paraUdogram  vnU  in  like  mamner  represent 
the  position  of  the  axis,  the  direction  and  the  moment  of  the  restUtani 
couple,  which  is  equivalent  to  those  two. 

In  fig.  6,  let  the  plane  of  the  paper  represent  a  plane  which  con- 
tains the  axes  of  the  two  couples,  and  is  therefore  perpendicular  to 
both  their  p]anes.     Let  ac,  c6  be  parts  of  the  lines  in  which  the 

planes  of  the  couples  A  B  respectively  intersect 
the  plane  of  the  paper.  If  the  couples  are  not 
already  of  equal  force,  reduce  them  to  equiva- 
lent couples  of  equal  force ;  let  F  denote  the 
common  magnitude  of  their  forces,  and  let  L^ 
'Lb  denote  the  respective  arms  of  the  couples. 
From  0,  the  intersection  of  the  three  planes 
already  mentioned,  take  ca  =  L^,  c6  =  Lb, 
and  join  ah.  Conceive  the  couple  A  (or  an 
equivalent  couple)  to  consist  of  the  force  +  F 
acting  forwards  at  a,  and  the  equal  and  opposite 
force  —  F  acting  backwards  at  c ;  also  conceive 
the  couple  B  (or  an  equivalent  couple)  to  con- 
sist of  the  force  +  F  acting  forwards  at  c,  and 
the  equal  and  opposite  force  —  F  acting  back- 
wards at  h.  The  forces  +  F,  -  F,  at  c  balance  each  other;  and 
there  axe  left  the  equal  and  opposite  forces  +  F  at  a,  and  -  F  at  5, 
fonmng  the  resfuUami  cowple,  which  is  equivalent  to  the  two  couples 

A  and  B,  and  has  for  its  arm  the  third  side  a6  =  L^  of  the  triangle 
ahc 

Now  from  any  point  O  draw  OMl  perpendicular  to  ac,  and 
OMb  perpendicular  to  he,  and  representing  the  axes,  directions, 
and  moments  of  the  couples  A  and  B  :  complete  the  parallelogram 
of  which  those  lines  are  the  sides,  and  draw  its  diagonal  0~Mc 
This  diagonal  will  be  perpendicular  to  ah,  and  will  therefore  re^ 
present  the  axis  and  direction  of  the  resultant  couple ;  and  because 
of  the  smiilariiy  of  the  triangles  a  6  c,  O  Mc  Mb,  the  following  pro- 
portions will  exist : —  *^ 

OU^  :  OTSb  :  O  Mc, 

and  consequently  O  Mq  will  also  represent  the  moment  of  the  re- 
sultant couplea — Q.  E.  D. 


Fig.  6. 
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36.  g^MflttilBM  0l  Tkne  Cm^Im  with  INArait  Axtm  ta  tke 

Pine. — Corollary.    A  couple  equal  cmd  opposite  to  that  repreaerUed 

by  the  diagonal  OMc  halo/nces  the  couples  represented  hy  the  sides 

OM^  OMb-     In  other  words,  threa  couples  represented  hy  the  three 
tides  of  a  triangle  balance  each  other, 

37.  B«HfllbttaM  •r  Mi7  NaMber  •fCMiplM. —  Ck>ROLLARY.       If  a 

mmber  o/couples  aeUng  on  the  same  body  he  represented  hy  a  series 

ofUnes  joined  end  to  end,  so  as 

to  firm  sides  of  a  polygon,  and  if 

Ike  fnlygon  is  closed,  these  couples 

balance  eat^  olhier.     To  fix  the   ^ 

ideas  kt  there  be  five  couples, 

▼hoee  momeiits  are  respectively  ^' 

M],  H^  Ms,  Ml,  M«;    and  let 

tbem  be  represented  bj  the  sides 

of  the  polygon  in  fig.  7  in  such  a 

mumerthat 


Kg.  7. 


X|  v  le^ireMnted  bj  OA,  and  aeems  right-handed  looking  from  A  towards  0. 
Ml  —  AB,  —  —  from  B  towards  A. 

Ml  —  BC,  —  —  from  G  towards  B. 

M*  —  CD,  —  —  ftt)m  D  towards  C. 

M,  —  DO,  —  —  from  O  towards  D. 

Then  hj  the  theorem  of  Article  3^,  the  resultant  of  Mi  and  M,  is 
OB;  the  resultant  of  this  and  M^  is  00 ;  the  resultant  of  this  and 
H, is  CD,  right-handed  in  looking  from  D  towards  O,  and  con- 
sequently equal  and  opposite  to  M«,  which  last  couple  balances  it, 
ud  reduces  the  final  resultant  to  nothing. — Q.  E.  D. 

This  proposition  evidently  holds  for  any  number  of  couples,  and 
▼hether  the  closed  polygon  be  plane  or  gamihe  (that  is  to  say,  not 
pisne). 

The  resultant  of  the  couples  represented  by  aU  the  sides  of  the 
polygon,  except  one,  is  equal  and  opposite  to  the  couple  represented 
by  the  excepted  side. 

SEcmoN  3. — On  FarraJlld  Forces. 


38L  UmImmcM  PAimDei  F«rcea  la  ci«B«rai. — A  balanced  system  of 
paaQel  forces  consLsts  either  of  pairs  of  directly  opposed  equal 
forces,  or  of  couples  of  equal  forces,  or  of  combinations  of  such 
pain  and  couples. 

Henoe  the  following  propositions  as  to  the  relations  amongst  the 
magwititdes  of  systems  of  parallel  forces  are  obvious  : — 

L  In  a  balanced  system  of  parallel  forces,  the  sums  of  the  forces 
acting  in  opposite  direptions  are  equal ;  in  other  words,  the  alge- 
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braical  sum  of  the  magnitudes  of  all  the  forces  taken  with  their 
proper  signs  is  nothing. 

II.  The  magnitude  of  the  resultant  of  any  combination  of  psjv 
allel  forces  is  ^e  algebraical  sum  of  the  magnitudes  of  the  forces. 

The  relations  amongst  the  positions  of  the  Hnes  of  action  of 
balanced  parallel  forces  remain  to  be  investigated;  and  in  this 
inquiry,  all  pairs  of  directly  opposed  equal  forces  may  be  left  out  of 
consideration ;  for  each  such  pair  is  independently  balanced  what- 
soever its  position  may  be ;  so  that  the  question  in  each  case  is  to 
be  solved  by  means  of  the  theory  of  couples. 

39.  S«idUbriwM  •r  Three  Parallel  Ferces  la  Oae  Plaae.     Prfa- 

dvie  ac  the  l<erer. — Theoreil    If  three  po/roUd  forces  applied  to  one 

body  balance  each  other,  they 
must  he  in  one  plane;  the  two 
extreme  forces  must  act  in  the 
same  direction;  the  middle  force 
must  act  in  the  opposite  direc- 
tion; amdihemagmJtudeofea^ 
force  must  be  proportional  to 
the  distance  betvxen  the  lines  of 
action  of  the  other  two.  Let 
a  body  (fig.  8)  be  maintained 
^^  ^'  in  equilibrio  by  two  opposite 

oouples  having  the  same  axis,  %nd  of  equal  moments, 

according  to  the  notation  already  used ;  and  let  those  couples  be  so 
applied  to  the  body  that  the  Hnes  of  action  of  two  of  these  forces, 
—  Fj^  —  Fb,  which  act  in  the  same  direction,  shall  coincide. 
Then  those  two  forces  are  equivalent  to  the  single  middle  force 
Fo  =  -  ^A  +  Fb),  equal  and  opposite  to  the  sum  of  the  extrenoie 
forces  +  Fa,  +  Fb,  and  in  the  same  plane  with  them ;  and  if  the 
straight  line  A  C  B  be  drawn  perpendicular  to  the  Hnes  of  action 
of  the  forces,  then 

AC=La;  CB  =  Lb;  AB  =  La  +  Lai 

and  consequently 

Fa:Fb:Fo  :  :CB:  JTC:  AB; 

so  that  each  of  the  three  forces  is  proportional  to  the  distance 
between  the  lines  enaction  of  the  other  two;  and  if  any  three 
parallel  forces  balance  each  other,  they  must  be  equivalent  to  two 
couples,  as  shown  in  the  figure. 

40.  Bcaaitaaf  af  Twa  Parallel  Faroes. — The  resultant  of  any  two 
of  the  three  forces  F^,  Fb,  F^,  is  equal  and  opposite  to  the  third. 

Hence  the  restdtant  of  two  parallel  forces  is  parallel  to  them. 
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and  in  the  same  plane ;  if  thej  act  in  the  same  direction,  then  their 
TCBoltant  is  their  som,  acts  in  the  same  direction,  and  lies  between 
them ;  if  thej  act  in  opposite  directions,  their  resultant  is  their 
difoenoe,  acts  in  the  direction  o^  and  lies  beyond,  the  prepon- 
denting  force  ;  and  the  distance  between  the  lines  of  action  of  any 
tvo  of  thoee  three  forces — the  resultant  and  its  two  components 
— is  proportional  to  the  third  forca 

In  order  that  two  opposite  parallel  forces  may  have  a  single 
Rsoltant^  it  is  neoeasaiy  ihat  they  shotdd  be  xmeqiial,  the  resultant 
bemg  th^  difference.  Shonld  they  be  equal,  they  constitnte  a 
ttm^  which  has  no  single  resultant.  -^ 

41.  »i— Ift  m€m  CMpto  ■»«  m  Single  F«»m  te  Pusltel  PIhms.— 

Let  M  denote  the  moment  of  a  couple  applied  to  a  body  (fig.  9)  ; 

ud  at  a  point  O  let  a  single 

ibcce  F  be  applied,  in  a  pliuie 

pmM  to  that  of  the  oonple. 

For  the  giTen  oomple  snbstitate 

tn  cqai^alent  couple,  consisting 

of  aforoe  —  F  equal  and  directly 

opposed  to  F  at  O,  and  a  force 

F  applied  at  A,  the  ann  AG 
M 


hemg  =  _— ,  and  of  comne  par- 


fig.  SL 


afld  to  the  plane  of  the  oonple 
M.  Thai  the  forces  at  O  balance  each  other,  and  F  applied  at 
A  is  the  resultant  of  the  single  force  F  applied  at  O,  and  tike  couple 
M;  that  is  to  say,  that  if  to  a  single  force  F  there  be  added  a  couple 
U  whose  plane  is  parallel  to  the  ^roe,  the  effect  of  that  addition  is 
to  flhift  the  line  of  action  of  the  force  parallel  to  itself  through  a 

distuice  O  A  =:  ^;— to  the  left  if  M  is  right- 
hsoded — ^to  the  right  if  M  is  left-handed. 

—Let  the  strai^t  line  F  represent  a  force  ap- 
plied to  a  body.  Let  O  X  be  any  straight  line 
pctpeodicidar  in  direction  to  the  line  of  action 
of  the  force,  and  not  intersecting  it,  and  let  A  B 
be  the  common  perpendicular  of  those  two  lines. 
At  B  oonoeiTe  a  pair  of  equal  and  directly  op- 
posed forces  to  be  applied  in  a  line  of  action 
pMalleltoF,Tit:  F=F,  and-F=-F.  The 
nppoeed  application,  of  such  a  pair  of  balanced 
forces  does  not  alter  the  statical  condition  of  the 
body.    Then  the  original  single  force  F,  appUed  in  a  line  trsr 


Fig.  10. 
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Tersiiig  A,  is  equivalent  to  the  force  F  applied  in  a  line  traveraing  B, 
the  point  in  O  X  which  is  nearest  to  A,  combined  with  the  coaple 
composed  of  F  and  —  F,  whose  moment  is  F  *  AB.  This  is 
called  the  nyomeml  of  the  force  F  reUUivdy  to  the  aads  O  X,  and 
sometimes  also,  the  moment  of  the  force  F  reUUivelt/  to  the  plane 
which  contains  O  X,  and  is  parallel  to  the  line  of  action  of  the 
force. 

If  from  the  point  B  there  be  drawn  two  straight  lines  B  D  and 
B  £,  to  the  extremities  of  the  line  F  representing  the  force,  the 
area  of  the  triangle  BD£  being  =  }  F  *  AB,  represents  one-half  of 
the  moment  of  F  relatively  to  O  X. 

43.  BvUUbtimi  mf  mmj  SyiiaB  •f  Prndld  Fotms  la  Omm  Plaae. 
— ^In  order  that  any  system  of  parallel  forces  whose  lines  of  action 
are  in  one  plane  may  balance  each  other,  it  is  necessary  and  sufii- 
cient  that  die  following  conditions  shotdd  be  fulfilled  : — 

L  {Aa  already  stat^  in  Art  38)  that  the  algebraical  sum  of 
the  forces  shall  be  nothing : — 

IL  That  the  algebraical  sum  of  the  moments  of  the  forces  rela^- 
tively  to  any  axis  perpendicular  to  the  plane  in  which  they  act 
shall  be  nothing : — 

two  conditions  which  are  expressed  symbolically  as  follows : — 
let  F  denote  any  one  of  the  forces,  considered  as  positive  or  nega^ 
tive,  according  to  the  direction  in  which  it  acts ;  let  y  be  the  per- 
pendicular distance  of  the  line  of  action  of  this  force  from  an 
arbitrarily  assumed  axis  O  X,  ^  also  being  considered  as  positive  or 
n^ative,  according  to  its  direction ;  then, 

Sum  of  forces,        2  •   F  =  0 ; 
Sum  of  moments,    2  •  ^  F  =  0. 

For,  by  the  last  Article,  each  force  F  is  equivalent  to  an  equal  and 
parallel  force  F  applied  directly  to  O  X,  combined  with  a  couple 
y  F ;  and  the  system  of  forces  F,  and  the  system  of  couples  y  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equiva- 
lent to  the  balanced  system  of  forces  F. 

In  summing  moments,  right-handed  couples  are  usually  considered 
as  positive,  and  left-handed  couples  as  negative. 

44.  BcmUaBt  •fmmjTfumhtar  •fPamltol  Fotcw  la  Oae  Plaae. — The 

resultant  of  any  number  of  parallel  forces  in  one  plane  is  a  force  in 
the  same  plane,  whose  magnitude  is  the  algebraical  sum  of  the 
magnitudes  of  the  component  forces,  and  whose  position  is  such, 
that  its  moment  relatively  to  any  axis  perpendicular  to  the  plane  in 
which  it  acts  is  the  algebraical  sum  of  the  moments  of  the  com- 
ponent forces.  Hence  let  F,  denote  the  resultant  of  any  number 
of  parallel  forces  in  one  plancy  and  y^  the  distance  of  the  line  of 
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tetiai  of  that  lesoHant  ftom  the  assumed  Km  O  X  to  irlucli  the 
poHtioiis  of  forces  are  referred  :  then 

F,  =  2  ■     F  ; 

In  some  cases,  the  forces  may  have  no  single  resnltant,  >  ■  P 
being  =  0 ;  and  then,  unless  the  forces  balance  each  other  com- 
[Jetelf,  their  reeoltant  is  a  couple  of  the  moment  3  .y'p, 

4S.   Ma^MaHWaVsroewlAnq  ~    ~ 

—In  fig.  11,  let  F  be  any  single 

force;  O  an  aibitiarily-asBumed  | 

potnt,<xlled  the  "  originof  co^rdin- 

•la;"  -XO4-X,-.T0  +  T, 

a  fair  of  axes  tjaveraiDg  0,  at 

t^  ai^es  to  each  other  and  to 

the  line  <rf  action  of  F.      Let 

A  B =y,  be  the  common  perpen* 

dicokr  cf  F  and  OX ;  let  AC  =:  3^ 

be  the  ommion  perpendicular  of  F 

■ndOY.     xaudyarethe"rectaQ- 

gnkr  co-ordinates"  of  the  line  of 

tetioD  of  F  relaiiTely  to  the  axes 

-X0  +  X,~TO  +  T,  re-  I 

■pectively.     Ajccording  to  the  az>- 

lugemait   of   the   axes   in  ib» 

figne,  «  is  to  be  conmdered  as  Kg.  II. 

podtiTe  to  the  right,  and  nega- 

ti^  to  the  left,  of  —  TO    +  T ;  and  y  is  to  be  considered  as 

positive  to  the  left,  and  negative  to  the  right,  of—  X  O  +  X ;  right 

sad  left  referring  to  the  spectator's  right  and  left  hand.     In  the 

pvtiealar  case  represented,  x  and  y  are  both  positive.    Forces,  in  the 

figure,  are  considered  as  positive  upwards,  and  negative  downwards  ; 

ud  in  the  particular  case  represented,  F  is  posLtive. 

At  B  conceive  a  pair  of  equal  and  opposite  forces,  F  and  —  P", 
>o  be  applied ;  F'  being  equal  and  parallel  to  F,  and  in  the  same 
•iiRctioa.  Then,  as  in  Article  42,  F  is  equivaleat  to  the  single  force 
F  ~  F  applied  at  B,  combined  with  the  couple  constituted  by  F  and 
-  F  witi  the  arm  y,  whose  moment  is  y  F ;  being  posiijive  in  the 
csie  represented,  because  the  couple  is  right-handed.  Next,  at  the 
wigin  0,  conceive  a  pair  of  equal  and  opposite  forces,  F'  and  —  F", 
to  be  applied,  P  being  equal  and  pat^el  to  F  and  F',  and  in  the 
(•me  direction.  Then  tlie  single  force  P'  is  equivalent  to  the 
an^e  force  F"  =  P*  =  F  applied  at  O,  combined  with  the  couple 
constituted  by  F*  and  -  P"  with  the  arm  OB  =  a:,  whose  moment  is 


.y^" 
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'-  x¥;  being  n^ative  in  tihe  case  represented,  because  the  couple 
is  left-handed 

Hence  it  appears  finally,  that  a  force  F  acting  in  a  line  whose 
co-ordinates  with  respect  to  a  pair  of  rectangular  axes  perpendicular 
to  that  line  are  x  and  y,  is  equivalent  to  an  equal  and  parallel 
force  acting  through  the  origin,  combined  with  two  couples  whose 
moments  are, 

y  F  relatively  to  the  axis  O  X,  and  —  oj  F  relatively  to  the  axis 
O  Y ;  right-handed  couples  being  considered  positive ;  and  +  Y 
lying  to  the  left  of  +  X,  as  viewed  by  a  spectator  looking  firom 
+  X  towards  O,  with  his  head  in  the  direction  of  positive  forces. 

46.  E^allibrtani  of  uty    Syiiem   •€  Parallel  F«recs. — In  Order 

that  any  system  of  parallel  forces,  whether  in  one  plane  or  not,  may 
balance  each  other,  it  is  necessaiy  and  sufficient  that  the  three 
following  conditions  should  be  fulfilled : — 

L  (As  already  stated  in  Art  38),  that  the  algebraical  sum  of  the 
forces  shall  be  nothing : — 

IL  and  IIL  That  the  algebraical  sums  of  the  moments  of  the 
forces,  relatively  to  a  pair  of  axes  at  right  angles  to  each  other,  and 
to  the  lines  of  action  of  the  forces,  shall  each  be  nothing  : — 

conditions  which  are  expressed  symbolically  as  follows : — 

•F  =  0;  2)yF  =  0;  2-ajF  =  0i 

for  by  the  last  Aii^icle,  each  force  F  is  equivalent  to  an  equal  and 
parallel  foi*ce  F"  applied  directly  to  O,  combined  with  two  couples, 
y  F  with  the  axis  O  X,  and  —  a;  F  with  the  axis  O  Y;  and  the 
system  of  forces  F",  and  the  two  systems  of  couples  y  F  and  —  «  F, 
must  each  be  in  equilibrio,  because  when  combined  they  are  equi- 
valent to  the  balanced  system  of  forces  F. 

47.  BcMdtsM  of  aay  Nambcr  af  ParaUel  Farces. — ^The  resultant  of 

any  number  of  parallel  forces,  whether  in  one  plane  or  not,  is  a 
force  whose  magnitude  is  the  algebraical  sum  of  the  magnitudes  of 
the  component  forces,  and  whose  moments  relatively  to  a  pair  of 
axes  peipendicular  to  each  other  and  to  the  lines  of  action  of  the 
forces,  are  respectively  equal  to  the  algebraical  sums  of  the  moments 
of  the  component  forces  relatively  to  the  same  axes.  Hence  let 
F^  denote  the  restdtant,  and  ov  ^^^  Vr  ^'^  co-ordinates  of  its  line 
of  action,  then 

F^  =  2  •     F, 

__  1'XY 

__  2'yF 

y^  -  2 .  F 

In  some  cases,  the  forces  may  have  no  single  resultant,  x     F 
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bong  =  0  ;  and  then,  unless  the  forces  halance  each  oth^  com- 
pletely; thcdr  resultant  is  a  couple,  whose  axis,  direction,  and 
moment  are  foiind  as  follows : — 

Let  M,  =  i.yF;  M,=  -  2.  aF; 

be  ihe  moments  of  the  pcur  of  partial  resultant  couples  relatiyely  to 
Uie  axes  O  X  and  O  Y  req)ectively.  From  O,  along  those  axes, 
set  off  two  lines  representing  respectively  M«  and  1(L  according  to 
the  role  <^  Art^  34 ;  that  is  to  say,  proportional  to  those  moments 
in  length,  and  pointing  in  the  direction  from  which  those  couples 
moat  respectively  be  viewed  in  order  that  they  may  appear  right- 
handed.  Complete  the  rectangle  whose  aides  are  those  lines ;  its 
diagonal  (as  shown  in  Art  35)  will  represent  the  axis,  direction, 
and  moment  of  the  final  resultant  coupla  Let  M,  be  the  moment 
of  this  ooaple  j  then 

and  if  #  be  the  angle  which  its  axis  makes  with  O  X, 


cos  ^  = 


Mr- 


SscnoK  4. — On  Centres  of  P(vraUd  Forces, 

48.  riMiiii  •#  a  P»ir  •r  Fandld  Fwecs.^ — ^Ll  fig.  12,  let  A  and 
B  represent  a  pair  of  points,  to  which  a  pair  of  parallel  forces,  F^ 
and  F^  of  any  given  magnitudes,  are  applied  Li  the  straight  line 
joining  A  and  B  take  the  point  C  such, 
that  ita  distances  from  A  and  B  respec- 
tivety  ahali  be  inversely  proportional  to  the 
foroea  applied  at  those  pointa  Then  from 
the  principle  of  Art  40  it  is  obvious  that 
the  xeanltant  of  F^  and  Fb  traverses  C.    It     y    ^         ^  "^ 

is  also  obvious  that  the  position  of  the  point    fa     y^.       ^^  '' 

C  dqiends  solely  on  the  proportionate  mag-  y'iz.  12. 

nitode  of  the  parallel  forces  F^  and  Fb,  and 

not  on  their  absolute  magnitude,  nor  on  tiie  angular  position  of 
their  lines  of  action;  ao  that  if  for  those  forces  there  be  substituted 
another  pair  of  parallel  forces,  f^fi^  in  any  other  angular  position, 
and  if  those  new  forces  bear  to  each  other  tiie  same  proportion  with 
tiie  original  foroea,  viz. : — 

/.  :^:  :F^  :  Fb  :  iBC'iAlj; 

the  point  C  where  the  resultant  cuts  A  B  will  still  be  the  same. 
This  point  ia  called  the  CenJtre  ofPardlld  Forces^  for  a  pair  of 
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forces^pplied  at  A  and  B  respectively,  and  having  die  given 
ratio  BO  :  AO. 

49.   Ceatre   •f  aay    ByMen    •f  PwnBcl 

c^^  F«wj€*— Let  paraUel  forces,   Fo,   Fi,  be 

^j  applied  at  the  points  A^  Ai  (fig.   1 3.), 

Draw  the  straight  line  A)  Ai,  in  whicli 
,At  take  Cx,  so  that 


Fo  :  F,  :  :  Cj  A,  :  C,  A^; 

then  will  Ci  be  the  centre  of  a  pair  of 
PI    jg        ^'^    parallel  forces  applied  at  A^  and  Ai,  and 

having  the  proportion  F©  :  Fi.  At  a  third 
point,  Aj,  let  a  third  parallel  force,  F,,  be  applied  Then,  because 
the  forces  Fq,  F„  are  together  equivalent  to  a  parallel  force,  F©  +  Fj, 
applied  at  Ci,  draw  the  straight  line  Oi  A,,  in  which  take  C^  so  that 

Fo  +  F,  :  F,  :  :  ^^,  :  ^DTOT; 

then  will  Ci  be  the  centre  of  three  parallel  forces  applied  at  ^  Ai, 
As,  and  having  the  proportions  Fq  :  F^  :  F^.  At  a  fourth  point, 
A«  let  a  fourtii  parallel  force,  F„  be  applied.  Then,  because  the 
forces  Fo,  Fj,  F„  are  together  equivalent  to  a  parallel  force,  F©  + 
Fi  +  Ft,  applied  at  Ca,  (&aw  the  straight  line  C,  A,,  in  which  take 
Cs,  so  that 

Fo  + Fj  +  F,  :  F,  :  :T3fA; -.^T^ 

then  will  Cj  be  the  centre  of  four  parallel  forces  applied  at  A^  A,, 
A{,  Aj,  and  having  the  proportion  Fo  :  F^ :  Fg :  Fg.  By  continuing 
this  process  the  centre  of  any  system  of  parallel  forces,  how  nume- 
rous soever,  may  be  found;  and  hence  results  the  following 

Theobem.  If  there  be  given  a  eastern  of  points,  and  the  mulwd 
rabioa  of  a  syitem  ofpa/raUdforces  applied  to  those  pointe,  then  there 
is  one  povnt,  amd  ome  onlyy  wMch  is  traversed  by  the  line  ofa^cUon  of 
the  resuUoM  of  even/  system  of  pa/ralld  forces  houving  the  given  mutual 
rcUios  amd  applied  to  the  gi/een  system  of  points,  whatsoever  may  be 
the  aJbsohUe  magnUvdes  of  those  forces,  and  the  angular  position  qf 
^^r  Unas  of  auction, 

50.   C«-«rdlMUM  «r  Cteaira  9t  Pandlel  Fotcm. — The    method  ,of 

finding  centres  of  parallel  forces  described  in  the  preceding  Artide, 
though  suitable  for  the  demonstration  of  the  theorem  just  stated, 
is  tedious  and  inconvenient  when  the  number  of  forces  is  great,  in 
which  case  the  best  method  is  to  find  the  rectangular  co-ordinates  of 
that  point  relatively  to  three  fixed  axes,  as  follows : — 

Let  O  be  any  convenient  point,  taken  as  the  origin  of  co-ordi- 
nates, and  OX,  OT,  OZ,  three  axes  of  co-ordinates  at  right  angles 
to  each  other. 
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Lei  A  be  any  one  of  the  points  to  -wMch  the  gystem  of  parallel 
foroes  in  qaeation  are  applied.  From  A  draw  x  parallel  to  OX, 
and  perpendidilar  to  the  plane  YZ, 
f  panDel  to  OT,  and  perpendicular 
to  the  plane  Z  X,  and  z  parallel  to 
OZy  and  peipendicnlar  to  the  plane 
XT.  a^  y,  and  is  are  the  rectanga- 
lar  oo-ordinates  of  A,  which,  b^ng 
known,  tiie  position  of  A  is  deter- 
mined. Let  F  denote  either  the 
magnitude  of  the  force  applied  at  A, 
or  any  magnitade  proportional  to 
that  magnitade.  Xy  y,  z,  and  F  are 
soppoaed  to  be  known  for  every  point  of  the  given  STstem  of 
pointBL 

Then  firsts  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  plane  f  Z.  Then  the  sum  of  their  moments  relatively  to 
an  axis  in  that  plane  is 

2'x¥; 

and  consequently  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  (as  in  Articles  44 
and  47),  by  the  equation 

3*aF 


Fig.  14. 


«r  = 


s-F 


BeoQsidly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel 
to  the  ]^ane  Z  X.  Then  the  sum  of  their  moments  relatively  to  an 
azia  in  that  plane  becomes 

and  oonaeqaently  the  distance  of  their  resultant,  and  also  of  the 
oentre  of  parallel  forces  from  that  plane  is  given  by  the  equation 

Thirdly,  conceive  all  the  parallel  forces  to  act  in  lines  parallel  to 
fkte  plane  X  T.  Then  the  sum  of  their  moments  relatively  to  an 
axis  in  that  plane  becomes 

and  oonseqiienily  the  distance  of  their  resultant,  and  also  of  the 
centre  of  parallel  forces  from  that  plane  is  given  by  the  equation 

2  *zV 


j-F 

Tbna  are  found  a;,  y^  a;,  the  three  rectangular 

n 


of 
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the  centre  of  parallel  forces,  for  a  system  of  forces  applied  to  any 
given  system  of  points,  and  having  any  given  mutual  ratios. 

If  the  parallel  forces  applied  to  a  system  of  points  are  all  equal, 
then  it  is  obvious  that  the  distance  of  the  centre  of  parallel  forces 
from  any  given  plane  is  simply  the  mean  of  the  distances  of  the 
points  of  the  system  from  that  plana 
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CHAPTER  nL 

BAIiAKCE  OF  DTCLIIIED  JfOBCESL 

SEcnoir  1. — Indined  Forces  applied  at  One  PainL 


51.^  ^MBHiigy  mf  v«rc€s. — ^Theobeil  If  tvoo  forces  whose  lines 
faction  traverse  one  point  he  represented  in  directum  and  magnitude  by 
(Ae  m2e»  of  a  parallelogram^  their  resultant  is  represented  by  the  diagonal. 

yfcit  iHM«Mii«iiw.— Through  the  point  O  (fig.  15),  let  two 
fivoes  «ct^  represented  in  direction 

and  magnitade  hy  OA  and  OR  ^^-^ 

The  resultant  or  equivalent  single  ^^^'^ 

foroe  of  those  two  forces  most  he  a  ^x7{^ 

force  such,  that  its  moment  relatively  ^y/  \  l^^S^ — ''' \ 

to  any  axis  whatsoever  perpendica*     o  x(^^^"'(\  ^^^^^  \ 

lar  to  the  plane  of  O  A  and  O  B,  ig       r^y^   /y^''     J^ 
thesom  of  the  moments  of  O  A  and        \     T^yT^X.''^''''''''^^  " 
O  B  relatively  to  the  same  axi&  ^    \  /j^^^^'^^^^y'^ 

Kow,  fmX^  the  force  represented  in     *  j^  |^^^^^^^        bn^^^^  ^ 
diiecfeon  and  magnitude  hy  the  dia-  Fig.  IS. 

gDDsl  O  C  of  the  parallelogram  A  B 

fulfils  this  condition.  For  let  P  be  any  point  in  the  pLme  of  O  A 
and  O  B,  and  let  an  axis  perpendicular  to  that  plane  traverse  P. 
Join  PA,  PB,  PC.  Then^as  abeady  shown  in  Art  42,  the 
moments  of  the  forces  Oa,  OB,  O  C,  relatively  to  the  axis  P,  are 
represented  respectively  by  the  doubles  of  the  triangles  POA, 
POB^  POC.  Draw  AD  ||  BE  ||  OP,  and  join  PD,  PE. 
Then  A  POD  =  ^OA,  and  A  POE  =  A  POB;  but  be- 
cubdOD  +  OE  =3  OC,  .%  a  POC  =  APOD  +  aPOE  = 
A  PDA  +  APOB;  and  the  moment  of  PC  relatively  to  P  is 
equal  to  the  sum  of  the  moments  of  OA  and  OB;  and  that 
whatsoever  the  position  of  P  may  be. 

Seeomdiy.  The  force  represented  by  OC  is  the  only  force  which 
fulfils  tills  condition.  For  let  O  Q  represent  a  force  whose  moment 
relatively  to  P  is  equal  to  the  sum  of  the  moments  of  O  A  and  O  R 
JoinPQ.     Then  A  OP Q  =  A  POC,  and  .-.  CQ  U  PO;  so  that 
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O  Q  fulfils  the  required  condition  for  those  axes  only  which  are 
situated  in  a  line  O  P  ||  C  Q,  and  not  for  any  other  A-Yia. 

Therefore  the  diagonal  O  0  of  the  parallelogram  A  B  represents 
the  resultant,  and  the  only  resultant,  of  the  forces  represented  by 
OA  and  O  R— Q.  E.  D. 

SecMiA  ]»eBi*Batma*B. — Suppose  a  perpendicular  to  be  erected  to 
the  plane  O  A  B  at  the  point  O,  of  any  length  whatsoever;  call  the 
other  extremity  of  that  perpendicular  It ;  and  at  K  conceive  two 
forces  to  be  applied,  respectively  equal,  parallel,  and  opposite  to 

O  A  and  O  B.  Then  O  B  is  the  arm  common  to  two  couples  whose 
axes  and  moments  are  represented  (in  the  maimer  described  in  Art 
34)  by  lines  perpendicular  and  proportional  respectively  to  O  A  and 
OB.  On  the  lines  so  representing  the  couples,  construct  a  paral- 
lelogram 3  then,  as  shown  in  Art  35,  the  diagonal  of  that  parallelo- 
gram represents  the  resultant  couple  constituted  by  the  resultant 

of  O  A  and  O  B  acting  at  O,  and  an  equal  and  opposite  force  at  It ; 
and  as  the  parallelogram  of  couples  has  its  sides  perpendicular  and 

proportional  to  O  A  and  O  B,  its  diagonal  must  be  perpendicular 
and  proportional  to  6  C,  which  consequently  represents  the  result- 
ant of  OA  and  OB.— Q.  E.  B. 

[There  are  various  other  modes  of  demonstrating  the  theorem  of 
the  parallelogram  of  forces,  all  of  which  may  be  studied  with  ad- 
vantage :  especially  those  given  by  Dr.  Whewell  in  his  Ekmenlanf 
Treatige  on  Mechanics j  and  by  Mr.  Moseley  in  his  Mechanics  of  En- 
gmeering  and  Architecture.] 

52.  B«BiUbrtwM  •£  Three  Fmkm  sctliBg  Hkf^mgk  Oae  Pelat  la  Oaa 

Ptawe. — ^To  balance  the  forces  OA  ^and  OB,  a  force  is  lequired 
equal  and  directly  opposed  to  their  resultant  00.  This  may  be 
otherwise  expressed  by  saying,  that  if  the  directions  and  mag- 
nitudes of  three  forces  be  represented  by  the  three  sides  of  a  triangle^ 

(such  as  O  A,  A  C,  C  O),  then  those  three  forces,  acting  through 
one  point,  balance  each  otihier. 

53.  B^Bfliteiaai  •Tany  8f Men  efFercea  actfagthraack  Oae  Petafte — 

CoBOLLABY.  Jf  a  number  of  forces  acting  through  the  samepoint  he 
represented  by  Iwesequaland  paraHA  to  d^  sides  of  a  dosed  polygon, 

^ »  those  forces  balance  each  other.    To  fix 

^       ^^^7\        *^®  ideas,  let  there  be  five  forces  acting 

•^-^..^^^^^^     / --'r''  /    \      ^^^''^g^^  *^®  ]point  0  (fig.  16),  and  re- 

^ — ^ — 'y^    presented  in  direction  and  magnitude 

^y^Y"^^^>^        ^^  *^®  ^^^  -^^  ^'^  ^^  ^^  ^"  ^Wch 

•^ iA'/''*'^  •^  equal  and  parallel  to  the  sides 

21^  l^  of  the  dosed  polygon  O  A  B  0  D  O  ; 

vii: — 
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Fi  =  and  II  O  A 
Ft=rand||  AB 
F3r=aiid||B0 
F4  =  and||CD 
Ff  =  and||DO. 

Then  by  the  theorem  of  Art  52,  the  resultant  of  Fi  and  Ft  is  O  B; 
the  resultant  of  Ft,  F,  and  F,  is  00;  the  resultant  of  F|»  F„  F,, 
and  F4  is  O  D,  equal  and  opposite  to  F^,  so  that  the  final  resultant 
is  nothing. 
The  doeed  polygon  may  be  either  plane  or  gauche. 
54.  g— ngigpipe*  •/  Vmtcm. — ^The  simplest  gauche  polygon  io 
ooeofloiir  mde&     Let  O  AB  OE FG H (%.  17), beapaiallelopiped 
vhoee  diagonal  is  OH.     Then  any  three 
unwywdve  edges  so  placed  as  to  be^  at  O 
nd  end  at  H,  form,  together  with  the  dia- 
gonal HO,  a  dosed  quadrilateral;  conse- 
quently if  three  forces  F,,  F.,  F,,  acting 
through  O,   be   represented  by  the  three 
edges  OA,    O  B,  50^  of  a  parallelopiped, 
the  diagonaJ  (TS  represents  their  resultant, 
and  a  fourth  force  I4  equal  and  opposite  to 
OH  balances  them.  ^  17. 

55,  KcM^fartiMi  •€  m  v««ce  imf  Tw*  <?«aip«BCBia. — ^From  the  theo- 
rem of  Art.  51,  it  is  evident  that  in  order  that  a  given  single  force 
may  be  resolvable  into  two  components  acting  in  given  lines  inclined 
to  each  other,  it  is  necessary,  Jirst,  that  the  lines  of  action  of  those 
eomponents  should  intersect  the  line  of  action  of  the  given  force  in 
one  point;  and  secondly,  that  those  three  lines  of  action  should  be 
in  one  plane. 

Betnming,  then,  to  fig.  15,  let  O  0  represent  the  given  force, 
which  it  is  required  to  resolve  into  two  component  forces,  acting  in 
the  lines  OX,  O  T,  which  lie  in  one  plane  with  O  0,  and  intellect 
it  in  one  point  O. 

Through  0  draw  C  A  ||  O  Y,  cutting  O  X  in  A,  and  C  B  ||  O  X, 
cutting  O  Y  in  R    Then  will  O  A  and  O  B  represent  the  com^ 

ponent  forces  required.  

Two  forces  respectively  equal  to  and  directly  opposed  to  O  A 
and  OB  inll  balance  O  0. 

56,  ■friliBB  mfm  Vmrtm  tato  Three  C— ip— — ti. — ^In  order  that  a 


given  single  force  may  be  resolvable  into  three  components  acting 
in  given  lines  inclined  to  each  other,  it  is  only  necessary  that  the 
lines  of  action  of  the  components  should  intersect  the  line  of  action 
of  the  given  force  in  one  point. 
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Betuming  to  ^g.  17,  let  O  H  represent  the  giyen  force  which  it 
is  reqmred  to  resolve  into  three  component  forces,  acting  in  the 
lines  OX,  O  Y,  O  Z,  which  intersect  O  H  in  one  point  O. 

Through  H  draw  three  planes  parallel  respectively  to  the  planes 
YOZ,  Z  OX,  X  O  Y,  andcutting  respectively  O  X  in  A,  O  Y  in 

B,  O Z  in C.  Then  will  O  A,  OB,  0  0,  represent  the  component 
forces  required. 

Three  forces  respectively  equal  to,  and  directly  opposed  to  O  A, 

O  B,  and  O  0,  will  balance  O^ 

57.  Rccflangaiar  c^aiponeBts. — ^The  rectangular  components  of  a 
force  are  those  into  which  it  is  resolved  when  the  directions  of 
their  lines  of  action  are  at  right  angles  to  each  other. 

For  example,  in  fig.  17,  suppose  O  X,  O  Y,  O  Z,  to  be  three  axes 

of  co-ordinates  at  right  angles  to  each  other.  Then  0  H  is  resolved 
into  three  rectangular  components  simply  by  letting  faXL  from  H 
perpendiculars  on  O  X,  O  Y,  O  Z,  cutting  them  at  A,  B,  C, 
respectively.  

To  express  this  case  algebraically,  let  F  =  O  H  denote  the  force 
to  be  resolved.     Let 

«  =  .^XOH,  /8=^i^Y0H,  y  =  .^ZOH, 

be  the  angles  which  its  line  of  action  makes  with  the  three  rect- 
angular axes.  Then,  bjs  is  well  known,  those  three  angles  are  con- 
nected by  the  equation 

cos'flft  +  cos'iS  +  C0S*'/  =  1, (1.) 

f,=oa;  f,=ob;  f,=oc; 

be  the  three  rectangular  components  of  F ;  then 

Fi=:F-cos« 

F,  =  F-cos/3 }{2.) 

F,=:F-cosy 

In  order  to  distinguish  properly  the  direction  of  the  resultant  F 
as  compared  with  the  directions  of  the  axes,  it  is  to  be  borne  in 
mind  that 

the  cosine  of  aa{«^}««le  is   {^I^S-} 

From  a  well  known  property  of  right-angled  triangles  (also  em- 
bodied in  equation  1),  it  follows  that 

F»  =  F;  +  F!  +  FJ. (3.) 

To  express  algebraically  the  case  in  which  a  force  is  resolved  into 
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two  rectangular  oomponents  in  one  plane  with  it,  let  the  plane  in 
question  be  that  of  OX  and  O  Y.  Then  the  angles  are  subject  to 
the  following  equations : — 

'7    '."'ti  y  =  a  right  angle ;  «  +  /S  =  a  right  angle; 

'  oosysrO  ;  coB/9  =  8in  «;  COS  «  =  Bin/3. (4.) 

andconaeqnentl7theeqnations2and3are  reduced  to  the  following  :** 

P,  r=  P-  cos  «  =  F-  sin  /3j ) 

P,=:F-8in«  =  F'coe/3; V(5.) 

P,  =  0;       P»=P*  +  R- J 

In  unng  these  equations,  the  rule  respecting  the  positive  and 
negative  signs  of  cosines  is  to  be  observed ;  and  it  is  also  to  be  borne 
in  mindy  that  the  angle  «  is  reckoned  from  O  X  in  the  direction 
towards  Y,  and  the  angle  /9  from  O  Y  in  the  reverse  direction,  that 
la^  towards  X,  and  that 

♦1^   •       ^       ^      ^     f     O^tolSO**)  r   positiva   ) 

iJie  smesof  angles  6om|jg^o^360o}  axe  |  ^tiva  } 

If  a  system  of  forces  acting  through  one  point  balance  each  other, 
their  resultant  is  nothing ;  and  therefore  the  rectangular  oomponents 
of  their  resultant,  which  are  the  resultants  of  their  parallel  systems 
of  rectangular  components,  are  each  equal  to  nothing;  a  case  re- 
jsesented  as  follows  : — 

2P,  =  0;  2-P,  =  0;  2-P,  =  0. (6.) 

8BcnoK  2. — Indined  Forces  Applied  to  a  Syetem  of  PoirUe. 

58L  Votccs  actliig  te  Dim  PI«M.-«ni|pU«  S^latfoa.  —  Let  any 
STvftem  of  forces  whose  lines  of  action  are  in  one  plane,  act  together 
on  a  rigid  body,  and  let  it  be  required  to  find  their  resultant 

kmamei  an  axis  perpendicular  to  the  plane  of  action  of  the  forces 
at  mj  point,  and  let  it  be  called  O  Z.  According  to  the  principle 
of  Art  42,  let  each  force  be  resolved  into  an  equal  and  parallel 
foroe  acting  through  O,  and  a  couple  tending  to  produce  rotation 
dwot  O  Z;  so  that  if  a  force  P  be  applied  along  a  line  whose  per- 
pendieolar  distance  from  O  is  L,  that  force  shall  be  resolved  into 

F  =  and||P 

acting  throogh  O,  and  a  couple  whose  moment  is 

M  =  LP, 

and  which  is  right  or  left-handed  according  as  O  lies  to  the  right  or 
kfiof  the  direction  of  P. 
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•  The  fnagnUude  and  direciUon  of  the  resoliant  are  to  be  fennd  by 
fbrming  a  polygon  with  lines  equal  and  parallel  to  those  representing 
the  forces,  as  in  Art  53,  when,  if  the  polygon  is  dosed,  the  forces 
have  no  single  resultant;  but  if  not^  then  the  resultant  is  equal, 
parallel,  and  opposite  to  that  represented  by  the  line  which  is 
required  in  order  to  dose  the  polygon.  Let  R  be  its  magnitude 
if  any. 

The  position  of  the  line  of  action  of  the  resultant  is  found  as 
follows: — 

Let  a  *  M  be  the  resultant  of  the  moments  of  all  the  couples  M, 
distinguishing  right-handed  from  left-handed^  as  in  Arts.  27  and 
32.  If  2*M  =  0,  and  also  B  =0,  then  the  couples  and  forces 
balance  completely,  and  there  is  no  resultant.  If  2*M  «  0,  while 
K  has  magnitude,  then  the  resultant  acts  through  O.  If  a  *  M 
and  R  both  have  magnitude,  then  the  line  of  action  of  the  resultant 
B  is  at  the  perpendicular  distance  from  O  given  by  the  equation 

^'=-B^ 

and  the  direction  of  that  perpendicular  is  indicated  by  the  sign  of 
2'M.  If  B  =  0,  while  3*M  has  magnitude,  the  only  resultant  of 
the  given  system  of  forces  is  the  couple  3*M. 

59.  F«f«cs  actlag  im  Ob«  Pbnc«— 8«hitlMi  ky  BccUUigBlMr  €•  •g 

dUaatM. — ^Through  the  point  O  as  origin  of  oo-ordinates,  let  any  two 
axes  be  assumed,  O  X  and  O  Y,  perpendicular  to  eadi  other  and 
to  O  2S,  and  in  the  plane  of  action  of  the  forces ;  and  in  looking  from 
Z  towards  0,  let  Y  lie  to  the  right  of  X,  so  that  rotation  from  X 
towards  Y  shall  be  right-handed.  Let  F,  as  before,  denote  any  one 
of  the  forces;  let  «  be  the  angle  which  its  line  of  action  makes  to 
the  right  of  O X;  and  let  x  and  y  be  the  co-ordinates  of  its  point 
of  application,  or  of  any  point  in  its  line  of  action,  relatiTely  to  the 
assumed  origin  and  axes.  Besolve  each  force  F  into  its  rectangular 
components  as  in  Art  57, 

Fi  =F  •  cos  «j  Fj  =  F  •  sin  «; 
then  the  rectangular  components  of  the  resultant  are  respectiTely 

parallel  toOX,2rFcos«)  =  Bi, )        "  y,  v 

parallel  to  0  Y,  2(F-sin«)  =  B,,  / ^^'^ 

its  magnitude  is  given  by  the  equation    / 

B»  =  I^*  +  I«; (2.) 

and  the  angle  «,.  which  it  makes  to  the  right  of  O  X  is  found  by  the 
equations 

cos  'r  =^  ;   Sin  «r  =^ (3.) 


in  which  tBeTurection  of  R  lies  is  inoiSiea^y  Aer'  ^ 
a^ebnical  signs  of  B]  and  B^,  as  abeadj  stated  in  Art  57. 

Hie  pcffpendicakr  distance  from  O  of  the  line  of  action  of  any 

which  is  positiye  or  n^atrve  according  as  O  lies  to  me  right  or  to 
tlie  left  of  that  line  of  actioo ;  and  hence  the  resultant  moment  of 
the  system  of  forces  relatiyely  to  the  axis  O  Z  is  Vi 

a-FL  =  2-F(a;sina — y  cos  »)  ^j[     'T 

=  2(a;F,— yFi) 

whence  it  follows,  that  the  perpendicular  distance  of  the  resultant 
force  from  O  is 


2(a;F,— yF,) 

•Lv  = B 


B 


.(5.) 


Let  X,  and  y^  be  the  co-ordinates  of  any  point  in  the  line  of  action 
of  the  resultant;  then  the  equation  of  that  line  is 


wfaidi 


IS  equivalent  to  >  (6.) 

«;Mn«,  —  y^cos«^  =  Iv) 


As  in  Art  58,  if  a*F  L  =:  0,  the  resultant  acts  through  the 
origin  O;  if  z-FL  has  magnitude^  and  B  =  0  (in  which  case 
Bi = 0,  Bf = 0)  the  resultant  is  a  couple.  The  conditions  of  equili- 
biivm  of  the  system  of  forces  are 

Bi=0;  B,=0;  3-FL=0;  ) 

or  in  other  symbols  >....(7.) 

2Fi  =  0;  a-F,  =  0;  2(a;F,  — yFO  =  0.  j 

The  moment  of  the  resultant  relatively  to  the  axis  O  Z  can  also 
he  arrived  at  by  considering  the  moment  F  L  of  each  force  as  the 
resultant  of  x  F^,  which  is  right-handed  when  x  and  F^  are  both 
poKitivey  and  of  —  y^a  which  is  left-handed  when  y  and  Fi  arc 
both  positive  ^ 

60.  MjKf  Bimum  miWrnrtm^ — To  find  the  resultant  and  the  con- 
ditions of  equilibriam  of  any  system  of  forces  acting  through 
any  system  of  points,  the  forces  and  points  are  to  be  referred  to 
three  rectangular  axes  of  co-ordinates. 

As  in  Art  57,  let  O  denote  the  origin  of  co-ordinates,  and 
OX,  OT,  OZ,  &e  three  rectangular  axes;  and  let  them  be 
amiiged  (as  in  fig.  17),  so  that  in  looking  from 

X)  rYtowaidsZ] 

T  >  towards  O,  rotation  from  <  Z  towards  X  > 
Z)  (X  towards  Y) 

shall  i^ppear  right-handed. 


r 
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Let  F  denote  any  one  of  the  forces;  x,  y,  z,  the  co-ordinates  of  a 
point  in  its  line  of  action;  and  «,  /S,  7,  the  angles  which  its  direction 
makes  with  the  axis  respectively.  Then  the  three  rectangular 
components  of  F  being  as  in  Art  67, 

F,  =  F  '  cos  «  along  O  X, ) 

F,  =  F  cos  /8  along  O  Y,  V (1.) 

F,  =  F  •  cos  y  along  O  Z,  j 

it  can  be  shown  by  reasoning  similar  to  that  ,of  Art  59,  that  the 
total  moments  of  these  components  relatively  to  the  three  axes  are 
respectively 

yF,  —  «F,  =  F'(ycosy — z  cos  fi)  relatively  to  O  X,  \ 
z  Fi  —  ajFs  =  F  («cos«  —  a:  cos  y)  relatively  to  O  Y,  >(2.) 
a?  Fj  —  y  Fi  =  F  (a  cos  /3  —  y  cos  «)  relatively  to  O  Z;  j 

so  that  the  force  F  is  equivalent  to  the  three  forces  of  the  formttlsB 
1  acting  through  O  along  the  three  axes^  and  the  three  couples  of 
the  formulse  2  acting  round  the  three  axes. 

Taking  the  algebraical  sums  of  all  the  forces  which  act  along  the 
same  axes,  and  of  all  the  couples  which  act  round  the  same  axes, 
the  six  following  quantities  are  founds  which  compose  the  resultant 
of  the  given  system  of  forces ; — 


along  OX;  Iti=  s  •  F  cos  «, 
OY;  B,=  3-Fcos 
OZ  j  B,=  a-Fcos 


w 


» 


(3.) 


round  OX;  Mi  =  3[F  (y  cosy  —  zooafi)\f 


99 


OYjM,=  s 


•(*•) 


F  («  COS  «  —  a:cosy)j, 
F  (a;  cos  /9  -  y cos «)]» 

The  three  forces  Kj^  B^  Bg,  are  equivalent  to  a  single  force 

B=  V(R;  +  RJ+BJ), (5.) 


acting  through  O  in  a  line  which  makes  with  the  axes  the  angles 
given  by  the  equations 


5.' 

B 


00s «,  =  ^;  coB/8,=— jCj  COS  y,= 


B 


(6.) 


The  three  couples  M„  M|,  Mj,  according  to  Article  37,  are  oqui- 
valent  to  one  couple,  whose  magnitude  is  given  by  the  equation 

m=^(m;+mj+mj) (7.) 


ft  ANY  ST8TEM  OP,  TOBCES.     C s^^^O^ ^^^ ^ ^ iT'^^y 

mA  wliose  axis  makes  witff  the  axes  of  oo-ordi£ates  tUe  angles  gi^n 
bf  the  equations 

Mi                  M»                 M!, 
«>8X  =  j^;  coflA«  =  jj-;   cobp=:^ (8.) 

in  which  ill   ^^^^  respectively  the  angles 
j  ^  I    made  by  the  axis  of  M  with 


The  c— Jiri—  •r  BvriUbrfwM  of  the  system  of  forces  may  be  es- 
pfteflsed  ih  either  of  the  two  following  forms  : — 

p,  =  0;  K,  =  0;  R,=  0:  M,  =  0;  M,  =  0;  M,  =  0...(9.) 

or  R=:Oj  M  =  0. (10.) 

When  the  system  is  not  balanced,  its  resultant  may  £edl  under 
OD^  or  other  of  the  following  cases  : — 

•■M  I. — When  M  =  0^  the  resultant  is  the  single  force  B  acting 
thrdn^O. 

€m90  WM, — When  the  axis  qfNL  is  at  right  angles  to  the  direction  of 
By — a  «^  expressed  by  either  of  the  two  following  equations : — 

COS  Or  COS  X  4  cos  /8r  cos  ;«  +  cos  y,  cos  y  =  0; )      fi-,  K 
ot  Ri  M,  +  E«  ^,  +  R,  M,  =  0;  /  '"^^^'^ 

the  resultant  of  M  and  B  is  a  single  force  equal  and  parallel  to  B^ 
aeCii^  in  a  plane  perpendicular'  to  the  axis  of  M,  and  at  a  peipen- 
dicnlar  distance  fitnn  O  given  by  the  equation 

L  =  ^ (12> 

€mam  WMMs — When  B  =:  0,  there  is  no  single  resultant;  and  the 
only  resultant  is  the  couple  M. 

€mmm  IT. — When  the  axis  ofM,  is  parallel  to  the  line  of  action  o/B^ 
Unt  JB,  wbea.  either 

x  =  «,;  f*  =  fir;  »  =  yr, (13). 

or  A  =  — «^;a«  =  —  A.;  »  =  — yri (14). 

there  is  no  single  resultant;  and  the  system  of  forces  is  eqtdva- 
knt  to  the  foioe  B  and  the  couple  M,  being  incapable  of  being 
fiffther  simplified 

▼. — When  the  axis  o/TA  is  obUqus  to  the  direction  of  B, 

irith  it  the  angle  given  by  the  equation 

cos  0  =  COS  X  oos  a,  +  cos  f*  cos  fif -h  cos  p  cos  yr,....(15). 
the  ooople  M  is  to  be  resolved  into  two  rectangular  components^ 
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M  sin  ^  round  an  axis  perpendicular  to  B,  and  in  1 
the  plane  containing  the  direction  of  K  and  of     (16.) 
the  axis  of  M; 

M  cos  ^  round  an  axis  parallel  to  R 

The  force  B  and  the  couple  M  sin  ^  are  equivalent,  as  in  Case 
II.,  to  a  single  force  equal  and  parallel  to  B,  whose  line  of  action 
is  in  a  plane  perpendicular  to  that  containing  B  and  the  axis  of 
M,  and  whose  perpendicular  distance  from  O  is 

r        Msin^  ,-^. 

^=      ^      (17.) 

The  couple  M  cos  $,  whose  axis  is  parallel  to  the  line  of  action  of 
B,  is  incapable  of  fiirther  combination. 

Hence  it  appears  finally,  that  eyery  system  of  forces  which  is  not 
self-balanced,  is  equivalent  either,  (A);  to  a  single  force,  as  in  Oases 
I.  and  II.  (B);  to  a  couple,  as  in  Case  IIL  (C);  to  a  force,  com- 
bined with  a  couple  whose  axis  is  parallel  to  the  line  of  action  of 
the  force,  as  in  Cases  lY.  and  Y.  This  can  occur  with  inclined 
forces  only,  it  having  been  shown  in  Article  47,  that  the  resultant 
of  any  number  of  parallel  forces  is  either  a  single  force  or  a  couple. 
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CHAPTER  IT. 

ON  PAHAT,T.KT,  FB0JBCTI0N8  IN  fiTATICa 


61.  VMBlfcl  gifijBciiM  «ra  Vipve  AefliMdL — If  two  figures  be  so 
rektody  ihai  for  each  point  in  one  there  is  a  corresponding  point 
in  the  other,  and  that  to  each  pair  of  equal  and  parallel  lines  in  the 
one  there  correapondB  a  pair  of  equal  and  paialld  lines  in  the  other, 
those  figures  are  said  to  be  parallel  pbojections  of  each  other. 

The  relation  between  sach  a  pair  of  figures  may  be  otherwise 
exneased  as  follows : — ^Let  any  figure  be  referred  to  axes  of  co* 
oranates^  whether  rectangular  or  obliqne ;  let  x,  y,  z,  denote  the 
oo-otdinates  of  any  p(»nt  in  it,  whieh  may  be  denoted  by  A  :  let  a 
seoond  ^^ore  be  oonstmcted  from  a  second  set  of  axes  of  co-ordinates, 
either  agreeing  with,  or  differing  from,  the  first  set  as  to  rectan- 
gdarity  or  oUiqTiiiy ;  let  a/,  ^,  y,  be  the  co-ordinates  in  the  second 
figure,  of  the  pdnt  A'  which  corresponds  to  any  point  A  in  the 
&it  %««,  and  let  those  co-ordinates  be  so  reUted  to  the  co-ordi- 
nates of  A,  that  for  each  pair  of  corresponding  points.  A,  A',  in  the 
two  figures,  the  three  pairs  of  corresponding  co-ordinates  shall  bear 
toeadi  other  three  constant  ratios,  sach  as 

X  ^   y  *   z  ' 

then  are  these  two  figures  parallel  projections  of  each  other. 

61  fliiwiHliiiil  giipftfuB  «r  Fmaid  PrclMtlmM. — ^The  following 
ne  the  geometrical  properties  of  parallel  projections  which  are  of 
nw«t  importance  in  statica  Being  purely  geometrical  propositions, 
th^  are  not  here  demonstrated. 

I— A  parallel  projection  of  a  system  of  three  points,  lying  in 
one  stmight  line  and  dividing  it  in  a  given  propOTtion,  is  also  a 
system  of  three  points,  lying  in  one  strait  line  and  dividing  it  in 
die  ame  propoition. 

H— A  parallel  projection  of  a  system  of  parallel  lines  whose 
1<i>gtlis  bear  given  ratios  to  each  other,  is  also  a  system  of  parallel 
lines  whose  lengths  bear  the  same  ratios  to  each  other. 

IIL ^A  paimllel  projection  of  a  closed  polygon  is  a  closed 

polygon. 
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lY. — A  parallel  projection  of  a  parallelogram  is  a  parallel- 
ogram. 

Y. — ^A  parallel  projection  of  a  parallelepiped  is  a  parallelopipecL 

YL — A  parallel  projection  of  a  pair  of  parallel  plane  surfaces, 
whose  areas  are  in  a  giyen  ratio^  is  also  a  pair  of  parallel  plane 
surfaces,  whose  areas  are  in  the  same  ratio. 

YIL — A  parallel  projection  of  a  pair  of  volumes  having  a  given 
ratio,  is  a  pair  of  volumes  having  the  same  ratio. 

63.  AppUcatl«B  t*  Parallel  Farces. — ^It  has  been  shown  in  Chap. 
ILy  Sect.  3,  that  the  equilibrium  of  any  system  of  parallel  forces 
depends  on  the  mutual  proportions  of  the  forces  and  on  those  of  the 
distances  of  their  lines  of  action  from  given  planes.  By  considering 
this  in  connection  with  the  principles  L  and  IL  of  Article  62,  it  is 
evident,  that  if  a  balanced  system  of  parallel  forces  be  represented 
by  a  system  of  lines,  then  any  Eiystem  of  lines  which  is  a  parallel 
projection  of  the  first  system,  wHl  also  represent  a  balanced  system, 
of  parallel  forces  ;  and  also,  that  if  there  be  two  systems  of  parallel 
forces  represented  by  systems  of  lines  which  are  parallel  projections 
of  each  other,  then  are  the  respective  resultants  of  those  systems  of 
forces,  whether  single  forces  or  couples,  represented  by  lines  which 
are  parallel  projections  of  each  other  related  in  the  same  manner 
with  the  other  pairs  of  corresponding  lines  in  the  two  systems.  In 
applying  this  principle  to  cov/ples,  it  is  to  be  observed,  that  they 
are  not  to  be  represented  by  single  lines,  as  in  Art  34,  but  by  pairs 
of  equal  and  opposite  lines,  as  in  the  previous  articles,  or  by  areas^ 
as  in  Articles  42  and  51. 

64.  AppUcasiaa  ta  Ceatres  af  ParaUel  Farces. — ^If  two  systems  of 

points  be  parallel  projections  of  each  other ;  and  if  to  each  of  those 
systems  there  be  appHed  a  system  of  parallel  forces  bearing  to  each 
other  the  same  system  of  ratios,  then,  by  considering  the  principles 
I.  and  IL  of  Article  62  in  conjunction  with  those  of  Chap.  IL,  Sect 
4,  it  is  evident  that  the  centres  of  parallel  forces  for  those  two 
systems  of  points  will  be  parallel  projections  of  each  other,  mutually 
related  in  the  same  manner  with  the  other  pairs  of  corresponding 
points  in  the  two  systems. 

65.  AppUcatlan  ta  Tacllaed  Farces  actios  Huaagk  One  Palat.-— 

From  principles  III.,  lY.,  and  Y.,  of  Article  62,  taken  in  conjunc- 
tion with  the  principles  of  Chap.  III.,  Sect  1,  it  foUows,  that  if  a  given 
system  of  lines  represents  a  balanced  system  of  forces  acting  through 
one  point,  then  will  any  parallel  projection  of  that  system  of  lines 
also  represent  a  balanced  system  of  forces  acting  through  one  point ; 
and  also,  that  if  two  systems  of  forces,  each  acting  through  one 
point,  be  represented  by  two  cfystems  of  lines  which  are  parallel 
projections  of  each  other,  then  will  the  respective  resultants  of  those 
two  systems  of  forces  be  represented  by  a  pair  of  Hnes  which  are 
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puallel  projections  of  each  other,  muttuJly  related  in  the  same 
manner  witli.  other  pain  of  coixeflponding  line& 

6€L  .ftppiirMtiMM  tm  aa^  Brmmm  mf  Vmrtm, — Aa  every  system  of 
Ibives  applied  to  any  system  of  points  can  he  reduced,  as  in  Art  60, 
to  a  fljstem  of  forces  acting  through  one  pointy  and  certain  systems 
of  parallel  forces,  it  follows  that  if  a  halanced  system  of  forces  acting 
through  any  system  of  points  be  represented  by  a  system  of  lines, 
then  will  any  parallel  projection  of  that  system  of  lines  represent  a 
lialanced  system  of  forces ;  and  that  if  any  two  systems  of  forces 
be  represented  by  lines  which  are  parallel  projections  of  each  other, 
the  lines,  or  sets  of  lines,  representing  their  resultants,  will  be  cor- 
Tespondhig  parallel  projections  of  each  other : — it  b^g  still  ob- 
served, as  in  Article  63,  that  couples  are  to  be  represented  by  pairs 
of  lines,  as  pairs  of  opposite  forces,  or  by  areas,  and  not  by  single 
lines  along  their  axes. 
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CHAPTER  V. 

OK  DISTRIBUTKL)  FOBGES. 

67.  BcairicttMi  of  the  8Hb|ecc — ^In  ArtLcLe  18  it  has  already  been. 
explained,  that  the  action  of  eveiy  real  force  is  distributed  through- 
out some  volume,  or  over  some  surface.  It  is  al^rays  possiblei 
however,  to  find  either  a  migle  resultant,  or  a  resultcmt  couple,  or  a 
eomJbination  of  a  single  force  with  a  couple  (like  that  described  in 
Art  60),  to  which  a  given  distributed  force  is  equivalent,  so  &r  as  it 
affects  the  equilibrium  of  the  body,  or  part  of  a  body,  to  which  it  is 
applied. 

In  the  application  of  Mechanics  to  Astronomy,  Electricity,  and 
Magnetism,  it  is  often  necessary  to  find  the  resultant  of  a  distri- 
buted attraction  or  repulsion,  whose  direction  is  sensibly  different 
at  different  points  of  the  body  to  which  it  is  applied ;  and  problems 
thus  arise  of  great  difficulty  and  complexity.  But  in  the  applica> 
tion  of  Mechanics  to  Structures  and  Machines,  the  only  force  dis- 
tributed throughout  the  volume  of  a  body  which  it  is  necessaiy  to 
consider,  is* its  weight,  or  attraction  towards  the  earth;  and  the 
bodies  considered  are  in  every  instance  so  small  as  compared  with 
the  earth,  that  this  attraction  may,  without  appreciable  error,  be 
held  to  act  in  parallel  directions  at  each  point  in  each  body.  More- 
over, the  forces  distributed  over  surfaces,  which  have  to  be  conai* 
dered  in  applied  mechanics,  are  either  parallel  at  each  point  of 
their  surfaces  of  application,  or  capable  of  being  resolved  into  sets 
of  parallel  forces.  Hence,  in  applied  mechanics,  paraUd  distributed 
forces  have  alone  to  be  considered ;  every  such  force  is  statically 
equivalent  either  to  a  single  resultant,  or  to  a  resultant  couple ; 
and  the  problem  of  finding  such  resultant  is  comparatively  simple. 

68.  TiM  iBtMiflitT  •€  m  DistrfbMtfldi  Fwce  is  the  ratio  which  the 
magnitude  of  that  force,  expressed  in  imits  of  force,  bears  to  the 
space  over  which  it  is  distributed,  expressed  in  imits  of  volume,  or 
in  units  of  surface,  as  the  case  may  be.  An  unit  of  Intensity  is  an 
imit  of  force  distributed  over  an  unit  of  volume  or  of  surfiu»,  as  the 
case  may  be ;  so  that  there  are  two  kinds  of  units  of  intensily. 
For  example,  one  pound  per  cubic  foot  is  an  unit  of  intensity  for  a 
force  distributed  throughout  a  volume,  such  as  weight ;  abd  one 
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pound  per  square  foot  is  an  unit  of  intensiij  for  a  force  disfcribated 
over  a  sorfiioey  sach  as  pressare  or  fiictioiL 

Tbe  intezisily  of  a  force  acting  at  a  edngie  point  would  be  infinite, 
if  sach  a  force  were  possible. 

Sbchoh  1. — Of  WdgUy  amd  CefUree  qfOnmiy, 

69.  The  (ipccmci  CBwHtr  of  a  body  is  a  nmnber  proportional  to 
the  weight  of  an  nnit  of  its  volxune;  for  example^  the  weight  in 
poondsy  of  a  cubic  foot  of  the  volume  of  the  body.  The  powid  per 
adne  foot  is  the  most  conyenient  unit  of  specific  gravity  for  practi- 
csl  porposes ;  but  in  tables  of  specific  gravity,  a  special  unit  is  usu- 
ally employed,  viz.,  the  weight,  at  a  fi[xed  temperature,  of  unity  of 
volmne  of  water.  In  Britaia,  that  fixed  temperature  is  usually 
62°  Fahrenheit;  in  France,  and  on  the  continent  of  Europe 
g^enlly,  it  is  the  temperature  at  which  water  is  most  dense,  viz., 
3°-95  centigrade,  or  39^*1  Fahrenheit 

In  a  table  at  the  end  of  this  volume  are  given  the  specific 
gravities  of  such  materiab  as  most  commonly  occur  in  structures 
and  marhiniw^  8o  far  as  this  and  similar  ta.bles  relate  to  solid 
materials,  they  must  be  regarded  as  approximate  only;  for  the 
apedfic  gravity  of  the  same  solid  substance  varies  not  only  in 
ufferent  specimens,  but  frequently  even  in  difierent  parts  of  the 
same  specimen ;  still  the  approximate  values  are  sufficiently  near 
the  truth  for  practical  purposes  in  the  art  of  construction. 

70.  The  CtaBttv  •r  cini^Htr  of  a  body,  or  of  a  system  of  bodies,  is 
the  point  always  traversed  by  the  resultant  of  the  weight  of  the 
hody  or  system  of  bodies, — in  other  words,  the  eeatre  of  pa/nxJUd 
fonm  for  the  weight  of  the  body  or  system  of  bodies. 

To  weppoH  a  body,  that  is,  to  balance  its  weight,  the  resultant  of 
the  supporting  force  must  act  through  the  centre  of  gravity. 

71  CoMTO  «r  fimvitr  ^r  m  Mmmvbmms  Mmtf  kairtas  m  €«Mi«  •f 
*%■■. — Let  a  body  be  homoqermnuy  or  of  equal  specific  gravity 
thron^out ;  let  it  idso  be  so  &r  syiwiMfyriocdy  as  to  have  a  oenJlre  of 
fy^tft;  that  is,  a  point  within  the  body,  which  bisects  every 
diameter  of  the  body  drawn  through  it;  then  it  is  self-evident, 
that  the  oentare  of  figure  of  the  Ixxly  must  also  be  its  centre  of 
gwvifcy. 

Amount  the  bodies  which  answer  this  description  are,  the 
q^iere^  the  ellipsoid,  the  circular  cylinder,  the  elliptic  cylinder, 
priSDUB  whose  bases  have  centres  cf  fignre^  and  paraUalopipeds, 
whether  rig|ht  or  oblique. 

72.  »»iiB«  ksTiiif  PiOTw  Mr  Axes  •€  PijMtmj. — H  a  homogene- 
ous body  be  of  a  figm:e  which  is  symmetrical  on  either  side  of  a 
given  plane,  the  centre  of  gravity  must  be  in  that  plane.  If  two 
or  more  such  pUmea  ofaymmeiry  intersect  in  one  line,  or  aods  of 
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symmetn/,  the  centre  of  gravity  must  be  in  that  axi&  If  three  or 
more  planes  of  symmetiy  intersect  each  other  in  a  pointy  that  point 
must  be  the  centre  of  gravity. 

The  following  are  examples  : — 

I.  In  fig.  18,  let  AB  0  be  an  equilateral  triangle,  the  base  of  a 
right  equilateral  triangular  prism.  This  prism  has  one  plane  of 
symmetry  parallel  to  its  bases  at  the  middle  of  its  length.  It  has 
fdso  three  planes  of  symmetry,  Aa,  B5,  Oc,  each  traversing  one 
edge  of  the  prism  and  bisecting  the  opposite  side,  and  those  three 
planes  intersect  in  an  axis  G,  whose  perpendicular  distance  finom 
any  edge  is  two-thirds  of  the  distance  from  that  edge  to  the  opposite 

side,  that  is,  

QfA       GB       GO        2 


Aa        By 


Qc 


The  centre  of  gravity  of  the  prism  is  at  the  middle  of  this  ana 

A 


Fig.  18. 


ng.  19. 


IL  In  fig.  19,  let  A  BO  D  be  a  regular  tetraedron,  or  triangular 
pyramid,  bounded  by  four  equilater&L  triangles.  Bisect  any  edge 
DOinE;  then  the  plane  A  JB  E  drawn  through  the  point  of  bisec- 
tion and  the  opposite  edge  is  a  plane  of  symmetay.  There  are  six 
such  planes,  and  they  intersect  each  other  in  one  point  G,  which,  is 
ther^ore  the  centre  of  gravity  of  the  tetraedron. 

It  may  be  shown  by  geometry,  that  the  point  G  can  be  found  in 
ihe  following  manner.  From  any  summit,  such  as  B,  draw  B  £, 
bisecting  one  of  the  opposite  ed^s,  such  as  DO.     In  BE  take 

BlF  =  y  BE.     Join  AP,  in  which  take  AG  — —  AP;  thea 

is  G  the  centre  of  gravity  sought 

73.  SfstcHi  •€  wjmumetHewJ  B#dHw.'  Let  a  Connected  system  of 
bodies  whose  absolute  or  proportional  weights  are  known,  and 
whose  centres  of  gravity  are  also  known  by  reason  of  the  symmetiy 
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ttnd  homogeneity  of  each  body,  be  arranged  in  any  manner ;  then 
the  common  centre  ofgnxmty  of  the  whole  system  of  bodies  is  the 
Bune  with  the  cenire  of  paraUd  forces  for  a  system  of  forces  equal  or 
proportional  to  the  weights  of  the  bodies^  and  acting  through  their 
lespectiTe  centres  of  gravity. 

Consequently y  applying  to  this  case  the  principles  of  Chap.  II. , 
Section  4,  Aitide  50,  the  centre  of  gravity  is  fonnd  in  the  following 

manner.  Let  yz  denote  any  fixed  plane,  x  the  perpendicular 
distance  of  the  centre  of  gravity  of  any  one  of  the  bodies  from  that 
plan^  and  W  the  weight  of  that  body,  so  that  Wo;  is  the  moment 
of  Uie  weight  of  the  body  in  question  with  respect  to  any  axis  in 

the  plane  yz. 

Let  x^  denote  the  perpendicular  distance  of  the  common  centre 

of  gravity  from  the  plane  y  z.     Then  we  have,  total  moment  of  the 

system  relatively  to  any  axis  in  the  plane  yzy 

and  coDfleqaentlyy 

3    Wx 

By  proceeding  in  a  similar  manner,  the  distances  of  the  common 
centre  of  gravity  of  the  system  of  bodies  from  two  other  fixed 
planca^  either  perpendicular  or  oblique  to^  and  to  each  other,  are 
found  BO  as  to  determine  its  position  completely. 

The  same  process  is  i^plicable  to  any  body  whose  figure  is  capable 
of  being  divided  into  symmetrical  figure& 

74  M»i«inj«niM  lUdj  •€  wmj  Figare* — Let  w  be  the  specific 
gravify  c^  a  homogeneous  body  of  any  figure,  Y  its  volume,  and 
W  =  toY  its  weight     Conceive  three  fixed  co-ordinate  planes, 

yZf  zxy  and  «y,  perpendicular  to  each  other,  and  let  a^  ^(h  ^  be 
the  co-ordinates  of  the  centre  of  gravity,  which  it  is  required  to 
find;  so  that  wYx^  <^ Yy^,  wY z^  are  the  moments  of  the  body 
idatively  to  the  three  co-ordinate  planes  respectively.  Conceive  the 
qiaee  in  and  near  the  body  to  be  divided  by  three  series  of  equi- 
distant planes  parallel  to  the  co-ordinate  planes  respectively,  into 
equal  and  sinular  small  rectangular  molecules,  whose  dimensions, 
psiallel  ioxyy^  and  «,  respectively,  are 

AiB,  Ay,  A«. 

Let  x^y^Zyhe  the  co-ordinates  of  the  centre  of  one  of  Ihese  mole- 
colesL    Then  its  volume  ie 

^XAyAz; 
itiweigbt  WAXAy^z, 
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(1.) 


and  its  moments  relatively  to  the  three  co-ordinate  planes  re* 
spectiyely, 

xwAXA^Ais;  ytoAXAyAz;  zwAXAy^z, 

Whatsoever  may  be  the  £gure  of  the  body  whose  centre  of  gravity 
is  sought,  a  figure  a^pproximaiing  to  it  may  be  btdU  by  putting 
together  a  proper  number  of  suitably  arranged  rectangular  mole- 
cules ;  so  that 

V^S'Aa5AyA«  'MOO'Vy; 

W  =  wY  =.  w  ^  *  AX  Ay  AZ  necxrly; 

wY  Xo=to'2'XAXAy  A»  nearly; 

therefore  omitting  the  common  and  constant  &ctor  ta, 

a  'XAXAyAZ        J 
Xo  = —  nearly; 

2  '  AXAy  AZ  ^ 

and  similar  approximate  formulae  for  yo  and  z^. 

Now,  it  is  evident,  that  the  smaller  the  dimensions  ax.  Ay,  az, 
of  each  rectangular  molecule,— -or  in  other  words,  the  more  minute 
the  subdividon  of  the  space  in  and  near  the  body  into  small 
rectangles,  the  more  nearly  will  the  approximate  figure,  built  up  of 
rectangular  molecules,  agree  with  the  exact  figure  of  the  body,  and, 
consequently,  the  more  nearly  will  the  results  of  the  approximate 
formula  (1.)  agree  with  the  true  results ;  which,  therefore,  are  the 
limUa  towards .  which  the  results  of  tiiese  formulae  oontinually 
approach  nearer  and  nearer,  as  the  dimensions  Ax,  Ay,  Az,  are 
diminished.  Such  limits  are  found  by  the  process  called  integraiiany* 
and  are  expressed  in  the  following  manner : — 


volxune 
weight 


moments 


Y  =  I  I  I  dxdydz; 
W  =  wY  =  ti>  f  f  f  dxdydz; 

Wxo=^w  I  I  I  xdxdydz; 

Wyo  =  to  J  j  J  ydxdydz; 
Wzo=zw  I  J  I  zdxdydz; 


(2.) 


(3.) 


*  For  farther  elacidation  of  the  meaning  of  symbols  of  integration,  and  for  explana- 
tions of  processes  of  approximately  computing  the  yalaes  of  integrals,  see  Art  81  in 
theseqaeL 


<tftlie 
cooitre  oC 
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/  /  /  dxdydz 


nil 


dxdydz 


.(4) 


/  /  /  dxdydz 

III zdxdydz 
III  dxdydz 

Sncih  are  the  general  foimuLe  for  finding  the  centre  of  gravity  of  ^ 
&  hompgeneoas  body,  of  an j  fonn  whataoever.  f 

75.  CcMve  •€  ChwHtr  fiMtad  Iky  amum. — ^When  the  figure  of  a 
body  oonabts  of  parts,  whose  respectiTe  centres  of  gravity  are  known, 
the  centre  of  gravity  of  the  whole  is  to  be  found  as  in  Article  73. 

76.   CiMifB  0€  CSmTilf  Ammd  hf  ^mUrmetkmm. — ^When  the  figure  of 

a  Lamogeneous  body,  whose  centre  of  gravity  is  sought,  can  be 
made  by  taking  away  a  figure  whose 
centre  of  gravity  is  known  from  a  larger 
figure  whose  centre  of  gravity  is  known 
also,  the  following  method  may  be  used. 
Let  A  0  D  be  the  larger  figure,  Gi  its 
known  centre  of  gravity,  Wi  its  weight. 
Let  A  B  £  be  the  smaller  figure,  whose 
centre  of  gravity  G,  is  known,  W,  its 
weight  Let  E  B  C  D  be  the  figure  whose 
eentxe  of  gravity  G,  is  sought,  made  by 
taking  away  ABE  from  A  C  D,  so  that 
ztswei^tia 

W,  =  Wj  —  W,. 

Jom  Oi  Og ;  Os  will  be  in  the  prolongation  of  that  straight  line  be- 
jood  6|.  Li  the  same  straight  line  produced,  take  any  point  O  as 
origin  of  co-ordinates,  and  an  axis  at  0  perpendicular  to  0  G,  Gi  as 
axis  of  moments.  Make  OGjssXi;  0(^  =  ai^  O  Gs  (the  unknown 
quantity)  ^  av 
llien  the  moment  of  Wg  relatively  to  the  axis  at  O  is 


Fig.  20. 


and  therefore 


aiW.  =  aj,W, -a^W,, 
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77.  <kn«ra  of  GwmrUj  Altered  M*  TnuMVMltimi. — ^In  fig.    21,  lei 

ABCD  be  a  body  of  the  weight  W^ 
whose  centre  of  grayity  G«  is  known.  Let 
the  figure  of  this  body  be  altered,  by  tnuofl- 
posing  a  part  whose  weight  is  W),  from  the 
position  E  0  F  to  the  position  F  D  H,  so 
that  the  new  figure  of  the  body  is  ABHEL 
Let  G|  be  the  original,  and  Q«  the  new 
position  of  the  centre  of  gravity  of  the 
transposed  part  Then  the  moment  of  the 
body  relatively  to  any  axis  in  a  plane  per- 
pendicular to  Gi  Gfl  will  be  altered  by  the 
amount  W,  'Gi  G,;  and  the  centre  of  gravity 
of  the  whole  body  will  be  shifted  to  G«y  in  a 

direction  Gq  G,  parallel  to  Gi  G^  and  through  a  distance  given 

by  the  formula 


Fig.  21. 


GoG,  =  GiG. 


W« 


78.  OeatMs  er csmTtiy  •rPrinu  and  Ffau  piaiea. — ^The  general  for- 
mulad  of  Article  74  are  intended  not  so  much  for  direct  use  in 
finding  centres  of  gravity,  as  for  the  deduction  of  formulse  of  a  more 
simple  form  adapted  to  particular  classes  of  cases.  Of  such  the  fol- 
lowing is  an  example. 

The  centre  of  gravity  of  a  right  prism  with  parallel  ends  lies  in 
a  plane  midway  between  its  ends ;  that  of  a  fiat  plate  of  uniform 
thickness,  whidh  in  fact  is  a  short  prism,  in  a  plane  midway  between 
its  &ce&     Let  such  middle  plane  be  taken  for  that  of  xt/ ;  any 

point  in  it  O  (fig.  22),  for  the  origin, 
and  two  rectaugular  axes  in  it,  OX 
and  O  Y,  for  axes  of  co-ordinates,  to 
which  A  B,  the  transverse  section  of 
the  plate,  is  referred.  Conceive  the 
figure  A  JB  to  be  divided  into  nairovr 
bands,  by  equi-distant  lines  parallel  to 
one  of  the  axes  of  co-ordinates  O  Y", 
and  at  the  distance  a  x  apart  Let  x 
be  the  distance  of  the  middle  line  oC 
one  of  these  bands  from  OT,  and 
^19  t/at  the  distances  of  the  two  extremities  of  that  middle  line  from 
O  X«  Then  the  band  is  approximately  equal  to  a  rectangular  band 
of  the  length  y.  -  y„  and  breadth  A  x,  tiie  co-orduiates  of  whose 

centre  are  «,  and  ^^^^     Consequently,  if  «  be  the  uniform  thick- 


Fig.  22. 


FBIHMB  A3SD  FLAT  PIATB& 
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neflB  of  the  plate^  and  to  its  spediic  graviijj  we  Laye  fat  a  nnglo 

band. 

area      =         fyt-yi)  A»««»•Zy; 
ireight  =  to  js  ^t—V\)  ^  ^  ^^^Ifi 

moment  relativel  J  to  O  Y^ 

=wzx^2''yi)^x  nearly; 

moment  xdatively  to  OX^ 

=  w«  Axnearfy; 

and  £nr  the  wliole  plate 


(1.) 


volume  V  =     «'3  (^9-7^1)  ^^9>^<»'^^; 
weight  W  =  ii7«' 3  ^s-^i)  AjButforfy; 

moment  zelatLTel j  to  O  Y^ 

«,W =fr«  •  3  X  (y,-yi)  A  as  nearly; 

moment  relativelj  to  O  X, 

yyi=^wz*'2     2     AX  nearly; 

eonseqnentlyy  the  co-ordinates  of  the  centre  of 
gravity  of  the  plate  (omitting  the  common  factors 
toi),aiB 

3.a:6^.-y.).a, 
y#  =  <ri — 7 TT —  nearly, 

^        2  3  •(y,-y,)AaJ  -^ 

'nie  more  minntelj  the  cross-section  AB  is  subdivided  into 
faandfl,  the  more  nearly  do  these  approximate  formula  agree  with 
like  truth ;  so  that  the.  true  results  are  the  limits  to  which  the 
lesalts  of  the  approximate  formul»  (1.^  approach  oontinuallj  as 
A«  Wines  amaUer ;  that  ia  to  8a7,  in  1^6  notation  of  the  integnd 
calcolus^ 

area  =       j  (y«-yi)  dx; 

Tolume    Vr=     zj(ya"yi)dx;  - (2.) 

weight  wY  =  to«J(y,-yi)  dx; 


66. 


rKOtotrua  of  STAXica 


moments 


m 


oo-ordmates 

of  the 

centre  of  gravity 


Xm  = 


_j  <p(y«-yi)<^g  , 


dx 


J  (yt-yi) 

2j(2/M-yi)dx 


.(4) 


The  for^^oing  process  is  what  is  usually  called  by  writers  on 
mechanics,  ^^jmding  the  centre  of  gra/oUy  of  a  pUme  surface;^  but 
this  phraae  ought  alwajB  to  be  understood  to  signify  "findimg  the 
ceftUre  ofgrcmty  of  a  homogeneoue  plate  oftmiform  thichiessy  the  faces 
of  which  are  pi€me  eurfacea  of  a  gxveihfigy/re^^ 
jn  79.  B«d7  with  flimllar  Craw  ■artt^M, — Let  all  the  GTOss-sections  of 
a  body  made  by  planes  parallel  to  a  given  plane  (say  that  of  xy)y 
be  similar  figures,  but  of  different  sizes.  The  areas  of  the  different 
cross-sections  are  to  each  other  as  the  squares  of  their  corresponding 
linear  dimensions.     Let  s  denote  some  definite  linear  dimension  of 

a  crosa-section  whose  distance  from  the  plane  ^^is  z,  so  that  its 
area  shall  be 


af. 


(1.) 


a  being  a  constant.    Let  Xi^  yi,  z^  be  the  co-ordinates  of  the  centre  of 
gravity  of  a  fiat  plate  having  its  middle  plane  coincident  with  the 

fiven  cross-section.    Then,  by  reasoning  similar  to  that  of  Articles 
4t  and  78,  we  find  the  following  results  for  the  whole  body  :^ 


volume 
weight 


V  aJA  dzi 

W  =  wafA  dz; 


.(2.) 


moments 


x^W 

y*W 

z^W 


jxicidz; 
Jt/iAdz; 
wafz  Adz; 


tea 
wa 


(3.) 


CUBVXD  BOD. 
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OD-ordixiates  of 
oentze  of  gravity 


«-  = 


y#  = 


jfdz 
jyx  c*  dz 


jfi  dz 
fzfdz 


Zo  Z=i   ^ 


/" 


dz 


(4.) 


When  the  oentres  of  all  the  cros^-sectioiiB  lie  in  one  straight  line^ 
•B  in  pyiamidfl,  cones,  conoids,  and  solids  of  revolution  generally, 
the  centre  of  gravity  lies  in  that  line,  which  may  be  taken  as  the 
•ik  of  2y  TOAVittg  a;«  =  0,  yo  =  0;  so  that  a;^  is  the  only  co-ordinate 
▼iuch  requires  to  be  determined. 

80.  €vT««  wtmd* — ^In  fig.  23,  let  It  K  represent  a  curved  rod  so 
^tender,  that  its  diameter  may,  without  sensible  error,  be  neglected 
in  comparison  with  its  radius  of  curva- 
tnre  at  any  point ;  let  a  denote  its 
>^^ionsl  aiea,  uniform  throughout,  and 
to^asumialyits  specific  gravity ;  so  that 
the  vei^t  of  an  unit  of  length  of  the 
rodiswA  I-etOX,OY,  OZberedr 
sngokr  axes  of  co-ordioates.  Suppose 
the  rod  to  be  divided  into  arcs,  so  short 
•8  to  be  nearly  straight;  let  the  length  of 
any  one  of  these  arcs  be  denoted  by  A  f ; 
^88  represent  it  in  the  figure,  and  ^ 

letM  be  the  middle  of  its  lengSu    Then  *^- ^'• 

M  is  neady  the  centre  of  gravity  of  a  s.  Let^P  =  a  be  the 
japendicolar  distance  from  M  to  the  plane  of  yz.  Then  for  the 
"Mt  arc  S  S  we  have, 

weight  =toaAf; 

Bwment  with  respect  to  an  axis  in  the  plane  y^ 

=zip ax  A  f  nearly; 
•nd  lor  the  entire  rod, 

W  =  «;«  2  •  A  f ; 
moment       x^W  =:ioa'^  '  x  a  s  nearly; 

oo-ordinate of     )        s*d;Af        -      i  ^"^ 

centre  of  gravity  j  ^  "^  I*  ^  t 


nearly; 
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(2.) 


and  similar  eqnaidonB  for  y^  and  z^  Proceeding  by  the  method  of 
limits  as  before,  we  obtain  as  the  exact  fonnulie — 

x^W  =  wa  f  xds; 
/  xdi 

j  dt 

and  similar  equations  for  f/^  and  z^  The  for^;oin|;  process  is  what 
is  often  called  by  writers  on  Mechanics,  ^Jindtng  the  cenire  of 
gravity  of  a  cu/rved  line;"  but  what  ought  more  properly  to  be 
called,  "finding  the  eenire  of  gramHy  of  a  dender  cwrved  rod  of 
uniform  thichneaa," 

^  81.  AppMstaaaie  €)0mfmimtimm  mf  laiegnla. — ^Frequent  reference 
having  been  made  to  the  process  of  wUegraUon,  as  being  essential 
to  the  solution  of  most  problems  connected  with  distributed  force^ 
the  present  article  is  intended  to  afford  to  those  who  have  not 
made  that  branch  of  mathematics  a  special  study,  some  elementary 
information  respecting  it. 

The  meaning  of  the  symbol  of  an  integral,  viz^ : — 


I  udx, 


is  of  the  following  kind: — 

In  fig.  24,  let  AODB  be  aplane  area,  of  which  one  boundary,  AB, 

is  a  portion  of  an  axis  of  abscissn 
OX, — the  opposite  boxmdary, 
0  D,  a  curve  of  any  figure, — and 
the  remaining  boundaries  A  C, 
B  D,  ordinates  perpendicular  to 
"*^  O  X,  whose  respective  abedssse, 
or  distances  firom  the  origin  O,  are 


O      JL 


Fig.  24. 


5T  =  a;  OB  =  6. 


Let  XTP  =  u  be  any  ordinate  whatsoever  of  the  curve  0  D,  and 
O'E  =:  X  the  corresponding  abscissa.  Then  the  integral  denoted 
by  the  symbol, 

J^udx, 

means,  the  area  of  the  figure  A  C  D  R  The  abscissse  a  and  h 
which  are  the  least  and  greatest  values  of  x,  and  which  indicate 


OOMFDTATIOK  OF  LMTfiGRALCL 


59 


the  loogitradinal  ezteai  of  the  area,  are  called  the  UrnUs  of  ir^ 
tmfrution;  bat  when  the  extent  of  the  area  is  otherwise  indicated, 
the  fljmbols  of  those  limits  are  sometimes  omitted,  as  in  the  pre- 
ce^Artides. 

When  the  relation  between  u  and  a;  is  expressed  by  any  ordinary 
algebraical  equation,  the  value  of  the  integral  for  a  given  pair  of 
"nhes  of  its  limits  can  generally  be  found  by  means  of  formulie 
which  are  contained  in  works  on  the  Integral  Calculus,  or  by  means 
of  mathematical  tables. 

Osses  may  arise,  however,  in  which  u  cannot  be  so  expressed  in 
tenns  of  x;  and  then  approximate  methods  must  be  employed. 
Those  approximate  methods,  of  which  two  are  here  described,  are 
fixmded  upon  the  division  of  the  area  to  be  measured  into  bands  by 
puBlld  and  equi-distant  ordinates,  the  approximate  computation  of 
the  areas  of  those  bcmds,  and  the  adding  of  them  together ;  and 
the  more  minute  that  dLvision  is,  the  more  near  is  the  result  to 
the  truth. 

Fini  ApproadnuUian, 

IMvide  the  area  A  0  D  B,  as  in  £g.  25,  into  any  convenient 

mmiher  of  bands  by  parallel  or- 

dbates,  whose  uniform  distance     ' 

apart  is  Ax;  so  that  if  n  be  the 

muuher  of  bands,  n-j-l  will  be  the 

nmnber  of  ordiiiates,  and 

o — 

h  —  a=sn  A  X,  ^  Kg.  26. 

the  length  of  the  £gure. 

Let  u\  if^,  denote  the  two  ordinates  which  bound  one  of  the 
hands ;  then  the  area  of  that  bcmd  is 


3C 


tf^  +  w' 

2 


A  X,  nearly; 


and  oonsequenily,  adding  together  the  approximate  areas  of  all  the 
handa,    denoting  the  extreme  ordinates  as  follows, — 


AO  =  u.;  BD  =  u  ; 

and  the  intermediate  ordinates  by  Ut,  we  find  for  the  approximate 
nfa]eoftheint^;rBl — 


J*«rfa5=^J|^+!|.+  2-u,)  A-a:,, 


(1.) 
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Second  ApproxlmaiwrL 

Divide  the  area  A  C  D  B,  as  in  fig.  26,  into  an  even  number  of 

bands,  by  parallel  ordinates,  whose 
uniform  distance  apart  ib  Ax.  The 
ordinates  are  marked  altematelj  by 
plain  lines  and  by  dotted  lines,  so  as 
to  arrange  the  bands  in  pairs.  Ck>n- 
sidering  any  one  pair  of  bands,  such 
~  as  E  F  H  G,  and  assuming  that  the 
curve  F  H  is  nearly  a  parabola,  it 
appears,  from  the  properties  of  that  curve^  that  the  area  of  that 
pair  of  bands  is       -  ^  tu*«4-X#  u!' -«  t4^"  )  A>t 

3 

in  which  tif  and  u^  denote  the  plain  ordinates  EF  and  G H,  and 
u"  the  intermediate  dotted  orcQnate ;  and  consequently,  adding 
together  the  approximate  areas  of  all  the  pairs  of  bands,  we  find^ 
for  the  approximate  value  of  the  int^ral — 

f  ud  x=  ( w.  +  ti»  +  2  2  •  W|  (plain) 

+  4  2  •  w,  (dotted))^, (2.) 

It  is  obvious,  that  if  the  values  of  the  ordinates  u  required  in  these 
computations  can  be  calculated,  it  is  unnecessaiy  to  draw  the  figure 
to  a  scale,  although  a  sketch  of  it  maybe  useful  to  assist  the  memory. 

When  the  symbol  of  integration  is  repeated|  so  as  to  make  a 
double  irUegralf  such  as 

u'dxdy, 


IS 


or  a  tri^  tntegrcd,  such  as 

u'dxdydZf 
it  is  to  be  understood  as  follows  : — 


///• 


Let 


t»=/« 


dx 


be  the  value  of  this  single  integral  for  a  given  value  of  y.  Con- 
struct a  curve  whose  abscissn  are  the  various  values  of  y  within  the 
prescribed  limits,  and  its  ordinates  the  corresponding  values  of  v* 
Then  the  area  of  that  curve  is  denoted  by 


j  v'dy  =  I  j  u  'dxdy. 
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Next,  let  t^jvdy 

be  the  Talue  of  this  double  int^ral  for  a  given  value  of  z.  Con* 
struct  a  curve  whose  abscissae  are  the  various  values  of  z  witbiu  the 
pnaciibed  limits,  and  its  ordinates  the  corresponding  values  of  t 
Then  the  area  of  that  curve  is  denoted  by 

/  t,dz=^\  \v'dydz=^\  j  I  u  'dxdydz; 

and  so  on  for  any  number  of  successive  integrations. 

82.  CiMiii  mt  €iimfity  iMmA  %f  Pwiccttow* — ^According  to  the  geo- 
Bifltrical  properties  of  parallel  projections,  as  stated  in  Chap.  fV., 
Aitide  62,  a  parallel  projection  of  a  pair  of  volumes  having  a  given 
ntio  is  a  pair  of  volumes  having  the  same  ratio ;  and  hence,  if  a 
body  of  any  figure  be  divided  by  a  system  of  plane  or  other  sur- 
frees  into  parts  or  molecules,  either  equal,  or  bearing  any  given 
Bystem  of  proportions  to  each  other,  and  if  a  second  body,  whose 
^re  is  a  parallel  projection  of  that  of  the  first  body,  be  divided 
in  the  same  manner  hj  a  system  of  plane  or  other  surfaces  which 
aie  the  corresponding  projections  of  the  first  system  of  plane  or 
other  sorfiices,  the  parts  or  molecules  of  the  second  body  will  bear 
to  each  other  the  same  system  of  ratios,  of  equality  or  otherwise, 
which  the  parts  of  the  first  body  do. 

Also,  the  centres  of  gravity  of  the  parts  of  the  second  body  will 
be  the  parallel  projections  of  the  centres  of  gravity  of  the  parts  of 
the  first  body. 

And  hence  it  followB  (according  to  Article  64),  that  ifihefigwres 
rf  iMoo  hodiss  are  parallel  projections  of  each  others  the  centres  of 
gravUff  of  these  two  bodies  are  corresponding  poifUs  in  these  paraUd 
prvjections. 

To  express  this  symbolically, — as  in  Article  61,  let  x,  y,  z,  be  the 
co-ordinates,  rectangolar  or  oblique,  of  any  point  in  the  figure  of 
the  first  body ;  sf,  y,  z',  those  of  the  corresponding  point  in  the 
seeond  body ;  x^y^z^  the  co-ordinates  of  the  centre  of  gravity  of 
the  first  body ;  i„  ^^  sf„  those  of  the  centre  of  gravity  of  the 
aeoondbody;  tiien 

aC a^,     y^ ^^     z'o  il 

This  theorem  &cilitates  much  the  finding  of  the  centres  of  gravity 
of  figures  which  are  parallel  projections  of  more  simple  >yK  more  sym- 
metrical fignres. 

For  example : — ^it  appears,  from  symmetry,  as  in  Art  72,  that 
the  centre  of  gravity  of  an  equilateral  triangular  prism  is  at  the 
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point  of  intersection  of  the  lines  joining  the  three  angles  of  the 
middle  section  of  the  prism  with  the  middle  points  of  the  opposite 
sides  of  that  section.  But  all  triangular  prisms  are  paralld  pro- 
jections of  each  other  ;  hence  the  above  described  point  of  inter- 
section is  the  centre  of  gravity  of  any  triangular  prism. 

Also,  as  in  Art  72,  the  centre  of  gravity  of  a  regular  tetraedron 
is  at  the  point  of  intersection  of  the  planes  joining  each  of  the 
edges  with  the  middle  point  of  the  opposite  edge.  But  all  tetrae- 
drons  are  parallel  projections  of  each  other ;  hence  that  point  of 
intersection  is  the  centre  of  gravity  in  any  tetraedron. 

As  a  third  example,  let  it  be  supposed  that  a  formula  is  known 
(which  will  be  given  in  the  sequel)  for  finding  the  centre  of  gravity 

of  a  sector  of  a  circular  disc,  and 
let  it  be  required  to  find  the  centre 
of  gravity  of  a  sector  of  an  elliptic 
disc.  In  fig.  27,  let  AFAF  be 
the  ellipse,  A  O  A  =  2  a,  and 
FOF  =  2  5,  itsaxe6,and  CO  ly 
the  sector  whose  centre  of  gravity 
is  required.  One  of  the  parallel  pro- 
jections  of  the  ellipse  is  a  circle^ 
ABAB,who8e  radius  is  the  semi-axis 
major  cb.  The  ellipse  and  the  circle 
bemg  both  referred  to  rectangular 
co-ordinates,  with  their  centre  as 
origin,  x  and  y  denoting  the  co- 
ordinates parallel  to  O  A  and  O  B  respectively  of  a  point  in  the 
circle,  and  a/  and  f/  those  of  the  corresponding  point  in  the  ellipse^ 
those  co-ordinates  are  thus  related : — 


FSg.  27. 


X 


"""''•  ^      «.    — 


y  _ 


'•. 


Through  C  and  ly  respectively  draw  E  C 0  and  FIXD,  parallel 
to  O  B,  and  cutting  the  circle  in  0  and  D  respectively ;  the  cir- 
cular sector  0  O  D  is  the  parallel  projection  of  the  elliptic  sector 
CyOiy.  Let  G  be  the  cenixe  of  gravity  of  the  sector  of  the  circular 
disc,  its  co-ordinates  being 

Then  the  co-ordinates  of  the  centre  of  gravity  G'  of  the  sector  of 
the  elliptic  disc  are 

OH  =  d.  =  x.\ 

HG'  =  3/o  =  *y* 

^"^■^  • 

a 
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Fviiber  ezamplesof  the  resolts  of  this  prooesBwill  be  found  in  the 
next  Article. 


^  KxmmHm  ^  CfiffM  cf  €kvmiw§tr. — ^The  following  examples  i 

oonast  of  fbrmuln  for  the  weight,  the  moment  with  respect  to  some  ^\ ' 

ipedfied  axis^  and  the  position  of  the  centre  of  gravity^  of  homo- 
geneous bodies  of  those  fonns  which  most  commonly  occur  in     ^ 
pHMstioa     In  each  case,  as  in  the  formulae  of  the  preceding  Articles^     ' '  ^     , 
w  denotes  the  specific  gravity  of  the  body,  W,  its  weight,  and  x^  &c.,  \  ^. 
the  co-ordinates  of  its  centre  of  gravity  whieh  in  Ihe  dia^ums  ^  ^ 
is  mailed  G^  the  origin  of  co-ordinates  being  marked  O. 

V 

A. — ^Frisiib  asb  Ctundebs  with  Paballel  Bases. 


The  word  cylinder  is  here  to  be  taken  in  its  most  general  meaning, 
S8  comprehending  all  solids  traced  by  the  motion  of  a  plane  curvi- 
linesr  figure  parallel  to  itself 

The  examples  here  given  apply,  of  course,  to  fiat  plates  of  nni- 
ibnii  thickness. 

In  the  fonnnlse  for  weights  and  moments,  the  length  or  thiclmeBs 
is  supposed  to  be  unUy. 

Thecentze  of  gravity,  in  each  case,  is  at  the  middle  of  the  length 
(or  thickness)  ;  and  the  formulae  give  its  situation  in  the  plane 
figure  which  represents  the  cross-section  of  the  prism  or  cylinder, 
and  which  is  specified  at  the  commencement  of  each  example. 

L  Trian^    (Fig.  28)  O,  any  angle.     Bisect        ^ 
opposite  aide  B  C  ia  D.    Join  A  D. 

o 
W=rfc-OD  •B0-sin...2::OD0 


U.  Polygon,    Divide  it  into  triangle  , 
the  centre  of  gravity  of  each;  then  find  their  f^g^  28. 

tmmsm  centre  of  gravity  as  in  Art  75« 

'ni  Trapezoid.     (Fig.  29.)  > 

Greatest  breadth,  A  B  ==  B. 
lewt  „        C  E  =  5. 

Buect  AB  in  O,  CE  in  D; 
join  O  D. 


cun 


•^^-^i}-\^) ' 
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IV.  Trapezoid.  (Second  solution.)  (Fig.  30,) 
O^  point  where  inclined  sides  meet  Let  O  £* 
=  a?i,  O  D  =  fl?j,  (TS  =  x^ 

2     icj  —  sd^ 
®'  "^  "3~ '  a^,  —  ai 

W  =  w  •  ^-=^  •  sin«^  OFR 
(cotan-^OAB  +  cotan.^  OBA). 

^'  —  ^.sin.^OFB. 


«« W  :=  to  *  — ^3 
(ootan  .-sr:  O  A  B  +  cotan 


OBA). 


V.  Faraholic  ffalf- Seffmeni, 
(OAB,  fig.  31.)    0,  vertex:  of 
diameter  OX;  0A=  «,;  AR 
=  yi,  ordinate  ||  tangent  O  C  Y. 


«*  =  -T-  «i. 


y*  = 


8 


Kg.  81. 


W=-^wa?iy,  •m.^siirXOY. 


VI.  PofirabcHc  Spandril.    (O  B  C,  fig.  31.)    G',  centre  of  gravity, 

3  3 

W  =  -^  «7  •  a?i  yj  •  sin  ..^  X  O  T. 

VII.  GircuUxr  Sector.    (0  A  C,  fig.  32.)     Let  O  X  bisect  the 

angle  AOO;  OY-LOX 

Badins  O  A  =  r 

Half-arc,  to  radius  unity,  ^  ACi  ^^  ^* 
2       sin^ 


flra=-3-r 


Fig.  83. 


W  =  Wf*^ 
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V31 1.  Cmdar  ffal/SegmenL    (A  B  X,  fig.  32.) 

3      ^  -«  sin  ^ooB^ 
4  ain*-s  —  sin*  ^  cos  ^ 

^•'^''      3  (^  -  cos  ^  sin  ^)  • 

^      1 

W  =  - tw^(*-co8^sin^. 

IX  Cimdar  Spandril.    (ADX,  fig.  32.) 

_1_  gjn*^ 

^'"3'"2  sin  ^  -  sin  ^  cos  ^  -  / 


1 


3  sin'  ^  -  2flui'  ^ooB ^  -  4  sin'-;r 


2 


2sin^  —  sin^cos^  —  ^ 


W  =  tw*  •  (sin  ^  -  ftSin  ^eos  ^  """i)* 

X.  Sector  0/ Btng.    (ACFE,  fig.  32.)  OA  =  r;  Ol^=r'. 

2    1^  -  f^    sin^ 

W  =  ii7(r»- f3[^ 

XL  EUiptwS0(ior,R(df'Segmsni,orSp(mdril  Centre  of  grayity 
to  be  foimd  by  projection  from  that  of  corresponding  circular 
figure^  as  in  Aiticle  82. 

B. — ^Wedoes. 

A  Wedffe  is  a  solid  bounded  by  two  planes  which  meet  in  an 
edfle,  and  by  a  cylindrical  or  prismatic  sorfi^e  {cylindrical^  as 
bdne,  being  used  in  the  most  general  sense). 

XTL  General  Forrmdoi/or  Wedges.    (Fig.  33.)    All  wedges  mfl!] 
be  dxrided  into  parts  sach  as  the  figure  here  represented.     O  A  ~ 
OXY,  planes  meeting  in  the  edge  OT;  AX  Y^  cylindrical  (or  prii 
matic)  soiface  perpendicular  to  the 
plane  OXY;  OXA,  plane  triangle 
petpendicular  to  the  edge  O  Yj  O  Z, 
axis  perpendicular  to  XOY.   Let  OX 

=  Wi^  X  A  =  Zi,    Then  z  =  -^: 

Oh 


W==fo- — j  «y  dn 
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«il)  = 


y«= 


I  ay  dx 
I  af^'dx 


ZiXo 


Zo=i  I.    .     (ThiA  laAfc  equation  denoting 

that  G  is  in  the  plane  which  traverses  0  Y  and  bisects  A  X) 

In  a  symmetrical  wedge,  if  O  be  taken  at  the  middle  of  the  edge, 
^0  =  O.  Such  is  the  case  in  the  following  examples,  in  each  o£ 
which,  length  of  edge  =  2  y^. 

'^     XTTT.  EecUmgvlaa'  Wedge,    (ss  Triangular  FrisuL)    (Fig.  34.) 

y  =  t/i- 


«0  ^=    o*    *i 


Fig.  84. 


XIV.  Triangular  Wedge.    (=  Triangular  Pyramid.) 

,=„(i-i) 


W=  ^  w  'x^yiz^' 


Hg.  85. 

XV.  SemJuArcidwr  Wedge.    (Fig.  36.) 

Badius  OX  =  OY  =  r. 


•b  ==    2^  *!• 


Flg.86. 


y 

= 

J^- 

-«/•. 

w 

= 

2 

1*"^ 

«^ 

3x 
—  16 

r. 

(»  8=  3  - 1416  nearly). 
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XYL  Anmtlar,  or  EoUcw  Semicircula/r  Wedge.    (Kg.  37.) 
£xteizul  radius^  r  j  internal^  /. 


__3jr     1^  —  f^ 

*•""  16  V-^y** 


Rg.  87. 


C. — Cones  akd  Ptsaxids. 

Lefc  O  denote  the  apex  of  the  cone  or  pyramid^  taken  as  the 
onguiy  and  X  the  centre  of  gravity  of  a  supposed  prism  whose 
middle  section  coincides  with  the  base  of  the  cone,  or  pyramid. 
The  centre  of  gravity  will  lie  in  the  axis  OX 

Denote  the  area  of  the  base  by  A,  and  the  angle  which  it  makes 
with  the  axis  by  0. 

XVIL  Complete  Cone  or  Pyramid    Let  the  height  OX  =  h; 

^       i 

XVm.  TrunetOed  Cone  or  Pyramid.  Height  of  portion  trun- 
cated .=  h'. 

4     A»  -  K^' 


«^ 


w=  \v,Kh{i-^y 


sm  A 


D.— PoKnoNs  OF  A  Sphebbl 


XIX  Zime  or  Ring  of  a  Spherical , 
sorfiioes  having  their  common  apex 
at  the  centre  O  of  the  sphere  (%.  38). 

OXy  axis  of  cones  and  zone, 
r,  external  radius  )    ^   i   „ 
•,  internal  ladinB  /  *^  •*«"■ 
.^XO  A  =: «,  half-angle  of  less ) 
^X0B=i9,        „     greater  ;~"«- 


^88. 
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3       >^  -  /*     COB  at  ■♦•  OOSjS 

^  "*   4  "  r*  -  r^  2  * 

W  =  i^(r» -r^)  .  (oo«/3  -  co8«). 

XX.  SeoU)r  of  a  ffemiapherical  ShM.     (CXD,  fig.  39.)    07 
biaectB  angle  DOC;  4  D  O  C  =  ^. 

3     f*-r* 

3»    **-7*    sm^ 


F!g.  89. 


(r»  -  f^). 


84.  HeteroffoieMui  ii^dj. — ^If  a  body  oonsists  of  parts  of  definite 
figure  and  extent,  whose  specific  gravities  are  difierent,  although 
e^ch  individual  part  is  homogeneous,  the  centres  of  gravity  of  the 
parts  are  to  be  found  as  in  Article  74  and  the  subsequent  Articles, 
and  the  common  centre  of  gravity  of  the  whole  as  in  Artide  73. 

85.  Centre    ef  Orarltr   feaadi   lEzpeclmeiaiair. — The    centre    of 

gravity  of  a  body  of  moderate  size  may  be  found  approximately  by 
experiment,  by  hanging  it  up  successively  by  a  single  cord  in  two 
different  positions,  and  finding  the  single  point  in  the  body  which 
in  both  positions  is  intersected  by  the  axis  of  the  cord.  For  the 
resistance  of  the  cord  is  equivalent  sensibly  to  a  single  force  acting 
along  its  axis ;  and  as  that  force  balances  the  weight  of  the  body 
when  hung  by  the  cord,  its  line  of  action  must,  in  all  positions  of 
the  body,  traverse  the  centre  of  gravity  of  the  body. 

SificrnoN  2. — Of  Stress,  and  its  ResuUaaUs  cmd  Centres. 

86.  8iieM»  tis  Nature  aa4  itateaattr- — ^The  word  Stbbss  has  been 
adopted  as  a  general  term  to  comprehend  various  forces  which  are 
exerted  between  contiguous  bodies,  or  parts  of  bodies,  and  which 
are  distributed  over  the  surface  of  contact  of  the  masses  between 
which  they  act 

The  Intenstty  of  a  stress  is  its  amount  in  units  of  force,  divided 
by  the  extent  of  the  surface  over  which  it  acts,  in  units  of  area. 
The  French  and  British  units  of  intensity  of  stress  are  compared 
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ia  a  taUe  annexed  to  this  Toliiina    The  followjjog  table  ahows  a 
compariaon  between  different  British  units  of  intensity  of  stress  :-^ 

PoondB  on  the     Fvimda  oo  tiie 
ttpunlooi,        sqaarelneh. 

One  poond  OD  the  square  inch, -  144                1 

One  pound  on  the  square  foot, 1               jh 

One  mch  of  mereory  (that  is,  weight  of  a 

oolnmn  of  merciny  at  32^  Fa£r.,  one 

indi  high), 7078          04912 

One  foot  of  water  (at  89''-4  Fahr.), 62*426        0-4336 

One  inch  of  water, 6*2021       0*036126 

One   atmosphere,   of  29*922   inches  of 

merciny, 2116*4          14*7        l_ 

87.  cimms  m€  fltrcM. — Stress  may  be  classed  as  follows  : — 

L  Thnui,  or  Pressure,  is  the  force  which  acts  between  two  oon- 
t^inoos  bodies,  or  parts  of  a  body^  when  each  pushes  the  other  from 
itself  and  which  tends  to  compress  or  shorten  each  body  on  which 
it  acts,  in  the  direction  of  its  action.  It  is  the  kind  of  force  which 
18  exerted  by  a  fluid  tending  to  expand,  against  the  bodies  which 
snrroimd  it. 

Throat  may  be  either  nomud  or  dUique,  relatiye  to  the  surface 
at  which  it  acts. 

IL  PuUf  or  Tension,  is  the  force  which  acts  between  two  con- 
tignous  bodies,  or  parts  of  a  body,  when  each  draws  the  other 
towards  itself,  and  which  tends  to  lengthen  each  body  on  which  it 
acts^  in  the  direction  of  its  addon* 

Poll,  like  thrust,  may  be  ^ther  normal  or  obUque,  relatively  to 
the  sur&ce  at  which  it  act& 

UL  Shear,  or  TanffenUal  Stress,  is  the  force  which  acts  between 
two  contiguous  bodies  or  parts  of  a  body,  when  each  draws  the  other 
sideways^  in  a  direction  parallel  to  their  surfiEM»  of  contact^  and 
which  tends  to  distort  eadi  body  on  which  it  acts. 

In  expressing  a  Thrust  and  a  Pull  in  parallel  directions  algebrai- 
cally, if  one  is  treated  as  positive,  the  other  must  be  treated  as 
negative  The  choice  of  the  positiYe  or  n^^ative  sign  for  either  is 
a  matter  ct  oonvenienca  In  treating  of  the  general  theory  of 
steeasy  the  more  usual  system  is  to  call  a  |m2{  positive,  and  a  tknut 
negative :  thus^  let  p  denote  the  intensity  of  a  stress,  and  n  a 
certain  number  of  pounds  per  square  foot ;  p  =  n  will  denote  a 
pull,  and  p  =  —  n  a  thrtjui  of  the  same  intensity.  But  in  treating 
of  certain  special  applications  of  the  theory,  to  cases  in  which  thrust 
18  the  only  or  the  predominant  stress,  it  becomes  more  convenient 
to  reverse  this  system,  calling  thrust  positive,  and  pull  negative. 

The  word  "Pressure,^  although,  strictly  sp^iking,  equivalent  to 
**  tkrud^  is  sometimes  applied  to  stress  in  general;  and  when  this 
is  the  case,  it  is  to  be  understood  that  thrust  is  treated  as  positive. 


V  ,' V> " {'  ^'    l.*^ v--^ a-i^f 


88.  Bendttnt  ef  StroM  s  tis  Ofagnitiidie. — If  to  a  plane  sar£su»  ^' 

any  figure,  whose  area  is  S,  there  be  appHed  a  stress,  either  normal, 
oblique,  or  tangential,  and  parallel  in  direction  at  all  points  of  the 
surface  (according  to  the  restriction  stated  in  Art  67),  then  if  the 
intensity  of  the  stress  be  uniform  over  all  the  surface,  and  denoted 
bj^,  the  amount  or  magnitude  of  its  resultant  will  be 

P=l'S (1.) 

If  the  intensity  of  the  stress  is  not  uniform,  that  amount  is  to  be 

found  by  integration.     For  example,  in 

fig.  40,  let  A  A  A  be  the  plane  surface,  and 

let  it  be  referred  to  rectangular  axes  of 

co-ordinates  in  its  own  plane,  OX,  O  Y. 

Conceive  that  plane  to  be  divided  into 

small  rectangles  by  a  network  of  lines 

parallel  to  O  X  and  0  Y  respectively,  and 

let  A  a^  '^  ^,  be  the  dimensions  of  any  one 

Fig.  40.  q£  these  rectangles,  such  as  that  marked  a 

in  the  figure.   Conceive  a  figure  approximating  to  that  of  the  given 

plane  surface  to  be  composedof  several  of  these  small  rectangles^  so  that 

S  =  X'AojAy  wearZy;,.. (2.) 

let  jp  be  the  intensity  of  the  stress  at  the  centre  of  any  particular 
rectangle,  so  that  the  stress  on  that  rectangle  is 

p  Ax^y  nea/dy. 

Then  the  amount  of  the  resultant  stress  is  given  approximately  by 
the  equation 

P  =  2  'pAx^y  neaHy. ....(3.) 

Then  passing,  as  in  previous  examples,  to  the  intends,  or  limits 
towar<£3  which  the  sums  in  4h.e  equations  2  and  3  apprcMu^  as  the 
minuteness  of  the  subdivision  into  rectangles  is  indefinitely  in- 
creased, we  find,  for  the  exact  equations, 

a=  j  j  dxdy;     I 

T^ffp'dxdy.j ^^'^ 

The  mean  intenatty  of  iike  stress  is  given  by  the  following  equation : — 

P        ffpdxdy 


ffdxdf, 


U  ifuu. 


6^ 


^representing  tS  the  mind  the  foregoing 
as  follows: — In  fig.  41,  let  A  A  be  the  given  plane 
sai&oe;  O  X,  OT,  the  two  axes  of  co-ordinates 
in  its  plane;  O  Z^  a  third  axis  perpendicular  to 
that  pianeL  Oonceive  a  solid  to  exist,  bounded 
at  one  end  by  the  given  plane  sur&ce  A  A, 
ktendly  bj  a  cylindrical  or  prismatic  surface 
generated  by  the  motion  of  a  straight  line  par- 
allel to  O  Z  round  the  outline  of  A  A,  and  at  .  rn  a,i 
the  other  end  by  a  suiface  B  B,  of  such  a  figure,  ^* 
that  its  ordinate  z  at  any  point  shall  be  proportional  to  the  intensity 
of  the  stress  at  the  point  of  the  sniface  A  A  from  which  that 
crdinate  proceeds,  as  shown  by  the  equation 


to 


The  yolome  of  this  ideal  solid  will  be 


J^; 


.(6.) 


V  =//  z  'dxdy. ; (7.)P7;^ 


1  / 


So  that  if  it  be  conceived  to  consist  of  a  material  whose  specifics  ] 
gravity  is  tr,  tiie  amount  of  the  stress  will  be  equal  to  the  weight   '*' 
of  the  solid,  that  is  to  say, 

P  =  wY (8.) 

If  the  staesB  be  of  opposite  signs  at  different  points  of  the  plane 
soz&oe  A  A,  the  surface  B  B  and  the  solid  which  it  terminates 
will  be  partly  at  one  side  of  A  A  and 
partly  at  the  opposite  side,  as  in  fig.  42 ; 
and  in  this  case,  the  two  parts  into 
which  the  solid  A  B  A  B  is  divided  by 
the  i^ane  X  O  Y,  are  to  be  regarded  as 
having  opposite  signs,  and  Y  is  to  be 
hdd  to  represent  the  difference  of  their 
volamesL 

The  mean  ebreea  of  equation  5  is  evidently 

l^)  =  ^^ (9) 

in  which  z^  is  the  height  of  a  parallel-ended  prism  or  cylinder 
standing  on  the  base  AAA,  and  of  volume  equal  to  the  solid 
ABAB. 

89.  vim  Cmof  mt  8mM»  MP  9t  PfMMve*  in  any  sur&ce,  is  the 
point  traversed  by  the  resultant  of  the  whole  stress,  or  in  other 
words,  the  Centre  qfPcvraUd  Forces  for  the  whole  stress.  From  the 
principles  already  proved  in  Chap.  IL,  Section  4,  it  follows^  that 
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ns.42. 


72 


FBZMCSFLES  OV  STATIGBi 


tibie  positioB.  of  tluB  point  does  not  depend  upon  the  direction  of  the 
stress,  nor  upon  its  absolute  magnitade ;  but  solely  on  the  fiirm.  of 
the  surface  at  which  the  stress  acts,  and  on  the  proportious  betvreesii. 
the  intensities  of  the  stress  at  different  pomta 
/TUi  in  Axtide  88,  oonoeive  a  figure  approximating  to  that  of  the 
/given  plane  sur&ce  AA  A(£lg.  40),  to  be  composed  of  seyend  small 
'  rectangles ;  let  « /S  denote  the  angles  which  the  direction  of  the  stress 
makes  with  O  X,  0  Y  respectively.  Then  the  moments,  relative  to 
the  co-ordinate  planes,  ZOX,  ZOY,  of  the  components  parallel 
to  those  planes  of  the  stress  on  ^a;  Ay,  are  given  by  the  i^pio3d«- 
mate  equations. 

Moment  relatively  toZOX,    yp  ax  Ay    sin  ^X^^garlv 
„  „  ZO  Y,— «/>  AfiB  Ay  •  sin  •/         ^' 

Siunming  all  such  moments,  and  passing  to  the  integral  or  limit  of 
the  sum,  as  in  former  examples,  we  find  the  following  expressions, 
in  which  Xo  and  yo  denote  the  co-ordinates  of  the  centre  of  stress ; 

yQT'mifi  =  wifijjyp'dxdy 
x^V'm^m^s^WLm  j  (  xp'dxdy 
Consequently  the  co-ordinates  of  the  centre  of  stress  are 


(1) 


I  I  xp  'dxdy 

^  =  Yr ' 

f  / p'dxdy 

I  I  yp 'dxdy 

Vo  =  '^/. J 

/  / p'dxdy 


(2.) 


which  are  evidently  the  same  with  the  co-ordinates,  parallel  to 
OX  and  O  Y,  of  the  cerUre  ofyrcmty  of  the  ideal  solid  of  fig.  41, 
whose  ordinates  z  are  proportional  to  the  intensity  of  the  pressure 
at  the  points  on  which  they  standj 

^  When  the  intensity  of  the  lS«ss  is  positive  and  negative  at 
different  points  of  the  surface  AAA,  cases  occur  in  which  the 
positive  and  native  parts  of  the  stress  balance  each  other,  so  that 
the  total  stress  is  notlung,  that  is  to  say, 

/  /  pdxdyz=  0. 

In  such  cases,  the  resultant  of  the  stress  (if  any)  is  a  couple,  and 
there  is  no  centre  of  stress.  This  case  will  be  further  consida^ed 
in  the  sequeL 


ITHIFORICLY  VAKYIKO  8TBES& 
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90.  tlfim  cT  lyalftiw  Mkm. — ^If  the  intensiiy  of  the  stress  be 
oniibiiD,  the  £Mter />  in  equation  2  of  Article  89  becomes  constant, 
and  BMj  be  remored  from  both  numerator  and  denominator  of  the 
ezpceflBions  for  a%  and  y^  "iirhich  then  become  simply  the  co«  / 
ocdinates  of  the  centre  of  gravity  qfaJlcU  plate  of  the  figure  AAA.         ^' . 

Tins  also  appears  frran  ^e  consideration,  that  the  surface  B  B 
in  %  41  becomes  a  plane  parallel  to  A  A,  and  the  solid  A  B  A  B, 
i  pflnllel-ended  psism  or  cylinder.  y^ 

91.  Wtmmma  mi  VwdtmatOj  Favytas  SireM. —  By  an  vm^ormly 
varying  stress  is  nnderstood  a  stress  whose  intensity,  at  a  given 
point  of  the  sin&oe  to  which  it  is  applied,  is  proportional  to  the 
distance  of  that  point  fi'om  a  given  straight  Una  For  example,  let 
the  given  straight  line  be  taken  as  the  axis  O  Y ;  then  the  following 
eqnation 

p  =  ax,  (1.) 

a  being  a  constant^  represents  the  law  of  variation  of  the  intensity 
of  an  uniformly  varying  stress. 

The  amoitnt  of  an  umformly  varying  stress  is  given  by  the  equa-  ^ 
ti<m  v 


v; 


P=  I  f  p'dxdy=sa  f  j  x'dxdy. 


(2.) 


-whidi,  if  the  axis  OY  traverses  the  centre  of  gravity  of  a  plate  of 
ihi  figure  of  the  ewrfnuse  cfadtiUm  AAA,  becomes  equal  to  nothivgy 
the  positive  and  negative  values  of  p  balancing  each  other.  In 
this  case,  O Y  is  called  a  neutral  axis  of  the  suHiEtoe  AAA.   . 

In  fie.  43,  let  AAA  represent  the  plane  surface  of  action  of  a 
stress;  let  O  be  its  centre  of  gravity  (that  is,  the  centre  of  gravity 
of  a  flat  plate  of  which  AAA 

is  the  figure) ;  -YOY  the  "  -y^ 

aeutral  axis  of  the  stress 
apdied;  -XOX  perpendi- 
colar  to  -  YOY,  and  in  the 
lAuic  of  AAA;  — ZOZ 
peq^endicular  to  that  plane, 
vkx&oeive  a  plane  BB  inclined 
to  AAA  to  traverse  the 
neutral  axis,  and  to  form, 
with  the  plane  AAA,  a  pair 
of  wedges    bounded    by    a 


\ 


HX 


Fig.  43. 


cyHndricai  or  prismatic  snriace  parallel  to  — ZOZ.  The  ordinate 
z,  drawn  from  any  point  of  AAA  to  BB,  will  be  proportional  to 
the  intensity  of  the  stress  at  that  point  of  AAA,  and  will  indicate 
by  its  upward  or  downward  direction  whether  that  stress  is  positive 
or  negative;  and  the  nuUitv  of  the  total  stress  will  be  indicated  by 
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the  equality  of  the  positive  wedge  above  AAA,  and  the  negatiTe 
wedge  below  AAA  The  resultant  of  the  whole  stress  is  a  oouple, 
whose  moment,  and  the  position  of  its  axis,  are  found  in  the 
following  manner,  by  the  application  of  the  process  of  Chap.  IIL, 
Sect  2,  Article  60. 

Let  «,  /S,  y,  be  the  angles  which  the  direction  of  the  stress  makes 
with  OX,  OY,  OZ,  respectively.     Let  Ax^t/  denote,  as  before, 
the  area  of  a  small  rectajogular  portion  of  the  sur&ce,  x,  t/,  the  co- 
ordinates of  its  centre  (for  which  z  =  0),  and  p^ax,  the  intensity 
of  the  stress  on  it,  so  that 

is  the  force  acting  on  this  rectangle. 

The  moments  of  this  force  relatively  to  the  three  axes  of  co-ordi- 
nates, are  found  to  be  as  follows,  by  making  the  proper  substitutions 
in  equation  2  of  Article  60 : — 

round  OX;  AP'yoosy; 
„     OY;  —  AP*«cosy; 
,1       OZ;  AP(d;oosi9  —  yco&m). 

Summing  and  integrating  those  moments,  the  following  are  found 
to  be  the  total  moments : — 

round  OX;  M|  =  a  'cosy  I  \  xy  *dxdy 

„      OY;Ms  =  —  acoay  f  f  a^'dxdy  1(3.) 

„      OZ;  M5  =  a  jcos/S  j  Igf'dxdy—co&u  f  fxydxdyl 
For  the  sake  of  brevity,  let 

j  jx^'dxdy  =  l;  j  f  xydxdy  =  K; (3a.) 

then,  as  in  equation  7  of  Article  60,  we  find,  for  the  moment  of 
the  resultant  couple, 

M=  ^(MJ  +  MJ  +  M«) 
==<*•  ^/{(I•  +  K•)cos*y  +  P•cos»i9  +  K«•cos■• 

--2IK'oos»*cos/9L} 
=  a  VO^'sin'.+  K'-sin'^— 2IK-cos«oos/S);...(4.) 
and  for  the  angles  x,  ft,  »,  made  by  the  axis  of  that  couple  with  the 
axes  of  co-ordinates,  we  find  the  aogleswhose  cosines  are  as  follows: 

^      M,  M,  U. 

COSX  =  _;  cos^  =  ^;  cos,  =  ^ (5.) 
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The  fbllowing  equatioii  is  easily  yeiified : — 

C08«C08X +  006^008^  + cos  y  COS*  =  0. »{5jl). 

This  indicates  what  is  of  itself  obvious;  that  the  axis  of  the  resul- 
tant couple  M  is  perpendicular  to  the  direction  of  the  stress. 

The  following  form  is  often  the  most  convenient  for  the  constant 
a.  Let  pi  be  the  intensity  of  the  stress  at  some  fixed  distance^  Xi, 
frtnn  the  neutral  axis;  then 

a  =  ?* 

-If  the  uniformly  varying  stress 


n  ^    __^ 

be  narmal  to  the  surface  at  which  it  acts ;  that  is  to  say  in  symbols, 

oo8«i  =  0;  cosidsO;  oofly  =  l; (1.) 

then  it  is  evident  that 

M,  =  0;  0081'  =  0; (2.) 

or  in  iFordSy  tii&t  the  axis  of  the  resultant  couple  is  in  the  plane  of 
the  sm&oe  AAA.     Such  a  stress  as  this  is  cidled  a  bending  stress, 
hr  letKnis  which  will  be  explained  in  treating  of  the  strength  of 
matenala    The  equations  of  Article  91^  when  applied  to  this  caseX 
become  as  foUofws : —  / 

Mi=aE:;  M,=  — al; 

C0BX=r8in^=  K 


JTTrSF 

ooB^ssinXss      — I 


.(3.) 


K 

.-.tan^rr  —  -; ; 

If  the  figure  AAA  is  aymmetrical  on  either  side  of  the  axis 
OZ,  then  for  every  point  at  which  y  has  a  given  positive  value, 
there  is  a  corresponding  point  for  which  y  has  a  negative  value  of 
equal  amount ;  bo  that  for  such  a  figure 

K=  I  j  xy'dxdy  =  0, 

and  the  same  equation  may  be  fulfilled  also  for  certain  linsymme- 
trieal  figure&     in  this  case  we  have 

Mi=0;  M  =  M,  =  — al;  ^  =  0; (4.) 

so  that  the  ^'"a  of  the  couple  coincides  with  the  neutral  axis. 
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'P  93.  liMMMtt  m€  TwiMiHs  watmm. — If  the  stras  be  tangentia],  its 
tenden^  is  obviously  to  tioia^  the  sai£sM3e  AAA  about  the  axis 
O  Z.     Iji  this  case  we  have 


(1.) 


cosy  =  0;  oo8«  =  ain3;  co8/3  =  8ia»; ' 
Mi  =  0;  M,  =  0; 
M  =  M9  =  a(Ism«-Kco8«); 
coba  =  0;  oo8ju  =  0;  cos #=;],. 

In  the  cases  referred  to  in  Article  92,  for  which  K  =  0,  we  find 

M  =  al8in#; (2.) 

so  that  in  these  cases  it  is  only  the  oomponent  of  the  stress  parallel 
to  the  neutral  axis  which  produces  the  twisting  couple. 
j^     94.  c^Mitre  mt  Vaifonair  Tmrfim^  SttvM. — ^When  the  amount  of 
an  uniformly  varying  stress  has  magnitude,  that  stress  may  be  con- 
sidered as  made  up  of  two  parts,  viz. : — 

First,  an  uniform  stress,  whose  intensity  is  the  mean  intensity  of 
the  entire  stress,  and  whose  centre  is  the  centre  of  gravity,  O,  of 
the  surface  of  action.  As  in  Artide  88,  equation  5,  this  mean 
intensity  may  be  represented  by 

P        total  stress  ., . 

^  -  -s-  -  — ssr- <^> 

SeearuUff,  an  uniformly-vaiying  stress,  whose  neutral  axis  tn,- 
verses  O,  whose  amount  is  =  0,  and  whose  intensity,  j/,  at  a  given 
point,  is  the  devioUion  of  the  intensity  at  that  point  ^m  the  mean; 
so  that  the  intensity  of  the  entire  stress  is  given  by  the  equation 

JP=^  +  |/=l^)  +  »«• (2.) 

Let  M  be  the  moment  of  this  second  part  of  the  stress ;  its  effect, 
as  has  been  already  shown  in  Article  60,  case  2,  is  to  shift  the 
resultant  P  parallel  to  itself  through  a  distance 

L  =  f (3.) 

to  the  opposite  side  to  that  whose  name  designates  the  tendency  of 
the  couple  M;  and  the  direction  of  the  line  L  is  perpendicular  at 
once  to  that  of  the  stress,  and  to  that  of  the  axis  of  the  couple  M. 

The  co-ordinates  relatively  to  the  point  O  of  the  centre  of  strea 
as  thus  shifted,  being  the  point  where  the  line  of  action  of  the 
shifted  resultant  cuts  the  plane  of  A  A  A,  are  most  easily  found  by 
adapting  the  equation  2  of  Art  89  to  the  present  case,  as  follows: — 
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perpendiciilar  I  j  jxjl'dady      af  js^'dxdy      al 

nentnlazifl   ) 
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along  the 
neotnl  axis 


1  11 PP'  'dtdy     aj  ixy  •  dxdy     oK 


(^0 


Ike  as^  t  TfMch  ihe  line  joming  O  and  the  centre  of  stress 
makea  witli  the  aeotnl  axis  OY,  is  tut  whose  cotangent  is 

K 


ootaa«=^- 


(5.) 


Tliis  Hne  will  be  called  the  axis  eonju/gfOe  to  the  neutral  axis 
-  Y  0  Y.     When  K  =  0,  it  is  perpendicular  to  the  neutral  axis. 

'dxdy  is  sometiineB  called  the  moment  qf  inertia  of  the  surface 
AAA  leladTidj  to  the  neutral  axis  —  YOY.  This  is  a  term 
adopted  fiom  the  science  of  Dynamics  for  reasons  which  will  after- 
'wdB  appear,  /^lie  present  Article  is  intended  to  point  out  certain 
vdations  whicfr--ezist  amongst  the  moments  of  inertia  of  a  plane 
ioi&oe  of  a  given  figure  relatiTely  to  different  neutral  axes ;  a 
luHnrledge  of  wliich  relations  is  useful  in  the  determination  of  the 
momeot  of  a  bending  or  twisting  stresa 

Lei  A  A  in  fig.  44  represent  a  plane  surfiEice  of  any  figure,  O  its 
oentre  of  gravity^  YOY,  XOX,  a  pair  of  rectangular  axes  crossing 
each  otber  at  O,  in  any  position. 

Takii^  YOY  as  a  neutral  axis,  let 
themoment  of  inertia  relatively  to  itbe 

I  =  J  /  ^  'dxdy; 

let  the  moment  of  inertia  re- 
ktiY^to  XOX  as  a  neuizal 


be 


(1.) 


'  -  j  j  ^  'dmdy; 
anflkt 

K  -  j J  xydmdy. 

How  let  Y'OY*,  X'OX',  be  a  new  pair  of  rectangular  axes,  in 
iny  position  making  the  angle 

YOY'  s=  XOX'  s=  /S 
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mth  the  original  pair  of  axes ;  and  lot 

T  ==fft/''dgfdt/}      [ (2.) 

K'  =  f  fx't/'dafdf/. 

The  following  relations  exist  between  the  original 
Xf  y,  of  a  given  point,  and  the  new  oo-ordinates  afy  y',  of  the  same 
point; 


fl/rsxcos^  —  ysin/S;^ 

f/^xoRfi  +  ycos/3;> (3.) 


(This  last  quantity,  which  is  the  square  of  the  distance  of  the 
given  point  £rom  O,  is  what  is  called  an  Isotropic  Function  of  the 
oo-ordinates ;  beiag  of  equal  magnitude  in  whatsoever  position  the 
rectangular  co-ordinates  are  placed.) 

From  the  equations  ^3),  the  following  relations  are  easily  deduced 
between  the  original  integrals  I,  J,  K,  and  the  new  integrals 


r  =  I  •  oos^  /3  +  J  •  sin*  fi  —  2K'oos/8sini9;) 

tr  =  I-sin"/S  +  J-cos'/3+   2K -cosiSBin/S;  V...(4.) 

K'  =  (I  — J)oo8i9-sin/S+  K(co8/3  — sin«/9L)j   * 

Also,  the  following  functions  of  those  integrals  are  found  to  be 
isotropic; 

I  +  J  =  r  +  J'=r  ||(«»  +  y^'dxdy (5.) 

(called  the  |>o2ar  moment  of  inertia)*, 

IJ  —  K«  =  r  J'  —  K'" (6.) 


Equation  6  may  be  thus  expressed  in  words 

Theorem  L  The  wm  <f  the  fnomente  of  vnaiia  of  a  siuafcM 
rdaiivdy  to  a  pair  of  rectangular  neutral  axes  is  isotropic 
y/^tlquations  5  and  6  in  conjunction  lead  to  the  following  oonse- 
/quences.      Because  the  sum  I'  +  J'  is  constant,  I'  mi^  be  a 
'maximum  and  J'  a  minimum  for  that  position  of  the  rectangulsr 


(I'  — JO«  =  (r  +  jy  —  4:rj\ 

r  —  J'  must  be  a  maximum  for  that  position  of  the  axis  which 
makes  T  J'  a  minimum.     But bj equation  6,  T  J'  —  K^is  constant 
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fior  aU  positions  of  the  axes;  therefore  wKen  K'  =  0^  F  J'  is  a 

mmimnTn^  I' J'  ft  TnAfinriTiTn^  J/  a  mfl-Trinmi-m^  and  J'  ft  TniniTmiTn. 

HeDce  foUows,  in  the  first  place,  .  ^ 

Theorem  IL  In  every  pume  eur/aoe  there  is  a  pair  of  red' 
tmgular  neufyral  axes  for  one  of  which  the  momerd  of  inertia  is 
gireateTy  and  for  the  other  less,  than  for  amy  otJt^  neuiraiL  aade. 

These  axes  are  called  Principal  Awee,  Let  I^,  J„  be  the  maximum 
and  minimum  moments  of  inertia  relatively  to  ti^em,  and  let  /3|  be 
the  angle  which  their  position  makes  with  the  originally-assumed 
axes;  then  because  K|  =  0,  we  hare,  from  the  third  of  the  equa- 
tbns  (4) 

.      o^        2cos^sin^       — 2K  ,„. 

*^  2 -*  =  ooB'^-rin'g  =  I^TJ (7) 

lod  because  Ii  +  Ji  =  I  +  J,  and  I^  Jj  =  IJ  —  K',  we  have,  by 
the  sohition  of  a  quadratic  equation. 


<  an 


(8.) 


The  position  of  the  principal  axes,  and  the  values  of  Ij,  J„  being 
once  known,  the  integrals  P,  J',  K',  for  any  pair  of  axes  which  make 
the  angle  /9^  with  the  principal  axes,  are  given  by  the  equations 


r  =  I,  cos*  /9^  +  J,  sin'  pl;     \ 

J'  =  I,8inV  +  J,cos*/y;      \ (9.) 

K'  =  (I,  —  J,)  cos  /8'  sin  <8'.    j 


If  Ii  =  J„  then  r  =  tT  =  I„  and  K'  =  0,  for  all  axes  whatso- 
ever; and  the  given  figure  may  be  said  to  have  its  moment  of 
iDoiaA  camptHdy  isotropic. 

Next^  as  to  Conjfigate  Axes,  By  equation  5,  Article  94,  we  have 
for  the  angle  whidi  the  axis  conjugate  to  O  Y  makes  with  O  Y 

ootan  ^  =  ---• 

For  the  principal  axes,  K  =  0,  cotan  ^  =  0,  and  ^  is  a  righty 
aii^e;  from  whidi  follows — 

Theohex  til  The  principal  axes  are  conjugate  to  each  other: — 
tint  is,  if  either  of  them  be  taken  for  neutral  axis,  the  other  will 
he  the  conjugate  axis. 

/  Betoming  to  equation  4  of  the  present  Article,  let  us  suppose, 
I  that  the  axis  conjugate  to  the  originally  assumed  neutral  axis  x  OY, 
has  been  determined,  and  that  its  position  is  Y'O  Y',  so  that 

/S  =  ^. 
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Lettliisoonji]gat6axiBb6a88imiedasanewneatrala3d&  Thentlie 
integrals  P,  J',  K',  belonging  to  it  are  detennined  bj  substitntuig 
fifotfim  the  equation  i;  that  is,  by  substitating  for  oos  fi  and 
sin  fi^  the  values  of  oos  ^  and  sin  ^  in  terms  of  K  and  Z,  vi&: — 


cos  ^  = 


K 


sin  #  = 


which  subatitution  having  been  made,  we  find 

igj-K*) 

*  ""    r  +  K' 

-K(IJ-K') 

*■-     r  +  K* 

Now  let  it  be  leqaired  to  find  the  angle  f,  ▼hidi  the  nmo  eonr 
jugate  cum  makes  -with  the  n»u>  ttMUral  cueb  Y'O  Y'.  This  angle 
is  given  hj  the  equation 


(10.) 


r 


ootan  f  =  -55-  ^  —  Y   =«  —  ootan  t, 


K 
1 


whence 


rdi/ 


/  =  -«,, 


ai.) 


or  in  Wo: 

Theorem  IT.  If  the  ck^m  eonjuacOe  to  a  given  newbral  axis  be 
taken  as  a  fiew  neutral  axis,  the  origmal  neuinU  axis  voiU  he  the  nev 
comuffote  axis. 

The  following  mode  of  graphically  representing  the  preceding 

theorems  and  relations  depends  on  well 
known  properties  of  the  ellipse. 

In  fig.  45,  let  O  Xi  O  Y|  perpendicular 
to  each  other,  represent  the  principal  axes 
of  a  surfiu».    With  the  semi-axest, 


( 


a  = 
b 


Fig.  45. 


describe  an  ellipse,  so  that  the  square  of 
each  semi-aocis  shall  represent  the  moment 
of  inertia  round  the  other.    ' 


I#t  the  semidiameter  OT'  be  drawn  in  the  direction  of  any 
assumed  neutral  axis,  and  let  ^.^H  T^O  Y'  =  /9^.    Draw  OC,  the 
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iemidiameter  conjugate  to  OY',  so  that  the  tangent  CT  shall  be 

parallel  to  OY'.     Let  CT  =  ^,  and  let  the  normal  OT  =  n.    Then 
H  is  well  known  that 

n*  =:a*  '  COS*  fir  +  h^  sin'  fi^;    ) 

indthat  V (13.) 

ni^{a*  —  &•)  •  cos /3' •  sin /S*;  j 

ooQSequently,  comparing  this  equation  with  the  equation  9,  we  find, 

r  =  n»; 

K        t 
cotan  $  =  -=-  ^  —  =  cotan  Y'  O  C; 


(14) 


SO  that  the  sqxiare  of  the  normal  O  T  represents  the  moment  of 

inertia  for  the  neutral  axis  OY',  and  the  semidiameter  OC  con- 
j^iffAe  to  O  Y'  is  also  the  conjugate  axis  of  the  neutral  axis  Oy. 
tad  viee  versd. 

In  finding  the  moment  of  inertia  of  a  surface  of  complex  figure, 
it  may  sometimes  be  desirable  to  divide  it  into  parts,  each  of  more 
ami^  fignre,  find  the  moment  of  inertia  of  each,  and  add  the 
Rsolts  together. 

In  a  case  of  this  Idnd,  the  neutral  axis  of  the  whole  surface  will 
Boi  necessarily  traverse  the  centre  of  gravity  of  each  of  its  parts, 
tad  it  becomes  necessary  to  use  formulie  for  finding  the  moment  of 
inertia  of  a  figure  relatively  to  an  axis  not  traversing  its  centre  of 
gravity. 

Let  0  Y  denote  such  an  axis,  x  the  distance  of  any  point  of  the 
given  figure  from  it,  and  Xo  the  distance  of  the  centre  of  gravity  of 
Uie  given  figure  fix>m  the  axis  O  Y.  Through  that  centre  of  gravity 
conoeive  an  axis  (X  Y'  to  be  firawn  parallel  to  O  Y ;  the  point  which 
is  at  the  distance  x  from  O  Y,  is  at  the  distance 

sf  ^  X  —  x^ 
fiwnO'Y'. 
The  required  moment  of  inertia  is 

I  =  J  J  a^dxdy; 

Iwt  x\  =  ai-h2xox'-¥3if*; 

therefore, 

l  =  3iiS  +  2xo  j  j  af'dxdy-^  j  j  x'^'dxdy; 

and  because  O'  Y'  traverses  the  centre  of  gravity  of  S, 

I  j  x''dxd7/:=0 ; 
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80  that  the  middle  term  of  the  expression  for  I  vanishes,  leaving 

l  =  ai^  +  j  j  u^^^dxdy] (15.) 

or  in  wor^g^ 

Theorem  V.  TJie  moment  o/inet'tia  of  a  surface  rdativdy  to  an 
axis  not  traversing  its  centre  of  gravity  is  grecUer  Hum  tlie  mwnent  of 
imrtia  round  a  parallel  axis  traversing  its  centre  of  gravity,  by  ths 
fTodwA  ofHkje  area  ofUie  surface  into  tlie  square  ofUi/e  distaaice  bet/ufeen 
t/iose  ttvo  axes. 

The  following  is  a  table  of  the  principal  (or  maxima  and  minima) 
moments  of  inertia  of  surfaces-of-action  of  stress  of  those  figures 
which  most  commonly  occur  in  practice  : — 


Figure. 

I.  Rectangle. — Length  along  OX, ) 
h;  breadth  along  O  Y,  b J 


MAximnm  I]  Minimnm  Ji 

(neutral  axis  0  Y).  (neutrul  axis  0  X). 


IL  Squabe. — Side  =  h. 


IIL  Ellipse. — Longer  axis,  h. 

Shorter  axis,  b, 

«•         1 
IV.  Circle. — Diameter,  h , 


} 


h'b 
12 

12 

64 


12 

A* 
12 

rhV 

64 


7** 


V.  Hollow  symmetrical  figures;  sub- 
tract I  or  J  for  inner  figure,  fi-om 
I  or  J  for  outer  figure. 

YI.  Symmetrical  assemblage  of  rec- ' 
tangles;  dimensions  of  any  one 
A  II  a^  6  II  y;  distance  of  its  centre 
fiom  O  Y,  a;, ;  fix>m  OX,  y^ 


64 


64 


in 

+  sA6aJ 


Section  3. — Of  Internal  Stress,  its  Composition  and  HesohUion^ 

96.  Internal  StKM  In  GeneraL — If  a  body  be  conceived  to  be 
divided  into  two  parts  by  an  ideal  plane  traversing  it  in  any 
direction,  the  force  exerted  between  those  two  parts  at  the  plane  of 
division  is  an  internal  stress.  The  finding  of  the  residtant,  and 
of  the  centre  of  stress,  for  an  internal  stress,  depend  upon  the 
principles  relatiug  to  stress  in  general,  which  have  been  explained 
in  the  last  section.  The  present  section  refers  to  a  different  dass 
of  pi^pblems,  viz.,  the  relations  between  the  difierent  stresses 
which  can  exist  together  in  one  body  at  one  point 
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A  body  mftj  be  divided  into  two  parts  by  a  plane  traveremg  a 
pTen  point,  in  an  indefinite  number  of  ways,  by  varying  the  angular 
petition  of  the  plane ;  and  the  stress  which  acts  bctwee^  the  two 
puts  may  vary  in  directioii,  or  intensity,  or  in  both,  as  the  position 
of  tiie  plane  varies.  The  object  of  the  present  section  is  to  show 
the  laws  of  such  variation  ;  and  also  the  effect  of  applying  different 
ttRases  simoltaneously  to  one  body. 

The  investigations  in  this  section  relate  strictly  to  stress  of 
ymijom  inUngity  ;  but  their  results  are  made  applicable  to  sti'ess  of 
nriable  intensity  to  any  required  degree  of  accuracy,  by  sufficiently 
eonttactdng  the  space  under  coimdei-ation,  so  that  the  variations  of 
the  tbtem  within  its  limits  shall  not  exceed  the  assigned  hmita  of 
deviation  from  oniformity. 

yi.  WiMpIt  sin*  >■<  Ms  FfMraul  TmtemtUr. — A  siinple  stress  is  a 
poll  or  a  thmsL  In  the  following  inve-itigations  a  pull  will  be 
(Rated  as  positive,  and  a  thrust  as  negative. 

In  fig.  46,  let  a  prismatic  solid  body,  or  part  of  a 
■cJid  body,  whose  sides  are  parallel  to  the  axis  0  X, 
be  kept  in  equiUbrio  by  a  pull  applied  in  opposite 
directions  to  its  two  ends,  of  uniform  intensity,  and 
ti  the  amoant  F. 

JLet  an  ideal  plane  A  A,  perpendicular  to  O  X, 
Iw  conceived  to  divide  the  body  into  two  parts,  and 
let  the  area  of  that  plane  of  section  be  S.  That 
cadi  <A  these  parte  may  be  in  equilibrio,  it  is 
Beoenary  that  they  shonld  act  upon  each  other,  at 
tbeplaiie  of  section  A  A,  with  a  pull  in  the  direction  Fig.  tS. 

Ox,  ot  the  amount  P,  and  of  the  intensity 

P 

This,  which  ia  the  intensity  of  the  stress  as  distributed  over  a  plana 
nonnal  to  its  direction,  may  be  called  its  normal  iiUensily. 

98.  ■crfBOlaB  sf  SImfI*  8«rcM  M  ■■  Obltqae  Flaw. — Next,  let 

the  plane  of  section  be  conceived  to  have  the  position  B  B,  oblique 
toOX;  let  ON  be  a  line  normal  to  BB,  and  OT  a  line  at  the 
intersection  of  the  planes  B  B  and  X  0  N.  Let  the  (Miqtiity  of 
the  jitane  of  section  be  denoted  by 

*  =  ^XOK=^TOA. 

The  two  parte  into  which  B  B  divides  the  body  must  exert  on 
each  other,  as  in  the  former  case,  a  pull  of  the  amount  F,  and  in 
tlw  direction  O  X  ^  but  the  area  over  which  that  pull  is  distributed 
ianow 
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S 
area  BB  =  — -.• 

consequeDtly,  the  intensity  of  the  stress,  as  reduced  to  tJtd  oblique 
plane  qfsectionj  is 

Pcostf 
Pr  =  — g — =j».cos#. 


99.   B«Mlatl«ii   •€  Oblique    AtrcM   iat*    NerauU 

CoBipMiMiia. — The  oblique  stress  P  on  the  plane  of  section  B  B  may- 
be resolved  by  the  principles  of -Articles  55,  57,  into  two  oompo- 
nehts,  viz.  : — 

Normal  component  a- )  -d  ^^„  a 

long  ON,!?. .}         ^'^*' 

Tangential  component )  p   •    ^ . 

along  OT, /  i-srn*, 

and  the  intensities  of  the.se  components  are, 

Normal ;       /?.  =/)^  cos  ^  =/),•  cos*  ^  ;       )  ^,  ^ 

Tangential ;  />,  =  jy,  sin  tf  =^, •  cos  ^  sin  ^  J  ^  "^ 

Suppose  another  oblique  plane  of  section  to  cut  the  body  at  right 
angles  to  B  B,  so  that  its  obliquity  is 

and  let  the  intensity  of  the  stress  on  the  new  plane  be  denoted'  by 
accented  letters ;  then 


p'^  ==/?,•  cos'  /  =p.  •  sin*  S;)  .^  . 

Pt  =  Pt;  Pn+p'n=PM;         )  ^    ' 


BO  that  we  obtain  the  following 

Theorem.  On  a  pair  of  planes  of  section  whose  obliquities  ar^ 
togetlier  eqwd  to  a  rigid  cmgU,  Hve  tangential  components  of  a  simple 
stress  a/re  of  equal  intensity,  and  the  intensities  of  the  normal  con^ 
ponents  are  together  equal  to  tJte  normal  irUensiXy  of  the  stress. 

100.  €«nipennd  straM  is  that  internal  condition  of  a  body  which. 
is  made  by  the  combined  action  of  two  or  more  simple  stresses  m 
different  directions.  A  compound  stress  is  known  when  the  direc- 
tions and  the  intensities,  relatively  to  given  planes,  of  the  simple 
stresses  composing  it  are  known.  The  same  compound  stress  may 
be  analyzed  (as  the  ensuing  Articles  will  show)  into  groups  of  siinjde 
stresses,  in  different  ways  ;  such  groups  of  simple  stresses  are  said 
to  be  equivalent  to  each  other.  The  problems  of  finding  of  a  group 
of  stresses  equivalent  to  another,  and  of  determining  the  relations 
which  must  exist  between  co-existing  stresses,  are  solved  by  con* 
sidenng  the  conditions  of  equilibrium  of  some  internal  part  of  the 
solid,  of  prismatic  or  pyramidal  figure,  bounded  by  ideal  planes. 
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101.  Wwdr  mf  €«^jacBi0  BmjiM. — ^TfiE0RE3L  If  the  siress  on  a 
fficen  plane  in  a  body  he  in  a  given  direction,  the  stress  on  any 
pfane  parallel  to  that  direction  must  be  in  a  direction  parallel  to 
the  firstr^nentioned  plane. 

In  fig.  47,  let  YOY  represent,  in  section,  a  given  plane  tm- 
Teraing  a  body,  and  let  the  stress  on  x 

that  plane  be  in  the  direction  X  O  X. 
Conader  the  condition  of  a  prismatic 
portion  of  the  body  represented  in  sec- 
tion by  ABCD,  bounded  by  a  pair 
of  planee  A  B,  D  C,  parallel  to  the  given 
plane,  and  a  pair  of  planes  A  D,  B  C, 
parallel  to  each  other  and  to  the  given 
direction  XOX,  and  having  for  its 
axis  a  line  in  the  plane  YOY,  catting  "'   Fig.  47. 

XOX  in  O. 

The  equal  resnltant  forces  exerted  by  the  other  parts  of  the  body 
on  the  faces  AB  and  D  C  of  this  prism  are  directly  opposed,  their 
common  line  of  action  traversing  the  axis  O  ;  and  they  are  there- 
fore independently  balanced.  Therefore  the  forces  exerted  by  the 
other  parts  of  the  body  on  the  faces  A  D  and  B  0  of  the  prism 
must  be  independently  balanced,  and  have  their  resultants  directly 
opposed;  which  cannot  be  unless  their  direction  is  parallel  to  the 
plane  YOY.     Therefore,  Ac—Q.  E.  D. 

A  pair  of  stresses,  each  acting  on  a  plane  paraUel  to  the  direction  of 
the  other,  are  said  to  be  conjugate.  In  a  rigid  body,  it  is  evident  that 
ihsai  intensities  are  independent  of  each  other,  and  that  they  may 
be  of  the  same,  or  of  opposite  kinds: — a  pair  of  pulls,  a  pair  of 
throsts,  or  a  pull  and  a  thrust 

In  those  cases  6of  frequent  occurrence  in  practice)  in  which  the 
planes  of  action  oi  a  pair  of  conjugate  stresses  are  both  perpendi- 
cular to  the  plane  which  contains  their  two  directions,  their  obli- 
qnity  is  the  same,  being  the  complement  of  the  angle  which  they 
make  with  each  other.  ^ 

102.  TkvM  €:«^ja«Bta  Birg— m  may  act  together  in  one  body,  the 
direction  of  each  being  parallel  to  the  line  of  intersection  of  the 
planes  of  action  of  the  ciher  two;  and  in  a  rigid  body,  the  kinds 
and  intensities  of  those  stresses  are  independent  of  each  other. 
Thus,  in  fig.  47,  if  X  O  X  and  YOY  represent  the  directions  of 
two  stresses,  each  acting  on  a  plane  which  traverses  the  direction 
of  the  other,  the  intersection  of  those  planes  (which  may  make  any 
angle  with  XOX  and  Y  O  Y),  will  give  a  third  direction,  being 
that  of  a  third  stress  of  either  kind  and  of  any  intensity,  which 
may  act  on  the  plane  X  O  Y,  and  will  be  conjugate  to  each  of  the 
other  twa 
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Three  is  the  greatest  number  of  a  group  of  conjugate  stresses;  for 
it  is  evidently  impossible  to  intrpduce  a  fourth  stress  which  shall  be 
conjugate  at  once  to  each  of  the  other  three. 

/^The  relations  between  the  three  angles  which  the  directions  of 
/three  conjugate  stresses  make  with  each  other,  the  three  Mtqfdties 
I  of  those  stresses  (being  the  angles  which  they  make  with  the  per- 
pendiculars to  their  respective  planes  of  action),  and  the  three  angles 
which  those  perpendiculars  make  with  each  other,  as  found  by  the 
ordinary  rules  of  spherical  trigonometry,  are  given  by  the  following 
formulee. 

General  Case.  Let  x,  y,  z,  denote  the  directions  of  the  three 
conjugate  stresses; 

AAA,... 

yzyZXyXy,  their  inclinations  to  each  other; 
u,  V,  w,  the  directions  of  the  perpendiculars  to  their  planes  of 
action,  so  that  u  -L  plane  yz^v-^  plane  zx,  w  -^  plane  xy, 

AAA. 

vto,  wu,  uv,  the  inclinations  of  those  perpendiculars  to  each 
other ; 

AAA 

ux,  vy,  wz,  the  respective  obliquities  of  the  stresses. 
Then  those  nine  angles  are  related  as  follows ; — 

_.-  -A  A  •'^«  ^  ^  ^ 

Liet  1  —  cos'  y  z  —  cos  zx  —  cos"  a? y  +  2  cos  yz  cos  zx  cos  x y 

(1.) 


,^                                                                —  ^» 

Then 

A                        1  /•!                         *                   A               A                  A       " 

.     f^                J  \j                   A       cos 2; o; ' COS o; 7/  —  cos7/2; 

mnvxu—         ^           ^,C03rur—                 ^             ^          , 
^mzx'einxy                           sin  « a;  '  sin  a; y 

A               JQ                  A       Qoi&xy'  co^yz  —  co^zx 

.      A         .      A'^°^^                          A                A            ' 

Bmxymiyz                          mixy  *  ^nyz 

AAA 

A               J  Q                  A        Qo^yz'Qonzx' — COS a;y 

%myz*mizx                          ^yz  *  UD.ZX 

^          VO              A            /C              A             /C 
cost*a;  = -^— ^;  costly  =  —2L___-  cosiC7  2p=    ^    .  ... 

^nyz                    AvLZX                     sin  xy 

•  •• 

(2.) 


(3.) 


Restricted  Case  L  Suppose  two  of  the  stresses,  for  example, 
those  i^arallel  to  x  and  y,  to  be  perpendicular  to  each  other,  and 
oblique  to  the  third.     Then 

cosa;y=  0;  sma;y=  1;)  ... 

C  =  1  —  co8^  yz  —  co8*««;  J  ^  v 
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.     ^           JO              A        —  cos  y  z 
sin  t?w  =  — :2L__^  C08t;«7z= -^  ; 

sin  z  X  sin  z  x 

^           JO              A        —  cos  z X 
sm wu  =    ^    ,  ;  cosu7u= -^ — ; 


A 

sin  yz 


.     A 

SU1.UV 


—  T"7^ — : 

sm  yz '  sin  «  x 


<un  yz 
A  A 


A        cosy«  •  coszx 
a''  C08wt>=       -^^  ^  ; 

siiiy«*8iii«a; 


(0.) 


COB  ua;  =-^>^— ^;  cos  t7y  =    ^    ^   ;  cosi£7;3  =  70. ..(6.) 
fdn  yjs;  sin  2;a; 

RssnucTED  Case  IL  Suppose  one  of  the  stresses  (such  as  z) 
to  be  perpendicular  to  the  other  two,  which  are  oblique  to  each 
other.     Then 


A        ^  A        ^ 

cos  yz  =  0',  cos  zx  =  0; 

.       A  .       A 

aiTiyz=zl',  smzx  =i  I; 

_,        .      A 
O  =  sin*  x  y, 

sin  rtr  =  1;  cos  vw^  0;  (or  vto  =  90"); 

A  A  ,         A  . 

Sin  tou  =  1;  cos  wu  =  0;  (or  wu  =  90  ); 

A  .        A  A 

sin  t*  t7  =  sm  x  y;  cos  uv  =  —  cos  x  y ; 
(or,  lit?  +  ay  =  1807 


.(7.) 


.(8.) 


=  1 


A  •  •  •  •  ( «/• 


) 


A  A  A  .       A  A 

eoe  ux  =  sin  ay;  cos  vy  =  sm  ay;  cos  to 2  = 

A  A  ^^  A         A  ^ 

orua  =  vy  =  9(r  —  xy;  toz  =  0; 

ntnlts  identical  with  those  given  at  the  end  of  Article  IQIV 

BsBZBicTED  Case  III.  All  three  stresses  perpendicular  to  each 
other.  In  this  case  the  normals  to  the  three  planes  of  action  are 
perpendicular  to  each  other,  and  coincide  with  the  directions  of 
thestressesw 

103.  Plracfl  •r  B««ml  Sbcsr,  mr  Tangcvtlal  Sttvn. — THEOBEaC.  1/ 

tke  tiresses  an  a  given  pair  of  planes  be  tangential  to  tliase  ptanee,  amd 
parattd  to  a  third  plane  which  is  perpendicular  to  the  pair  o/planea, 
tkoee  stresses  mtut  be  of  equal  intensity. 

Let  the  third  plane  be  represented  by  the  plane  of  the  paper  in 
%  48,  and  let  the  pair  of  planes  on  which  the  stresses  axe  tangen- 
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tial,  and  parallel  to  the  plane  of  the  paper,  be  parallel  respectiYelj 
to  A£  and  AD.     Consider  the  condition  of  a  right  prism  of  any 

length,  represented  in  section  by  ABCD,  and 

bounded  by  a  pair  of  parallel  planes,  AB,  CD, 

and  a  pair  of  parallel  planes,  AD,  CR     Let  p, 

denote  the  intensity  of  the  shear  or  tangential 

stress  on  AB,  CD,  and  planes  parallel  to  them, 

and  pt  the  intensity  of  the  shear,  or  tangential 

_.  stress  on  AD,  CB,  and  planes  parallel  to  them. 

Fig.  48.  rpj^^  forces  exerted  by  the  other  parts  of  the  body 

on  the  pair  of  faces  AB,  CD,  form  a  couple  (right-handed  in  the 

figure),  of  which  the  arm  is  the  perpendicular  distance  £F,  between 

AB  and  CD,  and  the  moment, — 

^, 'areaAB-EF. 

The  forces  exerted  by  the  other  parts  of  the  body  on  the  pair  o 
faces  AD,  CB,  form  a  couple  (left-handed  in  the  drawing),  of  which 

the  arm  is  the  perpendicular  distance  GH  between  A^  &^<^  ^^i 
and  the  moment 

p',- area  AD    GH. 

The  equilibrium  of  the  prism  requires  that  these  opposite  moments 

shall  be  equal     But  the  products,  area  AB  -  £F,  and  area  AD  * 

GH  are  equal,  each  of  them  being  the  volume  of  the  prism;  there- 
fore the  intensities  of  the  tangential  stresses 

are  equal. — Q.  R  D. 

The  above  demonstration  shows  that  a  shear  upon  a  given  plane 
cannot  exist  alone  as  a  solitary  or  simple  stress,  but  must  be  com- 
bined with  a  shear  of  equal  intensity  on  a  different  plane.  The 
tendency  of  the  action  of  the  pair  of  shearing  stresses  repi^esented 
in  the  figure  on  the  prism  A  B  C  D  is  obviously  to  distort  it,  by 
lengthening  the  diagonal  DB,  and  shortening  the  diagonal  AC,  so 
as  to  sharpen  the  angles  D  and  B,  and  flatten  the  angles  A  and  C. 

104.  StreM  on  Three  BeclMig«Uir  Plaaee. — THEOREM.  If  there  he 

dbliquR  stress  on  three  planes  at  right  angles  to  eadi  otJier,  tJie  tangential 
components  of  the  stress  on  any  two  of  those  planes  in  directions 
parallel  to  the  third  plane  must  be  of  equal  intensity. 

Let  yzy  zxy  xy,  denote  the  three  rectangular  planes  whose  intersec- 
tions are  the  rectangular  axes  of  x,  y,  and  z.  Consider  the  condition 
of  a  rectangular  portion  of  the  body,  having  its  three  pairs  of  faces 
parallel  respectively  to  the  three  planes,  and  its  centre  at  the  point 
of  intersection  of  the  three  axes.     Let  ABCD  (fig.  49),  represent 

the  section  of  that  rectangular  solid  by  the  plane  of  xy,  the  faces 
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AB,  CD  being  parallel  to  the  plane  yz,  and  the  faces  AD,  CB, 

to  ihe  plane  z  x.  Let  the  equal  and  parallel  lines  XB  represent 
the  intensities  of  the  forces  exerted  by  the  other  parts  of  the  body 
on  the  pair  of  faces  AB,  CD;  resolve  each  of 

these  forces  into  a  component  XN,  parallel  to 

the  plane  z  Xy  and  a  tangential  component,  XT, 
parallel  to  the  axis  of  y;  the  resultants  of  the 
components  X  IN*  -will  act  through  the  axis  of  z,  and 
'will  produce  no  couple  round  that  axis;  the  com- 
ponents XT  will  form  a  couple  acting  round  that 
axia  In  the  same  manner  the  intensities  of  the 
forces  exerted  on  the  £a<;es  AD,  CB,  being  re- 
presented by  the  equal  and  parallel  lines,  Yr, 

are  resolved  into  the  components,  Yn,  whose  resul- 
tuts  act  through  the  axis  of  z,  and  the  compo- 

vtenta  Yt,  which  form  a  couple  acting  round  that 
ixis,  wldch,  by  the  conditions  of  equilibrium  of  the  rectangular 
•olid  A  BCD,  must  be  equal  and  opposite  to  the  former  couple ; 
rad  by  reasoning  similar  to  that  of  Article  103,  it  is  shown  that 
the  intensities  of  the  tangential  stresses  constituting  these  couples, 

XT  =  Yi, 

most  be  equal ;  and  similar  demonstrations  apply  to  the  other 
planes  and  stresses. 

To  represent  this  symbolically: — ^let  p,  as  before,  denote  the 
intensity  of  a  stress;  and  let  small  letters  affixed  below  jd  be  used, 
the  first  small  letter  to  denote  the  direction  perpendicular  to  the 
plane  on  which  the  stress  acts,  and  the  second  to  denote  the  direc- 
tion of  the  stress  itself: — ^for  example,  let  p^  denote  the  intensity 

of  the  stress  on  the  plane  normal  to  y  (that  is,  the  plane  zx),  in  the 
direction  of  z.  Then  resolving  the  stress  on  each  of  the  three 
rectangular  planes  into  three  rectangular  components,  wo  have  the 
Mowing  notation : — 


PUOTE. 


X 


zx 
xy 


P, 

Ps 


DlBECnOK. 

y 

••••  -p-f  

••••  p» 

....  Pgjf   ..  ., 


p.. 


intensities. 


Then,  in  virtue  of  the  Theorems  of  Articles  101  and  102,  we 
have  the  ncnmal  streaaes,  j)„,  p^  p^  conjugate  and  independent ;  and 
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Fig.  50. 


in  virtue  of  the  theorem  of  this  Article,  there  are  Hvree  pairs  of 
tcmgerUial  stresses  ofeqiud  intensity, 

P9>=P'9f  P-=l'«>  Pm,=P^ 

[The  reader  who  wishes  to  confine  his  attention  to  the  more 
simple  class  of  problems  may  pass  at  once  to  Article  108,  page  95.] 
105.  TetraedTMi  af  Strew. — Pboblem  L  Tlie  intensities  of  three 
conjugate  stresses  on  three  planes  traversing  a  body  being  given,  ii  it 
required  to  find  tlie  direction  and  intensity  o/tlie  stress  on  a  jaurik 
plane,  traversing  tJisjame  body  in  any  direction, 

jr    In  fig.  50,  let  Y  O  Z,  Z  O  X,  X  O  Y,  be  the 
(  three  planes,  on  which  act  conjugate  sia^esses  in 
the  directions  OX,  O  Y,  O  Z,  of  the  intensities 
Pti  Pp  Pm'    I^i^"^  a  plane  parallel  to  the  fourth 
plane,  cutting  the  three  conjugate  planes  in  the 
triangle  ABC,  so  as  to  form  with  them  the  tri- 
angular pyramid  or  tetraedron  O  A  B  O.     Then 
must  the  stresses  on  the  four  triangular  faces  of 
that  tetraedron  balance   each  other;  and  the 
total  stress  on  A  B  C  will  be  equal  and  oppocdte 
to  the  resultant  of  the  total  stresses  on  O  B  C,  OCA,  and  OAK 
On  O  X,  O  Y,  O  Z,  respectively  take 

01)  =  total  stress  on  OBC  =p.  •  area  OBC, 
O^E  =  total  stress  on  O C A  =  jp,  •  area  OCA, 
OF  =  total  stress  on  O  A B  s=  jo*  *  area  OAR 

Complete  the  parallelopiped  O  D  E  F  R ;  then  will  its  diagonal 
OR  represent  the  direction  and  amount  of  the  total  stress  on  an 
area  of  the  fourth  plane  equal  to  that  of  A  B  C ;  and  the  intensity 

of  that  stress  will  be  ^  -^'      Q.  E.  L 

area  ABC  ^-— -^ 

Hence  it  appears,  that  if  the  stresses  on  three  conjugate  planes 
in  a  body  be  given,  the  stress  on  any  other  plane  may  be  deter^ 
mined ;  from  which  it  follows,  TJuU  every  possible  system  ofstreues 
which  can  co-exist  in  a  body,  is  capable  of  being  resdved  into,  or  ex- 
pressed by  means  of  a  system  oftJiree  conjugate  stresses, 

Pboblem  II.  TJte  directions  amd  intensities  of  the  stresses  on  three 
rectangular  co-ordinate  planes  being  given,  it  is  required  to  find  the 
direction  and  intensity  of  the  stress  on  a  fourth  plane  in  any  poet" 
tio^ 

5t  the  planes  Y  O  Z,  Z  O  X,  X  O  Y,  in  fig.  50,  represent  the 
octangular  co-ordinate  planes,  so  that  OX,  O  Y,  O  Z,  are  now  at 
ight  angles  to  each  otiier  (instead  of  being,  as  in  Problem  I.,  in 
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any  directions).  Eeduce  the  three  given  stresses,  as  in  Article  104, 
to  rectangular  components,  with  the  notation  already  explained. 

Let  A  B  C,  as  in  Problem  L,  be  a  trianglfe  parallel  to  the  fourth 
plane,  enclosing,  with  three  triangles  in  the  co-ordinate  planes,  the 
tctraedron  O  A B C.  The  total  stress  on  ABC  will  be  equal  and 
opposite  to  the  resultant  of  all  the  rectangular  components  of  the 
total  stresses  on  O  B  C,  O  C  A,  and  O  A  B. 

Therefore,  on  O  X,  O  Y,  O  Z,  respectively,  take 

OI)=p^areaOBC  +i>^areaOCA  +i>„areaOAB, 
OE=p^-areaOBC  +/>^ -area  OCA  +  jt)^  •  area  O  A B, 
OP=i>«-areaOBC  +/>^   area  OCA  +^„areaOAB; 

(kmfkbe  the  rectangle  ODEPR;  then  will  its  diagonal  OR  re- 
present the  direction  and  amount  of  the  total  stress  on  an  area  of 
the  fourth  plane  equal  to  A  B  C,  and  the  inteosity  of  that  stress 

wiUhe_^f_^      Q.RL 

area  ABU  a      a      a 

To  express  this  algebraically,  let  xn,  yn,  zn,  denote  the  angles 
▼Inch  a  normal  to  the  fourth  plane  makes  with  the  three  rectanffu- 
,  .     ,        A      A     A  ^ 

iar  axes  respectively ;  xr,  yr,  zr,  the  angles  which  the  direction 

of  the  stress  on  that  plane  makes  with  the  three  rectangular  axes 
respectively;  and  p,  the  intensity  of  that  stress.  Then,  it  is  well 
known  that  . 

area  O  B  C  =  area  ABC  *  cos  a;  n, 


A 


(1) 


area  OC  A  =  area  A  BC  •  cosyn> 
area  O  A  B  =  area  A  B  C  •  cos  «  n; 
so  that  the  rectangular  components  of  the  intensity  p^  are 

A  A  A 

p«  =  !>«  •  COS  a;  n  +  p^'cosyn  +  j9„  •  cos  «  n 

AAA 

P^^PMf'coexn-^p^'coayn  +  p^' cos  zn 

AAA 

p„  =  PMM'coBxn  +  p^-cosyn  +  p„'coazn  , 

The  resultant  intensity  of  the  stress  required  ia  given  by  the 
eqiiation 

Pr=J(jpZ  +Pi  +Pi) (2.) 

and  its  direction  by  the  equation 

A  Pmt  A  p„  A  pnt  /ON 

C08a;r:=   — ;   cosyr= — ;    cos«r=— \yw 


P. 


'  .X 


I 


92  PBIKCIPI4ES  OF  ETTATICaS. 

Hence  it  appears,  that  if  the  rectangular  components  of  the  stren 
on  three  rectangular  planes  in  a  body  be  given,  the  stress  on  anj 
fourth  plane  may  be  determined;  from  which  it  follows,  Thai  every 
possible  system  of  stresses  which  can  co-exist  m  a  hody^  is  capable  of 
being  resolved  into,  or  expressed  hyineams  of  tlie  three  normal  streaaes, 
and  the  six  pairs  of  tangential  stresses,  on  Hvree  rectangidar  co-ordimate 
planes. 

106.  TniB«f«niati«B  •f  Scmm. — For  the  direction  of  the  notmsl 
to  the  new  plane  of  action,  ABC,  which  direction  is  denoted  by  n 
in  Problem  IL  of  Article  105,  let  there  be  successively  assumed 
the  directions  of  three  new  rectangular'  axes  ai,  ^,  s^,  and  let  it  be 
required  to  express  the  rectangular  components,  pjj,  &a,  of  a 
given  compound  stress  relatively  to  those  new  axes,  in  terms  of  the 
rectangular  components,  p^  kc,  of  the  same  compound  stresH 
relatively  to  the  original  rectangular  axes,  x,  y,  z. 

To  solve  this  question,  let  n  be  taken  to  denote  any  one  of  the 
three  new  axes.  The  three  components,  parallel  to  the  original 
axes,  of  the  stress  on  the  plane  normal  to  n,  are  given  by  equation 
1  of  Article  105.  Each  of  these  components  being  further  resolved 
into  its  components  parallel  to  the  new  axes,  and  the  nine  com- 
ponents so  found  collected  into  three  sums  of  intensities  parallel  to 
the  new  axes,  the  following  results  are  obtained : — 

AAA, 

p„' =zp^' 00s xxf  +  p^'coayxf  +  ^^'cos^x  ; 

AAA, 

P^9  =j3„-cosa;y  t-  pn^'cosyy'  -^  p^coazy^; 

A  A,  A, 

pnt'  =^Pmm  '  COSX  «^  +  p^'OOSyZ    +  />„  '  COS  ZZ, 

For  n  are  now  to  be  substituted  successively,  both  in  pJJ,  &c.,  and 
in  the  values  ofp^  &c.,  according  to  equation  1  of  Article  105,  the 
symbols  xf,  y',  sf ;   and  thus  are  obtained  finally  the  following 
equations  of  transformation : — 
Normal  Stresses. — 

pJJ  =  Pmm  cos*  xaf  +  p„  cos'  yai+p„  cos*  z  a/ 

-h  ^  p,tCoay X cos z x  +  2 p„coazx  co8a;ar  +  2 p^ coa x ai 00a y s(f  ; 

•  ^     .  .  A     .  A 

p;,  =P«oos'a;y'+jt)„cos»yy'+/?„cos*«3r 

,    „  A  A  A  A  A  A 

'r2p^coayf/coBzy'  +  2/?„cos«y'cosa;3/+  2  ;>^  cos  ay  cos  y^; 

,  A  A  A 

p/J  =p„  COS  ^ ^  "+"Pw  cos' y  z'  +pgg  COH* zz' 

A,  A,  A  A  A  A 

+  2p^,cosyz  co8««  +2p„coazz  coBxz+2p^cosxzcosy:fy 
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Tavosxtial  Stresses. — 

A  A  ^,  A,  A  A 

f'//  =  Pjs»"cosa:y'ooea;« +/>^  cosy y  "COS y«  +Pm  cos  z}f  gq%z:! 

,AA  AA  r^^,  ^^^ 

+  p  (cos S5< cosy js"  +  oosyy'cos^^^r^  +^„(co8a:y'cos««  +  oxx&z}^ iso&xz) 

.A  A  A  A  ^ 

+ />^  (cos  yy' 008  a? a' +  cos  a; y' cosy  2'); 

f\^         t\  l\  l\  A  A, 

/»/,'=/?„ cos ar«  cosa;aj'+^^cosya'co8yar  +  p„co8«5^  cos  «a; 

+  p^(ooB^2  ooeya?'  +  co8y«coB«a?^  +  j»„(cosflc«  cosissc  +  cos«2fcosau<) 

A  A  A  A  . 

+  p^(co8y3^cosajac'+  co8a;«'cosyar); 

A  A  A  A,  A  A 

p/,  =  j>„  cos  a?  a?' COS  0?  y*  + />^  COS  y  aJ' cos  y  y  +  7?„  COS  «  a^  cos  «  2^ 

,        A  A  ,  ,  A  A  ^  ,         A  A,  A,  A 

•f  JVlcossa^oosyy  +cosyar'cos5ry')  +  J9„(oosasc'cos«y +cos«a;  cosary) 
+^^  (cos  y  af  cos  a:  y  +  cos  a;  a?  cos  y  y). 

The  two  systems  of  component  stresses,  p,^  &c.,  relative  to  the 
axes  2^  y,  2,  and  pj/,  &c.,  relative  to  the  axes  afy  1/,  s!y  which  con- 
ctitate  the  same  compound  stresSf  are  said  to  be  equivalent  to  eacl^ 
other.  ^-^ 

107.  Fttecfrid  Asm  •f  flcnw.  —  Thkorex.     For  every  sUUe  of 
drets  in  a  body,  there  is  a  system  o/three  planes  perpendicvla/r  to  each 
ttker,  on  each  0/ which  the  stress  is  wholly  normal, 
/Referring  to  the  equation  3  of  Article  105,  it  is  evident  that  the 
Aoodition,  that  the  direction  of  stress  on  a  plane  shall  coincide  with 
I  the  notmal  to  that  plane,  is  expressed  by  the  equations 

A  p„  A  ^  Pnf  ^ 

cosxr  =  —  =  cosa;7»:  cosyr  =  —  =  cosyn: 

Pr  Pr 

A  Pns  ^  /I    \ 

cos2;r  =  —  =  cos«n (1.) 

Pr 

Introdiicing  these  values  into  the  equation  1  of  Article  105,  we 
obtein  the  following : — 

A  A  A 

(p„—pr)co&xn  +  7?^  cosyn  +  p„coazn=:v ; 

A  A  ^         /\  /o\ 

«^co8a;n  +  (p^-p,)co8yw  +  jp,,cos«n  =  0;  c (^7 

p^coBa;»+p^cosy7iH-(p„-Pr)<»s««  =  0. 


94  PRINCIPLES  OF  STATICS. 

From  these  equations,  by  eliminatioii  of  the  three  oopines,  is 
obtained  the  following  cubic  equation  ; — 

Let  P^»+P„+Pmm  =  ^}  1 

PffPsM+P^rPs.  +P^>Pn  -Pi  -Ps\  -p4  =  B ;  (3.) 

P»PnPsM+^P9MPs^P^'-Ps:cPi-P„Pl»-PM,Pi  =  C;   ^ 

Then  pj  -  A;?;  +  B;?,- C  =  0 (4:) 

The  solution  of  this  cubic  equation  gives  three  roots,  or  values  of 
the  stress  p^  which  satisfy  the  condition  of  being  normal  to  th«r 
planes  of  action;  and  according  to  the  properties  of  conjugate 
stresses  stated  in  Article  102,  the  directions  of  those  three  nonnal 
stresses  must  be  perpendicular  to  each  other. — Q.  K  D. 

The  three  conjugate  normal  stresses  are  called  principal  stresses, 
and  their  directions,  principal  axes  of  stres& 

If  _p,  denote  the  intensity  of  one  of  those  principal  stresses,  the 
angles  which  it  makes  with  the  originally  assumed  axes  of  ar,  y,  z,  are 
found  by  means  of  the  following  equations,  deduced  by  eliimnation 
from  the  equation  2  of  this  Article  : — 

cos  xn^„p^+  {Pr-pJ)P,M}  =  co8yn^^p^  +  (Pr-pjp^] 

=  co3zn\p^p„-{-{pr-'P„)p,,l (5.) 

l^tpiyp^Ps,  denote  the  three  values  of  j!?^  which  satisfy  equatiQii 
4.  Then,  from  the  well  known  properties  of  equations,  it  foUows 
that  the  co-efficients  of  that  equation  have  the  following  values: — 

^=Pi+Pt+Pi; 
'^  =  P%Ps+PzPi+PiPt  y     (6.) 

G=PlP»P9' 

Hence  it  appears,  that  for  a  given  state  of  stress,  the  three  frinctions 
denoted  by  A,  B,  0,  in  the  equations  3  and  6,  are  the  same  for  all 
positions  of  the  set  of  rectangular  axes  of  an,  y,  z,  or  are  isotropic,  in 
the  sense  already  explained  in  Article  95. 

Let  the  principal  axes  of  stress  now  be  taken  for  axes  of  rectan- 
gular co-ordinates,  and  denoted  by  x,y,z',  and  let  it  be  required  to 
find  the  direction  and  the  intensity  p,  of  tijie  stress  on  a  plane  whose 

AAA 

normal  makes  the  angles  xn,yn,zn,  with  those  axes.  For  this 
purpose  the  equations  1, 2,  and  3,  of  Article  105,  are  to  be  modified 
by  making 

PmB=P\\    Pn^Pr^PMM^^Ps]    PfM^PMM^P^^'O. 
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TbilS  we  obtain 

A  AAA 

p  cosxp  =j9|008a;n;  p  cos  yp  =p^  cos^n; 

A  A 

p  coBzp  =  p^  COS  zn (7.) 

P=  J^Pi'coB?xn+pl  cx)a^ y n+ pi' cos* z^n\  ...(8.) 
Tbe  equatioiiB  7  are  easily  traDaformed  into  the  following  :— 

^^    A  A  A  A  A  A         ' 

coaxn_cosxp  ^  coayncoayp  ^  coszn    coszp 

p      Pi  '~p^'''~pr''~p^"''^^'''^^'^ 

Which  equations  being  squared  and  added,  and  the  square  root  of 
the  sum  extracted,  give  the  following  value  for  the  reciprocal  of  the 
uj^enaity  required  : — 


^  well  known  equation  of  an  dlipsoid,  in  which  />„  p^  p^,  denote 

wemee  aemi-axes,  and  p  the  semidiameter  in  any  given  direction. 

The  coidne  of  the  obliqtdty  of  the  stress  ^  is  given  by  the  equation 

A  A  A  A  A  A  A 

®°"»P  =  co8a;noo8a?^-{-cosy»cosyj9  +  co8«ncos«^ 

A  A 

g  jp  ,  cosP  yjp  ,  cos 

Pt         ~ 

1/         .  ^     .  ^ 

=  -(l>i<»8  «n+Pf008"yn+;3iCos»«n)> (11.) 

p  *  \     / 

ukd  this  oosiney  by  being 

positive  1  indicates  (  a  pull  ) 
nothing  >  that  the  <  a  shear  > 
negative  j  stress  j9  is  (  a  thrust  j 

108L  flncM  Psndiel  tm  Oae  pimae. — In  most  piuctical  questions 
K^Mcting  the  stress  in  structures,  the  directions  of  the  stresses 
cUfiflj  to  be  considered  are  parallel  to  one  plane,  to  which  their 
plaaeB  of  action  are  perpendicidar,  the  remaining  stress,  if  any, 
being  a  principal  stress,  and  perpendicular  to  the  pmne  to  which  the 
cv^bere  are  parallel 

The  problems  concerning  the  relations  amongst  stresses  parallel 
to  one  plane,  might  be  solved  by  considering  them  as  particular 
cases  of  the  more  general  problems  respecting  stresses  in  any  direo- 
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tion,  which  have  been  treated  of  in  Articles  105,  106,  and  107 ; 
but  the  complexity  of  the  investigations  and  results  in  th<we 
Articles^  makes  it  preferable  to  demonstrate  the  principles  relating 
to  stresses  parallel  to  one  plane,  independently. 

^Problem  L  T/ie  intensities  and  directions  of  a  pair  qfoonjugat$ 
stresses,  parallel  to  a  plane  which  is  perpendicular  to  tJieir  planes  of 
action,  being  given,  it  is  required  to  find  tlis  direction  and  intensify  oj 
tlie  stress  on  a  fourth  plane,  perpendicidar  also  to  the  first  mentiomed 
plcme. 

In  fig.  61,  let  the  plane  of  the  paper  represent  the  plane  to  which 

the  stresses  are  parallel ;  let  O  X  and 
O  Y  represent  the  directions  of  the  pair 
of  conjugate  stresses,  whose  intensities 
are  p,  and  />, ;  and  let  A  B  be  the  plane, 
the  stress  on  which  is  sought    Consider 

the  condition  of  a  prism,  O  A  B,  bounded 

o        B  X      7        by  the  plane  A  B,  and  by  planes  parallel 
Fig-  61.  to  OX  and  OY  respectively.    The  force 

exerted  by  the  other  parts  of  the  body  on  the  face  O  A  of  the 
prism,  will  be  proportional  to 

on  O  Y  take  OE  to  represent  that  force.  Tlie  force  exerted  by  the 
other  parts  of  the  body  on  the  &ce  O  B  of  the  prism,  will  be  pro- 
portional to 

on  O  X  take  OD  to  represent  this  force.  The  force  exerted  by  the 
other  parts  of  the  body  on  the  face  A  B  of  the  prism,  must  balance 
the  forces  exerted  on  O  A  and  A  B ;  therefore  complete  the  paial* 

lelogram  0  D  K  E  ;  its  diagonal  O  R  will  represent  the  direction  and 
amcvaU  of  the  stress  on  A  B,  and  the  intensity  of  that  stress  will  be 

OR 
^'  =  11 

B-OXcos^:^XOy] 


^     ,f;.;'0B'-H;);'0A^-H2p,/>,0 
'^\  0B'+0A*-20B-0. 


Acos^^XOY.  j 

The  parallelogram  marked  in  the  figure  with  the  capit&l  letters 
R,  E,  corresponds  to  the  case  in  which  p,  and  p,  are  of  the  samt 
kind,  both  pulls,  or  both  thrusts,  in  which  case  p^  is  of  the  same 
kind  also ;  the  parallelogram  marked  with  the  small  letters,  r, «, 
corresponds  to  the  case  in  which  p,  and  p,  are  of  opposite  kinds,  one 
being  a  pull  and  the  other  a  thrust ;  in  which  case  p^  agrees  in  kind 
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with  that  one  of  the  given  conjugate  stresses  whose  direction  fidls 
to  the  same  side  of  A  B  with  it.  When  O,.  is  parallel  to  A  B,  p^  is 
a  shear^'or  tangential  stress.  v 

Pboblem  IJL  The  intensUies  and  directions  of  the  stresses  on  a 
pair  of  planes  perpendicular  to  eajck  other  <md  to  a  plane  to  which  the 
dresses  are  paraM,  being  given,  U  is  required  to  find  the  iniensUy 
and  direction  of  the  stress  on  a  plane  in  cmi/ position  perpendicular  to 
that  plans  to  which  the  stresses  are  parallel. 

In  fig.  52y  let  the  plane  of  the  paper  represent 
the  pluie  to  which  the  stresses  are  parallel,  and 
OXy  OY)  the  pair  of  rectangular  planes  on 
iduch  the  atreases  are  given.  Let  those  stresses 
be  resolved,  as  in  Article  99,  into  rectangular 
normal  and  tangential  components.  Let  p^x  de- 
note the  intensity  of  the  normal  stress  on  the 
plane  O  Y,  which  stress  is  parallel  to  O  X ,  let 
p^  denote  the  intensiiy  of  the  normal  stress  on 
the  plane  O  X,  which  stress  is  parallel  to  O  Y. 

In  virtae  of  the  Theorem  of  Article  103,  the 
taogential  stresses  on  those  two  planes  must  be  of  equal  intensity; 
and  they  may  therefore  be  denoted  by  one  symbol,  J7xy>  which  sym- 
bol may  be  read  as  meaning 

the  intensity  of  T  a? )   on  a  plane 
the  stress  along  |  y  j    normal  to 

Let  0  N  be  a  line  normal  to  the  plane  the  stress  on  which  is 

■OQg^t,  inAViTtg urith  O X  the  anffle  "KON  =  xn.  Consider  the 
ooiidition  of  a  prism  O  A  B,  of  the  length  uniti/y  bounded  by  the 
planes  OAj.y,  OBj.fl^  ABJ.ON.  The  areas  of  the  faces  of 
that  prism  have  the  following  proportions  : — 

OBs=  AB  *  cosa;9»;  OA  =:  AB  *  sin  a;7i. 

Ute  fbioes  exerted  on  the  £M)e8  O  A  and  O  B,  in  a  direction  parallel 
to  z,  cMUflst  of  the  normal  stress  on  O  B,  and  the  tangential  stress 
on  OA;  that  ia  to  say, 

(  A  A    ) 

Pm'OB'\' pxf'OA  =  AB-  <p^-cosa:n+  p^'sinxn  >  • 

Let  this  be  represented  by  O  D. 

The  forces  exerted  on  tie  faces  OA  and  OB,  in  adirection  paral- 
lel to  f,  consist  of  the  normal  stress  on  OA,  and  the  tangential 
streas  on  O  B ;  that  is  to  say, 

P^OB -hp^'OA  =AB-  ipxf*ctMxn  +  p„'mnxn\- 
Let  this  be  represented  by  OR 


{1} 
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Complete  the  rectangle  O  D  R  E  ;  the  amount  and  direction  of 
the  stress  on  A  B  will  be  represented  bj  itw  diagonal, 

0R=  ^(OD^  +  OE^) 
and  the  intensitff  of  that  stress  bj 

OR  f  A  A 

A  A      \ 

+  2pxy {pxx+  Pifp) COS  xn ' an X n  > (1.) 

Erom  R  draw  R  P  perpendicular  to  the  normal  O  N;  then  the 
normal  and  the  tangential  components  of  the  total  stress  on  A  B  will 
be  represented  respectively  by 

OP  =  OD  -cosajn+OEsinan; 

PRssr.  Oli  •  cos  xn  -  ODsin  xn; 
and  the  irUensUiea  of  these  components  by 


OP  ,  A  .  ,  >^    .  o  A     .     A 

Pn  =  "==  =  ^xar" cos' asn+^yy* Sin" a;w  +  2p;py* COS  an 'Sin  aj»j 
AB 


(2.) 


Pt  =  "^^  =  {pyp  —pxx)  COS  an  •  Sin  an  +  pxy  (cos" an  —  sin' an)., 
AB  ^ 

The  obliquity y  .*£^  N  O  R  =  n  r,  of  the  stress  on  A  B  is  given  by 
the  equation 

tan  n'r  =  A.  .J (3.) 


-'tJ 


( 


109.   Principal  Axes  of  SttroM  Parallel  «•  On«  Plaae. — ^ThBOBEK. 

For  even/  condition  of  stress  pa/rallel  to  one  plane,  there  are  tux>  ptanes 

pgrpendicviar  to  each  other,  on  which  tJiere  is  no  tangential  stress. 

/     As  in  Article  108,  let  the  three  rectangular  components,  pgxt 

Pwp  Pxyt  of  the  stress  on  two  rectangular  planes,  O  Y,  OX,  be  given. 

l%e  condition,  that  there  shall  be  no  tangential  stress  on  a  plane 

normal  to  O  N,  is  expressed  by  making  Pt  =  0  in  the  second  of  the 

equations  2  of  that  Article;  and  in  order  that  this  may  be  fulfilled, 

we  must  have 

A       .     A 
oos  a  n  •  sm  g  n    _      pxy 

cos' a  n  -  sin*  a  n      ^**~Pw 

or,  what  is  the  same  thing, 

tan2an  =  -^-.. (1.) 
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Nov  for  two  values  of  x  n,  difiering  by  a  right  angle^  the  values  of 

km2xn  are  equal;  hence  there  are  two  directions  of  the  normal 

ON  perpendicular  to  each  other,  which  fulfil  the  condition  of  having 

DO  tangential  stress. 

Those  two  directions  are  called  principal  aoces  of  stress,  and  the 

along  them  (which  are  conjugate  to  each  other)  principal 


I      Pm 


There  may  be  a  third  principal  stress,  conjugate  and  at  right 
angles  to  the  fiist  two;  but  as,  with  one  exception,  the  ensuing  in- 
vestigations of  this  section  relate  to  stresses  upon  planes  parallel  to 
the  direction  of  this  third  principal  stress,  which  does  not  affect 
EoA  planes,  it  may  be  left  out  of  consideration. 

The  most  simple  mode  of  expressing  the  relations  amongst  inter- 
nal stresses  parallel  to  a  plane  is  obtained  by  taking  the  two  prin- 
cipal axes  of  stress  in  that  plane  for  axes  of  co-ordinates;  and  tins  ^ 
is  done  in  the  ensuing  Articles. 

110.  B«Md  PrlHcipal  SInmcw— Flald  PnM«««— ThEOREU  L    I/a 

fair  tf  principal  stresses  he  of  the  same  kind  and  ofeqiud  intensity, 
€Kry  dress  parallel  to  the  same  plane  is  o/the  same  kind,  ofeqval  in- 
teii^,  atnd  normal  to  its  plane  ofaxiion, 
^\si  fig.  53,  let  OX,  OY,  be  the  direo- 
tkms  of  the  given  principal  stresses,  and 
fm  Pp»  their  intensities.     By  the  condi- 
tioDS  of  the  question,  those  intensities  are 
^quJy  or 

Let  it  be  required  to  find  the  direction 

ind  intennty  of  the  stress  on  any  plane  ^' 

AR     As  in  Article  108,  consider  the 

condition  of  the  triangular  prism  O  A  B; 

and  let  the  length  of  that  prism,  in  a 

direction    perpendicular    to    the    plane 

XOYbeuni^.     Then^the  total  stresses  *^- ^^• 

on  the  &ce8  OB  and  0  A  will  be  respectively — 

p,  •  O  B  and  j»,  •  O  A. 

On  OX  and  O  Y  respectively,  take  OD  to  represent  p, •  O B,  and 
OK  to  represent  p,  •  OA;  complete  the  rectangle  O  D  R  E;  then 
its  disgonal  OB  will  represent  the  amount  and  direction  of  the 
■tress  on  the  face  AB  of  the  prism,  and  the  intensity  of  that  stress 

vfflbe  

OR 
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Now,  because  p,  =  p^  we  have 

OD  OB     •      OR 


OB  OA  AB' 

and  consequently 

and  because  of  the  siinilarity  of  the  triangles  AOB,  OEB,OE 

is  perpendicular  to  A  B.  Therefore,  the  stress  on  each  plane  per- 
pendicular to  X  O  Y  is  normal,  and  of  equal  intensity  in  all  ^^ko- 
tions.— Q.  E.  D. 

In  this  case  it  is  obvious,  that  every  direction  in  the  plane 
X  O  Y  has  the  properties  of  an  axis  qftiru^ 
"*  CoROLLART.    If  the  stress  in  all  dirdbtionsparallel  to  a  given  plane 
be  normal,  it  must  be  of  equal  intensity  in  all  those  directions. 

Theorem  II.  In  a  perfect  Jknd,  the  preaswre  ai  a  given  point 
is  normal  amd  of  equal  intendty  in  all  directiom, 

VinM  is  a  term  opposed  to  eolidf  and  comprehending  the  Uquid 
and  gaseous  conditions  of  bodies,  which  have  been  defined  in  Article  4. 
The  property  common  to  the  liquid  and  the  gaseous  oonditions  in 
that  of  not  tending  to  preserve  a  d^rwte  shape,  and  the  possession  of 
this  property  by  a  body  in  perfection  throughout  all  its  parts,  con- 
stitutes that  body  a  perfect  fluid.  The  parts  of  a  body  resisting 
iteration  of  shape  must  exert  tangential  stress;  a  pwfect  fluid  does 
not  resist  alteration  of  shape;  th^^ore  the  parts  of  a  perfect  fluid 
cannot  exert  tangential  stress ;  therefore  the  stress  exerted  amongst 
and  by  them  at  every  point  and  in  every  direction  is  normal ;  there- 
fore at  a  given  point,  it  is  of  equal  intensity  in  every  direction. 
-4J.E.  D. 

This  theorem,  and  its  consequences,  form  the  branch  of  statics 
called  Hydrostatics,  which  is  sometimes  treated  of  separately,  but 
which,  in  this  treatise,  it  has  been  considered  more  convenient  to 
include  in  the  subject  of  the  statics  of  distributed  forces  in  general 

Gaseous  fluids  always  tend  to  expand,  so  that  the  stress  in  them 
is  always  a  pressure.  Liquid  fluids  are  capable  of  exerting  to  a 
slight  extent  tension^  or  resistance  to  dilatation,  as  well  as  pressure; 
but  in  all  cases  of  practical  importance  in  applied  mechanics,  the 
only  kind  of  stress  in  liquids  which  is  of  sufficient  magnitude  to  be 
considered,  is  pressure. 

The  term  fluid  pressure  is  used  to  denote  a  thrust  which  is  normal 
and  equally  intense  in  all  directions  round  a  point 

The  idea  of  perfect  fluidity  is  not  absolutely  realized  by  actual 
liquids,  they  having  all  more  or  less  a  tendency  in  their  parts  to 
r^ist  distortion,  which  is  called  viscosity^  and  which  constitutes  an 
approach  to  the  solid  condition ;  nevertheless,  in  problems  of  applied 
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hydrostatics,  the  assumption  of  perfect  fluidity  gives  results  near 
enough  to  the  truth  for  practical  purposes. 

111.  Opp«»ite  FriBdpoi  liirt— w. — ^Theoreil  If  a  pair  of  prm^ 
dped  stresses  be  of  eipial  trUensitieSy  hut  of  opposite  hinds,  the  stress 
on  any  plane  perpendicular  to  ike  plane  of  the  directions  of  the 
principal  stresses  is  of  the  same  intensity,  and  the  angles  tohtch  its 
diredion  mahea  with  the  normal  to  its  jAane  are  bisected  by  the  axes 
of  principal  stress. 

In  fig.  53,  let  the  stresses  acting  along  the  rectangular  axes  OX, 
OY,  he  as  before,  of  equal  intensity;  but  let  them  now  be,  not  as 
hefore,  of  the  same  kind,  but  of  opposite  kinds,  one  being  a  thrust 
and  the  other  a  pull : — a  condition  expressed  by  the  equation 

jPf  =  —/>.; 

ud  let  it  be  required  to  find  the  direction  and  intensity  of  the  stress 

on  the  plane  A  B,  to  which  OR  is  normal  

In  this  case  OD  is  to  be  taken  as  before,  to  represent  jp.  *  OB, 
the  total  stress  on  the  hioe  OB  of  the  triangular  prism  O  A  B; 
hot  instead  of  taking  0£  in  the  direction  from  0  towards  B,  to 
represent  the  total  stress  on  O  A,  viz.,  p,  *  OA,  we  are  now  to  take 
Oe  of  equal  length,  but  in  the  contrary  direction.  Complete  the 
wcfauagle  ODre;  then  the  diagonal  Or  will  represent  the  total  stress 
on  AB.    The  intensity  of  this  stress  is  the  same  as  before,  viz., 

bat  its  direction  Or,  instead  of  being  perpendicular  to  A  B,  makes  an 
angle  XOr  on  one  side  of  the  axis  OX,  equal  to  the  angle  XOE 
which  the  normal  OR  makes  on  the  other  side  of  that  axis;  and 
OX  Insects  the  angle  of  obliquity  ROr. — Q.  R  D. 

The  stress  p,  agrees  in  kind  with  that  one  of  the  principal  stresses 
to  which  its  direction  is  nearest ;  and  when  it  makes  angles  of  45° 
with  each  of  the  axes,  it  is  shearing  or  tangential;  so  that  a  pull 
and  a  thrust  of  equal  intensity,  on  a  pair  of  planes  at  right  angles  to 
each  other,  are^  equivalent  to  a  pair  of  shearing  stresses  of  the 
aune  intensity  on  a  pair  of  planes  at  right  angles  to  each  other, 
and  making  angles  of  45°  with  the  first  pair. 

112.  BUipM  mf  sctvM. — Pbobleic  L  a  pair  of  principal  stresses 
ofai^  intensities,  and  of  the  same  or  opposite  kinds,  being  given,  it  is 
reqwed  tofnd  the  direction  and  intensity  of  the  stress  on  a  plane  in 
any  position  at  right  angles  to  the  plane  parallel  to  which  the  two 
prineipal  stresses  acL 

Let  OX  and  OY  (figs.  54  and  55),  be  the  directions  of  the  two 
principal  stresses;  O  A  being  the  direction  of  the  greater  stress. 


^  I 
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Let  p^  be  the  intensity'  of  the  greater  stres&  ; 
and  p,  that  of  the  less. 


•-» 


Q  y 


The  kind  of  stress  to  which  each  of  these  belongs,  pull  or  thmsty 
18  to  be  distinguished  by  means  of  the  algebraical  signs.  If  a  pull 
is  considered  as  positive,  a  thrust  is  to  be  considered  as  negative, 
and  vice  versd.  It  is  in  general  convenient  to  consider  that  kind 
of  stress  as  positive  to  which  the  greater  principal  stress  belongs. 
Fig.  d4  represents  the  case  in  which  je7,  and  p,  are  of  the  same  kind; 
fig.  55  the  case  in  which  they  are  of  opposite  kinds.  In  all  the 
following  equations^  the  sign  of  p,  is  held  to  be  implied  in  that 
symbol 

Consider  the  two  equations 

P'—       2  2      ' 

P'  =  ~2       -       2      ' 

From  these  it  appears,  that  the  pair  of  stresses,  p,  and  p,,  may  be 
considered  as  made  up  of  two  pairs  of  stresses,  viz.: — a  pair  of 
stresses  of  equal  intensity  and  of  the  same  kind;  whose  common 

value  is  ^'       ^',  and  a  pair  of  stresses  of  equal  intensity,  but 
2 


opposite  kinds,  whose  values  are  + 


P^  —  P, 


-       2 

Now  let  A  B  be  the  plane  on  which  it  is  required  to  ascertain  the 
direction  and  intensity  of  the  stress,  and  ON  a  normal  to  that  plane, 
making  with  the  axis  of  greatest  stress  the  angle 

^XON  =  A 
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On  O  N  take  OM  =  ^*      ^"j  this  will  represent  a  normal  stress 

QQ  AB  of  the  same  kind  with  the  greater  principal  stress,  and  of 
an  intensity  which  is  a  mean  between  the  intensities  of  the  two 
principal  stresses  j  and  this,  according  to  Article  110,  Theorem  I., 

will  be  the  effect  npon  the  plane  AB,  of  the  pair  of  stresses  ^*  ^.  ^^ 

Through  M  draw  PMQ,  making  with  the  axis  of  stress  the  same 
ai^es  which  ON  makes,  but  in  fiie  opposite  direction;  that  is  to 
say,  take  MP  =  STQ  =  MO.     On  the  line  thus  found  set  off  jfrom 

M  towards  the  axis  of  greatest  stress,  MR  =  ^'  ~  ^^     This,  ao- 

cciidingto  Article  111,  will  represent  the  direction  and  the  intensity 
<rf  the  oblique  stress  on  AB,  which  is  the  effect  of  the  pair  of  stresses 

Vn  —  Vw 
2      • 

Join  OR  Then  will  that  line  represent  the  resultant  of  the 
^noes  represented  by  OM  and  MR;  that  is  to  say,  the  direction  and 
intensity  of  the  entire  stress  on  AB. — Q.  E.  I. 

The  algebraical  expression  of  this  solution  is  easily  obtained  by 
iDeans  of  the  formula  of  plane  trigonometry,  and  consists  of  the  two 
following  equations: — 

Intensity,  ORorp,  =  J  {|^*cos'a;w  +  pj  -sin'^w} (1.) 

an  equation  which  might  have  been  obtained  by  making  p^  =  0  in 

equation  1  of  Article  108,  Problem  IL 

A 
Obliquity,  ,^  N  O  R  orn  r. 

=  arc  sin  *  fsin  2xn'^^ — ^J (2.) 

This  obliquity  is  always  towards  the  axis  of  greatest  stress. 
In  fig.  54,  p^and  p,  are  represented  as  being  of  the  same  kind; 
uidMRiB  consequently  less  than  OM,  so  that  OR  falls  on  the 

•nie  aide  of  OX  with  ON,  that  is  to  say,  n  r  .^^  xn.  In  &g.  dS, 
p«aiidp,  are  of  opposite  kinds,  MR  is  greater  than  OM,  and  OR 

A    A 

nils  on  the  opposite  side  of  OX  to  OM;  that  is  to  say,  nr^^  xn. 
The  locus  of  the  point  M  is  obviously  a  circle  of  the  radius 

^4^>  *""^  *^**  ^  *^®  P^^*  -^  *^  ellipse  whose  semi-axes  are 

f.  and  p^  and  which  may  be  called  the  Ellipse  of  Stress,  because 
its  semidiameter  in  any  direction  represents  the  intensity  of  the 
Btres  in  that  diicction. 


t 
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The  principal  stresses,  being  represented  by  the  semi-axes  of  this 
ellipse,  are  respectively  the  greatest  and  hokst  of  the  stresses  parallel 
to  the  plane  XO  Y. 

The  direct  and  shearing,  or  normal  and  tangential  components  of 

OB,  =  Pr  are  found  hj  letting  fall  a  perpendicular  from  B  upon 
O  N,  and  are  as  follows: — 

Direct,  Pn  =  p^  '  cos*na?  4  p,  *  sin' a;n; (3.) 

Shea/ring, Pi  =  {p^  -  p,)  QO&xn'  sina;n; (4.) 

equations  which  might  have  been  deduced  {rem  the  equations  2  of 
Article  108,  Problem  IL 

Erom  equation  3  it  is  obvious,  that  the  sum  of  the  normal  stressa 
on  a  pair  of  planes  ai  right  angles  to  each  other  is  equal  to  the  «um 
of  the  principal  stresses ;  and  from  equation  4  follows  the  principle, 
already  demonstrated  otherwise  in  Article  104,  of  the  equality  of 
the  shearing  stress  on  a  pair  of  planes  perpendicular  to  each  other. 

pROBLEH  II.  A  pair  of  principal  stresses  being  given,  it  is  required 
to  find  the  positions  of  the  planes  on  which  the  shear,  or  tangendd 
comjxment  of  tlie  stress,  is  most  intense,  and  the  intensity  of  that  ihea/r. 
It  is  evident  that  the  shear  is  greatest  when  M  B  is  perpendicular 

to  O  M;  and  then  M  B  itself  represents  the  intensity  of  the  shear; 
that  is  to  say, 

maximum  Pi  =s^ — r-^'  (5.) 

In  this  case,  A  B  is  either  of  the  two  planes  which  make  angles 
of  45°  with  the  axes  of  stress. 

Problem  III.  To  find  the  plam/es  on  which  the  obliquity  of  the 
stress  is  greatest,  the  intensity  of  that  stress,  and  the  angle  of  its 
obliquity. 

Case  1.  Whenthe  pridnpal  stresses  are  of  the  same  kind.  (Fig.  54) 
In  this  case  MB  .^^rr:  MO,  and  it  is  evident  that  the  angle  of 

obliquiiy,  .*£^MOB  =  nriB  greatest,  when  M B  is  perpendicular 
to  O  B,  and  that  its  value  is  given  by  the  equation 


A  MB 

maximum  nr  —  arc •  am  •        - 

OM 

=  arc'sin^'~^r (6.) 

To  find  the  position  of  the  normal  ON  to  the  plane  A  B,  we  have  to 
consider  that, 

xn  =   i^  PMN; 
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but^  PMN  =  ^  MRO  +  ^  MOR 

A 

=  90**  +  max.  nr; 
oonaeqaeiitlj  in  this  case, 

A       90O  +  max.  nr  ,^. 

«?«  = 2 ^  '^ 

(an  obtuse  angle). 
And  for  the  position  of  the  plane  AB  itself,  we  have 

A 

^  v  /\  A        oAo         ^        ^^  —  max.  nr  ,q  * 

.^^XOA  =  90  — xn=   s (8.) 

(an  acute  angle). 

These  eqnationB  ajmlj  to  a  pair  of  planes,  making  equal  angles 
at  opposite  sides  of  O  X. 

The  intensUy  of  the  most  obUque  stress  is  obviously 

=  J  { <£4^"-<£^" }  =  j(p.p,y (9.) 

or  a  mean  proportional  between  the  principal  stresses.      This  is 
otherwise  evident  from  the  consideration,  that  when  O  B  -L-  PBQ, 

then  OB  =  ^  (PR    RQ),  and  that  RQ  =  p«  PR  =  p^ 

Cask  2.  When  the  principal  stresses  are  of  opposite  lands  (fig.  55), 
it  IB  evident,  that  the  most  oblique  stress  possible  is  a  tangential 
stress,  and  that  the  problem  amounts  to  finding  the  circumstances 
under  which  O  R  lies  in  the  plane  AR  In  this  case  it  is  evident, 
that  the  triangle  OMR  becomes  right-angled  at  O,  and  conse- 
quently, that  the  intensity  of  the  stress  is  given  by  the  equation 

=  J{-p^p.), (10.) 

being,  as  before,  a  mean  proportional  between  the  principal  stresses. 
The  product  —  />«  p,  is  a  positive  quantity,  notwithstanding  its 
negative  sign,  beoEtuse  p,  in  this  case  is  implicitly  negative. 
The  position  of  the  normal  O  N  is  found  by  considering,  that 

«n  =  -^^PMN, 

andthat        ^-:  PMN  =  .^  MO  R  +  ^-r:  MRO 

=  90*  +  arc- sin  ^^^-^^^i 

p.  -  Pf 
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ooDsequenilyy 


A=  llQO^'  +  aTC -sill -25^:^1 
(an  obtuse  angle); 

^  XOA  =  90^  — A  =  i^  {  90**— 


arc  'Sin 


.P*+Pf 


(11.) 


(an  acute  angle). 

In  these,  &s  in  the  other  formuUe  applicable  to  the  case  in  whidi 
p,  and  p,  are  of  opposite  kinds,  it  is  to  be  borne  in  mind  that  p, 
is  impCicUlt/  TiegcUive,  and  that  consequently  p,  +  p,  means  the 
difference,  and  p^,  —  p^  the  sum,  of  the  cmthmetical  values  of  the 
principal  stresses. 

Problem  I  Y.  Ths  inleruitiee,  kinds,  cmd  obliquities^  of  <Kvy  two 
stresses  whose  planes  of  action  are  perpendicvXar  to  the  piUme  ofthwr 

directions,  being  given,  it  is  required  tofindthe 
principal  stresses  and  axes  of  stress.     Case  1. 
When  the  given  stresses  are  of  the  same  kind, 
and  unequal. 

In  £ig.  56,  let  A  B,  A'  F,  represent  the 
given  planes^  ON,  ON*,  their  normals,  0R> 
O  B!,  the  stresses  upon  them. 

Let  the  intensities  be  denoted  algebraically 
by 

p  =  ORj  p  =  OR', 

fig.  66.  and  the  obliquities  by 

^  'NOn^nr;  ^  N'OR'=  w^/. 

In  fig.  57,  take  O  N  to  represent  at  once  the  normals  to  both 
plane& 

Make  ^  NOR  =  n'V;  ^NOR'  =  »>'; 

OR  =p;  OR'  =  ^. 

Join  RR',  bisect  it  in  S,  from  which  draw  SM  J-  RR',  cutting 

K  OMinM.  Join  MR,  MR', 
which  lines  are  evidently 
equal.  Then  from  a  com- 
parison of  the  construction 
of  this  figure  with  the  gene- 
ration of  the  ellipse  of  stress, 
as  described  under  Problem 
Fig.  67.  L,  is  evident,  that 
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and  ooEseqaently  that  the  piincipal  stresses  axe 


^,=  OM  +  Mll;|?,=  OM-MIt; (12.) 

and  it  is  also  evident,  that  the  angles  made  by  the  axis  of  greatest 
ttresB^  wiUi  the  two  normals  respectively,  are 

A— i^NMR;/n'=v-^NMR'j (13.) 

vhidi  data  are  sufficient  to  determine  the  position  of  the  axes.— 
Q.EL  >^ 

Case  2.  When  the  given  stresses  a/re  of  opposite  kinds,  the  con- 
fltniction  is  the  same  in  every  respect,  except  that  the  lesser  of  the 
^ea  stresses  most  be  represented  in  fig.  57  by  a  line  in  the  pro- 
Um^aiion  of  its  direction  beyond  0,  makmg  an  obtuse  angle  with 
OK,  equal  to  the  supplement  of  its  obliquity. 

In  either  of  the  two  cases  that  have  been  stated,  the  angle 
betveen  the  normals  to  the  two  given  planes  must  have  one  or 
ofcher  of  the  two  following  values  : — 

A,      (ciiherxn  +  xn^^^H^M.S)  ,_.. 

nn=^  ^         ^  V (14.) 

(or       X  n  —  X n  —  .^i^lRMS  ) 

iooofding  as  the  two  normals  are  at  opposite  sides,  or  at  the  same 
ade  of  the  axis  of  greatest  stress. 

The  solution  of  cases  1  and  2  is  expressed  algebraically  by  the 
foDowing  equations,  which  are  deduced  from  the  geometrical 
fohtion  by  means  of  well  known  formulae  of  trigonometry  : — 

?=i&  =  OM=  P'-P"" ^; (15.) 

2     -urn-  ^  A\'  ^     ^ 

2  (j?  cos  n  r  -p'  cos  rv  rJ 
J^^'  =  M'R  =  ME? 

=  ^|(£LiE^  +  p?-(p,+p,)pcos  t/V} 
«V|(tJ_&I%p'..(p,  +  p^)p.cosn^r}; (16.) 


A 

008  2  as  n  =  — *- '^ — "  ; 

A 

008  2  xn  =  -^- ^ — *-^- 


.(17.) 
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In  Tising  these  equations,  it  is  to  be  observed  that  the  cosine  of 
an  obtuse  angle  is  negative. 

Simplified  Forma  of  Cases  1  and  2. 

Case  3.  When  (M  two  gwen  stresses  a/re  covijugaJte^  they  are  of 
equal  obliquity;  and  the  points  O,  K,  S,  B^  in  fig.  57,  are  in  one 
straight  line,  to  which  M  S  is  perpendicular ;  the  angle  between 
the  two  normals  being 

^NMS=:rrn'  =  90'-4n'V (la) 

In  this  case,  equation  15  becomes 


2  o        '^  '■ 

2  cos  nr 


.(19) 


equation  16  becomes 


J 


I  4  cos' nr  I 


.(20.) 


equations  17  are  modified  only  by  the  equality  of  n  ¥*  to  nr. 

Case  4.  When  the  plcmes  of  action  of  the  ttoo  given  stresses  an 
perpendicular  to  each  other,  M  S  is  perpendicular  and  B.  R'  parallel 
to  O  N,  in  fig.  57,  so  that  we  have,  for  the  tangential  component  of 
each  stress, 

MS ^jE> Sin nrssp* Sinn  f^=pr 
Let  the  normal  components  of  the  given  stresses  be  denoted  by 

^       ,  {" 

p,  =p  cos  n  r ;  p^  =p'  cos  n  r. 

Then  equation  15  becomes 

2      "      2       ^' 
equation  16  becomes 

2^14 
The  equations  17  become 

cos  2  a;  n  =  -  cos  2  ar  n'  =r  P*"^*  : 

P.-Pr 
or,  what  is  equivalent,  }. (23.) 

tan  2  ten  =  -tan  2  cc'n'  =  -A&_ 
being  the  same  with  equation  1  of  Article  109. 


4-P?} 


(21.) 


(22.) 
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PsoBi^if  V.  The  8tres8  in  every  direction  being  a  thrust,  and  the 
greateet  Miquity  being  gvoen^  it  is  required  to  find  Hts  ratio  oft/wo 
amjitgate  thrueta  iohoee  commcn  obliquity  is  given. 

Let  9  denote  the  giveii  greatest  obliquity.  Then  according  to 
PrDbtkanllL, 

Let  fi  r,  which  must  not  exceed  ^,  denote  the  common  obliquity 
of  a  pair  of  conjugate  thrusts,  so  that,  as  in  Problem  lY.,  case  3, 

90** +  nr 

ihsU  he  the  angle  between  the  normals  to  their  planes  of  action, 
and 

90°_„r 

the  aogle  between  those  planes  themselves.  Let  p  be  the  intensity 
of  the  greater,  and  p'  that  of  the  less,  of  those  conjugate  thrusts 
vhoie  ratio  is  sought ;  then  dividing  equation  20  of  this  Article  by 
eqoatioQ  19,  and  squaring  the  result^  we  find 

ortnnqKNing 

(p+py      cos'wr    ,25V 

App'  "*   cos'^ 

Hence  it  follows  that  the  ratio  of  the  conjugate  stresses,  p,  p",  is 
tint  of  tiie  two  roots  of  a  quadratic  equation. 

tt'— 2cosnr't»  +  co8»(p=  0 (26.) 

that  is  to  say,  let  p  be  the  greater  thrust,  and  y  the  less,  then 

pf     cosnr  —  J  {cosrnr  —  cos'  P) /27\ 

^     cosnr  +  ^(cos'fir — cos*^) 

^en  A  r  =  0,  this  becomes  the  ratio  of  the  principal  thrusts,  viz.  :^ 

p^^l--8inf (28.) 

p,      1  -»-  sin  ^ 

^faen  •  r  ^  9,  the  ratio  becomes  that  of  equality. 
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113.   C^mMncd  Strewcs  in  One  Plaiie.~pROBLElL    Gvoenthenoir- 

mal  intensities  cmd  directions  of  any  number  ofsimji^  str^ses  uhtm 
directions  wre  in  the  same  plane;  required,  Hie  directions  amd  imiok- 
sities  of  the  pair  of  principal  stresses  resulting  from  Oievr  combinatiotk 

Distinguish  the  pulls  from  the  thrusts  by  considering  the  kind 
whose  sum  is  greatest  as  }X)sitive,  and  the  opposite  kind  as  negatira 
Assume  two  planes  at  right  angles  to  each  other  (which  may  be 
called  planes  of  reduction),  to  each  of  which,  by  the  process  of 
Article  98,  reduce  all  the  given  stresses ;  and  then  resolve,  as  in 
Article  99,  each  of  the  reduced  stresses  thus  obtained  into  a  direct 
or  normal,  and  a  shearing  or  tangential  component.  Compute 
(attending  to  the  positive  and  negative  signs)  the  two  sums  of  the 
direct  component  stresses  on  the  two  planes  of  reduction  respectively; 
compute  also  the  sum  of  the  shearing  components,  which  will  be 
the  same  for  each  plane  of  reduction  :  lastly,  from  the  pair  of  total 
direct  stresses,  and  the  total  shearing  stress,  thus  computed,  re- 
latively to  the  assumed  rectangular  planes  of  reduction,  determine, 
as  in  Article  112,  Problem  II.,  case  4,  the  directions  and  intensities 
of  the  resultant  principal  stresses. — Q.  K  I. 

The  algebraical  expression  of  this  solution  is  as  follows : — ^Let  n 
be  taken  to  denote  the  normal  to  one  of  the  rectangular  planes  of 
reduction. 

Let  p  denote  the  normal  intensity  of  any  one  of  the  given  direct 

stresses,  and  np  the  angle  which  its  direction  makes  with  the 
normal  n.  The  symbol  2,  as  in  previous  examples,  denotes  the 
operation  of  taking  the  sum  of  a  set  of  quantities,  wiUi  due  regard 
to  their  algebraical  signs,  that  is  to  say,  adding  the  positive  and 
subtracting  the  negative  quantities. 

The  direct  and  shearing  components  of  a  single  stress  p,  as 
reduced  to  the  rectangular  planes  of  reduction  respectivdy^  acooid- 
ing  to  the  principles  of  Article  99,  are  as  follows  : — 

N       al  J  ^^  *^®  plane  normal  to  n,  p  cos' np ; 
(  on  the  other  plane^  p  sint  np ; 

Tangential  on  each  plane,  p  cos  np  sin  np. 

Consequently,  the  total  direct  and  shearing  stresses  on  the  pLanes 
of  reduction,  are  as  follows  : — 

Normal,|^-  =  ^^^'"''7^.' 
Tangential,  p,=  ^\p  cosnp  sin  np). 
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Iniarodncmg  these  values  into  the  equations  21,  22.  and  23,  of 
Article  112,  and  observing  that 

O06*n/>  +  Bm'np=l  j  co^np  —  sin* np  =  cos  2 n|?, 

A      .A      1   .    ^  A 
cos  np  '  sin  np  =  —  sm  2  np, 

we  obtain  the  following  results  : — 

^=^-P (1) 

^2=  2"  *^  ^  ^'  -pcos  2»p)  +  (3  •  p sin 2 np)j--(2-) 

A      1          ^      2*psin2np  ,«v 

naj  =  -2  arc-tan— ^^^ f (3.) 

2 'p  cos  2  np 

The  equation  2  is  capable  of  being  expressed  in  another  form,  as 
followB.     Let  a,  a"  be  any  two  angles.     Then 

COS  a  cos  a'  +  sin  a  sin  di'  =  cos  (a — a'). 

Now  the  quantity  under  the  sign  Jy  in  equation  2,  consists  of  the 
Mowing  dosses  of  terms  : — 

,      ,„  A 

1.  All  the  squares  fr  cos'  2  np ; 

2.  All  the  products  2pp  cos  2  np  cos  2  np'; 

where  p,  p',  are  amy  pair  of  the  given  stresses ; 

,   .  ,  -    A 

3.  All  the  squares  p*  sin'  2  npi 

.    ^  A     .    .  A 

4.  AJl  the  products  2pp'sm2npsm2  npr. 

The  firat  and  third  of  these  classes  being  added  together,  make 

^{jf)\  the  second  and  fourth  make  2  2  (pp'-cos2pp');  pp^ being 
tJie  afigie  between  p  and  p'.     Equation  2  thus  becomes 

^^'=i  V  {^  (pV  2  3  Gr  cosSpp-)}  (4.) 

Firan  the  equations  (1)  and  (4)  it  appears  that  the  irUenmJtnM  of 
the  principal  stresses  p,  and  p,  can  be  computed  without  assnming 
pbnes  of  reduction ;  for  the  only  angles  mvolved  in  this  pair  of 

ettnatioiiB  axe  the  several  angles  p2/»  which  the  given  stresses  make 


^ 
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with  each  other  when  compared  by  pairs  in  ereij  possible  com- 
bination. To  find  the  directions^  however,  of  those  principal  stresses, 
planes  of  reduction  must  be  assumed. 

In  using  the  equation  (4),  it  is  to  be  remembered  that  when 

2pp'  exceeds  90°,  we  have 

cos2pp'  =  —  cos  (l80°  —  2p; 

Sbction  4. — Of  the  Intefmal  Equilibrium  of  Stress  and  Wdghi^ 

wnd  tJie  Frindpies  of  ffydrostaiics, 

114.  Twnrteg  intenua  Stress. — ^The  investigations  of  the  preced- 
ing section  have  been  conducted  as  if  the  internal  stress,  wheth^ 
simple  or  compound,  were  uniform  at  sdl  points  in  the  body  under 
consideration ;  but  their  results  are  nevertheless  correctly  applicable 
to  internal  stress  which  varies  from  point  to  point  of  the  body ; 
for  those  results  are  arrived  at  by  conddering  the  conditions  of 
equilibrium  of  a  pyramidal  or  prismatic  portion  of  the  body  con- 
taining the  point  at  which  the  relations  amongst  the  components 
of  the  stress  are  to  be  determined;  and  when  the  stress  varies  from 
point  to  point,  then  by  supposing  the  pyramid  or  prism  to  be  small 
enough,  its  condition  of  stress  may  be  made  to  deviate  from  uni- 
formity to  an  extent  less  than  any  assigned  limit  of  deviation; 
but  the  truth  of  the  propositions  of  the  preceding  section  for  an 
unifoifm  stress  is  independent  of  the  size  of  the  prism  or  pyramid ; 
therefore  they  can  be  proved  to  deviate  from  the  truth  for  a  vary- 
ing stress  by  less  than  any  assignable  error ;  therefore  they  must 
bTtnie  for  a  vaiTing  as  welir?or  an  tmifon^  stress. 

115.  csaases  of  Taryiag  Stress. — The  internal  stress  exerted 
amongst  the  parts  of  a  body,  may  vary  from  point  to  pointy  finom 
three  classes  of  causes,  viz. : — 

I.  Mutual  attractions  and  repulsions  between  the  parts  of  the 
body; 

II.  Attractions  and  repulsions  exerted  between  the  parts  of  the 
body  in  question  and  external  bodies  ; 

III.  Stress  exerted  between  the  body  in  question  and  external 
bodies  at  their  sur&ces  of  contact. 

I.  The  first  of  these  classes  of  causes  may  be  left  out  of  considerar 
tion  in  the  present  treatise ;  because  the  mutual  attractions  and 
repulsions  of  the  parts  of  an  artificial  structure  are  too  small  to  be 
of  practical  importance  in  the  art  of  construction. 

IL  Of  the  second  class  of  causes,  the  only  force  which  is  of 
sufficient  magnitude  to  be  considered  in  the  art  of  construction,  is 
toeigJU, 

ILL  The  consideration  of  the  third  class  of  causes  belongs  to 
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the  sabject  of  the  strength  of  materiaJs,  which  will  be  treated  of  iu 
the  sequel 

The  subject  of  the  present  section,  therefore,  is  the  relation  be- 
tween the  weight  of  the  parts  of  a  body,  and  the  variation  of  its 
condition  of  stress  from  point  to  point 

116,    Clrawitl  IPfblcm  mt  MmMmnd  BqalUkriuk — Let  to  denote 

•  iT^^*.  ^*^  «nit  of  volume  of  a  body,  or  part  of  a  body,  and  let 
It  be  required  to  determine  what  modes  of  variation  of  internal 
stresB  are  consistent  with  that  specific  gravity. 

Consider  the  condition  of  a  rectangular 
molecule  A  (^.  68),  bounded  by  ideal 
planes,  whoee  edges  are  parallel  to  three 
rectai^ular  axes,  OX,  OY,  OZ.  The 
poation  of  this  set  of  axes  is  immaterial 
to  the  result;  but  the  algebraic  formulse 
ve  simplified  by  assuming  one  axis  to  be 
vertical;  let  O  Z,  then,  be  vertical,  and 
let  distances  sdong  it  be  positive  upwards. 
Then  weight  must  be  treated  as  a  nega- 
tive force  j  and  the  weight  of  a  portion 
of  the  body  of  the  volume  V  will  be  denoted  by 

Let  the  dimexisians  of  the  molecule  A  be 

AW  parallel  to  OX, 

Ay     „        „     OY, 
A«      „         „      OZ. 

Then  its  weight  is  represented  by 

—  w  '  AX  Ay  A  jar. 

^«  six  feces  will  be  designated  as  follows  : — 

Farthest  from  0. 
The  pair  parallel  to  Y  O  Z 

zox 

(That  is,  the  horizontal  pair.)  j    (the  upper.)  / 


Fig.  58. 


n 


99 


99 


» 


99 


}> 


+  Ay  az 

+  AZ  AX 


Nearest  to  0. 

—  Ay  AZ 

—  AZ  AX 


—   AX  A 

(the  lower 


?} 


Let  the  six  intensities  of  the  components  of  the  stress  be  denoted 
M  in  Article  104,  viz.  :— 

Normal,  p^^:^  p^  p„; 
Tangential,  p^,j  p^,  p^ 

As  for  the  signs  of  normal  stress,  let  pull  be  positive  and  thrust 

I 
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n^ativeb    As  for  the  signs  of  tangential  stress,  let  those  stresses 
be  considered  as  <  i^cative  i  ^^^^  ^^^  ^  maJce  the  pair  of  cor- 
ners of  the  molecule  which  are  nearest  and    farthest  £rom  0 
{sharper) 
flatter  j 

In  the  first  place,  let  the  rate  o/variaUon  of  the  stress,  of  what 
kind  soever,  from  point  to  pointy  be  uniform;  that  is  to  say,  for 
example,  if  the  mean  intensity  of  any  one  of  the  components  of 
the  stress  at  the  £Eice  —  Ax  ^1/  he p,  then  at  the  face  +  Ax  Ay, 
whose  distance  from  ~  A  a;  A  y  is  A  xr,  let  the  mean  intenaiiy  of 
the  same  component  be 

in  which  -7^  is  a  constant  co-eflicient  or  factor,  meaning  '^  the  nUe 

of  va/riaHion  of  p  along  z,"  which  is  positive  or  negative,  according 
as  the  variation  of  jp  is  of  the  same  or  of  the  contrary  kind  to  that 
of  «.  RaUa  ofwxriaiMm  are  also  known  by  the  name  of  differtmM 
co-^ffkiefnts.  As  there  are  six:  components  in  the  stress,  and  ihree 
axes  of  co-ordinates,  there  are  eighteen  possible  differential  co- 
efficients of  the  stress  with  respect  to  the  co-ofdinates ;  but  it  will 
presently  appear  that  nirve  only  of  ihose  co-efficients  are  concerned 
in  the  solu&on  of  the  present  problenL 

The  relations  amongst  the  weight  of  the  molecule  A,  and  the 
variations  of  the  intensities  of  the  component  stresses  on  its  differ 
ent  faces,  depend  on  this  principle,  that  the  force  arising  from  the 
varicUions  of  stress  must  balance  the  weight  of  the  molecule;  that  is 
to  say,  the  resultant  force  parallel  to  each  of  the  horizontal  axes, 
which  arises  from  the  variation  of  stress,  must  be  nothing^  and  the 
resultant  force  parallel  to  the  vertical  axis,  which  arises  from  the 
variation  of  stress,  must  be  upward,  and  eqiud  to  tJie  weight  of  the 
molecule — a  principle  expressed  by  the  three  following  equa- 
tions : — 

^^AX'AUAZ  +  ^^Ay'AZAX  +  -^  A»  '  AtC  A  y  =  Oj 

€tx  ay  az 

-^A«"AyAa  +  -^AV'AZAX  +  zQSAZ*AXAVtsO: 

dx  ^  dy     "^  d9  "^  \^\,) 

-^  AX'  Ay  AZ  -*-  -p^  Ay  AZAZ  -{•  J^  AZ'AXAV 

dx  "^  dy     ''  dz  ^ 

=  W*  AX  Ay  AZ, 
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Emu  of  the  nine  terms  which  oompoee  the  left  sides  of  the  above 
equations  is  the  porodnct  of  four  factors;  the  first  being  the  rate  of 
variation  of  a  stress,  the  second  the  distance  between  two  faces  on 
vhich  that  stareas  acts,  and  the  third  and  fourth  the  dimensions  of 
those  &oe8,  whpee  product  is  their  common  area. 

Euh  tenn  of  those  three  equations  contains  as  a  common  factor 
the  Tolmne  of  the  molecule,  ax  ^y^z',  dividing  by  this,  they  are 
ndooed  to  ihe  following : — 

dx  dy  dz  ' 


^P^  4.  ^Pn  .u    ^£s,    —    0- 

dx  ^  dy  ^     dz     '^       ' 

^P*s  .  dpj^  dpa 

dx  dy  dz 


*       (•••••••••  ••Im.  I 


Tn  this  second  form,  the  equations  are  applicable  to  rates  of  varia- 
tion  which  are  not  uniform  as  well  as  to  those  which  are  uniform. 
For  as  the  rectangular  molecule,  from  the  conditions  of  whose 
equilibrium  these  equations  are  deduced,  is  of  arbitrary  size,  it  may 
be  supposed  as  small  as  we  please;  and  when  the  rates  of  variation 
of  the  stress  are  not  imiform,  we  can  always,  by  supposing  the 
molecule  small  enough,  make  the  rates  of  variation  of  liie  stresses 
throui^ont  its  bulk  deviate  from  uniform  rates  to  an  extent  less 
than  any  given  limit  of  error. 

The  equations  2  can  easOy  be  modified  so  as  to  adapt  them  to 
any  different  arrangement  of  the  axes  of  co-ordinates.  Thus,  if  z 
be  made  positive  downwards  instead  of  upwards,  —to  is  to  be  put 
for  w  in  the  third  equation.  If  a;  or  y,  instead  of  z,  be  made  the 
Tertical  axis,  10  is  to  be  substituted  for  0  in  the  first  or  the  second 
eqastkm,  as  the  case  may  be,  and  0  for  w  in  the  third  equation. 
If  the  axes  of  x,  y,  and  z  make  req)ectively  the  angles  «,  /3,  and  y, 
with  a  line  pointing  vertically  upwards,  IJie  force  of  gravity  is  to 
be  resolved  into  three  rectangular  components,  each  of  which  must 
be  separately  balanced  by  variations  of  stress ;  so  that  for 

Oj  0^  w, 

in  the  first,  second,  and  third  equations  respectively,  are  to  be 
substituted 

t0  cos  «>,  to  cos  /3,  tC7  COS  % 

The  equations  of  this  Article  are  not  in  general  sufficient  of 
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themselves  to  determine  the  mode  of  variation  of  the  intensity  of 
the  stress  in  a  solid  body,  because  of  their  number  not  being  so 
great  as  that  of  the  number  of  unknown  quantities  to  be  determined. 
They  have  therefore  to  be  combined  wiUi  other  equations,  deduced 
£rom  the  relations  which  are  found  by  experiment  to  exist  between 
the  alterations  of  figure,  which  the  parts  of  a  solid  body  undergo 
when  a  load  acts  on  it,  and  the  stresses  which  at  the  same  time  act 
amongst  the  disfigured  parts.  These  relations  belong  to  the 'sub- 
ject of  elasticity  and  of  the  strength  of  materials,  and  not  to  that 
of  the  principles  of  statics.  The  remainder  of  the  present  section 
will  relate  to  those  more  simple  problems  which  can  be  solved  by 
means  of  the  equations  2  alona 

117.  EqiiiUbrtaBi  of  Fluids. — It  has  already  been  explained  in 
Article  110,  that  in  a  fluid  the  only  stress  to  be  considered  in 
practice  is  a  thrust  or  pressure,  normal  and  of  equal  intensity 
in  all  directiona  This  is  expressed  symbolically  in  the  following 
manner: — 

p«r=Pff=p»=i';        / ^ 

the  single  symbol  p  being  used,  for  the  sake  of  convenience  and 
brevity,  to  denote  the  intensiti/  of  the  fluid  pressure  at  any  given  point 
in  the  fluid. 

In  adapting  the  equations  2  of  Article  1 16  to  this  case,  it  is  con- 
venient to  take  X  to  denote  vertical  co-ordinates,  and  to  make  it 
positive  doumwarda.  Then,  bearing  in  mind  that  p  is  now  a  thmst, 
being  positive  (and  not  a  pull  when  positive  and  a  thrust  when 
negative,  as  in  the  general  problem),  we  obtain  the  following 
equations : — 

dp 

=  «>; 


dx 

^  =  0-^=0; 

di/         '  dz 


(2-) 


The  first  of  these  equations  expresses  the  fisu^t,  that  m  a  bakmced 
fluidy  the  pressure  increases  with  the  vertical  depth,  at  a  raie  expressed 
by  the  v)eight  of  the  fluid  per  unit  of  volume;  and  the  second  and  third 
express  the  fact,  that  in  a  balanced  fluid,  the  pressure  has  no  varialion 
tn  any  horizontal  directum;  in  other  words,  tiiat  the  pressure  is  equal 
at  all  points  in  the  same  level  surface. 

[The  exact  figure  of  a  level  surface  is  spheroidal ;  but  for  ptu^ 
poses  of  applied  mechanics  it  may  be  treated  as  a  plane,  without 
sensible  error.] 
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Those  piindpkB  may  also  be  proved  direcUT.  Let  fig.  69  re- 
present a  vertical  section  of  a  fluid;  o 

Y  O  Y  any  horizontal  plane,  O  X  a       '' '    '  '"" 

vertical  axis.      Let  BB  be  a  hoii- 

atmtal  plane  at  the  depth  x  below  O ;       ^ a 

C  C  another  horizontal  plane  at  the  >>  JL 

depth  X  -^  AX.     Let  A  be  a  small 
rectangular  molecule  contained  be- 
tween those  two  horizontal  planes;  ^S-  ^^' 
and  let  A  y  and  a  «  be  its  horizontal  dimensions^  so  that  its  weight  is 

to  AX  Ay  AZ. 

The  pressure  exerted  by  the  other  portions  of  the  fluid  against  the 
vertical  ^Eboes  of  this  molecule  are  horizontal,  and  must  balance  each 
other;  therefore  there  can  be  no  variation  of  pressure  horizontally. 
Let|j^  then,  be  the  uniform  pressure  at  the  horizontal  plane  YO  Y, 

J9,that  at  the  plane  B  B,  asidp  +  -—■  ^  x  that  at  the  plane  C  C,  -p- 

(t  X  CL  X 

being  the  rate  of  increase  of  pressure  with  depth.  The  molecule  is 
pfessed  downwards  by  the  pressure  whose  amount  is 

pAy^Zy 

and  upwards  by  the  pressure  whose  amount  is 

^      dx        }    ^ 
The  difierenoe  between  those  forces,  viz. : — 

dp 

has  to  be  balanced  by  the  weight  of  the  molecule ;  equating  it  to 
which,  and  dividing  by  the  common  factor  ^  a;  ^  y  a  e,  we  obtain 
the  first  of  the  equations  2  of  this  Article. 

The  pressure  p^  at  the  surface  Y  Y  being  given,  the  pressure  p 
at  any  given  depth  x  below  Y  Y  is  foimd  by  means  of  the  integral. 


=  /?©+/    v)dx\ 


(3.) 


that  is  to  say,  it  is  equal  to  the  pressure  at  the  plane  Y  Y,  added  to 
the  weight  of  a  vertical  column  of  the  fluid  whose  area  of  base  is 
umfy,  and  which  extends  from  the  plane  Y  Y  down  to  the  given 
depUx  X  below  that  plane. 
It  is  obviously  necessary  to  the  equilibrium  of  a  fluid,  that  the 
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specific  graviiy,  as  well  as  tlie  pressure^  should  be  the  name  at  aU 
points  in  the  same  level  surfacei 

The  preceding  principles  are  the  base  of  the  science  of  Hydro- 
statics. 

118.  EqniUbriwM  of  a  liiqnid. — ^A  liquid  IS  a  fluid  whose  parts 
tend  to  preserve  a  definite  size ;  that  is  to  say,  a  i)ortion  of  a  liquid 
of  a  given  weight  tends  to  occupy  a  certain  definite  volume;  and  to 
make  it  occupy  a  greater  or  a  less  volume,  tension  or  pressure,  as 
the  case  may  be,  must  be  applied  to  it.  The  volume  occupied  by  an 
unit  of  weight  is  the  reciprocal  of  the  weight  of  an  unit  of  volume; 
so  that  the  preceding  principle  might  otherwise  be  stated  by  say- 
ing, that  a  liquid  tends  to  preserve  a  definite  specific  gravity,  which 
may  be  incr^sed  by  pressure,  or  diminished  by  tension. 

The  volume  which  a  given  weight  of  a  liquid  tends  to  occupy 
depends  on  its  temperature  according  to  laws  which  belong  to  the 
science  of  Heat. 

The  alterations  of  the  specific  gravity  of  liquids  produced  hj  aoy 
pressures  which  occur  in  practice,  are  so  small,  that  in  most  pro- 
blems respecting  the  equilibrium  of  liquids,  the  specific  gravity  vf 
may  be  treated  without  sensible  error  as  a  constant  quantity,  inde- 
pendent of  the  pressure  p.  In  the  case  of  water,  for  example,  the 
compression  of  volume,  and  increase  of  specific  gravity,  produced  by 
a  pressure  of  one  atmosphere,  or  14*7  poimds  per  square  inch,  is  about 
Boofl-o,  or  ft&iooo  for  each  pound  on  the  square  inch. 

If,  then,  the  specific  gravity  w  be  treated  as  a  constant  in  equation 
3  of  Article  117,  it  becomes  as  follows: — 

P  =  Po  +  V)X] (1.) 

that  is  to  say : — let  jOq  be  the  pressure  at  the  upper  surface,  Y  0  Y, 
(fig.  59)  of  a  mass  of  liquid;  then  the  pressure  p  at  any  given  depth 
X  below  that  surface  is  greater  than  the  superficial  pressure  p©  ^7 
an  amount  found  by  multiplying  that  depth  by  the  weight  of  an 
unit  of  volume  of  the  liquid 

When  the  mass  of  liquid  is  in  the  open  air,  the  superficial  pres- 
sure Pq  is  tliat  arising  from  the  weight  of  the  earth's  atmosphere 
of  air,  and  at  places  near  the  level  of  the  sea,  is  estimated  on  an 
average  at  14*7  pounds  on  the  square  incL  In  a  close  vessel, 
the  superficial  pressure  may  be  greater  or  less  than  that  of  the 
atmosphere. 

V      119.   EqnilibrlBBi  of  dUTerenl  FlnMs  In  conlacl  wllli  eack  other. — 

If  two  difierent  fluids  exist  in  the  same  space,  they  may  unite  so 
that  each  of  them  ahall  be  distributed  throughout  the  whole  space, 
either  by  chemical  combination  or  by  diffusion;  but  in  such  cases 
they  form,  in  fact,  but  one  fluid,  which  is  a  compound  or  mixtm'e, 
as  the  case  may  be.     The  present  Article  has  reference  to  the  case 
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when  fluids  of  different  kinds  lemain  in  contact,  uncombined  and 
miinized.  In  this  case,  the  condition  of  equilibrium  is,  that  the 
preaBores  of  two  fluids  at  each  point  of  their  sur&ce  of  contact  shall 
be  equal  to  each  other, — a  condition  which,  when  the  two  fluids 
are  c^  diflerent  spedflc  gravities,  can  only  be  fulfilled  when  the 
surface  of  contact  is  horizontal 

K,  then,  two  or  more  fluids  of  diflerent  specific  gravities,  which 
do  not  combine  nor  mix  with  each  other,  be  contained  in  one  vessel 
uninterrupted  by  partitions,  they  will  arrange  themselves  in  hori- 
amtal  strata^  the  heavier  fluids  being  below  the  lighter. 

K  two  fluids  of  diflerent  specific  gi-avities  be  contained  in  the 
two  legs  of  a  tube  shaped  like  the  letter  XJ  (and  called  an  '^inverted 
siphon"),  or  if  one  of  the  two  fluids  be  contained  in  a  vei-tical  tube 
open  below,  and  the  other  in  the  space  surrounding  that  tube;  or, 
generally,  if  the  two  fluids  be  partially  separated  from  each  other  by 
a  vertical  or  nearly  vertical  partition,  below  which  there  is  a  com- 
manication  between  the  spaces  on  either  side  of  it;  the  horizontal 
soifaoe  of  contact  of  the  fluids  will  be  at  that  side  of  the  partition 
at  which  the  lighter  flidd  is  found,  so  that  it  may  be  above,  and  the 
Iwavier  fluid  below,  that  surface  of  contact. 

Let  p^  denote  the  common  pressure  of  the  two  fluids  at  their  sur- 
&oe  of  oontact,  and  let  any  ordinate  measured  from  that  sui&x^e 
npwardsy  be  denoted  by  x.  Let  t(/  denote  the  specific  gravity,  and 
p  the  pressure,  of  the  lighter  fluid;  to"  the  speofic  gravity,  and  p" 
the  pressure,  of  the  heavier  fluid.  Then  at  any  given  elevation  x 
above  the  surface  of  contact 


P"  ^Po—jl^'dsn; 


(1.) 


which  equations,  when  the  fluids  are  HqtUds,  and  vf,  w",  constants, 
become 

jf^  -  Po  -  w^'f  p"  =  Pa-  «>*« (2.) 

As  in  the  case  of  the  barometer,  and  the  mercurial  pressure  gauge, 
the  height  at  which  a  liquid  stands  in  a  tube,  closed  and  empty  at 
the  upper  end,  above  its  suifiEu^  of  oontact  with  another  flidd,  may 
be  used  to  determine  the  pressure  exerted  by  that  other  fluid  at  the 
BU&oe  of  contact     In  this  case,  p"  =  0,  or  nearly  so;  consequently 

Pq  =  v/'x, (3.) 

Let  of  J  fl^,  be  two  heights  above  the  surface  of  contact  at  which 
the  respective  pressures  of  the  lighter  and  the  heavier  fluid  are 
either  equal  to  each  other,  or  both  equal  to  nothing;  then  p"  r=  j/, 
and  consequently,  for  fluids  in  general, 
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f    w'dx  =:  f'  ufdx, (4.) 

If  the  fluids  be  both  liquids,  this  becomes, 

v/x  =  v/'x\ (5.) 

or,  the  heights  are  inversely  as  the  specific  gravities. 

If  the  heavier  fluid  be  a  liquid  (such  as  the  mercury  in  the  baro- 
meter) and  the  lighter  a  gas  (such  as  the  atmosphere)  the  equation 
becomes 

''v/4x='w"x'y (6.) 


/: 


and  on  this  last  formula  is  founded  the  method  of  detcrmimng 
differences  of  level  by  barometric  observations  of  the  atmospheric 
pressure. 

120.   BqniUlnriui  of  a  FlMtteg  Body. — ThEOBEIL     A  9olid  body 

floating  an  the  surfcice  of  a  liqwd  is  balcmced,  when  it  displaces  a 
vcdume  of  liquid  whose  weight  is  equal  to  the  weight  of  the  floating 
body,  <md  when  the  centre  of  gravity  of  the  floating  body,  and  that 
of  the  volume  from  which  the  liquid  is  diydaced,  a/re  in  Hie  saiM 
vertical  line. 

Let  fig.  60  represent  a  solid  body  (such  as  a  ship),  floating  in  & 
liquid,  whose  horizontal  upper  surface  is  YT.     Suppose,  in  the  first 

place,  that  there  is  no  pressure  on 
the  sur&ce  YY.  Consider  a  small* 
portion  S  of  the  surface  of  the  im- 
mersed part  of  the  solid  body.  The 
liquid  will  exert  against  S  a  normal 
pressure,  whose  amount  will  be  ex- 
pressed by 

Fig.  60.  Sjp  =  SwfiC, 

where  S  is  the  ai)ea  of  the  small  portion  of  the  immersed  sur&oe,  x 
the  depth  of  immersion  of  its  centre  below  the  level  surface  YY, 
and  w  the  weight  of  unity  of  volume  of  the  liquid. 

Let  «  denote  the  angle  of  inclination  of  the  area  S  to  a  horizontal 
plane,  or,  what  is  the  same  .thing,  the  angle  of  inclination  of  the 
pressure  on  S  to  the  vertical  Conceive  a  vertical  prism  H  S  to 
stand  on  the  area  S ;  the  area  of  the  horizontal  transverse  section 
of  this  prism  is  what  is  called  the  horiamUal  projection  of  the  area 
S,  and  its  value  is 

S  cos  «. 

Conceive  a  liorizontal  prism  S  T  to  have  its  axis  in  the  vertical 
plane  which  is  perpendicular  to  S,  and  to  have  the  area  S  for  an 
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obtiqne  section ;  the  vertical  transverse  section  of  this  prism  is  what 
18  called  the  vertical  projection  of  the  area  S,  and  its  value  is 

Ssin  et. 

This  horizontal  prism  cats  the  immersed  sarEaxie  in  another  smaQ 
area  T,  whose  projection  on  a  vertical  plane  perpendicular  to  the 
axis  of  the  prism  S  T  is  equal  to  that  of  S,  and  which  is  immersed 
to  the  same  depth,  and  sustains  pressure  of  the  same  intensity. 

Beeolve  the  total  pressure  on  S  into  a  horizontal  component  and 
a  vertical  component.     The  horizontal  component  is 

S  p  *  sin  »  ^  S  ti7  09  *  sin  ff, 

bemg  equal  to  the  product  of  the  intensity  p  by  the  vertical  projection 
of  S;  but  this  component  is  balanced  by  an  equal  and  opposite  com- 
ponent of  the  total  pressure  on  T;  and  the  same  is  the  case  for 
every  portion  such  as  S  into  which  the  immersed  surface  can  be 
divided;  therefore  the  resultant  of  all  the  horizontal  components  of 
the  pleasure  exerted  by  the  liqidd  against  the  solid  is  nothing,  • 
The  vertical  component  of  ihe  pressure  on  S  is 

being  equal  to  the  product  of  the  intensity  p  by  the  horizontal 
projection  of  S.  But  S  x  cob  «  is  the  volume  of  ike  vertical  prism 
HS,  standing  upon  the  small  area  S,  and  bounded  above  by  the 
horismtal  staiace  Y  Y,  and  w  is  the  weight  of  unity  of  volume  of 
the  liquid ;  therefore  Bwx  cos  «  is  the  weight  of  liquid  which  the 
I»nam  H  S  would  contain ;  so  that  the  vertical  component  of  the 
presBore  on  8  is  an  upward  force,  equcU  and  opposite  to  the  tceigJU  of  the 
UqM  displaced  by  the  prismatic  portion  of  the  solid  body  which  stands 
fxrtioaUy  abcne  S.  Then  if  the  whole  of  the  immersed  surface  be 
divided  into  small  areas  such  as  8,  the  resultant  of  the  pressure  of 
the  liquid  against  that  entire  surface  is  the  sum  of  all  the  vertical 
components  of  the  pressures  on  the  small  areas ;  that  is,  a  force 
equal  and  opposite  to  the  sum  of  the  weights  of  liquid  displaced  by  all 
the  prisms  such  as  H  8;  that  is,  a  sum  equal  and  opposite  to  the 
vei^t  of  the  whole  volume  of  liquid  displaced  by  the  floating 
body;  and  the  line  of  action  of  that  resultant  traverses  the  centre 
of  gravity  of  the  volume  of  liquid  so  displaced 

Let  C  denote  that  centre  of  gravity,  which  is  also  called  the 
Centre  of  Buoyancy.  Let  G  denote  the  centre  of  gravity  of  the 
floating  body.  Let  W  denote  the  weight  of  the  floating  body,  and 
V  the  volume  of  liquid  displaced  by  it. 

Then  the  conditions  of  equilibrium  of  the  floating  body  are  ob- 
viously the  following : — 

Firsi : — ^W  =  tC7  V ;  or  its  weight  must  be  equal  to  the  weight  of 
the  volume  of  liquid  displaced  by  it; — 
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Seconoiy: — its  centre  of  gravity  G,  and  the  centre  of  baojan(7 
C,  must  be  in  the  same  vertical  line. — Q.  E.  D. 

The  preceding  demonstration  has  reference  to  the  case  in  which 
the  pressure  on  the  horizontal  surface  T  Y  is  nothing.  In  the  case 
of  bodies  floating  on  water,  that  surface,  as  well  as  the  non-immersed 
part  of  the  surface  of  the  floating  body,  have  to  sustain  the  pressure 
of  the  air.  To  what  extent  this  fsbct  modifles  the  conclusions 
arrived  at  will  appear  in  the  next  Article. 

121.  PrcMHre  on  an  Iwnened  Bo4f ^ThEOBEH.      1/  a  SoM  body 

he  wholly  immersed  in  a  fluid,  the  resultant  of  the  pressure  of  the  fluid 
on  the,  solid  body  is  a  vertical  force,  equal  and  directly  opposed  to  the 
weight  of  the  portion  of  the  fluid  which  the  solid  bofily  displaces. 

Let  flg.  61  represent  a  solid  body  totally  immersed  in  a  fluid, 

Y_ T     whether  liquid  or  gaseous.     Gonoeire  a  small 

vertical  prism  SXJ  to  extend  from  a  portion 
S  of  the  lower  surface  of  the  body,  to  the 
portion  U  of  the  upper  sur&ce  which  is  ver- 
tically above  S.  Also  let  S  T  be  a  horizontal 
prism  of  which  S  is  an  oblique  section,  and 
U  y  a  horizontal  prism  of  which  17  is  an 
^    g.  oblique  section,  as  in  Article  120. 

Then,  as  in  Article  120,  it  may  be  proved 
that  the  horizontal  component  of  the  pressure  on  S  is  balanced  bj 
an  equal  and  opposite  component  of  the  pressure  on  T,  and  the 
horizontal  component  of  the  pressure  on  U  by  an  equal  and  opposite 
component  of  the  pressure  on  Y;  so  that  the  horizontal  component 
of  the  resultant  of  the  pressure  of  the  fluid  on  the  entire  body  ia 
nothing,  and  that  resultaiit  is  verticaL 

The  vertical  component  of  the  pressure  on  S  is  upward,  and 
equal  to  the  weight  of  the  prismatic  portion  of  the  fluid  which 
would  stand  vertically  above  S  if  a  part  of  it  were  not  displaced  by 
the  solid  body.  The  vertical  component  of  the  pressure  on  TJ  is 
downward,  and  equal  to  the  weight  of  the  prismatic  portion  of  the 
fluid  which  stands  vertically  above  U.  The  vertical  force  arising 
from  the  pressures  on  S  and  on  U  together  is  upward,  and  equal 
to  the  difference  between  those  two  weights;  that  is,  it  is  equal 
and  directly  opposed  to  the  weight  of  the  portion  of  the  fluid  dis- 
placed by  the  prismatic  portion  S  XJ  of  the  immersed  body. 

Hence  the  resultant  of  the  pressure  of  the  fluid  over  the  entire 
surface  of  the  immersed  body  is  equal  and  directly  opposed  to  tiie 
weight  of  the  portion  of  fluid  displaced  by  that  body. — Q.  E.  D. 

The  centre  of  gravity  0,  of  the  portion  of  fluid  which  would 
occupy  the  position  of  the  body  if  it  were  not  immersed,  is  called, 
as  before,  the  centre  of  Imoyancy,  and  is  traversed  by  the  vertical 
line  of  action  of  the  resultant  of  the  pressure  of  the  fluid,  which  is 
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itself  called  the  huayamoy  of  ihe  immersed  Lodj^  and  wimetimes  the 
mnarttd  loss  ofweighL 

To  maintain  an  immeraed  body  in  eqailibrio^  there  miut  he  applied 
to  it  a  force  or  couple,  aji  the  case  may  be,  equal  and  direcdy  op- 
posed to  the  resultant^  if  any,  of  its  downward  weight  and  upward 
mioyucy;  that  resultant  being  determined  according  to  the  principles 
ofArticleB39and40. 

When  a  body  floats  in  a  heavier  fluid  (as  water)  having  its  upper 
portion  sorrounded  by  a  lighter  flidd  (as  air),  its  total  buoyancy  is 
equal  and  opposite  to  the  resultant  of  the  weights  of  the  two  portions 
of  the  respective  fluids  which  it  displaces. 

In  practical  questions  relative  to  the  equilibrium  of  ships,  the 
biiojancy  arising  from  the  displacement  of  air  is  too  small  as  com- 
pared with  that  arising  from  the  displacement  of  water,  to  require 
to  be  taken  into  account  in  calculation. 

122.  ArvwMt  ir«ishifc — ^The  only  method  of  testing  the  equality 
cf  the  weights  of  twfi  bodies  which  is  sufficiently  delicate  for  exact 
scientific  purpoees,  is  that  of  hanging  them  from  the  opposite  ends 
of  a  lever  with  equal  arms. 

If  this  process  were  performed  in  a  vacuum,  the  balancing  of  the 
bodies  would  prove  their  weights  to  be  equal ;  but  as  it  must  bo 
performed  in  air,  the  balancing  only  proves  the  equality  of  the 
offorent  weights  of  the  bodies  in  airy  that  is,  of  the  respective  ex- 
ceaMs  of  their  weights  above  the  weights  of  the  volumes  of  air  which 
they  displace.  The  real  weights  of  the  bodies,  therefore,  are  not 
e({ittl  unless  their  volumes  are  equal  also.  If  their  volumes  are 
mequal,  the  real  weight  of  the  larger  body  must  be  the  greater  by 
tn  amount  equal  to  the  weight  of  the  diflerence  between  the  volumes 
cf  ur  which  they  displace. 

The  weight  of  a  cubic  foot  of  pure  dry  air,  imder  the  pressure  of 
one  atmosphere  (14*7  lb&  on  the  square  inch),  and  at  the  temperature 
of  melting  ice  (32°  Fahrenheit)  is 

0*080728  pound  avoirdupois. 

Let  this  be  denoted  by  Wo-  Then  the  weight  of  a  cubic  foot  of  air 
imder  any  other  pressure  of  p  atmospheres,  and  at  the  temperature  t 
of  Fahrenheit's  scale,  is  given  with  a  degree  of  accuracy  sufficient 
for  most  purposes,  by  the  formula^ 

^=^*^7T46i^2' ; ^^-^ 

and  if  tr,  tir,  be  ihe  weights  of  a  given  volume  of  air,  under  the 
respective  pressures  p^j/,  and  at  the  temperatures  t,  ^,  of  Fahrenheit's 
Kale,  then 

«/_p    t  +  461° j  /2\ 

w  "  p'tTUr'2 ^  '^ 
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T-et  Wi  denote  the  true  weight  of  a  body,  Vj  its  volume,  Wi  its  weight 
per  unit  of  volume,  w  the  weight  of  unity  of  volume  of  ain     Thea 

and  the  apparent  weight  of  the  same  body  in  air  is 

W  =  (w.  -  «)  V,  =  !?l^  W, (3.) 

Let  this  body  now  be  balanced  against  another  body  in  an  accurate 
pair  of  scales,  and  let  their  apparent  weights  be  equaL  Then,  if 
W)  denote  the  true  weight,  and  Wa  the  weight  per  unit  of  volume, 
of  the  second  body,  we  have 

!£ul!£  w.  =  !2LZlif  w, (4.) 

80  that  the  proportion  between  the  real  weights  of  the  bodies  is 

Wi  ~"  WiW^  —  w^w ^  ■' 

123.  liebitiTe  SpecMc  QniTtiie*. — K  the  true  weight  of  a  solid 
body  be  known,  and  that  body  be  next  weighed  whUe  immeised  in 
a  liquid,  the  proportion  of  the  specific  gravities  of  the  solid  body 
and  of  the  liquid  can  be  deduced  from  the  apparent  loss  of  weight, 
which  is  the  weight  of  the  volume  of  liquid  displaced  by  the  body. 

Let  W|,  as  in  equation  3  of  Article  122,  denote  the  true  weight 
of  the  solid  body,  t^,  its  weight  per  unit  of  volume,  Wi  the  weight  of 
an  unit  of  volume  of  the  liquid  in  which  its  apparent  weight  is 
found,  and  W"  the  apparent  weight;  then  by  the  equation  already 
referred  to 

and  consequently 

^-^^^lzlz: (1.) 

Let  the  first  weighing  take  place  in  air  and  the  second  in  the  liquid, 
and  let  W  be  the  apparent  weight  in  air ;  then 

and  consequently 

TXT* 

,(2.) 


W* to,  —  «?a  ^ 


W        wi—w'      

so  that  if  —  is  known,  ~  may  be  f otmd  by  the  equation 
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to. 


W'  — W  — 

10, 


(3.) 


to^""     W  — W" 

WLen  the  object  of  weighing  of  this  kind  is  to  determine  the 
specific  graTities  of  solids,  the  liquid  usually  employed  is  pnre  water ; 
and  the  results  obtained  are  the' ro^io^  of  the  specific  gravities  of 
solid  bodies  to  that  of  pure  water.  If  these  ratios,  or  relative  spe- 
cific gravities^  be  multiplied  by  the  weight  of  a  cubic  foot  of  pure 
water,  the  weight  of  a  cubic  foot  of  the  solid  is  obtaLaed 

The  weight  of  a  cubic  foot  of  pure  water  at  the  temperature  of  its 
iiMiyin^^Tn  density  (being,  according  to  Playfiedr  and  Joule,  39°- 1 
Fahrenheit)  is,  according  to  the  best  existing  data, 

62 '425  pounds  avoirdupois. 

For  any  other  temperature  t  on  Fahrenheit's  scale,  the  weight  of  a 
cuIhc  ^t  of  pure  water  is 

62-425 (4\ 


V 


wbeie  V  denotes  the  volume  to  which  a  mass  of  water  measuring  one 
culuc  foot  at  39^*1  expands  at  f;  a  volume  which  may  be  computed 
for  temperatures  from  32^  to  7  7**  Fahrenheit,  by  means  of  the  follow- 
ing empirical  formula,  extracted  from  Prof  W.  H.  Miller's  paper  on 
the  Standard  Pound  in  the  FMlosophical  Transactions  for  1856 : — 

log.  f» « 10-1  {t  —  39-l)«  —  0-0369  {t  —  39-l)« -s- 10,000,000.  (5.) 
The  relative  specific  gravities  of  two  liquids  are  determined  by 

weighing  the  same  solid  body  immersed  in  them  successively  and 

comparing  its  apparent  losses  of  weight 

124.  PvMMBTO  Ml  sM  iMMcned  Phuie. — If  a  horizontal  plane  sur- 

fiiceof  any  figure  be  immersed  in  ^ 

a  fiuid,  the  pressure  on  that  sur- 
face is  vertical,  and  uniformly 

distributed;  its  amount  is  the 

product  of  the  intensity  of  the 

preasnre  at  the  depth  to  which 

the  plane  is  immersed  by  the  area 

of  the  plane;  and  the  centre  of 

prusttre  (as  already  shown  in 

Art  90)  is  the  centre  of  gravity 

of  a  flat  plate  of  the  figure  of 

the  plane  sur&ce,  or,  as  it  is 


Fig.  62. 


usually  termed,  the  centre  of  gravity  of  the  plane  surface. 

If  an  inclined  or  vertical  plane  surface  be  immersed  in  a  liquid, 
let  0  Y  (fig.  62),  represent  a  section  of  the  horizontal  plane  at 
which  the  pressure  is  nothing,  and  B  F  a  vertical  section  of  the 
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immersed  plane.  Let  o^x  =  BE  be  the  depth  to  which  the  lower 
edge  of  this  plane  is  immersed  below  OT.  From  B  draw  BD  = 
BE,  and  -L  BE;  produce  the  plane  BE  till  it  cuts  the  horizontal 
plane  of  no  pressure,  OT,  in  the  line  represented  in  section  b^O; 
through  0  and  D  draw  a  plane  O  H  D,  and  conceive  the  prism 
B  D  H  E  to  stand  normally  upon  the  base  B  E  and  to  be  bounded 
above  by  the  plane  D  H.  The  pressure  on  the  plane  BE  will  be 
normal;  its  amount  will  be  equal  to  the  weight  of  fluid  contained 
in  the  volumo  B  D  H  E ;  that  is  to  say,  let  obq  denote  the  depth  of 
the  centre  of  gravity  of  the  plane  BE  below  OT,  and  w  the  weight 
of  xmity  of  the  volume  of  liquid;  then  the  mecm  wtensUy  of  the 
pressure  on  B  E  is 

P^  =  v)x^ (1.) 

and  the  amownt  of  the  pressure 

P  =  ti;«o-areaBE (2.) 

Let  0  be  the  centre  of  gravity  of  the  volume  B  D  H  E;  then  the 
eemire  of  pressure  of  the  surface  B  E  is  the  point  where  it  is  cut  b]r 
the  perpendicular  OP  let  fall  on  it  from  0. 

Ais  the  intensity  of  the  pressure  on  any  point  of  BE  is  propo]^ 
tional  to  its  depth  below  OT,  and  consequently  to  its  distance  from 
O,  this  is  a  case  of  vmifomdy  varying  Hresa,  and  the  formuUe  of 
Article  94  are  applicable  to  it  In  the  application  of  those  formdc 
it  is  to  be  observed,  that  the  ordinates  y  are  to  be  measured  hori- 
zontally in  the  plane  BE,  whose  centre  of  gravity  is  to  be  taken  as 
the  origin;  that  the  co-ordinates  x  are  to  be  measured  in  the  same 
plane,  along  the  direction  of  steepest  deelivity,  and  reckoned  positive 
downwards ;  and  that  the  value  of  the  constant  a  in  the  equations  of 
Article  94  is  given  by  the  formula 

a  =  tosinA • (3>) 

where  «  is  the  angle  of  inclination  of  the  plane  B  E  to  a  horizontal 

plane. 

125.   Prawwre  !■  an  ladeflBiie  ITHUbrmlT  Sl^ptBg  9«1M^ — Conceiye 

a  mass  of  homogeneous  solid  mate- 
rial to  be  indefinitely  extended 
laterally  and  downwards,  and  to 
be  bounded  above  by  a  plane  sm^ 
face,  making  a  given  angle  of  de- 
clivity 0  with  a  horizontal  plane. 
In  &g,  63,  let  T  O  T  represent  a  ver 
tical  section  of  that  upper  sloping 
surface  along  its  direction  of  greatest 
declivity,  and  0  X  a  vertical  plane 
Fig.  68.  perpendicular  to  the  plane  of  vertical 
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aectkm  wUch  is  represented  b7  tbe  paper.  Let  to  be  the  uniform 
wdght  of  unity  of  volume  of  the  substance.  Let  B  B  be  any 
plane  parallel  to,  and  at  a  vertical  depth  x  below  the  plane  Y  Y. 
If  the  substance  is  exposed  to  no  external  force  except  its  own 
wdght,  the  only  pressure  which  any  portion  of  the  plane  B  B  can 
have  to  sustain  is  the  weight  of  the  material  directly  above  it. 
Henoe  follows — 

Theorem  L  In  an  ind^mile  homogeneous  solid  hcfwnded  above  by 
a  doping  pUvne^  the  pressure  on  amy  plaaie  paralld  to  thai  doping 
mafaee  is  vertical,  and  of  an  uniform  intensity  equxd  to  the  weight  of 
ike  foertical  prism  vjhich  stands  on  unity  of  area  of  the  given  plome. 

The  area  of  the  horizontal  section  of  that  prism  is  cos  ^,  conse- 
qaently,  the  intensity  of  the  vertical  pressure  on  the  plane  B  B  at 
thedepthxis 

p,  s  u)xcoa0 (1.) 

Fhm  the  above  theorem,  combined  with  the  principle  of  conjugate 
itRsses  of  Article  101,  there  follows — 

Thboseic  LL  The  sbressy  if  any  ^  on  any  vertical  plane  is  pcvraUd 
to  (fttf  doping  surfaeSj  and  conjugate  to  the  stress  on  a  plane  pa/raUd 
toAatmaface, 

Gonsider  now  the  condition  of  a  prismatic  molecule  A,  bounded 
tboTe  and  below  by  planes  B  B,  C  C,  parallel  to  the  sloping  suiface 
T  Y,  and  lateraUy  by  two  pairs  of  parallel  vertical  planes.  Let 
the  oonmion  area  of  the  upper  and  lower  surfaces  of  this  prism  be 
unity,  and  its  height  A  a; ;  then  its  volume  is  A  a; '  cos  ^,  and  its 
vei^t  to  A  a;  -  cos  ^,  which  is  equal  and  opposite  to,  and  balanced 
hy  the  excess  of  the  vertical  pressure  on  its  lower  face  above  the 
vertical  pressure  on  its  upper  fiice.  Therefore,  the  pressures  paral- 
lel to  the  sloping  surface,  on  the  vertical  faces  of  the  prism,  must 
hiknee  each  other  independently ;  therefore  they  must  be  of  equal 
inean  intensity  throughout  the  whole  extent  of  the  layer  between 
the  planes  B  B,  0  C ;  whence  follows — 

TkBOREM  IIL  The  state  of  stress,  at  a  given  uniform  depth  behw 
As  doping  suTface,  is  uniform, 

136.  •■  the  Paiallel  Prvjeettoa  of  Sctom  wid  ITdght. — In  apply- 
ing the  principles  of  parallel  projection  to  distributed  forces,  it  is 
to  be  borne  in  mind  that  those  principles,  as  stated  in  Chapter  lY., 
are  ap^cable  to  lines  representing  the  amounts  or  resultants  of 
distributed  forces,  and  not  tlieir  intensities.  The  relations  amongst 
the  intensities  of  a  system  of  distributed  forces,  whose  resultants 
hare  been  obtained  by  the  method  of  projection,  are  to  be  arrived 
at  by  a  subsequent  process  of  dividing  each  projected  resultant  by 
the  projected  space  over  which  it  is  distributed. 

Samples  of  the  application  of  processes  of  this  kind  to  practical 
questions  will  appear  in  the  Second  Part 
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CHAPTER  VL 


ON  STABLE  AND  UNSTABLE  EQXTILIBAlUir. 


127.  SlaMe  aiid  1TBatabl«  BqalUbvtam  •f  a  Fne  B^dlf. — Sup- 
pose a  bodj,  which  is  in  eqmlibrio  under  a  balanced  system  of  foroea, 
to  be  free  to  move,  and  to  be  caused  to  deviate  to  a  small  extent 
from  its  position  of  equilibrium.  Then  if  the  body  tends  to  deviate 
further  from  its  original  position,  its  equilibrium  is  said  to  be  tm- 
stable;  and  if  it  tends  to  return  to  its  original  position,  its  equi- 
librium is  said  to  be  stable. 

Cases  occur  in  which  the  equilibrium  of  the  same  body  is  stable 
for  one  kind  or  direction  of  deviation,  and  unstable  for  another. 

When  the  body  neither  tends  to  deviate  frirther,  nor  to  recover 
its  original  position,  its  equilibrium  is  said  to  be  indifferent. 

The  solution  of  the  question,  whether  the  equilibrium  of  a  given 
body  under  given  forces  is  stable,  unstable,  or  indifferent,  for  a 
given  kind  of  deviation  of  position,  is  effected  by  supposing  the 
deviation  made,  and  finding  the  i-esultant  of  the  forces  whidi  act 
on  the  body,  altered  as  they  may  be  by  the  deviation,  in  amount^  in 
position,  or  in  botL  If  this  resultant  acts  towards  l^e  same  direc- 
tion with  the  deviation,  the  equilibrium  is  unstable— if  towards  tiie 
opposition  direction,  stable— and  if  the  resultant  is^  still  noihii]^ 
the  equilibriimi  is  indifferent. 

The  disturbance  of  a  free  body  from  a  position  of  stable  equi- 
librium causes  it  to  oscillate  about  that  position. 

128.  Siabiiitr  •r  a  Fixed  lUdr. — The  term  ''stability,**  as  ap- 
plied to  the  condition  of  a  body  forming  part  of  a  structure,  has,  in 
most  cases,  a  meaning  different  from  t^t  explained  in  the  lass 
Article,  viz.,  the  property  of  remaming  in  eqtnlibrio,  without  Bsa- 
sible  deviation  of  position,  notwithstanding  certain  deviations  of 
the  load,  or  externally  applied  force,  from  its  mean  amount  or  posi- 
tion. Stability,  in  this  sense,  forms  one  of  the  principal  subjects  of 
the  second  part  of  this  treatise. 


PART  II. 

THEORY  OF  STRUCTURES. 


CHAPTER  L 

DEflKinOHB  AITD  OE27EEAL  FRIKCIPLE8L 

129.  miBUMMiji— Picw  JetotB^ — Strnctures  liave  already,  in 
Artide  15,  been  distingtiished  from  machinea  A  stnicture  con- 
■ste  of  two  or  more  solid  bodies,  called  itspieceSy  which  touch  each 
other,  and  are  connected  at  portions  of  their  surfaces  called  joints. 

130.  g»»pm»  WmatamMmmm, — Although  the  pieces  of  a  structure 
are  fixed  relativelj  to  each  other,  the  structure  as  a  whole  may  be 
either  fixed  or  moveable  relativelj  to  the  eartk 

A  fixed  structure  is  supported  on  a  part  of  the  solid  material  of 
the  earth,  called  the  /ouTtdation  of  the  structure ;  the  pressures  by 
which  the  structure  is  supported,  being  the  resistances  of  the  various 
parts  of  the  foundation,  may  be  more  or  less  obliqua 

A  moveable  structure  may  be  supported,  as  a  ship,  by  floating  in 
water,  or  as  a  carriage,  by  resting  on  the  solid  ground  through 
wheels.  When  such  a  structure  is  actually  in  motion,  it  partakes 
to  a  certain  extent  of  the  properties  of  a  machine  ;  and  the  deter- 
mination of  the  forces  by  which  it  is  supported  requires  the  con- 
sideration of  dynamical  as  well  as  of  statical  principles ;  but  when  it 
is  not  in  actual  motion,  though  capable  of  being  moved,  the  pres- 
Bores  which  support  it  are  determined  by  the  principles  of  statics ; 
and  it  is  obvious  that  they  must  be  wholly  vertical,  and  have  their 
resultant  equal  and  directly  opposed  to  the  weight  of  the  structure. ' 

131.  Tin  C— JMiBi  of  K«attlkvlini  •€  u.  fMraciare  are  the  three 
following : — 

1.  That  the  forces  eaoerted  on  the  whole  structure  hy  exterrud  bodies 
^all  balance  each  o&ier.  The  forces  to  be  considered  under  this  head 
are— (1.)  the  Attraction  of  the  Earth,  that  is,  the  wdgJU  of  the 
structure ;  (2.)  the  Eoatemal  Load,  arising  from  the  pressings  exerted 
a^Dst  the  structure  by  bodies  not  forming  part  of  it  nor  of  its 
foundation ;  (these  two  kinds  of  forces  constitute  the  gross  or  toted 
load;  (3.)  the  Supporting  Pressu/res,  or  resistance  of  the  founda- 
tion. Those  thoree  classes  of  forces  will  be  spoken  of  together  as 
the  External  Forces. 
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11.  TJiat  the  forces  exerted  on  each  piece  of  the  st^rudure  ekaR 
balcmce  each  other.  These  consist  of — (1.)  the  Weight  of  the  piece, 
and  (2.)  iihBExtemcdLoad  on  it,  making  together  iheCfroesLoad;  and 
(3.)  the  Eesistances,  or  stresses  exerted  at  the  joints,  between  the 
piece  under  consideration  and  the  pieces  in  contact  with  it 

ELI.  That  the  forces  exerted  on  each  of  the  parts  into  which  (he 
pieces  of  the  structure  can  be  conceived  to  be  divided  ^udl  balanoe 
each  other.  Suppose  an  ideal  surface  to  divide  any  part  of  any  one 
of  the  pieces  of  the  structure  firom  the  remainder  of  the  piece;  the 
forces  which  act  on  the  part  so  considered  are — (1.)  its  weight,  and 
(2.)  (if  it  is  at  the  external  sur&ce  of  the  piece)  the  external  stress 
applied  to  it,  if  any,  making  together  its  gross  load;  (3.)  the  etrets 
exerted  at  the  id€»I  sur&ce  of  division,  between  the  part  in  ques- 
tion and  the  other  parts  of  the  piece. 

132.  stabiiitr,  stNBgth,  wmA  BtUBMu. — It  is  necessary  to  the  per- 
manence of  a  structure,  that  the  three  forgoing  conditions  of 
equilibrium  should  be  fulfilled,  not  only  under  one  amomit  and 
one  mode  of  distribution  of  load,  but  under  all  the  variations  of  the 
load  as  to  amount  and  mode  of  distribution  which  can  occur  in  the 
use  of  the  structure. 

Stahiliby  consists  in  the  fulfilment  of  the  first  and  second  condi- 
tions of  equilibrium  of  a  structure  under  all  variations  of  load 
within  given  limits.  A  structure  which  is  deficient  in  stability 
gives  way  by  the  displacement  of  its  pieces  from  their  proper  posi- 
tions. 

Strength  consists  in  the  fulfilment  of  the  third  condition  of  equi- 
librium of  a  structure  for  all  loads  not  exceeding  prescribed  limits; 
that  is  to  say,  the  greatest  internal  stress  product  in  any  part  of 
any  piece  of  the  structure,  by  the  prescribed  greatest  load,  must  be 
such  as  the  material  can  bear,  not  merely  without  immediate  break- 
ing, but  without  such  injury  to  its  texture  as  might  endanger  its 
breaking  in  the  course  of  time. 

A  piece  of  a  structure  may  be  rendered  unfit  for  its  purpose  not 
merely  by  being  broken,  but  by  being  stretched,  compressed,  bent, 
twisted,  or  otherwise  strained  out  of  its  proper  shape.  It  is  neces- 
sary, therefore,  that  each  piece  of  a  structure  should  be  of  such 
dimensions  that  its  alteration  of  figure  under  the  greatest  load 
applied  to  it  shall  not  exceed  given  limits.  This  property  is  called 
stiffnessy  and  is  so  connected  with  strength  that  it  is  necessary  to 
consider  them  together. 

From  the  foregoing  considerations,  it  is  evident  that  the  theory 
of  structures  may  be  divided  into  two  divisions,  relating,  the  first 
to  STABILITY,  or  the  property  of  resisting  displacement  of  the  pieces, 
and  the  second  to  strength  and  stiffness,  or  the  power  of  each 
piece  to  resist  fracture  and  disfigurement. 
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133.  »t— liMMt  Clw  li— A — ^The  mode  of  distribntioii  of  the 
inteiisily  of  the  load  upon  a  given  piece  of  a  structuie  affects  the 
strength  and  stiffioiess  only.  So  ££0*  as  stability  alone  is  oonoemed, 
it  IB  sufficient  to  know  the  magnitadc  and  position  of  the  remUant 
of  that  loady  which  is  to  he  found  hj  means  of  the  principles  ex- 
plained in  the  First  Part  of  this  work,  and  may  then  he  treated  as 
a  single  foroe. 

134.  riwiifi  «r  mtrnkummm  mt  a  Mmhm — In  like  manner,  when 
stability  only  is  in  question,  it  is  sufficient  to  consider  the  position 
uid  magnitude  of  the  reguUant  of  the  resistance  or  stress  exerted 
between  two  pieces  of  a  structure  at  the  joint  where  they  meet, 
and  to  treat  tluit  resultant  as  a  single  force.  The  point  where  its 
line  of  action  trayerses  the  joint  is  called  the  centre  o/renstanee  of 
that  joint. 

135.  A  llMn  mf  WtwiMmmrn  is  a  line,  straight,  angular,  or  curved, 
travenung  the  centres  of  resistance  of  the  joints  of  a  structure:  It 
is  to  be  borne  in  mind,  that  the  direction  of  this  line  at  any  given 
joint  does  not  neoessarilf/  coincide  with  the  direction  of  the  resist- 
anoe  at  that  joint,  although  it  may  so  coincide  in  certain  casea 

136.  x«tet0  ciBMedL — Joints,  and  the  structures  in  which  they 
occur,  may  be  divided  into  three  dasses,  according  to  the  limits  of  the 
aviation  of  position  of  which  their  centres  of  resistauce  are  capabla 

L  Framework  joints  are  such  as  occur  in  carpentry,  in  frames  of 
metal  bars,  and  in  structrures  of  ropes  and  chains,  fixing  the  ends 
of  two  or  more  pieces  together^  but  offering  little  or  no  resistance 
to  change  in  the  relative  f^ngitlar  positions  of  those  pieoe&  In  a 
joint  of  this  class,  the  centre  of  resistance  is  at  the  middle  of  the 
joint,  and  does  not  admit  of  any  variation  of  position  consistently 
with  security, 

II.  Blockvoork  joints  are  such  as  occur  in  masonry  and  brickwork, 
being  plane  or  curved  surfaces  of  contact,  of  considerable  extent  as 
compared  with  the  dimensions  of  the  pieces  which  they  connect, 
capable  of  resisting  a  thrust  more  or  less  oblique,  according  to 
laws  to  be  afterwards  explained,  but  not  of  resisting  a  pull  of  suf- 
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fident  intensity  to  be  taken  into  account  in  practice.  In  such 
joints  the  position  of  the  centre  of  resistance  maj  be  varied  within 
certain  limits. 

m.  FasteTved  jovnta,  at  which,  by  means  of  some  strong  cement, 
or  of  ixAta,  ^vets,  or  other  fiustenings,  two  pieces  are  so  connected 
that  the  joint  fixes  their  relative  angular  position,  and  is  capable  of 
resisting  a  pnll  as  well  as  a  thrust.  In  this  case,  the  centre  of 
resistance  may  be  at  any  distance  from  the  centre  of  the  joint ;  and 
there  may  even  be  no  centre  of  resistance,  when  the  resultant  of 
the  stress  at  the  joint  is  a  couple,  as  exphoned  in  Articles  91,  92, 
and  93.  It  is  obvious  that  the  effect  of  a  joint  thus  cemented  or 
fcLstened  is  to  make  the  two  pieces  which  it  oonnectB  act  as  one 
piece,  and  that  the  resistance  which  it  is  capable  of  exerting  is 
a  question  not  of  stability  but  of  strengtL 

Section  1. — EgyHibriwm  and  StabilUy  of  Frames. 


137.  IfvuBe  is  here  used  to  denote  a  structure  composed  of  bars, 
rods,  links,  or  cords,  attached  together  or  supported  by  joints  of 
the  first  class  described  in  the  last  Article,  the  centre  of  resistsnoe 
being  at  the  middle  of  each  joint,  and  the  line  of  resistance,  con- 
sequently, a  polygon  whose  angles  are  at  the  centres  of  the  joints. 
The  condition  of  a  single  bar  will  be  considered  first,  then  that  of  a 
combination  of  two  bars,  then  of  three  bars,  and  then  of  any  number. 
jTi  138.  Tie. — ^Let  ^g,  64  represent  a  single  bar  of  a 
frame,  L  the  centre  of  resistance  where  the  load  is  ap- 
plied, and  S  the  centre  of  resistance  where  the  su^^Milr 
ing  force  is  applied  ;  so  that  the  straight  line  L  S  is  the 
"  line  of  resistance.'* 

The  bar  is  represented  as  being  straight  itself,  that 
being  the  figure  which  connects  the  points  L  and  S,  and 
gives  adequate  stiffiiess  and  strength,  with  the  least  ex- 
penditure of  material.  But  the  bar  may,  consistenUj 
with  the  principles  of  this  Article,  be  of  any  other  figure 
connecting  those  two  points,  provided  it  is  sufficiently  strong  and 
stiff  to  prevent  their  distance  from  altering  to  an  extent  inconsistent 
with  the  purposes  of  the  structure. 

The  condition  of  the  bar  is  the  same  with  that  of  the  solid  in 
Article  23;  and  it  is  obvious  that  the  load  P,  and  the  supporting 
resistance  K,  must  be  equal  and  directly  opposed,  and  must  both 
act  along  the  line  of  resistance  L  S. 

In  the  present  case  those  forces  are  supposed  to  be  directed  oat- 
ward,  or  from  each  other.  The  bar  between  L  and  S  is  in  a  state 
of  tendon,  and  the  stress  exerted  between  any  two  divisions  of  it  is 
a  puU,  equal  and  opposite  to  the  loading  and  supporting  forces.    A 
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bar  in  this  condition  is  called  a  ^     It  is  obvious  that  a  rope  or 
clatn  will  answer  the  purpose  of  a  tia 

2^  eyuiUbriutn  of  a  tie  is  stable ;  for  if  its  angular  position  be 
deviated,  the  equal  forces  P  and  R,  which  originally  were  directly 
opposed,  now  constitute  a  eoupie  tending  to  restore  the  tie.  to  its 
or^^inal  poidtioa 

139.  sintt. — If  the  equal  and  opposite  forces  applied  to  the 
two  ends,  L  and  S,  of  the  line  of  resistance  of  a  bar  be  direct- 
ed (as  in  £g.  65)  inwardsy  or  towards  each  other,  the  bar,  be- 
tween L  and  S,  is  in  a  state  of  compression,  and  the  stress 
exerted  between  any  two  divisions  of  it  is  a  thrust  equal  and 
oppotdte  to  the  loading  and  supporting  forces.  It  is  obvious 
that  a  flexible  body  will  not  answer  the  purpose  of  a  strut 

The  equilibrium  of  a  moveable  strut  is  wistable;  for  if  its 
angular  pocdtion  be  deviated,  the  equal  forces  P  and  B, 
viuch  originally  were  directly  opposed,  now  constitute  a  5^,55, 
oiniple  tending  to  make  it  deviate  still  £arther  &om  its 
criginal  position. 

In  order  that  a  strut  may  have  stability,  its  ends  must  be  pre- 
vented £com  deviating  laterally.  Pieces  connected  with  the  ends 
of  a  strut  for  tlus  purpose  are  called  stays. 

14€l  Ti  ■■■■■iMi  mt  the  iTdght  mt  m  Bar. — In  the  two  preceding 
Articles,  the  weight  of  the  bar  itself  has  not  been  taken  into  ac- 
oountb  But  the  pinciples  of  those  Articles,  so  far  as  they  relate  to 
Ike  eguSibrium  of  the  bar  as  a  whole,  continue  to  be  applicable  when 
the  weight  of  the  bar  is  treated  in  the  following  manner.  Besolve 
that  weight,  by  the  principles  of  Articles  39  and  40,  into  two  paral- 
Id  components,  acting  through  li  and  S  vefi9>ectiYely.  Let  P  now 
represent  not  merely  the  external  load,  but  the  resultant  of  that 
load,  and  of  the  component  of  the  weight  which  acts  through  L. 
Let  B  represent  not  merely  the  supporting  force,  but  the  resultant 
<tf  that  force  and  of  the  ccmiponent  of  the  weight  which  acts  through 
S.    Then  P  and  B,  as  before,  must  be  equal  and  directly  opposed. 

In  many  cases,  the  weight  of  a  strut  or  tie  is  too  small  as  com- 
pared with  the  load  appUed  to  it  to  require  to  be  specially  con- 
liderod  in  practice; 

141.  Mf  —tier  Pandlcl  Fmtcm. — A  bar  supported  at  two 
points,  and  loaded  in  a  direction  perpendicular  or  oblique  to  its 
length  is  called  a  beam.  In  the  fiist  place,  let  the  siipporting 
presBoieB  be  parallel  to  each  other  and  to  the  x^ 
direction  of  tiie  load ;  and  let  the  load  act  T 
Irttweeih  the  points  of  support,  as  in  fig.  66 ;  J^0 


oeopeen  ine  poinw  oi  suppon^,  as  in  ng.  oo;  ^^ 1 

where  P  represents  the  resultant  of  the  gross  ^^  J      I 
load,  inehiding  the  weight  of  the  beam  itself,     ^^^      ^ 
1^  the  point  where  the  line  of  action  of  that  ^^-  ^^ 
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resultant  intersects  the  axis  of  the  beam,  Hi,  B^  the  two  sup- 
porting pressures  or  resistances  of  the  props  parallel  to,  and  in  the 
same  plane  with  P,  and  acting  through  the  points  S^,  S;»  in  the 
axis  of  the  beam. 

Then,  according  to  the  Theorem  of  Article  39,  each  of  those 
three  forces  is  proportional  to  the  distance  between  the  lines  of 
action  of  the  other  two*;  and  the  load  is  equal  to  the  sum  of  the 
two  supporting  pressures ;  that  is  to  say, 


^ 

I 


?^/ 


1 


z 


'i 


Fig.  67. 


P  :  R,  :   E^  ::  Si  S,  :  LS^,  :  LS»; (1.) 

and  P  =  Ri  +  R^ (2.) 

Next,  let  the  load  act  beyond  the  points  of 
support,  as  in  fig.  67,  which  represents  a  canti- 
lever or  projecting  beam,  held  up  bj  a  wall  or 
other  prop  at  S„  held  down  by  a  notch  in  a  mass 
of  masonry  or  otherwise  at  S^,  and  loaded  so  that 
P  is  the  resultant  of  the  load,  including  the 
weight  of  the  beam.  Then  the  proportional 
equation  (1)  remains  exactly  as  before ;  but  the  load  is  equal  to 
the  difierence  of  the  supporting  pressures ;  that  is  to  say, 

P  =  Ri  -  Ra. (3.) 

In  these  examples  the  beam  is  represented  as  horizontal ;  but  the 
same  piinciples  would  hold  if  it  were  inclined ;  for  the  proportioDS 
amongst  the  distances  between  parallel  lines  in  the  same  plane  are 
the  same,  whether  they  be  measured  in  a  direction  perpendicular 
or  oblique  to  those  lines. 

142.  Beam  vBder  imcllaed  Fatom. — Let  the  directions  of  the 

supporting  forces  Ri,  R^,  be  now  inclined 
to  that  of  the  resultant  of  the  load,  P,  as 
in  fig.  68.  This  case  is  that  of  the  equili- 
brium of  three  forces  treated  of  in  Articles 
51  and  52;  and  consequently  the  foUowisg 
principles  apply  to  it 

L  The  lines  of  action  of  the  suf^Kirtiiig 
forces  and  of  the  resultant  of  the  load  must 
Fig.  68.  jj^  \j^  Que  plane. 

II.  They  must  intersect  in  one  point  (C,  fig.  68). 

IIL  I'hose  three  forces  must  be  proportional  to  the  three  sides  of 
triangle  A,  respectively  parallel  to  their  directions;  or  in  other 
words,  to  the  sides  and  diagonal  of  a  parallelogram. 

Problem.  Given  the  reiuUant  of  the  load  in  magwUude  amd 
position,  P,  t^ts  line  qf  auction  of  one  of  the  ev^pporting  forces^  Ri,  ofd 
the  centre  of  reeistcmce  of  the  other,  ^;  required  d^  line  of  actum  of 
the  second  supporting  force,  and  the  magnitudes  of  both, 
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I'rodiioe  the  line  of  action  of  R  till  it  cuts  the  line  of  action  of 
P  at  the  point  G ;  join  C  Ss ;  this  will  be  the  line  of  action  of  Bg; 
ooDatruct  a  triangle  A  with  its  sides  respectively  parallel  to  those 
three  lines  of  action  j  the  ratios  of  the  sides  of  that  triangle  will 
give  the  ratios  of  the  forces. — Q.  E.  L 

To  express  this  algebraically^  let  t,,  i^,  be  the  angles  made  by  the 
lines  of  action  of  the  supporting  forces  with  that  of  the  residtant 
of  the  load ;  then  because  each  side  of  a  triangle  is  proportional  to 
the  sine  of  the  angle  between  the  other  two, 


P :  Bi :  Eg  : :  sin  (ii  -r  ii)  *•  sin  ts  :  sin  i}. 

143.  li— *  ■■wwmii  by  Three  FwnOel  Fereee. — TheOREIL     If 

four  TparoUd  forces  baUmce  each  other^  let  their  linea  of  action  be  inter- 
aected  by  a  vianey  and  let  the  four  points  of  intersection  be  joined  b^ 
nx  straight  Unes  so  as  to  form  fowr  triangles;  each  force  toiU  be  pro- 
portional to  the  area  of  Oie  triangle  whose  angles  are  in  the  lines  of 
adhn  of  the  other  three. 

In  fig.  69,  let  the  plane  of  the  paper  represent  the  plane  which 
is  cat  by  the  lines  of  action  of  the  four  forces  ^  f 

in  the  points  L,  Sj,  S,,  8,;  let  P,  R,,  R,,  E^  ^   ' 

denote  the  four  parallel  forces.     Join  the  four 
points  by  six  lines  as  in  the  figure,  and  pro/^'  'J* 
dace  each  of  the  three  lines  S  L  till  it  cuts  the  w 
opposite  line  S  S  in  one  of  the  points  B. 

Braause  the  forces  balance  each  other,  the 
resultant  of  B|  and  B,,  whose  magnitude  is  Fig.  69. 

Rj+B,^  most  traverse  Bi;  and  because  the 
resultant  of  that  resultant  and  B^  is  equal  and  opposite  to  P,  we 
moat  hare  the  following  proportion : — 

P :  R, : :  §^ : LB, : :  a S, S, S, :  a S, L  S, ; 

and  applying  the  same  reasoning  to  the  forces  B^  Bg,  we  find  the 
proportions, 

P:Bi:B»:B,::AS,S,Si:AS,LSa:AS3LS,:AS»LS> 
•-Q.E.D. 

By  the  aid  of  this  Theorem  may  be  determined  the  proportion  -) 
in  which  the  load  of  a  given  body  is  distributed  amongst  three 
props,  exerting  parallel  supporting  forces.  ^ 

144.  I.M4  —pperte*  ¥7  Three  lacUMdi  Fevcea — The  case  of  a 

load  supported  by  three  inclined  forces  is  that  considered  in  Articles 
54  and  56.  The  lines  of  action  of  the  three  supporting  forces  must 
intersect  that  of  the  load  in  one  point ;  and  the  magnitudes  of  the 
three  supporting  forces  are  represented  by  the  three  edges  of  a 
pandlelopiped,  whose  diagonal  represents  the  load. 
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145.  Fnme  •€  Tw*  Ban— B^HaUbrtaflk^-PBOBLElL    Elgores  70, 

71,  and  72  represent  three  cases  in  which,  a  fiiune  consisting  of  two   1 

rRt 


Rg.  70.  Rg.  71.  Fig.  72. 

bars,  jointed  to  each  other  at  the  point  L,  is  loaded  at  that  point  with 
a  given  force,  P,  and  is  supported  by  the  connection  of  Uie  bars  at 
their  farther,  extremities,  S^,  S^,  with  fixed  bodies.  It  is  required 
to  find  the  stress  on  each  bar,  and  the  supporting  forces  at  Si  and  S|. 

Kesolve  the  load  P  (as  in  Article  55)  into  two  components,  Bi,Bs, 
acting  along  the  respective  lines  of  resistance  of  the  two  ban. 
Those  components  are  the  loads  borne  by  the  two  bars  respectively; 
to  which  loads  the  supporting  forces  at  S|,  Sj,  are  equal  and  direcUy 
opposed. — Q.  E.  L 

The  symbolical  expression  of  this  solution  is  as  foUows : — ^let  ti,  t„ 
be  the  respective  angles  made  by  the  lines  of  resistance  of  the  bare 
with  the  line  of  action  of  the  load ;  then 

P  :  B,  :  El : :  sin  (ti  +  tj)  :  sin  t,  :  sin  i|. 

The  inward  or  outward  direction  of  the  forces  acting  along  each 
bar  indicates  that  the  stress  is  a  thrust  or  a  pull,  and  the  bar  a 
strut  or  a  tie,  as  the  case  may  be.  Fig.  70  represents  the  case  of 
two  ties ;  fig.  7 1  that  of  two  struts  (such  as  a  pair  of  rafters  abutting 
against  two  walls) ;  fig.  72  that  of  a  strut,  L  S^,  and  a  tie,  L  St  (such 
as  the  gib  and  the  tie-rod  of  a  crane). 

146.  Vwwamm  •f  Tw*  Ban— SlaMlltr> — ^A  &ame  of  two  bars  is 
stable  as  regards  deviations  in  the  plane  of  its  lines  of  resistance. 

With  respect  to  kUeral  deviations  of  angular  position,  in  a 
direction  perpendicular  to  that  plane,  a  frame  of  two  ties  is  stable; 
so  also  is  a  frame  consisting  of  a  strut  and  a  tie,  when  the  direction 
of  the  load  inclines ynmi  the  line  Si  8^  joining  the  points  of  support 

A  frame  consisting  of  a  strut  and  a  tie,  when  the  direction  of  the 
load  inclines  towards  the  line  Sj  St,  and  a  frame  of  two  struts  in  all 
cases,  are  unstable  laterally,  unless  provided  with  lateral  stays. 

These  principles  are  tme  of  any  pair  of  adjacefd  ham  wkosefarther 
cefU,re9  of  resistance  are  fiaaed  ;  whether  forming  a  frame  by  them- 
selves, or  a  part  of  a  more  complex  frame. 

147.  VvMittient  cT  Biitribvted  iioad*. — Before  applying  the  prin- 
oiples  of  Article  145,  or  those  of  the  following  Aiticles,  to  frames 
in  which  the  load,  whether  external  or  arising  from  the  weight  of 
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the  buSy  is  distxibnted  over  their  length,  it  is  neioessaiy  to  reduce 
that  distributed  load  to  an  equiiralent  load,  or  series  of  loads,  applied  at 
the  centres  of  reaistanoe;    The  steps  in  this  process  are  as  follows : — -. 

I  Find  tbe  resoltanf  load  on  each  single  bar. 

XL  Besolve  that  load,  as  in  Article  141^  into  two  parallel  compo- 
oentB  acting  through  the  centres  of  resistanoe  at  thetwoendsof  thebar. 

UL  At  eacb  centre  of  resistance  where  two  bars  meet,  combine 
&e  oomponent  leads  due  to  the  loads  on  the  two  bars  into  one 
resoltant,  which  is  to  be  considered  as  the  total  load  acting  through 
iJiat  centre  of  resistance. 

lY.  When  a  centre  of  resistanoe  is  also  a  point  of  support,  the 
oomponent  load  acting  through  it,  as  foimd  by  step  II.  of  the  pro- 
oeaa,  is  to  be  left  out  of  consideration  until  the  supporting  force 
required  by  the  system  of  loads  at  the  other  joints  has  been  deter- 
mmed  \  with  this  supporting  force  is  to  be  compounded  a  force 
ecpnl  and  opposite  to  the  component  load  acting  directly  through  the 
point  of  support,  and  the  resultant  will  be  the  total  supporting  force. 

In  the  following  Articles  of  this  section,  all  the  frames  will  be 
mppoeed  to  be  loaded  only  at  those  centres  of  resistance  which 
are  jy<  points  of  support ;  and  therefore,  in  those  cases  in  which 
compoiients  of  the  load  act  directly  through  the  points  of  support 
also,  forces  equal  and  opposite  to  such  components  must  be  com- 
bined with  the  supporting  forces  as  determined  in  the  following. 
Articles,  in  order  to  complete  the  solution. 

148.  Tviuisaiu*  FnuBc — Let  fig.  73  represent  a  triangular 
ftuae,  eoosisting  of  the  three  bars  A,  B,  0,  con-  /  w' 

nected  at  the  three  joints  1,  2,  3,  viz. :  C  and  A  at 

1,  A  and  B  at  2,  B  and  0  at  3.     Let  a  load  Pi  be  ^ 
applied  at  the  joint  1  in  any  given  direction ;  let   K 
snppoiting  forces,  P,,  P„  be  applied  at  the  joints     ^  j..    ^g         J 

2,  3 ;  the  lines  of  actien  of  those  two  forces  must 

be  in  the  same  plane  with  that  of  Pj,  and  must  either  be  parallel 
to  it  or  intersect  it  in  one  point  The  latter  case  is  taken  first, 
because  its  solution  comprehends  that  of  the  former. 

'Hke  three  external  forces,  in  vii-tue  of  Article 
131,  condition  L,  balance  each  other,  and  are 
l^iereibre  proportional  to  the  three  sides  of  a  tri- 
sngle  respectiYely  parallel  to  their  directions.  In 
%.  73*  let  A  B  C  be  such  a  triangle,  in  which 

CA  represents  Pi, 
AB        ...        Pto 

BC        ...        P„  Fig.73». 

Then  by  the  conditions  of  equilibrium  of  a  frame  of  two  bars 
(Aitide  145),  the  external  loroe  Pj  applied  at  the  joint  1,  and  the 
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resistances  or  stresses  along  the  bars  C  and  A  whicli  meet  at  that 
joint,  are  represented  in  magnitude  by  the  sides  of  a  triangle  re- 
spectively parallel  to  their  directions.     Therefore,  in  fig.  73*,  draw 

00  parallel  to  the  bar  0,  and  AO  parallel  to  the  bar  A,  meeting 
in  the  point  O,  and  those  two  lines  will  represent  the  stresses  on 
the  bars  0  and  A  respectively.     In  the  same  manner  it  is  proved, 

that  B  0  represents  the  stress  on  the  bar  B.  The  three  lines  0  0^ 
A  O,  B  O,  meet  in  one  point  0,  because  the  components  along  the 
line  of  direction  of  a  given  bar,  of  the  external  forces  applied  at 
its  two  extremities,  are  equal  and  directly  opposed* 

Hence  follows  the  following 

Theorem.  If  three  forces  he  represeniai  hy  ike  three  sides  of  a 
triangle,  <md  ifth/ree  straight  lines  radiating  from  one  point  be  drawn 
to  the  three  angles  of  that  triangle,  then  a  triangular  frame  tokoee 
lines  of  resistance  a/re  pa/raUel  to  the  three  radiating  lines  tnU  be  in 
equilibrio  under  the  three  given  forces,  each  force  being  applied  to  the 
joint  where  the  two  lines  of  resistomce  meet,  which  are  parallel  to  the 
radiating  lines  contiguotts  to  that  side  oftJie  original  triang^  which 
r&presents  the  force  in  question^ 

Also,  the  lengths  of  the  three  radiaJting  lines  wHl  represent  th& 
s^esses  on  the  bars  to  which  they  are  respectively  paralld. 
^  149«  TrteBsalar  Fnuoae  vnder  Pwallcl  Fmrccs. — When  the  three 

external  forces  are  parallel   to  each   other,  the 

triangle  of  forces  A  B  0  of  fig.  73*  becomes  a 

straight  line  0  A,  as  in  fig.  74*,  divided  into  two 

_  segments  by  the  point  B.    Let  straight  lines  radiate 

p.     ,    ^'    from  O  to  A,  B,  0 ;  and  let  fig.  74  represent  a 

^'  triangular  frame  whose  sides  1  2  or  A,  2  3  or  B, 

3  1  or  0,  are  respectively  parallel  to  O  A,  O  B,  O  C ; 

then  if  thejoad  CA  be  appHed  at  1  (fig.  74),  AB  applied 
at  2,  and  B  0  appHed  at  3,  are  the  supporting  forces 
required  to  balance  it ;  and  the  radiating  lines  O  A, 
OB,  00,  represent  the  stresses  on  the  bars  A,  B^  C, 
respectively. 

From  0  let  fall  O  H  perpendicular  to  0  A,  the  oom- 
_.  ^  mon  direction  of  the  external  forces.  Then  that  line 
*^*  •  wiQ  represent  a  component  of  the  stress,  which  is  (rf 
equal  amount  in  each  bar.  When  CA,  as  is  usually  the  case,  is 
vertical,  OH  is  horizontal;  and  the  force  represented  by  it  is 
called  the  "  horizontal  thnist"  of  the  frame.  Horizontal  Stress  or 
Eesistance  would  be  a  more  precise  term;  because  the  force  in 
question  is  a  puU  in  some  parts  of  the  frame,  and  a  thrust  in  others. 
In  fig.  74,  A  and  C  are  struts,  and  B  a  «wl     If  the  frame  were 


FOLTGOKAL  FRAME. 


139 


ezactlj  inverted,  all  the  forces  would  bear  the  same  proportions  to 
each  other;  but  A  and  C  would  be  ties,  and  £  a  strut. 

The  tzigonometrical  expression  of  the  relations  amongst  the  forces 
acting  in  a  triangular  frame,  under  parallel  forces,  is  as  follows : — 

Let  OyhfCj  denote  the  respeddye  angles  of  inclination  of  the  bars 

A,  B^  Cy  to  the  Ibie  O  H  (that  is,  in  general,  to  a  horizontal  line). 
Then,  Load  CA  =  OH  •  (tan  o  =±=  tan  a) ; 

Supporting  J  A  B  :=  O  H  '  (tan  a  qp  tan  b) ; 
Forces      |  bT5  =  O  H  •  (tan  6  =t:  tan  c) ; 


.(1.) 


The  offn  i  "^  )  is  to  be  used  when  the  two  )  opposite  directions 
^^  (  ~  J         inclinations  are  in        J  the  same  direction. 


Stresses 


O  A  =  O  H  •  sec  a 


OB  =  OH  'secb 


OC  =  OH  -secc 


.(2.) 


0H  = 


CA 


tan  c=±:  tan  a 


-(3.) 


IJO.  F#lyml  Fwn—- B^riliWi— . — The  Theorem  of  Article 
148  is  the  simplest  case  of  a  general  theorem 
req>ecting  polygonal  fnones  consisting  of  any 
munber  ^  bars,  which  is  arrived  at  in  the  fol- 
lowing manner.  In  fig.  75,  let  A,  B,  C,  D,  E,  be 
the  lines  of  resistance  of  the  bars  of  a  polygonal 
fiune,  connected  together  at  the  joints,  whose 
eentzes  of  resistance  are,  1  between  A  and  B,  2 
hetveen  B  and  C,  3  between  G  and  D,  4  between 
D  and  £,  and  5  between  E  and  A.  In  the  figure, 
the  frame  consists  of  five  bars ;  but  the  demonstra- 
tion is  applicable  to  any  number.  Erom  a  point 
0,  in  fig.  75*  (which  may  be  called  the  Diagram        

of  Fanes),  draw  radiating  lines  OA,  OB,  00,  OD,  OlE,  paraUel 

tcflpectiTely  to  the  lines  of  resistance  of  the  bars;  and  on  those 

ndtating  Imes  take  any  lengths  whatsoever,  to  represent  the  stresses 

on  the  several  bars,  which  may 

hiTe  any  magnitudes  within  the 

hndts  of  strength  of  the  materiaL 

Jam  tiie  points  thus  found  by 

vtraight  Imes,  so  as  to  form  a 

ckeed  pdygon  ABODE  A ;  then 

it  is  evident  that  A  B  is  the  ex- 


Fig.  76«. 


140  THEORY  OF  STRUCTURES. 

temal  force,  which  being  applied  ofe  the  joint  1  of  A  and  B^  will 

produce  the  stress  O  A  on  A  and  OB  on  B ;  that  BC  is  theexternsl 
force  which  being  applied  at  the  joint  2  of  B  and  G,  will  produce 

the  stress  OB  on  B  (already  m^itioned)  and  00  on  0;  an<i» 
on  for  all  the  sides  of  the  polygon  of  forces  A  B  0  D  E  A  Hence 
follows  this 

Theorem.  If  lines  radiating  from  a  poiaU  he  drawn  paraUd  to 
the  lines  of  resietanrice  ofths  ha/re  of  a  polygonal  frame,  then  the  ddei 
of  am/  pdygon  whose  amgles  lie  in  those  radiaHng  lines  will  npresent 
a  St/stem  of  forces,  which,  being  applied  to  the  joints  of  the  frame,  wiS 
balajice  eadt  other  ;  eaxih  such  force  being  applied  to  the  joint  betwmk 
the  baa's  whose  lines  ofresistcmce  a/re  parallel  to  the  pair  of  radiating 
lines  that  endose  the  side  of  the  polygon  of  forces,  represeTUing  the  font 
in  qtiestion.  Also,  the  lengths  of  the  radiating  lines  wUl  represent  the 
stresses  along  the  ban's  to  whose  lines  ofresi^anMe  they  are  respedivdy 
parallel, 

151.  Opot  p«i7g«aai  Fnuae.— When  the  polygonal  frame,  instead 
of  being  closed,  as  in  fig.  75,  is  converted  into  an  Open  frame,  bj 
the  omission  of  one  bar,  such  as  E,  the  corresponding  modification 
is  made  in  the  diagram  of  forces  by  omitting  the  lines  O  E,  D  £, 
E  A   Then  the  polygon  of  external  forces  becomes  A  B  0  D  0  A ;  and 

D  0  and  O  A  represent  the  supporting  forces  respectively,  equal  and 
directly  opposed  to  the  stresses  along  the  extreme  bars  of  the  fi:ame, 
D  and  A,  which  must  be  exerted  by  the  foundations  (called  in  this 
case  abutments),  at  the  points  4  and  5,  against  the  ends  of  those 
bars,  in  order  to  maintain  the  equilibrium. 

152.  Poiyg«aai  Fnune—ScabUitr. — The  stability  or  instabihty  of 
a  polygonal  frume  depends  on  the  principles  already  stated  in 
Articles  138  and  139,  viz.,  that  if  a  bar  be  fr'ee  to  change  its 
angular  position,  then  if  it  is  a  tie  it  is  stable,  and  if  a  strut, 
unstable ;  and  that  a  strut  may  be  rendered  stable  by  fixing  its 
ends. 

For  example,  in  the  frame  of  fig.  75,  E  is  a  tie,  and  stable  -,  A,  B, 
C,  and  D,  are  struts,  free  to  change  their  angular  position,  and 
therefore  imstabla 

But  these  struts  maybe  I'endered  stable  in  the  plane  of  thefnme 
by  means  of  stays ;  for  example,  let  two  stay-bars  connect  the  joints 

1  with  4,  and  3  with  5 ;  then  the  points  1,  2,  and  3,  are  all  fixei 
so  that  none  of  the  struts  can  change  their  angular  poaition&  Tlie 
same  effect  might  be  produced  by  two  stay-bai's  oonzkeoting  the  joint 

2  with  5  and  4. 

The  frame,  as  a  whole,  is  imstable,  as  b^g  liable  to  overinn 
laterally,  unless  provided  with  lateral  stays,  connecting  its  j^Wits 
with  fixed  points. 
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Now,  sappoee  the  frame  to  be  exactly  inyerted,  the  loads  at  1,  2, 
and  3,  and  the  anpportmg  forces  at  4  and  5,  being  the  same  as 
befoie.  Then  E  becomes  a  stmt ;  but  it  is  stable,  because  its  ends 
are  fixed  in  position ;  and  A,  B,  C,  and  D  become  ties,  and  are 
fitaUe  without  being  stayed. 

Ab  open  polygon  consisting  of  ties,  such  as  is  formed  by  A,  B,  C, 
and  D  when  inverted,  is  called  by  mathematicians  &/imicula/r  poly- 
ffon,  because  it  may  be  made  of  ropes. 

It  is  to  be  observed,  that  the  stability  of  an  wnstayed  polygon  of 
ties  is  of  the  kind  described  in  Article  127,  and  admits  of  oeciUcUion 
to  and  ho  about  the  position  of  equilibrium.  This  oscillation  may 
be  injurious  in  practice,  and  stays  may  be  required  to  prevent  it. 

153.    F»l7(«BAl    Fmme   «Mdcr   Parallel   Vorees. — 

When  the  external  forces  are  parallel  to  each  other, 
the  polygon  of  forces  of  fig.  75*  becomes  a  straight 
line  A  D,  as  in  fig.  75**,  divided  into  segments  by 
the  radiating  lines ;  and  each  segment  represents  the  ^ 
extetnal  force  which  acts  at-  the  joint  of  the  bars 
vhose  lines  of  resistance  are  parallel  to  the  radiating 
lines  that  bound  the  segment.  Moreover,  the  seg- 
ment of  the  straight  A  D  which  is  intercepted  be- 
tween the  radiating  lines  parallel  to  the  lines  of 
resistance  of  (my  Uoo  bars  v^her  corUifftuma  or  not, 
TCpresentB  the  r^ultant  of  the  external  foroes  which 
act  at  pmnts  beUoeen  the  Ixvrs, 

Thus,  AD  represents  the  total  load,  consisting  of  the  three  por- 
tions AB,  BC,  CD,  applied  at  1,  2,  3  respectively.  DA  represents 
the  total  supporting  force,  equal  and  opposite  to  the  load,  consist- 

^g  of  the  two  portions  D  E,  E  A,  applied  at  4  and  5  respectively. 

AC  represents  the  resultant  of  the  load  applied  between  the  bars 
A  and  C;  and  sxmilarly  for  any  other  pair  of  bars. 

From  O  di«w  O  H  perpendicular  to  A  D ;  then  that  line  re- 
prenents  a  component  of  the  stress,  whose  amount  is  the  same  in 
each  bar  of  tiie  frame.  When  the  load,  as  is  usually  the  case,  is 
vertical,  that  component  is  called  the  ^^horiaovUcd  thnist**  of  the 
firame,  and,  as  in  Article  149,  might  more  correctly  be  called  Jwrir 
zonidl  ilresa  or  renstanee,  seeing  that  it  is  a  pidl  in  some  of  the 
bars  and  a  thrust  in  others. 

The  trigonometrical  expression  of  these  principles  is  as  follows: — 

Let  the  force  O  H  be  denoted  simply  by  H. 
Let  i,  i,  denote  the  inclinations  to  O  H  of  the  lines  of  resistance 
of  any  two  hats,  contiguous  or  not. 
Let  B,  B',  be  the  respective  stresses  which  act  along  those  bars. 


Fig.  76»». 


y 


142  THEORY  OF  8TBUCTURES. 

Let  P  be  the  resultant  of  the  external  forces  acting  through  the 
joint  or  joints  between  those  two  bars. 

Then  R  =  Hsectj  R'  =  H-8ect'; 

P  =  H(tant=t:tant7 
qn     (      sum      )  of  the  tangents  of  the  inclinations  is  (  opposite ) 
(  difference  j     to  be  used  according  as  they  are     (  similar  J ' 

154.  OpMi  P^lrfmna  Fmne  nnder  PanUel  F«vcc*. — ^When  the 
frame  becomes  an  open  polygon  by  the  omission  of  the  bar  £,  the 
diagram  of  forces  75**  is  modified  by  omitting  the  line  O  E. 

Then  the  supporting  forces  exerted  by  the  abutments  at  4  and  5, 

» are  no  longer  represented  by  the  segments  D  E  and  E  A  of  the  line 

A  D,  but  by  the  inclined  Unes  D  O  and  O  A,  equal  and  directlr 

opposed  respectively  to  the  stresses  along  the  extreme  bars  of  the 

£nEime^  D  and  A 

Let  i^  and  i^  denote  the  angles  of  inclination  of  those  bars. 

Let  E4  =  0  D  and  It.  =  O  A  be  the  stresses  along  them. 

Let  2  -  P  =  A  D  denote  the  total  load  on  the  frame.  Then  by 
the  equations  of  Article  153, 

2P 
tan  id  +  tani.' 
Rrf  =  K '  sec  i^ :  R.  =  H '  sec  t^ 

155;  BmclBg  mf  Fflunea. — A  brace  is  a  stay-bar  on  which  there 
is  a  permanent  stress.  When  the  external  forces  applied  to  a  polj- 
gonal  frame,  although  balancing  each  other  as  an  entire  system,  are 
distributed  in  a  manner  not  consistent  with  the  equilibrium  of  each 
bar  separately,  then  by  connecting  two  or  more  joints  together  by 
means  of  braces,  which  may  be  either  struts  or  ties,  the  resistances 
of  those  braces  may  be  made  to  supply,  at  the  joints  which  they 
connect,  the  forces  wanting  to  produce  equilibrium  of  each  bar. 

The  resistance  of  a  brace  introduces  a  pair  of  equal  and  opposiie 
forces,  acting  along  the  line  of  resistance  of  the  brace,  upon  the 
pair  of  joints  which  it  connects.  It  therefore  does  not  ^ter  the 
resultant  of  the  forces  applied  to  that  pair  of  joints  in  amount  nor 
in  position;  but  only  the  distribiUion  of  the  components  of  that 
resultant  on  the  pair  of  joints. 

The  same  remark  applies  to  auy  number  of  joints  connected  by  a 
system  of  braces. 

To  exemplify  the  use  of  braces  and  the  mode  of  determining  the 
stresses  on  them,  let  fig.  76  represent  a  frame  such  as  frequently 
occurs  in  iron  roofs,  consisting  of  two  struts  or  rafters,  A  and  E, 
and  three  tie-bars,  B,  C,  and  D,  forming  a  polygon  of  five  sides, 
jointed  at  1,  2,  3,  4,  5,  loaded  vertically  at  1,  and  supported  by  the 
vertical  resistance  of  a  pair  of  walls  at  2  and  5.     The  joints  3  and 
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4,  iiATiBg  no  loadift  applied  to  them^  are  connected  with  1  by  the 


_  4. 

5 


Fig.  76. 
Isaoea  1 4  and  13.     It  is  required  to  find  the  stresses  on  those 
btaces,  and  on  the  other  pieces  of  the  finme. 

To  make  the  diagram  of  forces  (fig.  76*),  draw  the  vertical  line 
E  A,  as  in  Article  153,  to  represent 

the  direction  of  the  load  and  of  the  a^^,^_  ^^ 

wpporting  forces. 

The  two  segments  of  that  line,  AB  ^^ 

and  W%  are  to  be  taken  to  represent   dje 
the  supporting  forces  at  2  and  5;  and  pi^^  7^  • 

the  whole  line  E  A  wiU  represent  the 
load  at  1.  From  the  ends,  and  from  the  point  of  division  of  the 
9eaU  0/ eaciemal  forces  £  A,  draw  straight  lines  parallel  respectively 
to  the  lines  of  resistance  of  the  fiame,  each  line  being  drawn  from 
the  point  in  £  A  that  is  marked  with  the  corresponding  letter. 
Then  A  a  and  B  b,  meeting  at  a,  h,  will  represent  the  stresses  along 
A  and  B  respectively;  and  £0  and  Dd,  meeting  in  d,  e,  wDl 
represent  the  stresses  along  D  and  £  respectively;  but  those  foor 
Imes,  instead  of  meeting  each  other  and  C  c  parallel  to  0  in  one 
point,  leave  gapSy  which  are  to  be  filled  up  by  drawing  straight  lines 
parallel  io  ike  braces:  that  is  say,  from  a,  6,  to  c,  parallel  to  13; 
And  from  d,  ejtoe,  parallel  to  4  1.  Then  those  straight  lines  will 
represent  the  stresses  along  the  braces  to  which  they  are  respectively 
puallel ;  and  C  e  will  represent  the  tension  along  C.  Upon 
analyzing  the  diagram  of  forces  so  constructed,  it  will  be  found 
that  to  each  joint  in  the  frame,  fig.  76,  there  corresponds  in  fig. 
76*,  ir  triangle^  or  other  closed  polygon,  having  its  sides  respec- 
tively parallel,  and  therefore  proportional,  to  the  forces  that  act  at 
that  joint.     For  example, 

Joints,        1,  2,  3,  4,  5, 

Polygons,  £  A  ac0£;  AB6A;  Bc6B;  DdeD;  DEeD. 

The  order  of  the  letters  indicates  the  directions  in  which  the 
forces  act  relatively  to  the  joints.* 

The  method  of  arranging  the  positions  of  braces,  and  determining 
the  stresses  along  them,  of  which  an  example  has  been  given,  may 
he  thus  described  in  general  terms. 

If  the  distribntioii  of  the  loads  on  the  joints  of  a  polygonal  frame, 
though  consistent  with  its  equilibrium  as  a  whole,  be  not  consistent 

•  This  method  of  treating  braced  frames  contains  an  improvement  sag 
gated  hy  Mr.  Clerk  Maxw^  in  18137. 
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with  the  equilibrium  of  each  bar,  then,  in  the  diagram  of  forces, 
when  converging  lines  respectively  parallel  to  the  lines  of  redstanoe . 
are  drawn  from  the  angles  of  the  polygon  of  external  forces,  those 
converging  lines,  instead  of  meeting  in  one  point,  will  be  found  to 
have  gaps  between  them.  The  lines  necessary  to  fill  up  those  gaps 
will  indicate  the  forces  to  be  supplied  by  means  of  the  resistance 
of  braces. 

156.  RigiditT  mf  m  Traas.— The  word  iru88  is  applied  in  caipentiy 
and  iron  framing  to  a  triangular  frame,  and  to  a  polygonal  frame  to 
which  rigidity  is  given  by  staying  and  bracing,  so  that  its  figure 
shall  be  incapable  of  alteration  by  turning  of  the  bars  about  their 
jomta  If  each  joint  were  ahsaliUely  of  the  kind  described  as  the 
first  cla43S  in  Article  136,  that  is,  like  a  hinge,  incapable  of  ofiering 
any  resistance  to  alteration  of  the  relative  angular  position  of  the 
bars  connected  by  it,  it  would  be  necessary,  in  order  to  fulfil  the 
condition  of  rigidity,  that  every  polygonal  frame  shoidd  be  divided 
by  the  lines  of  resistance  of  stays  and  braces  into  triangles  and  other 
polygons  so  arranged,  that  every  polygon  of  four  or  more  sides 
should  be  surrounded  by  triangles  on  all  but  two  sides  and  the 
included  angle  at  farthest  For  every  unstayed  polygon  of  four  odes 
or  more,  with  flexible  joints,  is  flexible,  unless  all  the  angles  except 
one  be  fixed  by  being  connected  with  trianglea 

Sometimes,  however,  a  certain  amount  of  stifihess  in  the  joints  of 
a  frame,  and  sometimes  the  resistance  of  its  bars  to  bending,  is  lehed 
upon  to  give  rigidity  to  the  frame,  when  the  load  upon  it  is  sub- 
ject to  small  variations  only  in  its  mode  of  distidbution.  For 
example,  in  the  truss  of  fig.  81  (for  which  see  Article  161,  ferfcher 
on),  the  tie-beam  A  A  is  made  in  one  piece,  or  in  two  or  more 
pieces,  so  connected  together  as  to  act  like  one  piece ;  and  part  of 
its  weight  is  suspended  from  the  joints  0,  C,  by  the  rods  O  B,  C  E 
These  rods  also  serve  to  make  the  resistance  of  the  tie-beam  CC  to 
being  bent,  act  so  as  to  prevent  the  struts  AC,  CO,  C  A,  from 
deviating  from  their  proper  angular  positions,  by  turning  on  the 
joints  A,  0,  C,  A.  If  A  B,  B  B,  and  B  A,  were  three  distinct 
pieces,  with  flexible  joints  at  B,  B,  it  is  evident  that  the  frame 
might  be  disfigured  by  distortion  of  the  quadrangle  B  C  C  B. 

157.  Tuiattou  ttf  i.oBd  •■  »rM«.— The  object  of  stiffening  » 
truss  by  braces  is  to  enable  it  to  sustain  loads  varioudy  distribated; 
for  were  the  load  always  distributed  in  one  way,  a  frame  might  be 
designed  of  a  figure  exactly  suited  to  that  load,  so  that  there  should 
be  no  need  of  bracing. 

The  variations  of  load  produce  variations  of  stress  on  all  the 
pieces  of  the  frame,  but  especially  on  the  braces ;  and  each  piece 
must  be  suited  to  withstand  the  greatest  stress  to  which  it  is  liabk 

Some  pieces,  and  especially  braces,  may  have  to  act  sometimes  as 


/ 
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fftmis  and  aometiineB  as  ties,  according  to  the  mode  of  distribution 
of  the  load. 

158.  Mmr  CMOMB  M  Mrend  Fnunca. — ^When  the  same  bar  forms 
at  the  same  time  part  of  two  or  more  different  frames^  the  stress 
akng  it  is  determined  hy  the  aid  of  the  following 

Thboreic.  The  stress  on  a  bar  common  to  two  or  more  frames,  is 
the  resvltaiU  of  the  d^erent  stresses  to  wMch  it  is  subject,  in  vkrtue  of 
iU  position  in  the  different  frames, 

Mnstratioiis  of  this  will  be  found  in  the  following  Articles. 

159.  flMMiduT  TnwiiiiS. — A  secondary  truss  is  a  truss  which  is 
supported  by  another  trusa 

When  a  load  is  distributed  over  a  great  number  of  centres  of 
resistance,  it  may  be  advantageous,  instead  of  connecting  all  those 
centres  by  one  polygonal  frame,  to  sustain  them  by  means  of  several 
small  trusses,  which  are  supported  by  larger  trusses,  and  so  on,  the 
whole  structure  of  secondary  trusses  resting  finally  on  one  large 
tmsa^  which  may  be  called  the  primary  truss.  In  such  a  combina- 
tiou,  the  same  piece  may  often  form  part  of  different  trusses ;  and 
then  the  stress  upon  it  is  to  be  determined  according  to  the  Theorem 
(^Article  158. 

Example  I.  Eig.  77  represents  a  kind  of  secondary  trussing  com- 
mon in  the  framework  of  iron  roofe. 


Fig.  77. 


The  entire  frame  is  supported  by  pillars  at  2  and  3,  each  of  which 
sustains  in  all,  half  l^e  weight. 

1  2  3  is  the  prvmary  truss,  consisting  of  two  rafters  1  3,  1  2,  and 
a  ^e-rod  2  3. 

The  weight  of  a  division  of  the  roof  is  distributed  over  the 
nfter& 

The  middle  point  of  each  rafter  is  supported  by  a  secondary  truss; 
one  of  those  is  marked  14  3;  it  consists  of  a  strut,  1  3  (the  rafter 
itself),  two  ties  4  1,4  3,  and  a  strut-brace,  5  4,  for  transmitting  the 
load,  applied  at  5,  to  the  point  where  the  ties  meet. 

Each  of  the  two  larger  secondaiy  trusses  just  described  supports 
two  smaJELer  seeondofry  trusses  of  similar  form  and  construction  to 
itself;  two  of  those  are  marked  1  7  5,  5  6  3;  and  the  subdivision  of 
the  load  might  be  carried  still  farther. 

In  determining  the  stresses  on  the  pieces  of  this  structure,  it  is 
indifferent,  so  far  as  mathematical  accuracy  is  concerned,  whether  wo 
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commence  with  the  primary  truss  or  with  the  seodi 

but  by  commenciiig  with  the  prilmary  truss,  the  process  is  leadeied 

more  simpla 

(1.)  Frimcvry  Ttosb  12  3..  Let  "W  denote  the  weight  of  the  roof  j 
then  ^  W  is  distributed  over  each  rafter,  the  resultants  actmg 
through  the  middle  points  of  the  raft/ors.  Divide  each  of  those 
resultants  into  two  equal  and  parallel  components,  each  equal  to 
\  W,  acting  through  the  ends  of  the  rafter  j  then  ^  W  is  to  be 
considered  as  directly  supported  at  3,  ^  "W  at  2,  and  J  W  +  -J  W 
=  ^  W  at  1 ;  therefore  the  load  at  the  joint  1  is 

Let  i  be  the  inclination  of  the  rafters  to  the  horizon;  then  by  the 
equations  of  Article  149 

^  Ji  ^■"2tant"4tani' ^^'^ 

.   '0\  r 

This  is  tHe^ull  upon  the  horizontal  tie-rod  of  the  primary  tmas, 

2  3 ;  and  the  thrust  on  each  of  the  rafters  1  3,  1  2,  is  given  by  the 

equation 

.       "Wcosect 
R  =  Hsect  = -. (2.) 

■ 
'(2.)  Secondary  Truss  14  3  5.     The  rafter  1  3  has  the  load  ^  W 

distributed  over  it ;  and  reasoning  as  before,  we  are  to  leave  two 

quarters  .of  this  out  of  the  calculation,  as  being  directly  supported 

at  1  and^4,  and  to  consider  one-half,  or  ^  W,  as  being  the  vertical 

load  at  the  point  5.     The  truss  is  to  be  considered  as  consisting  of 

a  polygon  of  four  pieces,  5 1, 1  4,  4  3,  3  5,  two  of  which  happen  to  be 

in  the  same  straight  line,  and  of  the  strut-brace,  5  4,  which  exerts 

obliquely  upwards  against  5,  and  obliquely  downwards  against  4,  a 

thrust  equal  to  the  component  perpendicular  to  the  raiter  of  the 

load  \  W;  which  thrust  is  given  by  the  equation    ^^^  ^k-'^s'^t  **^ 

Ri4  =  ^  Wcos» •'^^•^^ (^0 

Then  we  easily  obtain  the  following  values  of  the  stresses  on  the 
rafter  and  ties,  in  which  each  stress  is  distinguished  by  having  affixed 
to  the  letter  6  the  numbers  denoting  the  two  joints  between  which 
it  acts. 

Pulls 

R3«=«?^.+  iwsin»=  jWcosec 

o 


I R48  =  R41  =  -o^^  =  4  W cotani: 
(  ^*       2smt        8  ^ 
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The  difieBenoe  l)etweeii  the  thrusts  on  the  two  diyiHions>6f  the 

is  the  component  aJUmg  the  rafter  of  the  load  at  the  point  5. 

(3.)  SmcJler  Secondary  Trusses,  17  5,  5  6  3. — ^These  trusses  are 
Minilar  in  eveiy  respect  to  the  larger  secondaiy  trusses,  except 
that  the  load  on  each  point  is  one-half,  and  consequently  each  of 
the  streesee  is  reduced  to  one-half  of  the  corresponding  stress  in  the 
equations  3  and  4. 

(4.)  BesuUofU  Stresses.     The  pull  on  the  middle  division  of  the 
great  tie-rod  2  3  is  simply  that  due  to  the  primary  truss,  12  3.     The 
puU  on  the  tie  4  7  is  simply  that  due  to  the  secondaiy  truss  1  4  3.  / .   ^ 
The  pulls  on  the  ties  5  7,  5  6,  are  simply  those  due  to  the  smaller  \- 
secondaiy  trusses,  1 5  7, 5  6  3.   But  agreeably  to  the  Theorem  of  Art. 
15S,  the  pull  on  the  tie  1  7  is  the  sum  of  those  due  to  the  larger 
secondary  truss  14  3,  and  the  smaller  secondaiy  truss  17  5.     The 
poll  on  6  4  is  the  sum  of  those  due  to  the  primary  truss  12  3  and  to 
the  larger  secondary  truss  143.    The  pull  on  6  3  is  the  sum  of  those 
due  to  the  primary  truss  1  2  3,  to  the  l^ger  secondary  truss  143,  and  . 
to  the  smaller  secondary  truss  5  6  3.     The  thrust  on  each  of  the  four 
diTisions  of  the  rafter  1  3,  is  the  sum  of  three  thrusts,  due  re- 
spectsyelj  to  the  primary  truss,  the  larger  secondary  truss,  and  one 
or  other  of  the  smaller  secondmy  trusses.  ^ 

Excawjple  IL  Fig.  78  represents  another  form  of  truss  common  in 
700&.     Lei  W  be  the  weight  of  the  roof,  as  before,  distributed  over 


fig.  78. 

theralfcers  1  2, 1 3.  2  3  is  the  great  tie-rod;  1  7,  6  5,  8  9,  suspension- 
lods;  7  6,  7  8, 5  4,  9  10,  struts. 

(1.)  Primary  TniM  1  2  3.  The  load  at  1,  as  before,  is  to  be  taken 
ae  =  ^W. 

{^^Seoofndary  Trusses  7  6^,7%%  The  load  at  6  is  to  be  held  t<^ 
consist  of  one-half  of  the  load  between  6  and  1,  and  one-half  of  the 
load  between  6  and  3 ;  that  is,  one-half  of  the  load  between  1  and 
3,  or  \  W.  The  trusses  are  triangular,  each  consisting  of  two  struts 
and  a  tie,  and  the  stresses  are  to  be  found  as  in  Article  149. 

The  suspension-rod  1  7  supports  two-thirds  of  the  load  on  7  C  3, 
and  two-thirds  of  the  load  on  7  8  2 ;  that  is,  J  •*  •  W  =  i  W;  and 
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this,  together  with  i  W  which  rests  directly  on  1^  makes  up  the 
load  of  i  W,  abready  mentioned. 

(3.^  Smaller  Secondary  Trusses  3  4  5, 9  10  2.     Each  of  the  points 

4  and  10  sustains  a  load  of  i  W,  &om  which  the  stresses  on  the  ban 
of  those  smaller  trusses  can  be  determined. 

One-half  of  the  load  on  4,  that  is  I'ff  W,  hangs  bj  the  suq^enaion- 
rod  6  5;  and  this,  together  with  i  W,  which  rests  directly  on  6, 
makes  up  the  load  of  i  W  on  that  point,  formerly  mentioned.  The 
same  remarks  apply  to  the  suspension-rod  S  9. 

(4.)  ResvJUa/rU  Stresses,  The  pull  between  5  and  9  is  the  sum  of 
those  due  to  the  primary  and  larger  secondary  trusses;  that  between 

5  and  3,  and  between  9  and  2,  is  the  sum  of  the  pulls  due  to  the 
primary,  larger  secondaiy,  and  smaller  seoondaiy  trusses. 

The  thrust  on  1  6  is  due  to  the  primary  truss  alone ;  that  on  64 
to  the  primary  and  larger  secondary  truss ;  that  on  4  3  to  the 
primary,  larger  secondaiy,  and  smaller  secondary  trusses;  and 
similarly  for  the  divisions  of  the  other  rafter. 

Eaxumpls  III.  Suppose  that  instead  of  only  three  divisions,  there 
are  n  divisions  in  each  of  the  rafters  1  3,  1  2,  of  fig.  78 ;  so  that  be- 
sides the  middle  suspension-rod  1  7,  there  are  n  —  2  suspension-rods 
under  each  rafter,  or2n  —  4inall;  and  n  —  1  sloping  stnits 
under  each  rafter,  or  2  n  —  2  in  all.  There  will  thus  be  2  n  —  I 
centres  of  resistance ;  that  is,  the  lidge-joint  1,  and  n  —  1  on 
each  rafter ;  and  the  load  directly  awpporUd  on  each  of  iheap 

W 

points  will  be  ^r— . 

W 

The  total  load  on  the  ridge-joint,  1,  will  be  as  before,  -^  \  that 

"W  "W  /         1\ 

is  to  say,  —  directly  supported,  and  -^  (1 1  hung  by  the 

middle  suspension-rod.  :*  -  ^ 

The  total  load  on  the  upper  joint  of  any  secoiidifiiy  truss,  distant 

from  the  ridge-joint  by  w  divisions  of  the  rafter,  will  be,  — W; 

4  fi 

that  is  to  say,  —  directly  supported,  and W  hung  bj 

a  suspension-rod. 

The  stresses  on  the  struts  and  tie  of  each  truss,  primary  and 
secondary,  being  determined  as  in  Article  149,  are  to  be  conabined 
as  in  the  preceding  examples. 

160.  Gonipeand  TniwM. — Several  frames,  without  being  distin- 
guishable into  primaiy  and  secondary,  may  be  combined  and  con- 
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nected  in  sach  a  manner,  tiiat  certain  pieces  are  common  to  two  or 
more  of  them,  and  leqoire  to  have  their  stresses  determined  by  the 
llieorem  of  Article  158. 

Exofmple  I.  In  fig.  79,  S  9  represents  part  of  the  horizontal  plat- 
fonn  of  a  sn^pexision  bridge,  supported  and  balanced  by  being  hnng 
from  the  top  of  a  central  pier,  1,  by  pairs  of  equally  inclined  rods  or 
lopes,  Ti&;— 1  8  and  1  9;  1  6  and  1  7;  1  4  and  1  £f;  1  2  and  1  3. 


1^ 

r 


^^t 


Kg.  79. 


Here  8  1  0  is  to  be  oonaideied  as  a  distinct  triangular  firame, 
ooQosting  of  a  strut  8  9,  and  two  ties  1  8  and  1  9,  loaded  with 
eqmd  weights  at  8  and  9,  and  supported  at  1.  Let  x  denote  the 
bei^t  of  the  point  of  suspension  1  above  the  level  of  the  loaded 
points,  y^  =  y^  the  distance  of  those  points  on  either  side  of  the 
middle  of  the  pier,  P  the  load  at  each  point,  E^  =  E9  the  pull  on 
each  of  the  ties,  1  8, 1  9,  T^^  the  thrust  between  8  and  9  along  the 
platfoinL     Then  we  have  .^         .  ^ 


-^HU.^ 


and  similar  equatioiis  for  each,  of  the  bther  distinct  frames  6  1  7,  ^ 
4  1  5,  2  1  3.  />f/  i'  %   w/.!  <,'    =.  ^    r   1  \  -  J  'V     •  ' 

Then  using  a  similar  notation  in  each  case,  the  thrust  along  the 
platform 

between  8  and  6  i  •   m      .  m 
7and9/^^«»  "*"  "^^ 
6  and  4  )  .   m         ^         m 
„       5  and  7  j  ^  ^"  "*■  ^^"^  **"  ■^** 

and  so  on  for  as  many  pairs  of  divisions  as  the  platform  consists  of. 
Example  IL   Fig.  80  represents  the  framework  for  supporting 


n 


n 


9             6             1 

1 

1          1 

1          J 

1 

,^ 

^^^ 

-^'^ 

^ 

^ 

^^' 

\       \      \ 

\      \ 

»                           c 

\ 

I      \ 

\W 

Kg.  80. 

one  side  of  a  timber  bridge,  resting  on  two  piers  at  1  and  4 
conaiats  of  four  distinct  trusses,  viz., 


It 
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12  3  4  loaded  at  2  and  3, 
15  6  4        „        5    „    6, 
17  84        „        7    „    8, 
194        „        9; 
but  all  those  trusses  have  the  same  tie-beam^  1  4 ;  and  the  poll 
along  that  tie-beam  is  the  sum  of  the  pulls  due  to  the  four  trosBea. 

161.  Reaiatance  mt  Frame  at  a  Seellaa. — ^ThEOREK.  If  a  Jtqsm 
be  acted  wpon  by  any  system  of  external  forces^  amd  if  that  frame  U 
conceived  to  be  completely  divided  into  tvx>  parts  by  an  ideal  surfaoey 
Hie  stresses  along  the  ba/rs  which  a/re  intersected  by  that  surface,  balance 
His  external  forces  which  act  on  each  of  the  two  parts  of  the  frame. 

This  theorem,  which  requires  no  demonstration,  furnishes  in 
some  cases  the  most  convenient  method  of  determining  the  stresses 
along  the  pieces  of  a  frame.  The  following  consideration  shows  to 
what  extent  its  use  is  limited. 

Case  1.  When  the  lines  of  resistance  of  the  bars,  and  the  lines 
of  action  of  the  external  forces,  are  all  in  one  plane,  let  the  frame 
be  supposed  to  be  intersected  anywhere  by  a  plane  at  right  angles 
to  its  own  plane.  Take  the  line  of  intersection  of  these  two  plan^ 
for  an  axis  of  co-ordinates ;  say  for  the  axis  of  y,  and  any  convenient 
point  in  it  for  the  origin  O ;  let  the  axis  of  a;  be  perpendicular  to 
this,  and  in  the  plane  of  the  frame,  and  the  axis  of  z  perpendicular 
to  both,  and  in  the  plane  of  section. 

The  external  forces  applied  to  the  part  of  the  frame  at  one  side 
of  the  plane  of  section  (either  may  be  chosen)  being  treated  as  in 
Article  59,  give  three  data,  viz.,  the  total  force  along  a;  =  F,;  the 
total  force  along  y  ^  F„  and  the  moment  of  the  couple  ading 
round  2;  ^  M ;  and  the  bars  which  are  cut  by  the  plane  of  section 
must  exert  resistances  capable  of  balancing  those  two  forces  and 
that  couple.  If  not  more  than  three  bars  are  cut  by  the  plane  of 
section,  there  are  not  more  than  three  unknown  quantities,  and 
three  relations  between  them  and  given  quantities,  so  that  the 
problem  is  determinate  j  if  more  than  three  bars  are  cut  by  the 
plane  of  section,  the  problem  is  or  may  be  indeterminate. 

The  formulae  to  which  this  reasoning  leads  are  as  follows : — Let 
X  be  positive  in  a  direction  from  the  plane  of  section  towards  the 
part  of  the  structure  which  is  considered  in  determining  F^  F^  and 
M ;  let  +  y  lie  to  the  right  of  +  as  when  looking  from  z ;  let  angles 
measured  from  O  x  towards  +  y,  that  is,  towards  the  right,  be 
positive ;  and  let  the  lines  of  resistance  of  the  three  bars  cut  by  the 
plane  of  section  make  the  angles  t|,  ii,  t,,  with  x.  Let  nj,  n„  %  be 
the  perpendicular  distances  of  those  three  lines  of  resistance  from 
O,  distances  towards  the 

ttjofO.beingcoBBideredasI^^"-}. 


METHOD  OF  SECTIONS.  151 

Let  Bi,  It„  "R^  be  the  resistances,  or  total  stresses^  along  the 
Uiree  bars,  palls  being  positive,  and  thrusts  negativeu  Then  we 
have  the  following  three  equations  : — 

F,  =  R,  COS  ii  +  R,  cos  %  +  E,  cos  1,  j 

F,  =  Ri  sin  ii  +  Rj  sin  12  +  I^  sin  ^;    >■ (1.) 

fit>m  whieb  the  three  quantities  sought,  Rq,  R,,  Rs,  can  be  foimd. 

Speaking  with  reference  to  the  given  plane  of  section,  F,  may  be 
called  the  Tiormal  stress,  F,  the  shearing  stress,  and  M  the  Tiwm&nJt 
offlexwre  or  bending  stress;  for  it  tends  to  bend  the  frame  at  the 
section  under  consideration. 

Case  2.  When  the  bars  of  the  frame,  and  the  forces  applied  to 
&em,  act  in  anj  direction,  the  forces  applied  to  one  of  the  two 
dirifiions  of  the  frame  are  to  be  reduced  to  rectangular  components; 
and  the  three  resultant  forces  along  these  rectangular  axes,  F„  F^, 
F^  and  the  three  resultant  couples  round  these  three  axes,  M,,  M,, 
M^  are  to  be  found  as  in  Article  60.  Those  forces  and  couples 
must  be  equal  and  opposite  to  the  corresponding  forces  and  couples 
arising  from  the  stresses  along  the  bars  cut  bj  the  section ;  and 
thus  are  obtained  six  equations  between  those  stresses  and  known 
quantities ;  so  that  if  the  section  cuts  not  more  than  six  bars,  the 
problem  is  determinate ;  if  more,  it  is  or  may  be  indeterminate. 

The  equations  are  obtained  as  follows  : — Let  R  denote  the  stress 
along  any  one  of  the  bars,  pull  being  positive  and  thrust  negative. 
I^  «,  /9,  y,  be  the  inclinations  of  the  line  of  resistance  of  that  bar 
to  the  axes  of  x,  y,  z.  Let  w  be  its  perpendicular  distance  from  O. 
Conceive  a  plane  to  pass  through  O  and  through  the  line  of  resistance 
of  the  bar,  and  a  normal  to  be  drawn  to  that  plane  in  such  a  direc- 
tion, that  looking  from  the  end  of  that  normal  towards  O,  the  bar 
is  seen  to  lie  to  the  right  of  O,  and  let  a,  ^,  >,  be  the  angles  of 
inclination  of  that  normal  to  the  three  axes.  Let  2  denote  the 
smmnation  of  six  corresponding  quantities  for  the  six  bars.  Then 
the  six  equations  are, 

F,=  3*Rcos«j  P,  =  3i-Rcos/3;  F,  =  3-Rcosy; 

—  M,  =  2«RncosA;  —  My=3*RwcoSie*;         \  (2). 
—  M,  =  2  •  R  7^  cos  » ; 

from  which  the  six  stresses  sought  can  be  computed  by  elimination. 

The  plane  of  V  2;  being  as  before,  that  of  the  section,  F,  is  the  total 
dired  st/ress  on  it;  F.  and  F,  are  the  total  shearing  stresses ;  M,  and 
M^  are  bending  ccv^esy  and  M«  a  tvnsting  couple, 

REKASKa — Every  problem  respecting  the  equilibrium  of  frumes 
which  can  be  solved  by  the  meOiod  of  sections  explained  in  this 


/ 
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Article,  can  also  be  solved  by  the  metJiod  of  polygons  explained  ia 
the  previous  Articles;  and  the  choice  between  the  two  methods  is 
a  question  of  convenience  and  simplicity  in  each  particular  ca8& 
-r    The  followiilg  is  one  of  the  simplest  examples  of  the  solution  of 
a  problem  in  both  ways*     Fig.  81  represents  a  truss  of  a  form  veiy 

common  in  carpentry  (already  referred 
to  in  Article  1^6),  and  consisting  of 
three  struts,  A  C,  C  C,  0  A,  a  tie- 
beam  A  A,  and  two  suspension-rods, 
C  B,  C  B,  which  serve  to  suspend  part 
,  .  of  the  weight  of  the  tie-beam  from 

^f  •  ^*-  the  joints  C  C,  and  also  to  stiffen  the 

truss  in  the  manner  mentioned  in  Article  156. 

Let  i  denote  the  equal  and  opposite  inclinations  of  the  rafters 
AC,  CA,  to  the  horizontal  tie-beam  AA  j  and  leaving  out  of 
consideration  the  portions  of  the  load  directly  supported  at  A  A, 
let  P,  P,  denote  equal  vertical  loads  applied  at  C  C,  and  —  P, 
—  P,  equal  upward  vertical  supporting  forces  applied  at  A  A,  by 
the  resistance  of  the  props.  Let  H  denote  the  pull  on  the  tie- 
beam,  It  the  thrust  on  each  of  the  sloping  rafters,  and  T  the  thrast 
on  the  horizontal  strut  C  C. 

Proceeding  by  the  method  qfpolygonsy  as  in  Article  153,  we  find 
at  once,  /  /    -  / ' 

.-/        H  =  — .T  =  Pcotani;)    ^^    '  ^    " 

•   R  =  —  P  cosec  i,       ) 

(Thrusts  being  considered  as  negative.) 

To  solve  the  same  question  by  the  method  ofaectionSy  suppose  a 
vertical  section  to  be  made  by  a  plane  traversing  the  centre  of  the 
right  hand  joint  0 ;  take  that  centre  for  the  origin  of  co-ordinatesj 
let  X  be  positive  towards  the  right,  and  y  positive  downwards ;  let 
07],  ^1,  be  the  co-ordinates  of  l£e  centre  of  resistance  at  the  right 
hand  point  of  support  A.  When  the  plane  of  section  traverses  the 
centre  of  resistance  of  a  joint,  we  are  at  liberty  to  suppose  either 
of  the  two  bars  which  meet  at  that  joint  on  opposite  sides  of 
the  plane  of  section  to  be  cut  by  it  at  an  insensible  distance  from 
the  joint. 

First,  consider  the  plane  of  section  as  cutting  C  A.  The  forces 
and  couple  acting  on  the  part  of  the  frame  to  the  right  of  the 
section  are 

F,  =  0;  Py  =  — P 

M=— Paji. 

Then,  observing  that  for  the  strut  A  C,  t*  =  0,  and  that  for  the  tie 
_      A  A,  w  =  yi,  we  haTO,  by  the  equations  1  of  this  Article 


<    -? 
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'»  '    *  5  Keo6»4.H=:F,  =  0; 

Hyi  =  —  M=  +  Pajij 
whence  we  obtain,  from  the  last  equation, 

H  =  ^  =  Pcotaiii 

from  the  first,  or  from  the  second 

H 


B  = 


cost 


-.  =  —  P  cosec  1. 


-  -  7.  J  ' 


Next,  conceive  the  section  to  cnt  G  0  at  an  insensible  distance 
to  the  left  of  C.  Then  the  equal  and  opposite  applied  forces  +  P 
at  C,  and  —  P  at  A,  have  to  be  taken  into  account ;  so  that 

F.  =  0;  Py==0;  M==  — Pajii 
from  the  first  of  which  equations  we  obtain 


H  +  T  =  F,  =  0,  and 
T  =  -  H  =  -Pcotani. 


(5.) 


f 


In  the  example  just  given,  the  method  of  sections  is  tedious  and 
complex  as  compared  with  the  method  of  polygons,  and  is  intro- 
duced for  the  sake  of  illustration  only;  but  in  the  problems  which 
are  to  follow,  the  revenue  is  the  case,  the  solution  by  the  method  of 
sections  being  by  far  the  more  simple, 

162.  A  naU^iiBiitoe  c»r<«r,  sometimes  called  a  ''Warren  Girder/* 
"is  represented  in  fig.  82.    It  consists  essentially  of  a  horizontal  upper 
bar,  a  horizontal  lower  bar,  and  a  series  of  diagonal  bars  sloping 
alternately  in  opposite  direc- 
tions, and  dividing  the  space       A    aaaaaaAVT  — 
between  the  upper  and  lower       AAA/x/N/VVV 
bars  into  a  series  of  tiianglea       /^  ^  *  ^y 

In  the  example  to  be  consi-         *  p.    gg  ' 

deied,  the  girder  is  supposed 

to  be  supported  by  the  vertical  resistance  of  piers  at  its  ends  A  and 
B,  and  loaded  with  weights  acting  at  ot  through  the  joints  at  the 
angles  of  the  several  triangles. 

.  This  girder  might  be  treated  as  a  case  of  secondary  trussing,  by 
considering  the  upper  and  lower  and  endmost  diagonal  bars  as 
forming  a  polygonal  truss  like  fig.  81,  but  inverted,  supporting  a 
smaller  erect  truss  of  the  same  kmd,  which  supports  a  still  smaller 
inverted  truss,  which  supports  a  still  smaller  erect  truss,  and  so  on 
to  the  smallest  truss,  which  is  the  middle  triangle.     But  it  is  more 
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simple  to  proceed  by  the  method  of  sectioDS,  which  most  be  applied 
successively  to  each  division  of  the  girder. 

The  load  at  each  joint  being  known,  the  two  supporting  forces 
at  A  and  B,  are  to  be  determined  by  the  principles  of  the  eqniH- 
brium  of  parallel  forces  in  one  plane  (Articles  43,  44).  Let  P^, 
Pb,  denote  those  supporting  forces,  upward  forces  being  treated  as 
positive,  and  downward  as  negative ;  and  let  —  P  denote  the  load 
at  any  joint,  which  may  be  a  constant  or  a  vaiying  quantity  for 
different  joints. 

Suppose  now  that  it  is  required  to  find  the  stress  along  any  one 
of  the  diagonals,  such  as  C  E,  along  the  top  bar  immediately  to  the 
right  of  C,  and  along  the  bottom  bar  inmiediately  to  the  left  of  £. 
Conceive  the  girder  to  be  divided  by  a  vertical  plane  of  section 
C  D,  at  an  insensibly  small  distance  to  the  right  of  C;  take  the 
intersection  of  this  plane  with  the  line  of  resistance  of  the  top  bar 
for  the  origin  of  co-ordinates,  which  sensibly  coincides  with  C. 

Let  X  denote  the  distance  of  any  one  of  the  joints  to  the  left  of 
the  plane  of  section,  from  that  plane.  Let  a^  be  the  distance  of  the 
point  of  support  A  to  the  left  of  the  same  plane.  Let  y  be  positive 
upwards ;  so  that  for  the  joints  of  the  upper  bar,  y  =  0,  and  for 
those  of  the  lower  bar,  y  =  —  A,  h  denoting  the  vertical  depth 
between  the  lines  of  resistance  of  the  upper  and  lower  bars. 

Let  i  be  the  inclination  of  the  diagonal  CE  to  the  horizontal 
axis  of  (c.  In  the  present  instance  tlus  is  positive;  but  had  CE 
sloped  the  other  way,  it  would  have  been  negative. 

Let  the  symbol  --  2j  •  P  denote  the  sum  of  the  loads  acting  at 
the  joints  between  the  plane  of  section  and  the  point  of  support  A, 
tI^£  load  at  ^  joint  C  being  indtuied.  Then  for  the  total  forces  and 
couple  acting  on  the  division  of  the  girder  to  the  left  of  the  plane 
of  section,  we  have, — direct  force,  F,  =  0,  because  the  applied 
forces  are  all  vertical ; — shearing  force,  P^  =  Pj^  —  s J  •  P ;  a  force 

^^'"'^  ^  {  ^tiTeoTdo^^  }  »««>'di°« "» the  plane  of  sectioa 
^^^  J  f  rth     from  f  ^^®  poiji*  of  support  A,  than  a  plane  which 

divides  the  load  into  two  portions  equal  respectively  to  the  support- 
ing pressures; — hendmg  couple  M  =  Pa^^i  —  ^c  '^^l  which  is 
upward,  and  right-handed  with'  respect  to  the  axis  of  z. 

l^ow  let  Ri  denote  the  sti'ess  along  the  upper  bar  at  0,  B3  that 
along  the  lower  bar  at  D,  and  B,  that  along  the  diagonal  OE; 
then  the  equations  1  of  Article  161  become  the  following  : — 

Ri  -{-  R,  +  Rs  cos  t  =  0 ;  or  Ri  +  R,  cos  i  =  —  R^...(a^) 

that  is,  the  stress  along  the  upper  bar,  and  the  horizontal  component 
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of  the  stress  along  the  diagonal,  are  equal  and  opposite  to  the  stress 
along  the  lower  bar ;       c'  •    -    '  •  .^  r    ^  ';         0  ^ 

Il,sinf  =  P,  =  P^— 2S-P; (h.) 

that  is,  the  vertical  component  of  the  stress  along  the  diagonal, 
balances  the  shearing  force  j     H^f»  ^^     ^     V  ^       "*'       '  •< 

—  E,y  =  IUA  =  M  =  P^a?,  —  25  •  P «;.;.!. .!(c.)^" 

that  is,  the  oonple  formed  by  the  equal  and  opposite  horizontal 
stresses  of  equation  (a),  acting  at  the  ends  of  the  arm  A,  balances 
the  bending  couple. 

Hnalljy  from  the  equations  {a),  {b),  (c),  are  deduced  the  following 
Tshies  of  the  stresses  :-~ 

PuQ  on  Icwer  bar,  1 

E.  =  i(P^a?i-2j-Pa:);         r     ^. 

^  '  J 

Siren  an  diagontdy  -  / 1  ' 


v« 


B,  =  ooeec  t  (Pi  —  sg  •  P) ; 
Thnut  on  upper  bar, 

E,  =  —  Sj  —  Bj  COS  i 

=  —  y  (Pa  a:,  —  iS  •  P  «)  —  cotan  t  (Pi  —  ij  •  P). 


(1) 


J 


Another,  and  sometimes  a  more  convenient  form,  can  be  found 
for  the  second  and  third  of  those  expressions.  Let  8  denote  the 
length  of  the  diagonal  C  E,  and  a^'  the  horizontal  distance  of  its 
lower  end  £  from  the  point  of  support  A;  then 


s=J{h'  +  {x,'-x,)% 


V. 


aadalao  ^  ^r 

^»  ooeect  = -r;  cotan  »  ss-^-T — '; .* (2.) 

which  substitutions  haying  been  made,  give 

8 


B,=  ^(Pi-2SP) 


B,  =  — -i  |Pi«,— 3S-Paj  +  (a;,'-<B,)(Pi— 2S-P)} 


-l(Pi«,'-2S-PaO 


^, 


(3.) 
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in  which  a/  is  taken  to  denote  the  horizontal  dietomce  of  any  jokni 
to  the  left  of  a  vertiotd  plane  traversing  E.  The  last  expression  for 
H)  is  exactly  what  would  have  been  obtained  by  supposing  the 
plane  of  section  to  traverse  E  instead  of  C. 

Any  given  diagonal  is  I  ^^^^^^  I  according  as  it  slopes  I  ^^J^ 

the  direction  of  the  shearing  force  F,  acting  on  a  plane  of  section 
traversing  it 

'^       163.  Half-IiAttaee  Olrd«r— ValfMrm  liMd.— OaSE    1.    Every  joklt 

haded.  When  the  joints  of  a  half-lattice  girder  are  at  equal  dis- 
tances apart  horizontally,  and  loaded  with  equal  weights,  ^e 
equations  take  the  following  form : — 

Let  N  denote  the  even  number  of  divisions  into  which  vertical 
lines  drawn  through  the  joints  divide  the  total  length  or  ipan 
between  the  points  of  support  Let  I  be  the  length  of  one  of  these 
divisions,  so  that  N  ^  is  the  total  span.  The  total  number  of 
loaded  joints  is  N  — 1 ;  this  must  be  an  odd  number,  and  there 
must  be  a  middle  joint  dividing  the  girder  into  two  halveB>  sym- 
metrical to  each  other  in  every  respect,  figure,  load,  support^  and 
stress,  so  that  it  is  sufficient  to  consider  one  half  only;  let  the  left 
hand  half  be  chosen.  Let  the  middle  joint  be  denoted  by  0,  and 
the  other  joints  by  numbers  in  the  order  of  their  distances  from  the 
middle  joint,  so  that  the  joint  nimibered  n  shall  be  at  the  distance 
n  I  from  O.  The  even  numbers  denote  joints  on  the  same  horizontal 
bar  with  O;  the  odd  numbers  those  on  the  other. 

The  total  load  on  the  girder  is 

-(N-l)P, 

of  which  one-half  is  supported  on  each  pier ;  that  is  to  say, 

N-l 

p,  =  PB  =  t!^p. (1.) 

I 

The  stress  on  the  upper  bar  is  everywhere  a  thrust ; — ^that  on 
the  lower  bar  a  pulL     Diagonals  which  <  ^??  >  from  the  middle 

towards  the  ends  are  <  ^^^  \ .     By  these  principles  the  hind  of 

stress  on  each  piece  is  determined;  it  remains  only  to  compute  the 
amourU. 

Let  n  be  the  number  of  any  joint ;  it  is  required  to  find  the  stress 
along  the  diagonal  which  runs  from  that  joint  towards  the  middle 
of  the  girder,  and  the  stress  along  that  part  of  either  of  the  hori* 
zontal  bars  which  is  opposite  the  joint 

Suppose  a  vertical  .section  to  be  made  at  an  insensible  distance 


BALF-LATHCS  GIBDEB.  •  157 

£ram  the  joints  intenectiDg  the  diagonal  in  question  and  the  hori- 
BHifcalbara. 

Between  O  and  either  pier  there  are-^ 1  loaded  joints  ;  be- 

tireen  O  and  the  plane  of  section  in  question,  there  are  n — 1 
joints ;  hence  between  the  plane  of  section  and  the  pier  there  are 

-s^^^  jointBb     Consequently 
and  the  Aearing  force  is 

F,  =  Pa- '^P  =  ('»-^)  •  P; (2.) 

So  that  it  increases  at  an  uniform  rate  from  the  middle  towards 
the  ends. 

The  distance  of  the  n***  joint  fi-om  the  pier  is  a;i  =  ( ~  —  n\  *  I. 

Hence  the  upward  moment  of  the  supporting  force  is 

.  -  r-=(i-i)(?-")^' 

The  downward  moment  of  the  load  at  the  joints  between  the 
plane  of  section  and  the  pier  is  found  from  the  consideration,  that 
the  leverage  of  the  nearest  portion  of  that  load  is  nothing,  and 

that  of  the  feurthest  ( — —  1  —  n\  I,  so  that  the  mean  leverage  is 

x(  a" — 1 — »)  I'y  which  being  multiplied  by  the  load  3  «  P  as 
found  above,  gives  for  the  moment 

hence  the  bending  couple  is 

that  is  to  say,  it  is  proportionaLto  the  product  of  the  segTmnta  into 
vhidi  the  plane  of  section  divides  the  length  of  the  girder,  and  is 

greatest  at  the  middle^  where  it  is  -5-  -  P  2L 

o 


I"      ' 


B 
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The  tmifonn  inclinatioii  of  the  diagonals^  in  one  direction  or  the 
oiher,  being  denoted  by  t,  we  have 

cosec»=-i-== -^^—r 9  :, 

h  h 

and  hence  the  amounts  of  the  stresses  are. 

Along  the  diagonal, 

B'  =  F,-coseci=j(«— i)p; 

Along  the  horizontal  bar,  \,  (^) 

M       /N»        A     P^ 

=  T  =  VT-^)'2A- 

These  stresses  are  stated  irrespective  of  their  signs,  which  are  to 
be  determined  by  the  rules  laid  down  after  equation  1. 

The  least  value  of  R'  is  for  the  diagoiials  next  the  middle  pami, 

for  which  w  =  1,  and  B!  =  ^-^.     Its  greatest  value  is  for  the  dia> 

gonals  next  the  piers,  for  which  » = -s->  and  R'  =  ^ — ^r i  ^  fiurt, 

these  diagonals  sustain  the  entire  load. 

The  least  value  of  the  horizontal  stress  R  is  at  the  divisions  of 

N 
one  of  the  horizontal  bars  next  the  piers,  for  which  »=  -5 —  1*  and 

^"'       2h      • 

The  greatest  value  of  R  is  at  the  division  of  one  of  the  horizontal 

bars  opposite  the  middle  joint,  for  which  w=  0,  and  R=    ^  , — . 

-V    Case  2.  Every  altemate  joint  loaded.    Suppose  those  joints  only 

to  be  loaded  which  are  distant  by  an  even  number  of  divisions  firom 

.  .       .   N 
the  piers.     The  total  number  of  loaded  joints  is  -^  —  1,  the  load 

on  the  girder  —  (-^ —  1 )  Py  «uid  the  supporting  pressures 


^^=^»=(i-i)^ (^•> 


Let  n  be  the  number  of  any  loaded  joint,  n  —  1  that  of  the 
unloaded  joint  nearest  to  it  on  the  side  next  the  middle  of  the 
girder,  O.    If  a  plane  of  section  traverae  the  gii-der  at  an  insenaible 
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distance  fixna  either  of  those  joints  on  the  side  next  0,  the  shearing 
ibroe  is  the  same,  being  the  excess  of  the  supporting  pressure,  F^ 
(equation  d)  above  the  load  on  n,  and  the  other  loaded  joints 
between  it  and  A,  whose  number  is  one-half  of  what  it  was  in 

easel,  that  18  J- J.    Hencewefind         ^jf^H^'^j"^ 
The  upward  moment  of  the 


he  supporting  force  is  ^    ^         j  ^^    *  ' 


at  the  joint  «>P^«,=  (^  -  -  j  ^-^  -n) 


'^U*'  '\  'Jv 


rVTftv 


s. 


_rt  ae  joint  n  -  1,  P^  («,+ 0  =  (^  -  1 )  (I -«  +  l)  •  Pf/ 

The  downward  moment  of  the  load  from  the  joint  n  inclusiye  to 
the  pier,  relatively  to  the  plane  of  section  near  that  joint,  is  found 
by  oonsideiing  that  the  leverage  of  the  nearest  portion  of  that  load 

is  nothing,  and  that  of  the  &rthest  (-^  -  2  -  wj  ^ ;  so  that  the 
mean  leverage  is-^-f-o— 2  —  wj^,  which  being  multiplied  by 

—  —  —  J  P,  gives  for  the  moment,  .*i 

The  corresponding  moment  for  the  joint  n  —  1  is  -^  * 

-25P(«+o=-^(5-»y*pt  -'^-'^ 

Hence  the  bending  couples  are — 
At  the  loaded  joint  n» 

»=H!+")(?-')-=K?-)-'j^., 

At  the  unloaded  joint  n  —  1, 

M.=  1{^'_(»-1)'-1}PI 
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Using  these  data,  we  obtam  for  the  stress  along  the  diagonal  oon- 
necting  the  joints  n  and  n  —  1, 

R  =  F,  cosec  t  =  ^'^^  •  ^ (&) 

(The  stress  along  the  diagonal  connecting  the  joints  n  —  1  and 
n  —  2  is  of  equal  amount  and  opposite  kind). 

Along  the  bear  apposite  the  loaded  joint  n, 

-,       M      1/N'        APZ 

^=  h-i\T-Vir 

Along  the  hcvr  opposite  the  urdoaded  joinJt  n  —  1, 

PJ 
A 


•^-¥=i{T-<—>--'} 


>  ...(9.) 


The  last  two  stresses  are  of  opposite  kinds ;  and  the  kind  of  each 
stress  is  to  be  determined,  as  before,  by  the  rule  given  after  equa- 
tion 1  of  this  Article. 

J^  164.  liiutlce  «iidcr— Amt  iiMid#--In  a  lattice  girder,  as  in  a  half- 
lattice  girder,  there  are  a  hori- 
^  zontal  upper  and  lower  bar; 

\/\/\A\/\/\/\y\y\         butwhereasa  half-lattice  girder 
/\/\/\yvsJ\y\y\J^        contains  but  one  zig-zag  set  of 


n    '      ] 


diagonal  bars,  a  lattice  girder 

contains  two  or  more  sets^croga- 

Fig,  83.  ing  each  other,  usually  at  equal 

inclinations  to  the  honzoa 
Fig.  83  represents  the  simplest  form  of  a  lattice  girder,  in  which 
there  are  two  sets  of  diagonals,  crossing  each  other  midwaj 
between  the  upper  and  lower  horizontal  bara 
The  load  is  supposed  to  be  applied  at  the  joints. 
Suppose  the  g&der  to  be  cut  by  a  vertical  plane  of  section  C  D, 
traversing  ojie  of  the  joints  where  the  diagonals  cross.  The  shearing 
force  and  bending  couple  at  this  plane  of  section  are  to  be  deter- 
mined exactly  in  the  same  manner  as  for  a  half-lattice  girder,  in 
Article  162. 

In  the  present  case,  because  the  plane  of  section  C  D  cuts  fcfff 
bars,  the  problem,  in  a  strict  mathematical  sense,  is  indeterminate, 
according  to  the  principles  stated  in  Article  161 ;  but  it  is  solved 
by  taking  for  granted  what  is  the  fact  in  well-constructed  lattioe 
prders,  that  each  of  the  two  diagonals  which  cross  each  other  at 
the  section  C  D  bears  one-half  of  the  shearing  force ;  and  in  like 
manner,  when  several  pairs  of  diagonals  cross  each  other  at  the 
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nme  cms  section,  it  is  asBumed  that  the  resistance  to  the  shearing 
foroe  is  eqnall j  distribated  amongst  them. 

To  luM  this  condition  where  a  pair  of  diagonals^  as  in  fig.  83, 
cross  each  other,  inth  eqnal  and  opposite  inclinations,  the  stresses 
along  them  mnst  be  eqiud,  and  of  opposite  kind&  Then  let  B'  and 
—  E'  be  the  stresses  along  the  pair  of  diagonals,  and  i  and  —  % 
their  inclinations  to  the  horizon,  we  shall  have  for  the  vertical 
component  of  the  foroe  sustained  by  them 

F^=:  R'  sin  f  —  R'  sin  (—  0  =  2  R'  sin  i; (1.) 

and  for  the  horiamtal  component, 

R'  cos  t  —  R'  cos  (—  t)  =  0 ; 

80  thai  the  horizontal  components  of  the  stresses  along  the  two 
diagonals  at  the  plane  of  section  balance  each  other. 

Let  2  m  be  the  nnmber  of  diagonal  bars  which  cross  each  other 
at  a  giveD  vertical  section,  the  amount  of  the  stress  along  each  bar  is 

«'=5^^ (^ 

force: 

The  poll  along  the  lower  bar,  and  the  thrust  along  the  upper  bar, 
at  the  given  vertical  section,  must  constitute  a  couple  which  balances 
the  bending  couple  M ,  hence  their  common  amount  is 

R  =  ^ (3.) 


165.  MmitArm  Cigicr  VmlMmem  liWidL — If  N  denote  the  even  num- 
ber of  equal  divisions  into  which  the  length  of  a  lattice  girder  is 
divided  by  vertical  lines  traversing  all  the  joints,  whether  of  meeting 
of  diagonal  and  horizontal  bars,  or  of  crossing  of  diagonal  bars,  and 
/  Ihe  length  of  one  of  those  divisions,  so  that  N  /,  as  before,  is  the 
span  of  the  girder,  then  the  effect  of  a  load  equally  distributed 
amongBt  all  those  vertical  lines,  or  amongst  the  alternate  lines, 
may  be  found  by  means  of  the  formulsB  for  a  half-lattice  girder, 
Axtide  163,  as  follows : — 

L  When  the  load  is  distributed  over  all  the  vertical  lines,  the 
formuhe  for  case  1,  equations  1,  2,  3, 4,  are  to  be  applied  to  vertical 
iectioDs,  such  as  G  D,  traversing  tiie  joints  of  crossing  of  diagonals ; 
obiening  only,  that  the  resistance  to  the  shearing  force  is  distributed 
uaoDfft  the  diagonaLs  as  shown  by  equation  2  of  Article  164. 
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IL  When  the  load  is  distributed  over  those  vOTtical  lines  only 
which  traverse  joints  of  meeting  of  diagonal  and  horizontal  han, 
the  formula  of  case  2,  equations  5,  6,  7,  8,  9,  90  far  as  (key 
reUUe  to  aectians  made  ctt  unloaded  joints,  are  to  be  applied  to  vertical 
sections,  such  as  C  D,  traversing  the  joints  of  crossing  of  diagonals; 
attending  as  before  to  the  distribution  of  the  stress  amongst  the 
diagonals  hj  equation  2  of  this  Article. 

166.  Tnuuf«nwii«B  mi  Fnuaca. — The  principle  explained  in 
Article  QQ,  of  the  transformation  of  a  set  of  Hues  representing  one 
balanced  fif3rstem  of  forces  into  another  set  of  lines  lepresentiiig 
another  system  of  forces  which  is  also  baknoed,  by  means  of  iriiai 
is  called  '^  Faballel  Projection,"  being  applied  to  the  theoiy  of 
frames,  takes  obviously  the  following  form  : — 

Theo&bm.  If  a  frame  whose  lines  ofresistamM  eonsUtute  a  gkxik 
figure,  be  balanced  under  a  system  of  external  forces  represented  hf  a 
given  system  of  lines,  then  unll  a  frame  whose  lines  of  resistance  am- 
stit^ite  afigwre  which  is  a  paraUd  projection  of  the  original  figvare,  he 
balanced  under  a  system  of  forces  represented  by  the  oorreipondmg 
paraUd  projection  of  the  given  system  of  lines;  and  the  limes  repre- 
senting the  stresses  along  the  ba/Ts  of  ths  new  frwmey  witt  be  the 
corresponding  paralld  projections  of  the  lines  representing  the  slressee 
along  llie  ba/rs  of  the  original  fra/i/ne. 

This  Theorem  is  called  the  ^^  Principle  of  the  Transformatian  of 
Frames."  It  enables  the  conditions  of  equilibrium  of  any  unsym- 
metrical  frame  which  happens  to  be  a  parallel  projection  of  a 
symmetrical  frame  (for  example,  a  sloping  lattice  girder),  to  be 
deduced  from  the  conditions  of  equilibrium  of  the  symmetrical 
frame, — a  process  which  is  often  much  more  easy  and  simple  than 
that  of  finding  the  conditions  of  equilibrium  of  the  unaymmebical 
frame  directly. 

Section  2. — Equilibrium  of  Chains^  Cords,  Hibs,  and 

Linear  Arches. 

167.  Evdlilwtam  •£  a  Cot^ — ^Let  D  A  C  in  fig.  84  represent  a 

flexible  cord  supported  at 
the  points  C  and  D,  and 
loaded  by  forces  in  any 

'  direction,  constant  or  TBzy- 
ing,  distributed  over  its 
.  whole  length  with  ooo- 
Via  Ri         *^"^     "^  stant  or  varying  intensity. 

*  Let  A  and  B  be  any 

two  points  in  this  cord ;  from  those  points  draw  tangents  to  tite 
cord,  A  P  and  B  P,  meeting  in  P.  The  load  acting  on  the  cord 
between  the  points  A  and  B  is  balanced  by  the  pulls  along  tbe 
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oord  at  those  two  points  respeotiyely;  those  pulls  must  respeotiyely 
act  aJong  the  tangents  A  P,  B  P ;  hence  follows— 

Thbobex  L  The  nstdiant  of  the  load  between  two  gvoen  pwmXe 
M  a  balanced  cord  acts  through  the  point  o/intereection  of  the  tangents 
to  the  cord  ai  thoeepointe;  and  thai  reetUtamt,  and  thepuUe  along  the 
eord  at  the  two  given  points,  are  proportional  to  the  sides  of  a  trUmgle 
which  are  respectivdy  paraUd  to  their  directions. 

The  more  the  number  of  loaded  points  in  a/umcular  polygon  (as 
defined  in  Article  150)  is  increased,— or,  in  other  words,  the  more 
the  number  of  sides  in  the  polygon  is  multiplied, — the  more  nearly 
does  it  approximate  to  the  concStion  of  a  cord  continuously  loaded; 
while  at  the  same  time,  the  number  of  lines  radiating  £rom  the 
point  O  in  the  diagnun  of  forces  (exemplified  in  %.  75^^)  increases 
with  the  number  of  sides  of  the  funicular  polygon,  and  the  polygon 
ci  exteroal  farces  of  fig.  75*  approximates  to  a  continuous  line, 
eurred  or  straight 

A  diagram  of  forces  for  a  continuously  loaded  oord  may  be  con- 
structed in  the  following  manner  (fig.  84*).     Let  radiating  lines  be 
drawn  from  the  point  O  parallel  to  the  tangents  of  the  cord  at  any 
points  which  may  be  under  consideration : — for  example,  let  O  C, 
0  D,  be  parallel  to  the  tangents  at  the  points  of  support,  and  O  A, 
0  B,  parallel  to  the  tangents  at  the  points  A  and  B  of  fig.  84  re- 
^Kctively,     Let  the  lengths  of  those  radiating  lines  represent  the 
polls  along  the  cord  at  the  points  to  whose  tangents  they  are 
pioUel ;  and  let  a  line  D  A  B  C,  curved  or  straight,  as  the  case 
may  be,  be  drawn  so  as  to  pass  through  the  extremities  of  all  the 
**^^f4ng  lines  which  represent  the  pulls  along  the  cord  at  different 
points.    Then  from  Theorem  L  it  appears,  that  a  straight  line 
drawn  fr:am  B  to  A  in  fig.  84*,  will  represent  in  magnitude  and 
direction  the  resultant  of  the  load  on  the  cord 
between  A  and  B  (fig:  84).     Now,  suppose  the 
point  marked  A  in  fig.  84  to  be  taken  ^ndually 
nearer  and  nearer  to  B;  then  will  O  A  in  fig.  84* 
a{^iroach  graduaUy  nearer  and  nearer  to  OBj 
and  while  the  direction  of  the  straight  line  drawn 
from  B  to  A  gradually  approaches  nearer  and 
nearer  to  the  direction  of  the  tangent  at  the  point 
BtothelineCBAD  in  fig.  84*,  the  resultant 
load  between   B  and  A  represented  by  that  |p.     ^^^^ 

straight  line  gradually  approaches  nearer  and  ^' 

nearer  in  direction  to  the  durection  of  the  load  at  the  point  B  in  ^g, 
84;  therefore,  the  direction  of  the  load  at  any  point  B  of  the  cord 
(fig.  84),  is  represented  by  the  direction  of  a  tangent  at  B  (fig.  84*),  ^ 
to  the  line  C  B  A  D.     Hence  follows —  ** 

Thco&eh  U.    If  a  line  {called  a  line  of  loads)  he  drawn,  sfuch 


/ 
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that  wfiUe its  radm8-ve(ior from agwenpowU  is paraUd  to  a  tangent 
to  a  loaded  cord  ai  a  given  point,  its  own  tangent  is  parcdid  to  tkif\ 
direction  of  the  load  at  ths  point  in  the  cord;  then  wUl  the  length  cf' 
a  radius-vector  of  the  line  of  loads  represent  the  pull  at  the  corre- 
sponding point  of  the  cord;  and  a  straight  line  drawn  between  any  two 
points  in  the  line  of  loads  toUl  represent  in  magnitude  and  direction 
the  resultant  load  between  the  two  corresponding  points  in  the  cord. 

The  supporting  forces  required  at  the  points  0  and  D  (fig.  S4), 
are  obviously  represented  in  magnitude  and  direction  by  the  ex- 
treme radiating  lines,  00,  OD. 

A  loaded  cord,  hanging  freely,  is  obviously  stable,  but  capable  of 
oscillation* 
*^    168.  Cwrd  mdcr  PutbUaI  Ij— Ja, — ^If  the  direction  of  the  load  be 

everywhere  parallel  and  vertical,  the  line  of  loads  be- 
comes a  vertical  straight  line,  as  0  B  A  D  (fig.  84^). 
To  express  this  case  algebraically,  let  A  in  fig.  84 
be  the  lowest  point  of  the  cord,  so  that  the  tangent 
A  P  is  hoiizontaL  Then  in  fig.  84**,  O  A  will  be 
horizontal,  and  perpendicular  to  0  D.     Let 


H  =  0  A  =  horvsontal  tension  along  the  cord  at  A; 
B  =  OB  =  pull  along  the  cord  at  B; 
Fig  84»»         p  _-  XB  — .  load  on  the  cord  between  A  and  B; 

t  =  .^  X  P  B  (fig.  84)  =  -^  A  O  B  (fig.  84*»)  =  inclination 

of  cord  at  B; 

then, 

P  =  Htant;  It  =  ^  (P»  +  H«)  =  H sec t (1.) 

To  deduce  from  these  formule  an  equation  by  which  the  form  of  ^ 
the  curve  assumed  by  the  cord  can  be  determined  when  the  distri- 
bution of  the  load  is  known,  let  that  curve  be  referred  to  rectangular 
horizontal  and  vertical  co-ordinates,  measured  from  the  lowest  point 
A,  the  co-ordinates  of  Bbeing,  AX  =  «,  XB  =  y;  then 

dy 
tani  =  ^; 

whence  we  obtain 

dy     T 

a  differential  equation  which  enables  the  form  assumed  by  the  cord 
to  be  determined  when  the  distribution  of  the  load  is  known. 

169.  Cordi  «Bder  UMifonB  Tcttfcai  liWid. — Byanfmi/^>rm  vertical 
load  is  here  meant  a  vertical  load  uniformly  distributed  along  a 
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\> 


strughtline;  aothat  if  A^.  85),  be  the  lowest  point  of 
the  lope  or  ooid,  the  load  sospended  between  A  and  B  shall  be 


F3&  86. 


proportioDal  to  A'X.z=:x,  the  horizontal  distance  between  those 
points,  and  capable  of  being  expressed  bj  the  equation 

P  =  i»«; (1.) 

where  p  is  a  constant  quantity,  denoting  the  irUensUy  of  the  load  m 
nmtt  e/  ftfet^ht  per  vmt  of  horizoTUal  length:  in  pounds  per  lineal 
fooft^  for  example^  It  is  required  to  find  the  form  of  the  curve 
D  A  B  C,  and  the  relations  amongst  the  load  P,  the  horizontal  pull 

stA(H),thepu]latB(RXand  the  co-ordinates  AX  =  a;,  BX  =  y. 

Fint  SoUuion, — ^Because  the  load  between  A  and  B  is  uniformly 
distributed,  its  resultant  bisects  A  X ;  therefore,  the  tangent  B  P 
hiaects  A  X :  this  is  a  property  characteristic  of  a  pababola  whose 
vertex  is  at  A)  therefore,  the  curve  assumed  by  the  cord  is  such  a 
fiarabola. 

Alao,  the  proportions  of  the  load,  and  the  horizontal  and  oblique 
tenaons  are  as  lollows : — 

P:H:R::BX:XP:PB::y:|:^(j^  +  |^ 
Swmd  SoluUofL — In  the  present  cajae  equation  2  of  Arti<51e  168 

whifSijbeuig  integrated  with  due  regard  to  the  condition  that  when 
X  =  Oyy  =s  0,  gives 

»-fa ('•> 

the  eqiiation  of  a  parabola  whose  focal  distance  (or  modvlua,  to  use 
the  twin  adopted  in  I>r.  Booth's  paper  on  the  "Trigonometry  of  the 
^Wbola^"  Beports  of  tibe  British  Association,  1856),  is, 

m  =  ^=^ (6.) 

4y       2p 


■(■ (3.) 


\ 


^Ji 


I  I . 


For  a  parabola  we  have  also  the  inclination  { to  tbe  hotiaoii 
lated  to  the  co-ordinates  by  the  following  equatLons:— 


sect 


(«^) 


I    I 


tant  — —  =   ^   —  ^y. 

whence  we  have  the  proportions 

P:H:R::tant:l:8ecf::^:l:V(l+^ 

as  before. 

The  following  are  the  solutions  of  some  useful  problems  respedxng 
.  unifonnlj  loaded  cords. 

np  Pboblek  I.  Given  the  deiHEHons,  ji,  j^  qfthe  two  paintac 
of  the  cord  above  Us  lowest  point,  a/nd  oho  the  horizontal  di 
span  a,  between  those  points  of  support;  it  is  required  to  find  t^ 
horizontal  distances^  Z],  x,,  o/^  lowest  point  from  the  two  paints  qf 
support;  also  the  modulus  m.      ^  -r  ^,  -h  ,ii 

La.  a  parabola,  f^  '  *^     • 

therefore,  /^j~  .  ry;^  ty.    '/  ;r  ;^,^  i^ 

also  ^  sA    r  >^ 


When  ^points  of  support  a/re  at  the  same  level, 


a  a* 


yi  =  y.; «.=  2 ;  «» =  jej^ OO.) 

Probleh  IL     Given  the  same  dala,  to  find  the  indmaHon9  i^ 

of  the  cord  at  the  points  of  support 
By  equations  6,  we  have, 


Xi                a           '               x^                a        ^     '' 
when  yi  =  y„  tan  ti  =  tan  ^  =  -^ (12L) 


«  w 


PABABOUC  COED.  167 

Pboblkk  HL  Given  the  same  dcOa,  cmd  the  load  per  un^  of 
length;  required  the  horizontal  tension  H,  and  the  tensions  B^  Be, 
at  the  points  of  support 

Bj  equation  5,  we  find, 

Mkd  by  tite  proportional  equation  7, 

B,  =  Haect,  =  H  7  (l  +  i^);  E,  =  H  sec  », 

=  H>/(l+^) 0*) 

When  yj  =  y^  those  equatioiiB  become 

\  '        ==4'+^ '-W    : 

I 

Problbx  IV.    Given  the  same  data  as  in  PrMem  L,  to  find  the 
lengtho/the  cord 

The  following  are  two  well  known  fonnnlffi  for  the  length  of  a 

paimbolic  arc,  commencing  at  the  vertex,  one  being  in  terms  of  the 

^   oo-ordinates  x  and  y  of  the  farther  extremity  of  the  arc,  and  the 

o^her  in  termB  of  the  modtdus  m,  and  the  inclination  t  of  the  farther 

j .  extzemitj  of  the  arc  to  a  tangent  at  the  vertex. 

=  fn-[taa  t  *  sec  t  +  hyp.  log.  (tan  i  +  sec  i)}...(16.) 

The  2011^  of  the  cord  issi  +  ^t^  where  Si  is  foimd  by  putting  a?! 
I     i^nd  y,  in  the  first  of  the  above  formula,  or  ti  in  the  second,  and 

«t  by  patting  x^  and  y^  in  the  first  formula,  or  it  in  the  second. 
'        The  following  approadmate  formula  for  the  length  of  a  parabolic 
;     arc  is  in  many  cases  sufiiciently  near  the  truth  for  practical  purposes; 

}  '  '^l  *  *  =  ac  +  1^  nearly; (17.) 

I      which  gives  for  the  total  length  of  the  cord 
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*.+^=«+|.(|+^)wy. a&) 

and  wlien  y,  =  y„  this  becomes 

2».  =  a  +  -I-  •  ?^  neeu-lyi (19.) 

Problem  Y.  Given  the  same  dcUa,  to  find,  approximaidy,  Ae  smaU 
ehngcUion  of  the  cord  d  (si  +  Sj)  required  to  produce  a  given  small 
depremon  djo/the  lowest  poirvt  A,  cmd  cowverady. 

DifferentiatLog  equation  18,  we  find 


rf(..  +  *»)=i-^'+5)rfy (20.) 


(22.) 


which  serves  to  compute  the  elongation  from  the  depression ;  and 
conversely, 

dy=.\  .d{».^h). (21  V 

Xi      arg 

which  serves  to  compute  the  depression  of  the  lowest  point  fitan 
the  elongation  of  the  cord     When  y^  =  y^  those  formula  beoome, 

2d8,^J^'dy 
dy=i^-^.2d8, 

The  preceding  formulsB  serve  to  compute  the  depression  which 
the  middle  point  of  a  suspension  bridge  undergoes  in  consequence 
of  a  given  elongation  of  the  cable  or  chain,  whether  caused  by  heat 
or  by  tension. 

170.    SaspenalMi  Bridse  wlik  Terclcsl  It«d«t — ^In  a  SOSpension 

bridge  the  load  is  not  continuous,  the  platform  being  hung  by  ixkIs 
from  a  certain  number  of  points  in  each  cable  or  chain  :  neither  is 
it  uniformly  distributed  ;  for  although  the  weight  of  the  platform 
per  unit  of  length  is  uniform  or  sensibly  so,  the  load  arising  from 
the  weight  of  &e  cables  or  chains  and  of  the  suapending  rods  is 
more  intense  near  the  piers.  Nevertheless,  in  most  cases  which 
occur  in  practice,  the  condition  of  each  cable  or  chain  approaches 
sufficiently  near  to  that  of  a  cord  continuously  and  imifonnly 
loaded  to  enable  the  formube  of  Article  16£t  to  be  applied  without 
material  error. 
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When  the  piers  of  a  suspeiusion  bridge  are  slender  and  yertical 
(as  is  usually  the  case),  the  resultant  pressure  of  the  chain  or  cable 
on  the  top  of  the  pier  ought  to  be  Yerdcal  also.  Thus,  let  C  E,  in 
fig.  85,  represent  tibe  vertical  axis  of  a  pier,  and  C  G  the  portion  of 
the  chain  or  cable  behind  the  pier,  which  either  supports  another 
division  of  the  platform,  or  is  made  fiist  to  a  mass  of  rock,  or  of 
masonzy,  or  otherwisa  If  the  chain  or  cable  passes  over  a  curved 
plate  on  the  top  of  the  pier  called  a  saddle,  on  yhich  it  is  free  to 
slide,  the  tensions  of  the  portions  of  the  chain  or  cable  on  either 
side  of  the  saddle  will  be  equal;  and  in  order  that  those  tensions  may 
compose  a  vertical  pressure  on  the  pier,  their  inclinations  must  be 
equal  and  opposite.  Let  i  be  the  common  value  of  those  inclina- 
tions ;  B  the  common  value  of  the  two  tensions ;  then  the  vertical 
preBBure  on  the  pier  is 

V  =  2Rsint  =  2Htani=3^a:; (1.) 

that  is,  twice  the  weight  of  the  portion  of  the  bridge  between  the 
pier  and  the  lowest  point,  A,  of  the  curve  C  B  A  D. 

But  if  the  two  divisions  of  the  chain  or  cable  D  A  0,  0  G,  which 
meet  at  0,  be  made  fast  to  a  sort  of  truck,  which  is  supported  by 
roDenB  on  a  horiofmUd  cast  iron  platform  on  the  top  of  the  pier, 
then  the  pressure  on  the  pier  will  be  vertical,  whether  the  inclina- 
tions of  the  two  divisions  of  the  chain  or  cable  be  equal  or  unequal; 
and  it  is  only  necessaiy  that  the  horizontal  com/ponerUs  of  their  ten- 
sion should  be  equal ;  that  is  to  say,  let  t,  ^,  be  the  inclinations  of 
the  two  divisions  of  the  chain  or  cable  in  opposite  directions  at  C, 
and  By  B',  their  tensions,  then 

B  =  Hseoi;  B'  =  H8ec»^; 
V  =  B8ini  +  B'sint=H(tani  +  tan  %') (2.) 

171. 
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a  vertical  load,  P,  be  applied  at  A,  fig.  SO, 

/:  - 


t/ 


PJg. 


86*. 


and  sustained  T^'me&s  of  a  horizontal  strut,  A  B,  abutting  against 
a  fixed  body  at  B,  and  a  sloping  rope  or  chain,  or  other  fiezime  tie, 
ABC,  fixed  at  0.  The  weight  of  the  strut,  A  B,  is  supposed  to 
be  divided  into  two  components,  one  of  which  is  suppoited  at  B, 
while  the  otl^r  is  indudisd  in  the  load  P.    The  weighty  W,  of  the 
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Fit. 

flexible  tie^  A  D  C,  is  sapposed  to  be  kDown,  and  to  be  oonsidered 
separately ;  and  with  these  data  there  is  proposed  the  following 

Pboblem.  W  being  small  compa/red  with  P,  to  find  approxknaidy 
the  vertical  depreaaion  ^T>  of  the  flexible  tie  below  the  nbraigkt  Une 
A  Of  the  pulls  along  it  at  A^  D,  amd  C,  amd  the  horiaonUd  thnui 
along  AB. 

Because  W  is  small  compared  with  P,  the  curvature  of  the  tie 
will  be  small,  and  the  distribution  of  its  weight  along  a  hori- 
zontal line  may  be  taken  as  approxMnaldy  uniform  ;  therefore  lis 
figure  will  be  newrly  a  parabola  ;  the  tangent  at  D  will  be  sensibly 
parallel  to  A  C,  and  the  tangents  at  A  and  C  will  meet  in  a  point 
which  will  be  near  the  vertical  line  E  D  F,  which  line  bxBects  A  C, 
and  is  bisected  in  D.    Hence  we  have  the  f oUowiug  construction : — 

Draw  the  diagram  of  forces,  fig.  86*,  in  the  following  manner. 

"^     

On  the  vertical  line  of  loads  b c,  take  6/=  P;  6«  =  P  +  — ;  he 

Ji 

=  P  +  W.     From  b  draw  b  O  parallel  to  the  strut  AB ;  that  is, 

horizontal  ,*  from  e  draw  e  O  parallel  to  C  A,  cutting  5  0  in  O  ; 

join  0  O,  /O. 

In  fig.  86,  bisect  A  0  in  E,  through  which  draw  a  vertical  line  ; 

through  A  and  C  respectively  draw  A  F  ||  O/,  C  F  ||  O  c,  cutting 

that  vertical  line  in  F ;  bisect  E  F  in  D.     Then  will  A  F  and 

0  F  be  tangents  to  the  flexible  tie  at  A  and  0,  D  will  be  its  most 

depressed  point,  and  D  E  its  greatest  depression ;  and  the  pulls 
aloDg  the  tie  at  C,  D,  and  A,  and  the  thrust  along  the  strut  A  B, 
will,  in  virtue  of  the  principle  of  Article  168,  be  represented  by 
the  radiating  lines  O  c,  O  e,  O/,  and  O  6,  in  ^.  86*. 

This  solution  is  in  general  sufficiently  near  the  truth  for  practa> 
cal  purposes.  To  express  it  algebraically,  let  R.,  B^  B^  be  the 
tensions  of  the  tie  at  A,  D,  C,  respectively,  and  H  the  horizontal 
thrust;  then 
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^,=  ^/{w  +  ^);::M\tS 
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E.  =  /y/  ( H*  +  (P  +  W)'} ;  COI^C 
/  """^ /    •' 


(1.) 


^:  ;4i^s»^^3 


^     ^(^^ 


The  difference  qf  length  between  the  carve  ADC  Ktnd  the 
fine  A  £  O  is  fomui  yery  nearly,  by  sabetitating,  in  the  becond 

ABEE. 

term  of  equation  19,  Article  169,  AC  for  a,  and      -^-^      lor  Vil 

A  \j 

^t  IB  to  say, 

1    AB'BO*     f    W     .      ,^^ 

(2.) 
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24 


AC» 


•|p+w|...(2.; 


Fig.  87. 


172.  WBijiHiiiH  «H«i0  With  0Upiii«  lUdfc — ^Let  the  tmifQnnly- 
loaded  platform  of  a  snspension  bridge  be  hung  from  the  chains  by 
parallel  sloping  rods,  making  an  uniform  angle  j  with  the  vertdcaL 
The  condition  of  a  chain  thus  loaded  is  the  same  with  that  of  a 
chain  loaded  Tertically,  except  in  the  direction  of  the  load ;  and 
the  fbnn  assumed  by  tiie  chain  ib  a  parabola,  having  its  axis  paral- 
lel to  the  direction  of  the  suspension  rods. 

In  fig.  87,  let  C  A  represent  a  chain,  or  portion  of  a  chain,  sup- 
ported or  fixed  at  C,  and  horizontal  at 
A,  its  lowest  point.  Let  AH  be  a 
horiamtal  tangent  at  A,  representing 
the  platform  of  the  bridge;  and  let 
the  suspension  rods  be  all  parallel  to 
C£,  which  makes  the  angle  .^  ECH 
=  j  with  the  TcrticaL  Let  B  X  re- 
present any  rod,  and  suppose  a  vertical  load  v  to  be  supported  at 
the  point  X.  Then,  by  the  principles  of  the  equilibrium  of  a  frcme 
iifiwo  bars  (Article  145),  this  load  will  produce  a  ptiU,  p,  on  the  rod 
XB,  and  a  thrust,  q,  on  the  platform  between  X  and  H ;  and  the 
three  forces  v,  p,  q,  will  be  proportional  to  the  sides  of  a  triangle 
parallel  to  their  directions,  such  as  the  triangle  C  E  H  ;  that  is  to 

«y*  

v:piq::GU:GE  :EH::  1:  sec  j:  tan/ (1.) 

l^ezt,  instead  of  consideiing  the  load  on  one  rod  B  X,  consider  the 
entire  vertical  load  V  between  A  and  X.  This  being  the  sum  of 
the  loads  supported  by  the  rods  between  A  and  X,  it  is  evident 
that  the  proportional  equation  (1)  may  be  applied  to  it;  and  that 
if  P  represent  the  amount  of  the  pull  acting  on  the  rods  between 
A  and  X,  and  Q  the  total  thrust  on  the  platform  at  the  point  X, 
we  shall  have 

V  ;  P  :  Q  ::  CH  :  CE  :  EH  ::  1  :  secj :  tan/ (2.) 

The  Mique  load  V^Y  sec/is  what  hangs  firom  the  chain  between 

(      A  and  B.     Being  uniformly  distributed,  its  resultant  bisects  AX 

in  P,  which  is  also  the  ^(pt  of  intersection  of  the  tangents  A  P> 


r-   /-^ 
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curved  as  the  case  may  be,  which  trayerseB  the  lower  ends  of  all 
these  ordinates,  is  called  the  extradoa  of  the  given  load  The  carv« 
formed  hy  the  cord  itself  is  called  the  mtradoa.  The  load  suspended 
between  any  two  points  of  the  oord  is  proportional  to  the  vertical 
plane  area,  bounded  laterally  by  the  verticeJ  ordinates  at  those  two 
points,  above  by  the  cord  or  intrados,  and  below  by  the  extndos  ; 
and  may  be  regarded  as  equal  to  the  weight  of  a  flexible  sheet  of 
some  heavy  substance,  of  uniform  thickness,  bounded  above  by  the 
intrados,  and  below  by  the  extrados.  The  following  is  the  alge- 
braical expression  of  the  relations  between  the  extiudos  and  the 
intrados. 

Assume  the  horizontal  axis  of  a;  to  be  taken  at  or  below  the  level 
of  the  lowest  point  of  the  extrados;  and  let  the  vertical  axis  of  p^ 
as  in  Articles  168,  169,  and  170,  traverse  the  point  where  the 
intrados  is  lowest.  For  a  given  abscissa  jt,  let  ^  be  the  ordinate  <^ 
the  extrados,  and  y  that  of  the  intrados,  so  that  y  —  y  is  the  length 
of  the  vertical  ordinate  intercepted  between  those  two  lines,  to 
which  the  intensity  of  the  load  is  proportional  Let  to  be  the 
weight  of  unify  of  area  of  the  Tertical  sheet  by  which  the  load  Is 
considered  to  be  represented  Then  we  have  for  the  load  between 
the  axis  of  y  and  a  given  ordinate  at  the  diatanoe  x  £n>m  that  axis. 


P=w/;(y-j/)d«; (1.) 


the  integral  representing  the  area  between  the  axis  of  y,  the  given 
ordinate,  the  extrados  and  the  intrados.  Combining  this  equatiou 
with  equation  2  of  Article  168,  we  obtain  the  following  equation  : — 

*^-=^4=5/>-y^'''^ <^-) 

an  equation  which  affords  the  means  of  detennining,  by  an  indirect 
process,  the  equation  of  the  intrados,  when  the  horizontal  tension  H, 
and  the  equations  of  the  extrados  are  given,  and  alao,  by  a  some- 
what more  indirect  process,  the  equation  of  the  intrados  and  the 
horizontal  tension,  when  the  equation  of  the  extrados  and  one  of 
the  points  of  the  intrados  are  given.  Both  these  processes  are  in 
general  of  considerable  algebraical  intricacy. 

XT 

—  obviously  represents  the  area  of  a  portion  of  the  sheet  above 

mentioned,  whose  weight  is  equal  to  the  horizontal  tension.  Let 
that  area  be  the  square  of  a  certain  Hne,  a;  that  is,  let 

|=«'i (3) 
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Then  tiiat  line  is  called  the  pmraaneter  of  the  intradoB,  or  curve  in 
which  the  cord  hangs. 

When  the  vertical  load  is  of  nniform  intensity,  as  in  Article 
169y  so  that  the  intradoe  is  a  parabola,  it  is  obvious  that  the  extrados 
is  an  equal  and  similar  parabola,  situated  at  an  uniform  depth 
below  the  intrados. 

[The  reader  who  has  not  studied  the  properties  of  exponential 
functions  may  pass  at  once  to  Article  176.] 

174  CmHi  wHk  MOTteMtfai  Kzmdtoa. — If  the  extrados  be  a 
horizontal  straight  line,  that  line  may  itself 
he  taken  for  the  axis  of  as.  Thus,  in  fig. 
87  A,  let  O  X  be  the  straight  horizontal 
extndoe,  A  the  lowest  pointof  the  intrados, 
and  let  the  vertical  line  O  A  be  the  axis  of 

y.  Denote  the  length  of  O  A,  which  is  the 

least  ordinate  of  the  intrados,  by  y^    Let 

B  X  =  y  be  any  other  ordinate,  at  the  end 

of  the  abscissa  OX  =.  x.     Let  the  area  O  A  B  X  be  denoted  by 

«.    Then  equations  1  and  2  of  Article  172  become  the  following : — 


Fig.  87  A. 


dy  _  fu      P  _  w 
dx      daf      H      a' 


,(1.) 


The  general  integral  of  the  latter  of  these  equations  is 


u=Ae* 


Be 


(a,) 


in  which  A  and  B  are  constants,  which  are  determined  by  the 
conditions  of  the  problem  in  the  following  manner.     When 


35=0,  e*'=«     •*  =z  1;  but  at  the  same  time  m  =:  0,  therefore 
A  =  B,  and  equation  (a.),  may  be  put  in  the  form^ 

t»  =  aU* — e^*} 

This  i^ves  for  the  ordinate, 

y  =—  Ke^+e"  •  ) (c.) 


(6.) 


which,  for  a?  =  0,  becomes  yo  = 


2A 


and  therefore 


w 
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which  value  being  introduoed  into  the  varions  preoedmg  eqnaiiona, 
gives  the  following  results,  as  to  the  geometrical  propertifiB  of  the 
intrados: — 


Area,u  =  -^\e* — e     •/; 


Ordinate, 


^^  ax      a*      2  a  ' 

The  relations  amongst  the  forces  which  act  on  the  cord  are  given 
bj  the  equations 


(2.) 


H  =  K^  a' :  P  =  H  •  -;i^  =  M7 1* : 

ax 


R  (tension at  B)  =J'^  +  H«  =  H  \/  1  + 


das' 


(3.) 


In  the  course  of  the  application  of  these  principles,  the  following 
problem  may  occur : — giverhf  the  extrados  O'K,  the  vertex  Aqfike 
irUradoe,  and  a  point  of  support  B;  it  is  required  to  complete  the 
figure  of  the  intnidos.  For  this  purpose  it  is  necessaiy  and  sufficient 
to  find  the  parameter  a;  so  that  the  problem  in  fact  amounts  to 
this ;  given  the  least  ordinate  f/o,  and  the  ordinate  y  corresponding 
to  one  given  value  of  the  abscissa  x^  it  is  required  to  find  a,  so  as  to 
fulfil  the  equation 


y 


fi*  +  e 


x 


=  hyperboUo  cosine  of  -, 


(<■) 


a 

as  this  function  is  called.  Supposing  a  table  of  hyperbolic  cosinM 
to  be  at  hand,  -  is  found  by  its  being  the  number  whoee  hyper- 
bolic cosine  is  ^  :  so  that 

yo' 


a  =:• 


X 


number  to  hyp.  co&  — 

yo 


(5.) 
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bafe  anch  a  table  is  melj  to  be  met  idth;  and  in  its  absence  a  is 
found  as  follows : — 
The  yalue  of  a;  is  gi7en  in  terms  of  y  hj  the  equation 


a* 


^^^•(|+VF^)' ^'•> 


and  hence 


X 


a=- 


b^i*^+VFv 


,(7.) 


175.  CaMmmrf  is  the  name  given  to  the  ourye  in  which  a  cord  or 
chain  of  uniform  material  and  sectional  area  (so  that  the  weight  of 
any  part  is  proportional  to  its  length)  hangs  when  loaded  with  its 
own  weight  alone. 

Let  fig.  87  A^  serve  to  represent  this  curve;  but  let  A  be  taken  as 
the  oiigin  of  co-ordinates^  so  that  the  axis  of  a;  is  a  horizontal  tangent 
at  A.  Let  s  denote  the  length  of  any  given  arc  A  B.  Then  if  p 
be  the  weight  of  an  unit  of  length  of  the  cord  or  chain,  the  load 
soflpended  between  A  and  B  is  T  =  ps.  The  inclination  %  of  the 
conre  at  B  to  a  horizontal  line  is  expressed  by  the  equations 


%  = 


das 
dJ 


«^*=5?=V^- 


dx        V  df 


•  •  •••  (  ^•J 


dx 

Let  the  horizontal  tension  be  equal  to  the  weight  of  a  ceriam 
fai^  oftkoMij  m,  so  that 

H=^«» (2.) 

From  these  equations,  and  from  the  general  equation  2  of  i^rticle 
168,  we  deduce  the  following : — 


tanf  ss 


.  V>-3 


di^ 


dx 

r— *■ 


H 


8 

m 


(3.) 
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whicli,  by  a  few  reductions,  is  brought  to  the  following  fonn: — 

dx  m* 


da       ^^»4-/ 


(^-) 


X 


the  integral  of  which  (paying  due  regard  to  the  conditions  tluit 
when  «  =  0,  0?  =  0)  is  Imown  to  be 

=  mhyp.lag.  (A+.y/l+^). (5.) 

This  equation  gives  the  abscissa  x  of  the  extremity  of  an  arc  A  B 
=  8y  when  the  pa/ramMier  of  the  catenaiy  (as  m  is  odled)  is  known. 
Transforming  the  equation  so  as  to  have  s  in  terms  of  x^  we  obtain 

•=  2(^"  — «"") (^0 

The  ordinate  y  is  found  in  terms  of  a?  by  int^;rating  the  equation 
dy      ^    /  d^     .       8       1  /   •        -'\ 

which  gives 


y 


=  ^  (e^  +  e   ^  —  2\=z  J  ^+  m^  —  m  •;....  (a) 


the  term  —  2  being  introduced  in  order  that  when  a;  =  0,  ^  may 
be  also  =  0.  This  is  the  equation  of  the  catenary,  so  &r  as  its  form 
is  concerned.     The  mechanical  condition  is  given  by  the  equations 


H  =  pm;  P  =i>«; 


R  =/?iyw' +  «•  =  ^^fe* +e   ■*  j  =j^(y  +  m)j 


(9) 


so  that  the  tension  at  cmy  point  is  equal  to  the  weight  of  a  piece  of 
the  chain,  whose  length  is  the  ordinate  added  to  the  parameter. 

Suppose  the  axis  of  x,  instead  of  being  a  tangent  at  the  vertex 
of  the  curve,  to  be  situated  at  a  depth  AO  =  m  below  the  vertex, 
and  let  y  denote  any  ordinate  measured  from  this  lowered  axis; 
then 

y  =  y  +  m  =  ^  («" +«~~); (10.) 

which,  being  compared  with  the  expression  for  the  ordinate  amongst 
equations  2,  Article  173,  shows,  that  the  intrados/or  a  horizontctl  ea>> 
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trado8  token  ths  leati  ordifruOeis  eq%ud  to  ihsparameter  (jo  =  a),  hecomea^ 
identical  ioith  a  catenary,  having  the  same  parameter  i(m  =  a  =  yo)* 

Problkm.  Given,  two  points  in  a  catenary,  amd  the  length  of 
chain  between  them;  required  the  remainder  of  the  curve. 

Let  k  be  the  horizontal  distance  between  the  two  points,  v  their 
difference  of  level,  I  the  length  of  chain  between  them.  Those  three 
quantities  are  the  data. 

The  unknown  quantities  may  be  expressed  in  the  following 
manner.  Let  Xi,  yi,  be  the  co-ordinates  of  the  higher  given  point, 
and  «,  the  arc  terminating  at  it,  all  measured  from  the  yet  unknown 
vertex  of  the  catenaiy,  and  x„  y^  8„  the  corresponding  quantities 
for  the  lower  given  point  (The  particular  case  when  the  points 
are  at  the  same  level  will  be  afterwards  considered).     Also  let 

aji  +  a?,  :=  A  (an  unknown  quantity). 
Then  we  have 

^i  —      2     '    ' —      2     ' \    •/ 

Patting  these  values  of  x  in  the  equations  6  and  8,  we  find 


=  *i  —  Sf  =  mfe»**^e     «"].(e«"  —  e      ") 
=  yi  —  ya  =  wi  (e^  +  e"5n;yA7^_e-5^\ 


...(12.) 


Square  those  two  equations  and  take  the  difference  of  the  squares ; 
then, 

JV-^^^  =  m(e  ^  — «"-s^V (la) 

In  this  equation  the  only  unknown  quantity  is  the  parameter  m, 
whidi  is  to  be  determined  by  a  series  of  approximations. 

Next,  divide  the  sum  of  the  equations  (12)  by  their  difference. 
This  gives 


•M 


6-  = 


l-^V 


and  consequently 

I  "¥  V 

A  =  m*hyp.  log.  . (14.) 

t  ^  V 

Either  or  both  of  the  abscissse  Xy  and  a^  being  compiited  by  the 
equations  11,  we  find  the  position  of  the  vertical  axis.  Then  com- 
pating  by  equation  8,  either  or  both  of  the  ordinates,  y„  y©  we  find 
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the  vertex  of  the  catenary,  which,  together  with  the  parameter, 
being  known,  completely  determines  the  curve. — Q.  K  L 

When  the  given  points  are  at  the  same  level,  that  is,  when  v =0, 
the  vertical  axis  must  be  midway  between  them,  so  that 

x,  =  —  x,  =  ^;h  =  0 (L5.) 

In  this  case  equation  13  becomes 


l=zm  te^^—e    ^\ ^ (16.) 


from  which  m  is  to  be  found  by  successive  approximations.  Thea 
the  computation  of  y^  =  y,  by  means  of  equation  8  determines  ibe 
vertex  of  the  curve,  and  completes  the  solution. 

The  following  are  some  of  the  geometrical  properties  of  tiie 
catenary : — 

I.  The  radius  of  curvature  at  the  vertex  is  equal  to  the  paiap 
meter,  and  at  any  other  point  is  given  by  the  equation 

r^m  '  sec^t. (17.) 

II.  The  length  of  a  normal  to  the  catenary,  at  any  point,  cat  off 
by  a  horizontal  lisie  at  the  depth  m  below  the  vertex,  is  equsJ  to  the 
radius  of  curvature  at  that  point 

IIL  The  involute  of  a  catenary  commencing  at  its  vertex,  is  the 
tractory  of  the  horizontal  line  before  mentioned,  with  the  constant 
tangent  m, 

IV.  If  a  parabola  be  rolled  on  a  straight  line,  the  focus  of  the 
parabola  traces  a  catenary  whose  parameter  is  equal  to  the  focal 
distance  of  the  parabola. 

176.  Ceatre  of  OraTliy  of  a  Flexible  flcnieliRv. — ^In  every  casein 

which  a  perfectly  flexible  structure,  such  as  a  cord,  a  chain,  or  a 
funicular  polygon,  is  loaded  with  weights  ordy,  the  figure  of  stable 
equilibrium  in  the  structure  is  that  which  corresponds  to  the  lowest 
possible  position  of  the  centre  of  gravity  of  the  entire  load.  This 
principle  enables  all  problems  respecting  the  equilibrium  of  ver- 
tically loaded  flexible  structures  to  be  solved  by  means  of  the 
"  Calculus  of  Variations." 

177.  TniaafonnatloB  of  Cordi  and  Ckalas.  — The  principle  of 
TransfornuUion  by  ParaUd  Projection  is  applicable  to  continuously 
loaded  cords  as  well  as  to  polygonal  frames :  it  being  always  borne  in 
mind,  that  in  order  that  forces  may  be  correctly  transformed  by 
parallel  projection,  their  magnitudes  must  be  represented  by  the 
lengtJa  ofstraigJu  lines  parallei  to  their  directions^  so  that  if  in  any  case 
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the  magnitade  of  a  force  is  represented  hj  an  cnrea  (as  in  Articles 
173  and  174)  or  by  the  length  of  a  curve  (as  in  Article  175), 
we  must,  in  transforming  that  force  bj  projection,  first  consider 
what  length  and  position  a  straight  line  should  have  in  order  to 
r^iresent  it^ 

S<Hne  of  the  cases  already  given  might  have  been  treated  as  ex- 
amples of  transformation  by  parallel  projection.  For  instance,  the 
bridge-chain  -with  sloping  rods  of  Article  172  might  be  treated  as 
a  parallel  projection  of  a  bridge-chain  with  vertical  rods,  made  by 
sabstitnting  oblique  for  rectangular  co-ordinates;  and  the  intrados 
&r  a  horizontal  extrados  of  Article  174,  where  the  least  ordinate  ^q 
and  parameter  a  have  any  ratio,  might  be  treated  as  a  parallel 
projection  deduced,  by  altering  the  proportions  of  the  rectangular 
oiKnrdinates,  from  the  corresponding  curve  in  which  the  least  co- 
otdinate  is  equal  to  the  parameter;  that  is,  from  the  catenary. 

The  algebraical  expressions  for  the  alterations  made  by  parallel 
projection  in  the  co-ordinates  of  a  loaded  chain  or  cord,  and  in  the 
forces  24>plied  to  it^  are  as  follows  : — 

In  the  original  figure,  let  i/  be  the  vertical  co-ordinate  of  any 
point,  and  x  the  horizontal  co-ordinate.  Let  P  be  the  vertical  load 
applied  between  any  point  B  of  the  chain  and  its  lowest  point  A; 

htp=  —-  be  its  intensity  per  horizontal  unit  of  length;  let  H  be 
dx 

the  horizontal  component  of  the  tension;  let  B  be  the  tension  at 

the  point  R 

Suppose  that  in  the  transformed  figure,  the  vertical  ordinate  y, 

and  tiie  vertical  load  F,  which  is  represented  by  a  vertical  line,  are 

vnchaDged  in  length  and  direction,  so  that  we  have 

y'  =  y;F  =  P; (1.) 

hot  for  each  horizontal  co-ordinate  x,  let  there  be  substituted  an 
Mqiu  co-crdincUe  a/,  inclined  at  the  angle  j  to  the  horizon,  and 

altered  in  length  by  the  constant  ratio  -  =a.     Then  for  the  hori- 

X 

iDntal  tension  H,  there  will  be  substituted  an  oblique  tension  H', 
parallel  to  ^,  and  altered  in  the  same  proportion  with  that  go 
ordinate;  that  is  to  say, 

of  ^lax'^B!  =  aH (2.) 

The  original  tension  at  B  is  the  resultant  of  the  vertical  load  P 
and  the  horizontal  tension  H.     Let  R  be  its  amount,  and  i  its  in- 

dioationto  H;  then  

R  =  V  I^  +  BL'; (3-) 
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and  the  ratios  of  those  three  forces  are  expressed  by  the  proportioii 

P  :H:R:  :taiit :  1  :seci  : : sin t : cost  :1 (4.) 

Let  R'  be  the  amount  of  the  tension  at  the  point  B  in  the  nev 
structui'e,  corresponding  to  B,  and  let  i'  be  its  inclination  to  the 
Mique  ochordinaie  a^  j  then 

R'  =  V(F»  +  H^ztz  2  FH'  sinj) (5.) 

FrH*:  R':  :sint:  cosrij=l=y):cosy (6.) 

The  alternative  signs  db  are  to  ^^^^sed  aocordin£  as  t'  and  ; 

The  intensity  of  the  load  in  the  transformed  stnicture  per  unU  of 
oblique  length  measured  along  daf^  is         ^    '^  -    xC     -  I 

} ' .        /  ' ^ ^  ,     dY     p         ^\^:'       ,,. 

*'  .*but  if  the  intensify  of  the  load  be  estimated  fer  unU  of  horizonUd 
.  length,  it  becomes  /       -  ^   '^^  - ,  '  - 

,       »'  sec^*  = ^ (8.) 

^        •'       a'cos^  ^  ' 

178.  iiiiraar  amIms  mr  rum. — ^Conoeive  a  cord  or  chain  to  be 
exactly  inverted,  so  that  the  load  applied  to  it,  unchanged  in  direc- 
tion, amount,  and  distribution,  shall  act  inwards  instead  of  out- 
wards ;  suppose,  further,  that  the  cord  or  chain  is  in  some  numner 
stayed  or  stiffened,  so  as  to  enable  it  to  preserve  its  figure  and  to 
resist  a  thrust ;  it  then  becomes  a  linear  archf  or  equilibrated  rib ; 
and  for  the  puU  at  each  point  of  the  original  cord  is  now  substi- 
tuted an  exactly  equal  iJirust  along  the  rib  at  the  corresponding 
point. 

Linear  arches  do  not  actually  exist;  but  the  propositions  respect- 
ing them  are  applicable  to  the  lines  of  resistance  of  real  arches  and 
arched  ribs,  in  those  cases  in  which  the  direction  of  the  throst  at 
each  joint  is  that  of  a  tangent  to  the  line  of  resistance,  or  curve 
connecting  the  centres  of  pressure  at  the  joints. 

All  the  propositions  and  equations  of  the  preceding  Articles, 
respecting  cords  or  chains,  are  applicable  to  linear  arches,  substi- 
tuting only  a  tli/ruat  for  a  pull,  as  the  stress  along  the  line  of  resist- 
ance. 

The  principles  of  Article  167  are  applicable  to  linear  arches  id 
general,  with  external  forces  applied  in  any  direction. 

The  principles  of  Article  168  are  applicable  to  linear  arches 
imder^xira^fi^  loads;  and  in  such  arches,  the  quantity  denoted  bj 
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H  in  the  formulse  represents  a  ccmx^tamt  throaty  in  a  direction  per- 
pendicular to  that  of  the  load. 

The  form  of  equilibrium  for  a  linear  arch  under  an  uniform  load 
S&%fairaiM.ay  niniilar  to  that  described  in  Article  169. 

In  the  case  of  a  linear  arch  under  a  vertical  load^  vnJtradoa  denotes 
the  figure  of  the  arch  itself,  and  extrctdos  a  line  traversing  the  ty!)per 
ends  of  ordinate  drawn  vpwarda  from  the  intrados,  of  lengths  pro- 
portional to  the  intensities  of  the  load ;  and  the  principles  of 
Article  173  are  applicable  to  relations  between  the  intrados  and 
the  extradoB. 

The  curve  of  Article  174  is  the  figure  of  equilibrium  for  a  linear 
arch  with  a  horizontal  extrados ;  and  from  Article  175  it  appears, 
that  the  figures  of  all  such  arches  may  be  deduced  from  that  of  a 
catenary,  by  inverting  it  and  altering  its  horizontal  and  vertical 
oo-ordinates  in  given  constant  proportions  for  each  case. 

The  principles  of  Article  177,  relative  to  the  transformation  of 
earda  and  chains,  are  applicable  also  to  linear  arches  or  ribs.  This 
subject  will  be  frirther  considered  in  the  sequel 

The  preceding  Articles  of  this  section  contain  propositions  which, 
though  applicable  both  to  cords  and  to  linear  arches,  are  of  import 
Unoe  in  practice  chiefly  in  relation  to  cords  or  chaina  The  follow- 
ing ArtideB  contain  propositions  which,  though  applicable  also  to 
cords  as  well  as  linear  arches,  are  of  importance  in  practice  chiefly 
in  relation  to  linear  arches. 

179.  Cknmamr  ArtiU  Urn  VmUimcm  Fluid  PvcMave. — It  is  evident 
that  a  linear  arch,  to  resist  an  uniform  normal  pressure  from  with- 
out^ should  be  circular ;  because,  as  the  force  to  which  it  is  sub- 
jected is  similar  all  round,  its  figure  ought  to  be  similar  to  itself 
all  round — a  property  possessed  by  the  circle  alona 

In  fig.  88,  let  A  B  A  B  be  a  circular  linear  arch,  rib,  or  ring, 
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whose  centre  is  O,  pressed  upon  from  without  by  a  normal  pressure 
of  uniform  intensity. 

In  order  that  the  intensity  of  that  pressure  may  be  conveniently 
expressed  in  units  of  force  per  unit  of  area,  conceive  the  ring  in 
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qnestdon  to  represent  a  vertical  sectioii  of  a  cylindrical  ah^  whose 
length,  in  a  direction  perpendictilar  to  the  plane  of  the  figure^  is 
v/Mty,  Let  />  denote  the  intensity  of  the  external  pressure,  in 
units  of  force  per  unit  of  area ;  r  tiie  radius  of  the  ring ;  T  1^ 
thrust  exerted  round  it,  which^  because  its  length  is  unity,  is  a 
thrust  j^er  wml  ofUngik, 

The  uniform  normal  pressore  p,  if  not  actually  caused  fay  the 
thrust  of  a  fluid,  is  similar  to  fluid  pressure ;  and,  according  to 
Article  1 10,  it  is  equivalent  to  a  pair  of  conjugate  pressures  in  any 
two  directions  at  right  angles  to  each  other,  of  equal  intensity. 
For  example,  let  x  be  vertiod,  y  horizontal,  and  let  /i,,  p,,  be  the 
intensities  of  the  vertical  and  horizontal  pressure  respectively,  thea 

P'-p,  —p ; 0) 

and  the  same  is  true  for  any  pair  of  rectangular  pressures. 

To  find  the  thrust  of  the  ring,  conceive  it  to  be  divided  into  two 
parts  by  any  diametral  plane,  such  as  0  0.  The  thrust  of  the  ring 
at  the  two  ends  of  this  diameter,  of  the  amount  2  T,  must  halanoe 
the  component,  in  a  dilution  perpendicular  to  the  diameter,  of  the 
pressure  on  the  ring;  the  noimal  intensity  of  that  component  is p, 
as  already  shown ;  and  the  area  on  which  it  acts,  projected  on  the 
plane,  C  C,  which  is  normal  to  its  direction,  is  2r ;  hence  we  have 
the  equation 

2T=2pr;  ot  T=zpr (2.) 

for  the  thrust  all  round  the  ring;  which  is  expressed  in  words  by 
this 

Theobem.  The  thnut  rovmd  a  circular  ring  under  an  um/orm 
normal  pressure  is  the  product  of  Hue  presswre  on  an  nmU  ofdreum- 
ference  by  the  radivs. 

180.  ciUpitcal  Arckea  fw  iTHifont  Pttirom, — ^If  a  linear  arch 
has  to  sustain  the  pressure  of  a  mass  in  which  the  pair  of  coDJugate 
thrusts  at  each  point  are  uniform  in  amount  and  direction,  but  not 
equal  to  each  oUier,  all  the  forces  acting  parallel  to  any  given  direc- 
tion will  be  altered  from  those  which  act  in  a  fluid  mass,  by  a  givm 
constant  ratio ;  so  that  they  may  be  represented  by  pardUd  projee- 
tions  of  the  lines  which  represent  the  forces  that  act  in  a  fluid  maa& 
Hence  the  figure  of  a  linear  arch  which  sustains  such  a  system  of 
pressures  as  that  now  considered,  must  be  a  parallel  projection  of  a 
circle ;  that  is,  an  ellipse.  To  investigate  the  relations  which  must 
exist  amongst  the  dimensions  of  an  elliptic  linear  arch  under  a  pair 
of  conjugate  pressures  of  uniform  intensity,  let  A'  B*  A'  H,  B"  A"F, 
in  fig.  88,  represent  elliptic  ribs,  transformed  from  the  circular  rib 
A  B  A  B  by  parallel  projection,  the  vertical  dimensions  being  nn- 
changedy  and  the  horizontal  dimensions  either  expanded  (as  B*  F)i 
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or  oontiacted  (as  B"  B^,  in  a  giTen  uniform  ratio  denoted  by  e ;  so 
that  r  shall  be  the  vertical  and  cr  the  horizontal  semi-axis  of  the 
dlipse ;  and  if  x,  y,he  respectivelj  the  vertical  and  horizontal  co- 
ofdinates  of  any  point  in  the  circle,  and  of  t/,  those  of  the  corre- 
flponding  point  in  the  eUipse^  we  shall  have 

05'  =  »;  y  =  ey. (1.) 

If  G  C,  D  D,  be  any  pair  of  diameters  of  the  circle  at  right  angles 
to  each  other,  their  projections  will  be  a  pair  of  conjugate  diameters 
of  the  ellipse,  as  CT  CT,  IX  D'. 

Lei  P,  be  the  total  vertical  pressure,  and  F,  the  total  horizontal 
pwwme,  on  one  quadrant  of  the  circle  A  B. 

Thm 

P,  =  P,  =  T=;)r. 

Let  P'« be  the  total  vertical  pressure,  and  F^the  total  horizontal 
prasare,  on  one  quadrant  of  the  ellipse,  as  A'd,  or  A"  B";  and  let 
T,  be  the  vertical  thrust  on  the  rib  at  B'  or  B'',  and  T,  the  hori- 
zontal thrust  at  A'  or  A'. 

Then,  by  the  principle  of  transformation, 

r.  =  F,  =  P,  =  T=pr;  | 

r,  =  F,  =  c  P,  =  c T  =  cpr ; / ^^') 

or,  ihs  total  thrusis  are  as  the  axes  to  which  they  a^e  parallel. 

Further,  let  F  =  17  be  the  total  pressure,  parallel  to  any  semi- 
diameter  of  the  ellipse  (as  (X IX  or  O"  D")  on  the  quadrant  IX  CT  or 
B*  cr,  which  force  is  also  the  thrust  of  the  rib  at  (J  or  0",  the  ex- 
txemity  of  the  diameter  conjugate  to  (X IX  or  0"  D";  and  let  01 W 
orO'D"  =  r';  then 

F  =  r  =  ^  P  =^1-; (3.) 

or,  the  total  thrusts  are  as  the  diameters  to  which  they  are  paralld. 

Next,  let  ff„  p^  be  the  intensities  of  the  conjugate  horizontal  and 
vertical  pressures  on  the  elliptic  arch ;  that  is,  of  the  "  principal 
sireseet**  (Articles  109,  112).  Each  of  those  intensities  being  found 
by  dividing  the  corresponding  total  pressure  by  the  area  of  the 
{Mane  to  which  it  is  normal,  they  are  given  by  the  following  equa- 
tion:— 


=  ?l-=^ 


cr       c 


(*•) 
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80  that  the  intensiiiea  ofths  principal  pressures  a/re  as  the  sqfuares  ^ 
the  axes  of  the  dliptic  arch  to  whidt  they  a/re  paraUd. 

Hence  the  "  ellipse  of  strqss  "  of  Article  112  is  an  ellipse  vbose 
axes  are  proportional  to  the  squares  of  the  axes  of  the  elliptic  aich ; 
and  to  adapt  an  elliptic  arch  to  uniform  vertical  and  horiaontal 
pressures,  the  ratio  of  the  aaoes  o/the  arch  must  be  the  square  root  of 
the  ratio  o/the  tTitensities  of  the  princijMl pressures  ;  that  is. 


=Vfc 


.(5.) 


The  external  pressure  on  any  pointy  I^  or  D",  of  the  elliptic  mb^ 
is  directed  towards  the  centre,  O  or  O",  and  its  intensity,  per  unit 
of  area  of  the  plane  to  which  it  is  conjugate  (O^  O  or  O'  CT),  is  given 
by  the  following  equation,  in  which  7^  denotes  the  semidiameter 
(O'  U  or  O"  D")  parallel  to  the  pressure  in  question,*  and  r^  €be  coih 
jugate  semidiameter  (O*  O  or  O"  C)  :— 

that  is,  tlie  intensity  o/the  pressure  in  the  direction  o/  a  given  dia- 
9neter  is  directly  as  that  diameter  and  im/oersdy  as  the  oonjugtEis  dia- 
meter. 

Let  p"  be  the  intensity  of  the  external  pressure  in  the  direction 
of  the  semidiameter  t^'.     Then  it  is  evident  that 

p'  :  p"  :  :  f^  :  r^s; (7.) 

that  is,  the  intensities  o/a  pair  o/ conjugate  pressures  are  to  ea^  other 
as  tlie  squares  o/  the  conjugate  diameters  o/the  eUiptie  rib  to  v^hiek 
they  are  respectivdy  pa/raUd. 

These  results  might  also  have  been  arrived  at  by  means  of  the 
principles  relative  to  the  ellipse  of  stress,  which  have  been  explained 
in  Article  112. 

181.  Distorted  ElUpiie  Areki — To  adapt  an  elliptic  linear  arch 
to  the  sustaining  of  the  pressure  of  a  mass  in  which,  while  the  state 
of  stress  is  uniform,  the  pressure  conjugate  to  a  vertical  pressure  b 
not  horizontal,  but  inclined  at  a  given  angle  j,  the  figure  of  the 
ellipse  must  be  derived  from  that  of  a  circle  by  the  substitution  of 
inclined  for  horizontal  co-ordinates. 

In  fig.  89,  let  £  A  C  be  a  semicircular  arch  on  which  the  ex- 
ternal pressures  are  normal  and  uniform,  and  of  the  intensity  j9,  as 
before;  the  radius  being  r,  and  the  thrust  round  the  arch,  and  load 
on  a  quadrant,  being  as  before,  P  =  T  =  jpr.  Let  D  be  any  point 
in  the  circle,  whose  co-ordinates  are,  vertical,  OE  =  x,  horizontal. 
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ED  =  y.     Let  B'  A'  C  be  a  semi-elliptic  arch,  in  which  the  verti- 
cal oitliiiates  are  the  same  with  those  of  the  circle,  while  for  each 


iab^iihetf  ih^^f^GU^  indined  to  the  hori- 


9- 

horizolital  ordnoite'V  sal 

ai>n  by  the  constant  Single  y,  and  bearing  to'jjse  corresponding  hori- 
zontal ordinate  of  the  circle  the  constant  ratio  c ;  that  is  to  say, 
lei 


O'  F  =  0^  =  a? ; 


(1.) 


Then  for  the  vertical  semidiameter  of  the  circle  O  A  =  r,  will  bo 

nibstitated  the  equal  vertical  semidiameter  of  the  ellipse  O  A'  == 

r ;  and  for  the  horizontal  diameter  of  the  circle  C  B  =  2  r,  will  be 

sabstitnted  the  inclined  diameter  of  the  ellipse  CB  =  2cr,  which 
is  conjugate  to  the  vertical  semidiameter. 

The  forceB  applied  to  the  elliptic  arch  are  to  be  resolved  into 
vertical  and  inclwed  components,  parallel  to  CK  A'  and  C  F,  instead 
of  vertical  and  horizontal  components.  Let  P«  denote  the  total 
^vertical  pressnre^  and  P.  the  total  inclined  pressare,  on  either  of  the 
elliptic  qnadraiits,  (T  A ,  A'  B ;  T,  the  inclined  thrust  of  the  arch 
at  A,  T',  the  vertical  thrust  at  B'  or  C.     Then 


T.  =  F,  =  T  =  P  =  pr;         \ 
T,  =  Py  =  oT  =  cP  =  cpr;  f 


.(2.) 


that  is  to  say,  those  forces  are,  as  before,  proportional  to  the  dior 
mdere  to  which  they  are  paraUeL 

Let  j/,  be  the  intensity  of  the  vertical  pressure  on  the  elliptic 
vd^per  unit  of  area  of  the  inclined  plane  to  which  it  is  conjugate, 

C  B ;  let  y,  be  the  intensity  of  the  inclined  pressure  per  unit  of 
area  of  the  vertical  plane  to  which  it  is  conjugate ;  then 


/ 


t^i 


^-/^ 
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SO  that,  as  before,  Iha  intemUiea  of  the  conjugate  pressures  an  a 
tlie  squares  of  the  dia/nyeiers  to  which  they  are  parallel. 

The  timist  of  the  arch  at  any  point  D'  is  as  before,  proportioial 
to  the  diameter  conjugate  to  O'  D'. 

It  is  sometimes  convenient  to  express  the  intensity  of  the  verti- 
cal pressure  per  unit  of  area  of  the  horizontcU  projection  of  the  space 
over  which  it  is  distributed ;  this  is  given  by  the  equation 

i/,'secj=  — - — 1 (4) 

^  "       c-cosj  ^  ' 

It  is  to  be  borne  in  mind,  that  this  is  not  the  pressure  on  unify 
of  area  of  a  horizontal  plane  (which  pressure  is  inversely  as  the 
horizontal  diameter  of  the  ellipse  and  directly  as  the  diameter  con- 
jugate to  that  diameter,  to  which  latter  diameter  it  is  parallel),  but 
the  pressure  on  that  area  of  a  plane  inclined  at  the  angle  j,  whose 
horizontal  projection  is  unity. 

The  following  geometrical  construction  serves  to  determine  ^e 
major  and  minor  axes  of  the  ellipse  B'  A'  CT. 

Draw  O'a-^  and  =  O  A';  join  K  a,  which  bisect  mm;  in  Ftf 
produced  both  ways  take  mp  —  mq  =  O'm ;  join  0*py  O'qi  these 
lines,  which  are  perpendicular  to  each  other,  are  the  ditecUons  of 
the  axes  of  the  ellipse,  and  the  lengths  of  the  semiaxes  are  respc^  vely 
equal  to  the  segments  of  the  line  p  q,  viz.,  Wp  =  aq,  Wq  =  ip. 

The  following  is  the  algebraical  expression  of  this  solution,  i^ 
A  denote  the  major  and  B  the  minor  semi-axis  of  the  ellipse. 


Then 


v- 
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A  +  B  =  20'm  =  rJ{l+i^  +  2c'cosj)', 
A-B  =  Fa=r  ^/(l +c*- 2c -cosy);        /^ ^^ 

whence  we  have  for  the  lengths  of  the  semi-axes,  *>    .• ,  ^'".i.  ^^  7^/ 
^(l+c"  +  2<j-cos^')+  ^(l+c»-2c-cosy)|; 


B=^{  V(l  +  c^  +  2c-cosi)-V(l+c'-2c-cos^-)l; 

.     ^   ^  '  .  r.'--  '  ,    I         ^  V.     ^*      -i.    -•*^.  - 
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The  angle  .^  r^^p  :=Jfy  which  the  nearest  axis  makes  with  the 
diameter  C  B',  is  found  by  the  equation    ^     -  4"         -  ''^  ■ 


—.tV(^0«^,V(^0  =•••«,;: 


The  a£s^of  the  e&ipnc  arSb  are  peSullel^^  Alia  proportional  ^' ' ,  ' 
to  the  square  roots  of,  the  axes  of  the  ellipse  of  i^ress  in  the    ^ 
presaing  mass ;  so  that  they  might  be  found  by  the  aid  of  case 
3  of  ProUem  IV.,  Article  112.  U 

182.  Awhaa  ftr  IfiiMiil  PManuw  te  taMicral. — The  condition  of 
a  hnear  arch  of  any  figure  at  any  point  where  the  pressui'e  is  nor- 
mal, is  similar  to  that  of  a  circular  arch  of  the  same  curvature 
under  a  pressure  of  the  same  intensity;  and  hence  modifying  the 
Theorem  of  Article  179  to  suit  this  case,  we  have  the  following : — 

Theobex  X.  Tha  thrttH  cU  any  normaUf/ pressed  pomt  of  a  linear 
arek  is  the  product  of  the  radius  of  curvature  by  Hie  intensity  of 
ike  pressure;  that  is,  denoting  the  radius  of  curvature  by  f,  the 
normal  pressure  per  unit  of  length  of  curve  by  p,  and  the  thrust 
byT, 

T=pt (1.) 

Example.  This  Theorem  is  verified  by  the  vertically  and  hori- 
mtally  pressed  elliptic  arches  of  Article  180 ;  for  the  radii  of 
corvature  of  an  ellipse  at  the  ends  of  its  two  axes,  r  and  c  r,  are 
n^«ctively, 

At  the  ends  of  r ;  c  =  —  =  t^r ; 


(2) 


fit  fB 

At  the  ends  of  cr:  tm  =  —  =  -; 

^       cr      c 

Introducing  these  values  into  the  equations  of  Article  180,  and  into 
i  equation  1  of  this  Article,  we  find. 


(3.) 


Tg  =  ^y fy  =  ep  '  -  =  pr  ss  before ; 

c 

P 
T',  =  |/,f,  =  -  •  c'r  =  cpr  BS  before. 

It  IS  farther  evident,  that  if  the  pressure  be  normal  at  every  point 
(tf  the  arch  (which  it  is  not  in  the  cases  cited),  the  thrust  must  be 
constant  at  every  point ;  for  it  can  vaiy  only  by  the  application  of 
a  tangential  pressure  to  the  arch ;  and  hence  follows 


<5-Y 


^ij.  » 
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Theoreic  H.  In  a  linear  arch  siLstaining  a  premare  fofttc&  ti 
everywhere  nomud,  the  thrust  is  imi/orm,  a/nd  the  radius  ofcurM- 
ture  is  inversely  as  the  pressure — a  theorem  expressed  symbolicaUy 
thuB : — 

T  -  j7(  =:  constant (4.) 

The  only  arch  of  this  class  which  has  hitherto  been  considered  is 
the  drcala^  arch  under  unifoimnonniJpreasam  Another  instance 
will  be  given  in  tho  following  Article. 

183.  The  iiydfrtBiic  Ajrch  is  a  linear  arch  suited  for  sustaining 
normal  pressure  at  each  point  proportional,  like  that  of  a  Hqoid  in 
repose,  to  the  depth  below  a  given  horizontal  plane ;  and  13  some- 
times called  "  the  arch  of  Yvon- Villarceaux,"  from  the  name  of  the 
mathematician  who  first  thoroughly  investigated  the  properties  of 
its  figure  by  the  aid  of  elliptic  functions. 

The  radius  of  curvature  at  a  given  point  in  the  hydrostatic  areh 
being,  in  virtue  of  Theorem  IL  of  the  last  Article,  inversely  propor- 
tional to  the  intensity  of  the  pressure,  is  also  inversely  proportional 
to  the  depth  below  the  horizontal  plane  at  which  vertical  ordinates 
representing  that  intensity  commence. 

In  fig.  90,  let  Y  O  Y  represent  the  level  surface  from  which  the 


Fig.  90. 

pressure  increases  at  an  uniform  rate  downwards,  so  as  to  be  similar 
to  the  pressure  of  a  liquid  having  its  upper  surface  at  Y  O  Y.  Let 
A  be  the  crown  of  the  hydrostatic  aroh,  being  the  point  where  it  is 
nearest  the  level  surface,  and  consequently  horizontaL  Let  co-ordi- 
nates be  measured  from  the  point  O  in  the  level  surfece,  directl} 
above  the  crown  of  the  arch ;  so  that  OX  =  YT5  =  x  shall  be  the 
vertical  ordinate,  and  O  Y  =  X  0  =  y  the  horizontal  ordinate,  erf 
any  point,  C,  in  the  arch.  Let  6^  the  least  depth  of  the  aidi 
below  the  level  surface,  be  denoted  by  x^^  the  radius  of  curvature 
at  the  crown  by  r^,  and  the  radius  of  curvature  at  any  point  C  by  r. 
Let  V?  be  the  weight  of  an  unit  of  volume  of  the  liquid,  to  whose 
pressure  the  load  on  the  arch  is  equivalent.  Then  the  intensities  of 
the  external  normal  pressure  at  the  crown  A,  and  at  any  point  C, 
are  expressed  respectively  by 
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Po  =  «^«oi  P  "=  W^ (1.) 

The  thrust  of  the  arch,  which,  in  virtue  of  the  principles  of  Article 
182, 18  a  constant  quantity,  is  given  by  the  equation 

T  =  PoTq  =  trajj^r^  =  pr  =  wxr; (2.) 

fiom  which  follows  the  following  geometrical  equation,  being  that 
which  characterizes  the  figure  of  the  arch : — 

^r  =  x^r^ (3.) 

When  Xq  and  r^  are  given,  the  property  of  having  the  radius  of 
eorvatare  inversely  proportional  to  the  vertical  ordinate  &om  a 
given  horizontal  axis  enables  the  curve  to  be  drawn  approximately, 
b^  the  junction  of  a  number  of  short  circular  arcs.  It  is  found  to 
pfeacDt  some  resemblance  to  a  trochoid  (with  which,  however,  it  is 
by  no  means  identical).  At  a  certain  |x»mt,  B,  it  becomes  vertical, 
beyond  which  it  continues  to  turn,  nntil  at  I>  it  becomes  horizontal; 
at  this  point  its  depth  below  the  level  surface  is  greatest,  and  its 
ndios  of  curvature  least  Then  ascending,  it  forms  a  loop,  crosses 
itB  fonner  course,  and  proceeds  towards  E  to  form  a  second  arch 
amilar  to  B  A  R  Its  coils,  consisting  of  alternate  arches  and  loops, 
iH  similar,  follow  each  other  in  an  endless  series. 

It  is  obvions  that  only  one  coil  or  division  of  this  curve,  viz., 
from  one  of  the  lowest  points,  D,  through  a  vertex,  A,  to  a  second 
point,  D,  is  available  for  the  figure  of  an  arch ;  and  that  the  por- 
tion BAB,  above  the  points  where  the  curve  is  vertical,  is  alone 
available  for  supporting  a  load. 

^^  ^9  Vi}  ^  the  co-ordinates  of  the  point  B.  The  vertical  load 
shove  the  semi-arch  A  B  is  represented  by 


J  o 


to , 

'   0 


and  this  being  sustained  by  the  thrust  T  of  the  arch  at  B,  must 
obvioofiiy  be  equal  to  that  thrust ;  whence  follows  the  equation 


«^  =  «o^o 


=    /    x'dy (4.) 

•^  0 


That  18  to  say,  the  area  of  the  figwre  bettoeen  the  shortest  vertical 
ordinatej  aand  (he  vertical  tangent  ordwaley  is  eqwd  to  the  oonstarU 
product  of  the  vertical  ordinate  and  radivs  of  cwrvaJture, 
The  vertical  load  above  any  point,  C,  is 


I    xdy] 

J     A 


'  0 
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and  this  is  sustained  by  and  eqnal  to  the  vertical  component  of  tlie 
thrust  of  the  arch  at  C,  which  is  T '  sin  t  (t  being  the  inclination  of 
the  arch  to  the  horizon). 
Hence  follows  the  equation 


Jxdy  =  a?^r^' sin  i  =  /Y/l+^; (4) 

That  is  to  say,  ths  area  of  the  Jlguare  between  the  shoriegt  vertiad 
ordinate  and  any  vertical  ordincUe,  varies  as  the  sine  of  the  angie  of 
inclination  to  tJis  horizon  of  the  curve  at  the  latter  ordinate. 

The  horizontal  external  pressure  on  the  semi-arch  irom  B  to  A 
is  the  same  with  that  on  a  vertical  plane,  AF,  immersed  in.  a 
liquid  of  the  specific  gravity  w  with  its  upper  edge  at  the  d^th 
Xf^  below  the  surface  (see  Article  124),  so  that  its  amount  is 

tv]     pdx  =  w'    '      ^; 

and  this  is  balanced  by  the  thrust  of  the  arch,  T,  at  the  crown* 
Hence  follows  the  equation 

xr=zx^r^  =  -^^ (6.) 

That  is  to  say,  half  the  difference  of  the  squares  o/the  least 
ordinate  and  of  the  tangent  vertical  ordinate  is  equal  to  the 
product  of  the  vertical  ordinate  and  radius  of  curvature. 
Equation  6  gives  for  the  value  of  the  vertical  tangent  ordi 


a?i  =  V^  +  2a?^r^ (7.) 

The  horizontal  external  pressure  between  B  and  any  point,  C,  is 
equal  to  the  pressure  of  a  liquid  of  the  specific  gravity  ui  on  a  ver- 
tical plane  X  F  with  its  upper  edge  immersed  to  the  depth  x^  so 
that  its  amount  is 

r»i  jpi «.« 

wl    pdx=:Uf*  — • 


'/    pdx=: 

■'   jr 


2     ' 


and  this  is  balanced  by  the  horizontal  component  T  *  oos  i  of  the 
thrust  of  the  arch  at  0 ;  whence  follows  the  equation 

a;f— sd* 

-y-  =  x^r^'  cos  i; (&) 

which  gives  for  the  value  of  any  vertical  ordinate. 
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z=  ^/(a?— 2 aj^r^- COS  »)=  7|a^  +  2aror^(l— cost)  I 

=  \/(^o  +  ^«^oro-Bin'0 (9.) 

Let  2^  a/y  be  anj  two  vertical  ordinates.     Then  from  equation  8 
it  IbQowB  that 

a^ —  a?  =  ^x^t^  (cos  t  —  cos  t') (10.) 

or,  iki  differenee  of  the  squoureB  of  two  ordiruxtea  varies  <m  the  difference 
rf  ike  cosines  of  the  respective  yndinaimas  of  the  arc  al  their  lower 
suds. 

¥wm.  equation  9  ia  dednoed  the  following  expression  of  the  in- 
dination  in  terma  of  the  vertical  ordinate : — 

1 


% 


The  variona  properties  of  the  figure  of  the  hydrostatic  arch  ex- 
prased  by  the  preceding  equations  are  thus  summed  up  in  one 
formula: — 

j  xdy  ^^      ^_^ 

a^r.=  xr=y^«rfy==-4^=-2-=2-^^....(12.) 

To  obtain  expressions  for  the  horizontal  co-ordinate  y,  whose 
maximum  value  is  the  half-span  yi,  and  also  for  the  lengths  of  arcs 
of  ^e  curve,  it  is  necessaiy  to  use  elliptic  functions. 

[The  reader  who  has  not  studied  elliptic  functions  may  here  pass 
at  once  to  Artdde  184.J 

In  the  use  of  elliptic  functions  the  notation  employed  will  be 
that  of  L^endre;  and  the  classes  of  functions  referred  to  will  be 
tiiose  called  by  that  author  the  firsi  and  second  kind  respectively, 
and  tabulated  by  him  in  the  second  volume  of  his  treatise. 

Let  i  denote  a  oonstcmt  angle,  called  the  modulus  of  the  func- 
tions; ^y  a  variable  angle  called  the  a/m/pHtmde;  then  an  elliptic 
fonction  of  the  first  kind  is  expressed  by 

[f d^ 

F  (^,(p)  =J^^(i_ainM-sin«(p) (^) 

and  an  eDiptic  function  of  the  second  kind  is  expressed  by 

E  (#,(p)  =|V(1  — sin'tf  •sin«^)rf^. (p.) 
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The  values  of  those  fiinctioiis^  when  the  upper  limit  of  integnr 

tion  is  ^  =  ^,  or  90  degrees,  are  called  complete  funcidons^  and  de- 

noted  respectively  by 

Fi  {S)  and  E^  (^. ^(a) 

In  order  to  apply  those  functions  to  the  case  of  the  hydrostalae 
arch,  let  the  ampUtude  be  half  the  supplement  of  the  inclination  of 
the  curve;  that  is,  let 

^  =  900-1; (d) 

so  that  at  D,  ^  =  0,  at  B,  f  =  45^,  and  at  A,  f  =  90''.  Let  the 
vertical  ordinate  and  radius  of  curvature  at  the  point  D  be  denoted 
respectively  by  X,  R ;  then 

X=  ^(a{  +  4roa\));and  ) 

RX  =  r«  =  rj,a?^;  / ^     * 

for  the  modulus  B  take  an  angle  such  that 

8ia.,=  ^=      *^ (^) 

Then  equation  9,  the  expression  for  the  vertical  ordinate,  becomes 
«  =  Y^^(«?  +  4a:oro-8in'l\=X->y/  (l— sinV-gin«fy(14.) 
The  values  of  this  for  the  points  B  and  A  are  respectively 

=  X  •  cos  ^ (14  A.) 

Introducing  the  above  value  of  x  into  equation  5,  we  obtain  for  the 
area  between  O  A  and  any  other  verticid  ordinate, 

j    xdy=i  XoTq  •sint  =  2XR'00Bf  sinf 

X*  •  sia*  ^             .  ,     ^ 

= 2 oosf  smf (15.) 

The  value  of  this  expression  for  the  point  B  is 

P'    ^                      vT.       X«-sin»# 
j^ajrfy  =  a^ro  =  XR= (15  a.) 

Now  differentiate  the  area  (15)  with  respect  to  the  amplitude  ^, 
and  divide  by  a; ;  this  gives 
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dip  *     2     'J{l—Bm*$'am^(p) 

=  ~ -^  '  {  27(nrST^?^)  -  ^/(l  -  Bin' *  sm»  I  ...(16. 

This  difierential  being  int^prated  between  the  limits  9  =  90°, 
which  oorresponds  to  y^^  =  0,  and  ^  =  90*—^,  which  corresponds 
to  the  lequired  value  of  y,  gives 

y  =  X  •  {  (l  -  ??-*)  (f.  (0  -  F  (tf,  ♦))  -  E,  (0  +  E  («,  ^)  }  (17.) 

For  ^3b»  point  B,  this  gives  for  the  hdf-tpam.  of  Hie  arch 

jr,=X ■{  (l~^ (f.(*)-P(*,45')) -E,(/)+E(*,46°) } (18.) 

Let  9  denote  the  length  of  any  arc  of  the  curve,  A  0,  commenc- 
ing at  the  crown.     Then 

=  rrdiz=z2{^rd9 (19.) 

•'0  J  9 

The  value  of  the  radios  of  cnrvature  r  in  terms  of  the  modulus 
and  amplitude  is 

*"""  X  ""4^(1— 8in'^-8in«f)^ ^     ' 

and  this  being  introduced  into  the  int^pal  (19),  gives  for  the  arc 
AC, 

X  'sin'^ 


8 


•=        2 


{P.(0-F(«,f)} (21.) 

The  length  of  the  semi-arch  A  B  is 

,  ^  ^i^'  {  p.  (^  -  F  (*,  45°) } (22.) 

Such  are  the  foimuLe  expressing  the  geometrical  properties  of 
the  hydrostatic  arch.  Numerical  results  can  easily  be  computed 
from  them  by  the  aid  of  L^endre's  tables  of  the  functions  F 
andE 

The  relation  between  the  thrust  of  the  arch,  the  specific  gravity 
of  the  load,  and  the  modulus  is  given  by  the  equation 

4  4  ^ 
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^  184.  OoMtiUle  jlvehM.— It  is  proposed,  by  the  term  ^GtotMk 
Arch^  to  denote  a  linear  arch  of  a  figure  suited  to  sustain  a  pressore 
similar  to  that  of  earth,  which  (as  will  be  shown  in  Section  3  of 
this  Chapter)  consists,  in  a  given  vertical  plane,  of  a  pair  of  om- 
jugate  pressures,  one  vertical,  as  in  Article  125  of  Fart  L,  and 
proportional  to  the  depth  below  a  given  plane,  horizontal  or  slopii^ 
and  the  other  parallel  to  the  horizontal  or  sloping  plane,  and  beaiing 
to  the  vertical  pressure  a  certain  constant  ratio,  depending  on  the 
nature  of  the  material,  and  other  circumstances  to  be  explained  in 
the  sequel  In  what  follows,  the  horizontal  or  sloping  plane  will 
be  called  the  conjugate  pUmey  and  ordinates  parallel  to  its  line  of 
steepest  declivity,  when  it  slopes,  or  to  any  line  in  it,  when  it  is 
horizontal,  conjugate  ordinates.  The  intensity  of  the  vertical  pres- 
sure will  be  estimated  per  unit  of  area  of  the  conjugate  plane;  and 
the  pressure  parallel  to  the  line  of  steepest  declivity  of  that  plane, 
when  it  slopes,  or  to  any  line  in  it^  when  it  is  horizontal,  will  be 
called  the  conjugate  pressure,  and  its  intensity  will  be  estimated  per 
unit  of  area  of  a  vertical  plana 

Let  the  origin  of  co-ordinates  be  taken  at  a  point  in  the  conju- 
gate plane  vertically  above  the  crown  of  the  proposed  arch ;  let  x 
denote  the  vertical  co-ordinate  of  any  pointy  and  y"  the  conjugate 
co-ordinate.  Let  j  be  the  angle  of  inclination  of  the  conjugate  plane 
to  the  horizon.  Let  v/  be  the  weight  of  unity  of  volume  of  the 
material  to  which  the  pressure  is  due,  and  whose  upper  sorfiu^e  is 
at  the  conjugate  plane.  Then  the  intensity  of  the  vertical  pressare 
at  a  given  depth  of,  according  to  Theorem  L  of  Article  125,  is 

j/,=  vf  a!  '  ooBJ; (1.) 

and  that  of  the  conjugate  pressure 

P'f  =  ^P'm  =  c'ta'aj'-cosj; (2.) 

if  being  a  constant  ratio,  expressed  in  the  form  of  a  square,  for  a 
reason  which  will  afterwards  appear.  • 

Conceive  a  hydrostatic  arch,  whose  vertical  and  horizontal  co- 
ordinates are  x  and  y,  and  which  is  subjected  to  the  pressure  of  a 
material  whose  weight  per  cubic  foot  ia 

w  =  cto'ooaj (3.) 

Then  at  any  given  point  in  that  hydrostatic  arch,  whose  depth 
below  the  sur&ce  is  fl?  =  af,  we  shall  have  for  the  intensities  of  the 
vertical  and  horizontal  pressures 

p,=  P,  =  toiB=:  c«/ar -cosy  =  c//,  =  ^ (4.) 

c 

Now  let  the  figure  of  an  arch  be  transformed  from  that  of  the 
hydrostatic  arch  by  parallel  projection,  in  such  a  manner  that  tiw 
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Tcitical  oo-ordinate  of  any  point  in  the  new  arch  shall  be  the 
same  with  that  of  the  oorreeponding  point  in  the  hydrostatic  arch, 
and  that  the  eonjugaie  co-ordmaie  of  any  point  in  the  new  arch 
shall  bear  to  the  horizontal  co-ordinate  of  the  corresponding  point 
in  the  hydrostatic  arch  the  constant  ratio  c;  that  is  to  say,  let 

of  =  x;  1/  =  c  y (5.) 

The  total  vertical  and  horizontal  pressures  on  the  arc  between 
two  given  points  in  the  hydrostatic  arch  are  respectively 

^.^  f  P.  dy;  P,  =  /  p,dx, (6.) 

The  total  vertical  and  conjugate  pressures  on  the  arc  between  the 
two  oonesponding  points  in  the  new  arch  are  respectively 

F.=  /y.rfy;  ^,^jy,dx; (7.) 

Old  if  into  these  two  expressions  we  introduce  the  values  of />',,  p\f 
diiy  and  d^,  deduced  from,  equations  4  and  5,  viz.  : — 

y,  =  ^  ;  1/,  =  cp^',  daf  =  dx\  dtf  =  cdy; 

we  find  the  following  relations  between  the  total  vertical  and 
hoiiaontal  presBurcs  in  a  given  arc  of  the  hydrostatic  arch,  and  the 
total  vertical  and  conjugate  pressures  on  the  corresponding  arc  of 
the  tnoufonned  arch, 

p.  =  p.;  F,  ^  cP,; (8.) 

bong  the  same  with  the  relations  which,  according  to  equation  5, 
aui  between  the  co-ordinates  respectively  parallel  to  the  pressures 
in  question.  Therefore  the  transformed  wrch  is  a  parallel  projection 
of  toe  original  arch  under  forces  represented  by  lines  which  are  the 
oorre^nding  parallel  projections  of  the  lines  representing  the 
foroes  acting  on  the  original  arch:  therefore  it  is  in  equiJibrio. 
The  conclusions  of  the  preceding  investigation  may  be  summed  up 
in  the  following 

Thxobem.  a  geodaltiG  arch,  traffisfarmed  from  a  hydrostatic  arch 
hyprtaerving  the  vertical  co-ordinates,  and  substituting  for  the  hori- 
vmtal  co-ordmates,  conjugate  co-ordinates,  dther  horizontal  or  inclined, 
M<^  altered  in  a  given  ratio,  sustains  vertical  and  conjugate  pressures, 
the  ratio  of  the  intensity  of  the  conji^ctte  pressure  to  that  of  ^  vertical 
presswt  being  the  square  of  the  ratio  of  the  conjugate  co-ordinates  to 
the  original  horizontal  co-ordinates. 

This  transformation  is  exactly  analogous  to  that  of  a  circular 
ardi  into  an  elliptic  arch,  in  Articles  180,  181. 

Let  To  be  the  thrust,  horizontal  or  inclined  as  the  case  may  be, 
at  the  ccown  of  a  geostatic  arch,  and  Ti  the  vertical  thrust  ait  the 
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points  where  the  arch  is  vertical,  which  in  this,  as  in  other  cases, 
is  the  vertical  load  of  the  semi-arch ;  then 

To=cT, (10.) 

All  the  equations  relative  to  the  co-ordiruUes  of  a  hydrostatic  arch, 
given  in  Article  183,  are  made  applicable  to  a  geo^tatic  arch,  by 

substituting  sf  for  «,  and  —  for  y.  This  principle,  however,  is  appli- 
cable to  co-ordiruUea  only,  and  not  to  angles  of  inclination,  radii  of 
curvature,  nor  lengths  of  arcs.  The  modulus  ^,  and  amplitude  fi 
are  therefore  to  be  considered  as  functions,  not  of  inclinations,  nor 
of  radii  of  curvature,  but  of  vertical  ordinates ;  that  is  to  saj,  let 
Xq  be  the  least  vertical  ordinate  at  the  crown,  Xi  ike  vertical  tangent 
ordinate,  and  X  the  greatest  vertical  ordinate  at  the  loop  (which 
are  the  same  in  both  kinds  of  arch),  then 


i  =  arc  cos  —■  =  arc  cos 

.2L 


nco 


^  =  arc  sm  -^(== — -. — ^—  =  arc  sm 
X  *  sm  tf 


(11.) 


y 


and  ^  is  the  same  function  of  tf  and  ^  for  a  geostatic  arch,  that  y 
c 

is  for  a  hydrostatic  arch. 

185.  sicreMtBtic  Arch. — This  term  is  employed  to  denote  a  linear 

arch  sustaining  the  pressure  of  a 
material  in  which,  at  any  given 
point,  there  are  a  pair  of  conjugate 
preasures,  one  vertical,  and  the 
other  in  a  fixed  direction,  hori- 
zontal or  inclined,  but  not  bearing 
to  each  other  any  constant  propo^ 
tion,  nor  following  any  invariable 
law  as  to  their  intensities,  except 
that  of  being  of  the  same  intensity 
throughout  each  plane  which  is 
conjugate  to  the  vertical  pressore, 
— a  condition  which  involves  the 
symmetrical  distribution  of  the  ye^ 
tical  load  on  either  side  of  a  yerti- 
cal  axis  traversing  the  crown  of  the 
arch. 

The  principal  questions  which 
^*^  ^^'  arise   respecting  any  stereostatic 

tti-ch  are  comprehended  under  the  following 
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Fbobleil     Crit^en,  the  mode  of  disiribiU'Um  of  the  vertical  preesiM'e, 

and  ike  figure  of  the  arch;  required,  the  mode  of  dietribtUion  of  the  • 

eonjugcUe  pressure  neoeeaan/  in  order  to  produce  equilibrium,  cmd  ^ 

aleo,  the  thrust  at  each  point  of  the  arch,  V^ 

Case  L    When  the  direction  of  the  conjugate  pressure  is  horizontal. 

This  case  ia  represented  b^  the  upper  diagram  in  fig  91.     Let  O,  ^ 

the  crown  of  tiie  arch,  be  taken  as  the  origin  of  co-ordinates;  let  ^, 
0  X  be  vertical  and  Y  O  T  horizontal     Both  the  figure  of  the  arch 
and  the  forces  acting  on  it  are  symmetrical  on  either  side  of  the  '^^-^ 
vertical  axis  OX.     Let  p^  denote  the  intensity  of  the  vertical 

Heaame  at  the  point  O,  and  ro  the  radius  of  curvature  of  the  arch  ^  ^ 
afc  that  pointb     Then  because  at  the  point  O  the  pressure  is  normal 

to  the  arch,  the  horizontal  thrust  along  the  arch  at  that  point  is  ?- 

T.=i>o»-o (1.)       " 

Let  0  be  any  point  in  the  arch^  whose  co-ordinates  are  OX.  =  x, 

XG  =  y,  and  let 

.     dy 
t  =arccotan-r^ 

dx 

be  the  inclination  of  the  arch  at  0  to  the  horizon.     Let  P^  denote 
the  vertical  load  on  the  arc  between  O  and  C. 

IVom  C  draw  the  vertical  line  CW  to  represent  P^  and  the 
tangent  C  T  forming  the  diagonal  of  the  rectangle  0  W  T  K  Then 
CT  will  represent  the  thrust  along  the  arch  at  C^  and  0  H  the 
horiaontal  component  of  that  thrust;  and  if  this  be  different  from 
T^  the  difference  must  be  made  up  by  means  of  the  horizontal 
prcasmc  applied  to  the  arch  between  O  and  C.  To  express  this 
symbolically^  let  P,  be  the  amount  of  that  horizontal  pressure,  and 
T  the  thrust  0  T  along  the  arch  at  C;  then 

T=-5i,==p^.oo8ect  =  P. -^ (2.) 

smt  dx  ^  ' 

(whece  ds  denotes  the  increment  of  the  arc  O  C). 
The  horizontal  component  0  H  of  this  thrust  is 

T'oo8t  =  P.-cotan»  =  P.--r^; 

ax 

cooseepiently  the  horizontal  pressure  which  must  be  applied  to  the 
aidi  between  O  and  C  to  maintain  equilibrium  is 

P,  =  T,  — P,-cotant  =  To  — P.-^j (3.) 
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and  if  this  equation  be  fulfilled  at  eveiy  point  of  the  aixh,  it  will 
be  balanced.— Q.  K  L 

When  P,  is  positiye,  it  represents  vnnoofrd  presswre^  sndi  as  may 
arise  firom  the  resistance  of  the  materials  of  the  spcmdrU  of  an  aich 
to  GompressioxL  When  P,  is  n^^tive,  it  represents  autwaird 
pressure^  such  as  may  arise  from  the  resktance  to  compresaiofn  of 
a  portion  of  material  situated  below  the  crown  of  the  ideal  linear 
arch  O  C,  or  ten^/ony  such  as  may  arise  &-om  tenaciiy  in  the  ^Mindril, 
and  in  the  materials  connecting  it  with  the  arch. 

The  vrUensiiy  of  the  horizontal  pressure  is  found  by  taking  two 
points  in  the  arch  indefinitely  near  to  each  other,  and  finding  the 
ratio  which  the  portion  of  the  horizontal  pressure  applied  between 
them  bears  to  the  difference  of  their  vertical  ordinates.  Let  the  in- 
tensity required  be  denoted  by /?,;  then 

^'      dx  da  dx\     dx/     ^   ' 

(This  equation  comprehends  the  cases  already  considered  in  Article 
168^  of  a  cord  imder  vertical  loads,  or  an  arch  whose  figure  is  thai 
of  such  a  cord  inverted ;  for  in  that  case,  P^  =  To  tan  i^  and 
P.  cotan  i  =  Tq  =  constant^  so  that  p,  =  0.) 

K  it  be  required  to  express  the  intensity  of  the  horizontal  preasnre 
in  terms  of  that  of  the  vertical  pressure,  let  the  latter  intensity  be 

_(^P, 
then 


Pt  = 


doit^x 


\p,dy) (6.) 


Bestrieted  Gaae,  Let  the  arch  have  a  horizontal  exfyrados^  at  the 
height  a  above  the  crown  O,  and  let  the  vertical  pressure  be  due  to 
the  weight  of  material  below  that  eztrados;  then 

PQ  =  wai  p,ssw{fk  +  x)i 
and  the  vertical  load  becomes 

^,=  J  Psdy^zfo  J  (a  +  w)  dy\. (6.) 

being  proportional  to  the  area  between  the  intrados  and  eztrados^ 
and  the  vertical  ordinates  at  O  and  0. 

Exa/mpU.  Let  the  linear  arch  be  part  of  a  circle  of  the  radius  r, 
with  a  horizontal  extrados  at  the  distance  r-^a  from  its  centra. 
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'     In  this  dase  it  is  ocmyenieDt  to  ex'press  all  ike  variables  in  terms 
of  llie  indination  i  a£  the  arch.     Thus  we  have  ^ 


I  '    *   v^  :.    • .  :n 


^;  fl8=r(l 008  i)j 


y- 


(7) 


^-  •     -~         fcv/  •  y  =  r*sm  t; 

/  -  wV  "^  ••/•  ,  1  <f  a;  =  r '  sin  i  e?f ; 

•  JrCi     •    V,   *  '.      .  Jy  =  f  -  COS  tc^t. 

It  18  also  xisefdl  to  make  a  =  mr,  m  being  the  ratio  which  the 
depth  of  load  at  the  crown  bears  to  the  radius.  Then  we  have  for 
the  ihnist  at  O, 

To  =  «»wr»; (8.) 

Aod  for  the  Tertical  load  between  O  and  C^ 

p^ -'  "P.ssto /(a  +  aj)rfy  srwr'Mwi  +  l — cosi)  cosiest 

•  f/i        \..       cosfsin*       %    \  ,^. 

•v^-  -  ^  =r1i^^-;^rl'°^.* 3 — 2'} <^> 

which  vbIto  being  intiT>ttuced  into  equation  4,  gives  for  the  inten- 
Hty  of  the  horizontal  pressure 

_  <^Py  _      rf(P^cotonJ) 1_  ^£^(P,cotani) 

'""   dx  dx         ~"      rsini  di 

^^      ^  //t        \         •       cos*f       tcost) 
= : — :  •  — .  <  (1  +«»)  COS  1 5 jr—, — i  > 

(i  —  COS  t  sin  t\  ,,  ^ . 

!+•»-«*• 2 ain't      )  <^^) 

The  vabe  of  the  horizonial  presBure  itself  is  given  by  introducing 
the  values  of  To  and  P«  fr(»n  equations  8  and  9  into  equation  3,  and 
is  as  fbllowB : — 

P,  =  tof'|m-(l  +  m)cos»  +  -^  +  2^J...(ll.) 

The  hariacmtal  component  of  the  thrust  of  the  arch  at  0  is  given 
bj  the  eqfbtion 

T«si  =  T.-P,  =  «„*{(l  +  «.)co8»-?^*-ig-*}(12.) 

When  i  =  0,  that  ie^  for  the  crown  of  the  arch,  p,  takes  the  fol- 
lofwing  value  >-~ 


tor 


(«-§)' 
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80  that  foac  every  circular  linear  arch  in  whidi  the  depth  of  load  at 
the  crown,  mr,ia  less  than  (me-third  of  the  radius,  p^  has  neffOtkt 
values  at  and  near  the  crown,  showing  that  (nxJbuowrd  hoiizcmtal 
pressure  or  tension  is  required  to  preserve  equilibrium.  In  sack 
cases,  there  is  a  certain  value  of  the  angle  i  for  whidh  p,=0.  At 
the  point  where  this  takes  place,  P,  consequeatlj  attains  a  fkegaA» 
rnaadmwn^  and  the  horizontal  component  T  *  cos  i  of  the  thnufc 
along  the  arch  attains  a  posiJbwe  fnaacmvwnyy  greater  than  Tq,  becune 
of  P,  being  negativa  Let  this  point  be  called  Co,  and  let  tiie  io* 
clination  of  the  arch  at  it  be  denoted  by  t^  This  angle  must 
satisfy  the  transcendental  equation 


2  sin'i 


0 


and  can  therefore  be  found  by  approximation  only.     As  a  first 
approximation,  may  be  taken 


t^  =  arc  *  cos 


Sm+l 


and  then  by  successive  substitutions,  nearer  and  nearer  i^proxi- 
mations  may  be  foimd. 

Supposing  i^  to  have  been  thus  determined  to  a  sufficient  d^ree 
of  accuracy,  its  substitution  for  i  in  the  equation  12  will  give  the 
maximum  value  of  the  horizontal  component  of  the  thrust  of  the 
arch. 

By  expanding  or  contracting  the  horizontal  dimensions  of  a  d^ 
cular  arch,  it  can  be  transformed  into  an  elliptic  arch,  which  will 
be  balanced  under  forces  deduced  from  those  applied  to  the  drcnlar 
arch  according  to  the  principles  explained  in  Articles  180,  184. 
In  adapting  the  equations  from  7  to  13  inclusive  to  an  €^ptie 
arch,  it  is  to  be  observed  that  i  represents  not  the  inclination  of  the 
elliptic  arch  itself  at  a  given  poiat^  but  that  of  the  circular  arch 
from  which  the  elliptic  arch  is  derived  at  the  corresponding  point 

Case  2.  WTien  the  direction  of  the  conjugate  preaswre  is  indmei 
This  case  is  represented  in  the  lower  dis^ram  of  ^g.  91.  The  in- 
dined  axis  of  co-ordinates,  Y'  O'  Y',  is  taken  parallel  to  the  direc- 
tion of  the  conjugate  pressure,  and  touching  Idie  arch  at  the  point 
O',  which  is  now  its  crown.  Each  double  ordinate  of  the  arch, 
C  X'  C  =  2  y',  is  bisected  by  the  vertical  axis,  on  either  side  of 
which  the  vertical  load  is  symmetrically  distributed. 

Let  j  denote  the  inclination  of  the  conjugate  pressure  to  the 
horizon.  Construct  a  parallel  projection  of  the  given  arch,  like  the 
upper  diagram  of  the  figure,  having  its  vertical  ordinates  equal  to 
those  of  $ie  distorted  arch,  and  its  horizontal  ordinates  leas  in  the 
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nHo  ooB  J  :  1  ;  oonoeive  it  to  be  under  a  vertical  load,  of  equal 
amoant  to  that  on  the  distorted  arch,  and  similarly  distributed ; 
determine  the  horizontal  pressures  required  to  keep  it  in  equilibrio ; 
then  will  the  prc^r  projection  of  those  pressures  keep  the  dis- 
torted arch  in'^equilibria 

The  relations  amongst  the  co-ordinates  of  the  two  arches,  and 
the  amounts  and  magnitudes  of  the  vertical  and  conjugate  pres- 
nnes,  are  as  follows,  quantities  relating  to  the  distorted  arch  being 
distiBgoished  bj  accented  letters : — 

of  =  xi  y  =  ysecj; 

F.  =  P.;r,  =  T,8eci;F,=:P,8eci;    ....(14.) 

Let  H'  denote  the  eonjugate  compoTieni  of  the  thrust  of  the  dis- 
torted ardi  at  any  point  C ;  then  we  have 

H-  =  r,  -  P,  =  (T.  -  P,)  seci; (15.) 

and  if  T  be  the  thrust  along  the  distorted  arch  at  C,  then 

r=  V(F:+H'*=t:2H'F,-cosj) (16.) 

the  podtive  or  negative  sign  being  used  according  as  the  point  0^j_ 
is  at  the  depressed  or  the  elevated  side  of  the  arch. 

186.  Pvtatod  Arekcfr^ — ^If  a  linear  arch,  as  in  fig.  92^  consists  of 
tvo  arcs,  B  C,  C  B,  meeting  in  a  point  at  C^  it  is 
neoeaaaiy  to  equilibrium  that  there  should  be  con- 
centrated at  the  point  G  a  load  equal  to  that  which 
would  have  been  distributed  over  the  two  arcs  AG, 
C  A,  extending  from  the  point  G  to  the  respective 
crowns,  A,  A,  of  the  curves  of  which  two  portions  ""'  ™  ^^ 
form  the  pointed  arch  '^* 

187.  Tmmi  OiMwpUB  TlnnMt  mt  IifaMur  Ai«h«s. — The  total  con- 
jugate thrust  of  an  arch  is  the  conjugate  component,  horizontal  or 
'"^lim^d,  as  the  case  may  be,  of  the  entire  pressure  exerted  between 
<me  semi-arch  and  its  abutment,  whether  directly,  at  the  point 
from  which  the  arch  springs,  or  above  that  point,  through  the 
material  of  the  spandriL 

When  a  linear  arch  is  of  such  a  figure  as  to  be  balanced  under  a 
load  of  which  the  pressure  is  whoUy  vertical  (as  in  the  case  de- 
scribed in  Article  174),  that  is  to  say,  when  its  figure  is  that  in 
which  a  cord  would  hang,  loaded  with  ^e  same  weight  distributed 
in  the  same  manner,  its  conjugate  thrust  is  exerted  simply  at  the 
point  from  which  it  springs,  and  is  equal  to  the  conjugate  com- 
ponent of  the  thrust  along  the  arch,  which  is  a  constant  quantity 
throughout  its  whole  extent. 
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When  an  arch  springs  vertically  from  its  abutments,  the  pdot 
of  springing  sustains  the  vertical  load  of  the  semi-arch  only;  and 
the  conjugate  thrust  is  exerted  wholly  throu^  the  spandriL 

In  other  cases,  .the  conjugate  thrust  is  exerted  partly  at  tibe 
v  point  of  springing  and  partly  through  the  spandriL  * 

Theobeh.  The  antwwnt  of  the  conjugate  thrust  w  equal  to  the  cam- 
jugaie  componeni  of  the  thrust  along  the  arch  0$  Hie  point  when  thai 
component  is  a  mamnwami;  for  at  that  pointy  as  appears  from  the 
reasoning  of  Article  18^,  the  intensity  of  the  corrugate  pnunn 
between  the  arch  and  its  spandril  is  nothing :  it  is,  t^Lercfore,  en- 
tirely below  that  point  that  the  conjugate  thrust,  whether  thiongk 
the  spandril  or  at  the  point  of  springing,  is  exerted;  and  cod9&- 
quently  the  amount  of  that  thrust  must  be  equal  to  the  mazimum 
conjugate  component  of  the  thrust  along  the  arch^  which  is  balanoed 
by  it.  The  point  of  the  arch  where  the  conjugate  component  of  the 
.^  thrust  along  it  is  a  maximum,  is  called  the  point  €f  wp/tufe^  for 

reasons  which  will  afterwards  appear.  It  may  be  at  the  crown;  or 
it  may  be  in  a  lower  position,  to  be  determined  by  solving  the  equa- 
tion formed  by  making  the  intensity  of  the  conjugate  presBun 
between  the  arch  and  spandril,  as  found  by  the  method  of  Article 
"^  185,  equal  to  nothing ;  that  is, 

-:  ''.=35=-.4('-g)=» w 

^..  This  equation  having  been  solved  so  as  to  give  the  position  of  t2ie 

point  of  rupture,  the  corresponding  value  of  P^  being  the  vertical 
load  supported  at  that  point,  is  to  be  computed;  and  then  the  conju- 
gate thrust  is  given  by  the  equation 

Ho=max.  value  of  P,  • -j^ „(i) 

(Where  the  conjugate  pressures,  as  is  generally  the  case,  are  hori' 
dy 

zontaly -=— =  cotan»:  and  the  value  of  «,  the  inclination  of  the  aich, 
ax 

which  fulfils  equation  1,  is  called  the  amgU  ofruptv/rij. 

When  the  point  of  rupture  is  the  crown  of  the  arch  (as  in  hydro- 
static and  geostatic  arches),  equation  2  gives  no  result^  because  d 

P^  vanishing  and  -^  increasing  indefinitely;  but  it  has  already 

been  shown  by  other  methods  that  in  this  case,  where  the  ocmjngite 
pressures  are  Aomonto^ — 

H,  =  T,  ^p,r,i (S.) 

/>o  being  the  intensity  of  the  vertical  load,  and  r©  the  radius  of  m- 
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Tiiiire ;  but  in  order  to  form  an  equation  which  shall  be  applicable 
vfaether  the  conjugate  pressures  and  co-ordinates  are  horizontal  or 
inclined,  the  above  equation  must  be  converted  into  one  expressed 
m  tenns  of  the  co-ordinates ;  that  is  to  say, 

dy' dy  dy* 

d?x      1 
For  rectangular  co-ordinates  -j-^  =  —  at  the  crown  of  the  arch,  so 

that  equation  4  is  converted  into  equation  3. 

Thus  far  as  to  finding  the  omownA  of  the  conjugate  thrust  To 
find  the  poeiiion  of  its  restdtamt,  that  is  to  say,  the  depth  of  its  line 
of  action  below  the  conjugate  co-ordinate  plane,  we  must  conceive 
it  to  act  against  a  vertical  plane,  extending  from  the  depth  of  the 
point  of  rupture  below  the  conjugate  co-ordinate  plane,  down  to 
the  depth  of  the  point  of  springing  below  that  plane,  and  find,  by 
tike  methods  of  Article  89,  the  vertical  co-ordinate  of  the  centre  of 
prmure  of  the  plane  so  acted  upon.  That  is  to  say,  let  Xq  denote 
^  depth  of  the  point  of  rupture,  and  Xi  that  of  the  point  of  spring- 
11^  below  the  conjugate  co-ordinate  plane ;  p,  the  intensity  of  the 
oonjngate  pressure  between  the  arch  and  spandril  at  any  point 
between  those  points,  and 


H,  =  H;, —  f  Pfd^t (^O 


the  conjugate  component  of  the  thrust  of  the  arch  at  the  point  of 
winging;  also,  let  x^  be  the  depth  of  the  resultant  conjugate 
tlmist  bdow  the  conjugate  co-ordinate  plane;  then 

/"ajp,  ' dx  +  ^iXi 
^-     -         H^ («•) 

Example  L  Circular  arch  under  wtdform  normod  pressfwre  oj 
vUemUy,  p.  183  (Art  179). 

Here  p,  =  ^  :=  p ;  and  the  point  of  rupture  is  at  the  crown, 
the  horiBontal  thrust  is 

Ho  =  T=pr (7.) 

Let  the  crown  be  taken  for  origin  of  co-ordinates,  so  that  o^  =  0. 
Cask  1.  Senucirde,    Here  Xi  =  r;  Hi  =  0;  and 

"^''-'Tr-  2 ^^'^ 
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Case  2.  Segment  Inclmation  at  ^Hinging^  v  Here  a^  s  r 
(I  —  GOB  i);  H|  =  j7  r  *  cos  t;  and 

^pa^  +  pr  a?i'C08t 

=  r  (i  (1  —  cos  t)*  +  cos  t  (1  —  cos  i))  =:  —  •  gin*  t...(9,) 

Example  IL  SemireUiptvc  a/rcih,  vmder  conjttgeUe  uniform  ver^i£d 
cmd  hortzarUal  presev/res  (Art.  180).  Let  a  =  a;|  be  the  fia^  or 
vertical  semi-axis;  ca  the  horizontal  semi-axis,  or  half -span;  and 
let  the  origin  of  co-ordinates  be  at  the  crown.  Then  p,  =  ifp,) 
and  we  have 

H;>  =  To  =  ap,  =  c^ap,  =  cP,;  «h=2  •— 0^) 

Example  IIL  Semi-eUiptic  distorted  aff'chj  wvtk  conjugaU  vmfaim 
vertical  amd  oblique  pressures  (Art.  181).  The  vertiod  and  conju- 
gate semidiameters,  or  rise  and  inclined  half-span^  being  denoted 
by  a  and  c  a  respectively,  the  equations  10  apply  to  this  case  aba 

Example  lY.  Hydrostatic  a/rch  (Art  183).  The  origin  of  co- 
ordinates being  taken,  as  in  the  article  referred  to,  at  the  point  of 
the  extrados  vertically  above  the  crown,  we  have  p,  =  p,  =  102^ 

H^  =  To  =  ti^  •  ^—  j  Hi  =  0 ;  and 

*-=— ^% — -A^ ^"-^ 

Example  Y.  GeostaUc  arch,  with  horizontal  or  inclined  extraiot 
(Art  184).   Here  p,  =  to  a; -cos  J*;  p,  =  c*;?,  =  c*  m?  a;  •  cos^;  H^ 

To  =  cP^  =c'tt?coBy*-S-^-^;  and  consequently 

^=ri~i w 

as  in  the  last  example 

Example  YL  Semicircular  arch  with  horizontal  extrados.  In 
this  case  the  angle  of  rupture  to  is  ^  be  determined  by  meana 
of  equation  13  of  Article  185;  and  thence,  by  equation  12  of  the 
same  Article,  is  to  be  foimd  H©.  The  springing  being  vertical, 
we  have  t,  =  90°;  H^  =  0.  Let  the  crown  of  the  arch  be  taken  as 
origin ;  then  a:  =  r  (1  —  cos  i),  d  a?  =  r  •  sin  t  •  d  t;  and  equatioa 
6  of  the  present  Article  becomes 


1 
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«H  =  w-*  [    Ppfoniil — coat) 'di; (13.) 

Example  VIJL  Circular  segmental  arch  toUh  horizontal  eztradoe. 
Lei  ti  be  the  indination  of  the  arch  at  the  spiinging,  P^  the  total 
vertical  load;  then 

Hi  =  Pi  cotan  ^ (14.) 

Let  ^  be  determined  as  in  the  last  exampla 

Case  1.  i^  >  or  =  i..  In  this  case  H^  =  Hi,  and  the  conjugate 
tluittt  is  simply  the  single  horizontal  force  Hi  at  the  point  of  spring- 
ing. 

CiSB  2.  io<ii>  Find  Ho  as  in  the  last  ezample,  and  let  the 
oiifpn  of  co-ordinates  be  at  the  crown;  then 

«,  =  r  (1  —  COS  t|);  and  we  have 
«,  =  «.'{r*f  p,mii{l  —  oo8t)*rft  +  rHi(l  —  co6ii)>  (15.) 


188u  AjiiwiiMBin  MyJTOfiiB  wi4  OMtfrtfl  AmIms. — The  subject 
of  flDiptic  fonctions  is  so  seldom  studied,  and  complete  tables  of 
tihoa  are  so  scarce,  that  it  is  useful  to  possess  a  meUiod  of  finding 
the  proper  proportions  of  hydrostatic  and  geostatic  arches  (Articles 
183, 184)  to  a  degree  of  approximation  sufficient  for  practical  pur- 
poses, namg  algebraic  functions  alone. 

Siidi  a  method  is  founded  on  the  fact  that  a  hydrostatio  arch 
tpproadiefl  nearly  to  the  figure  of  a  semi-elliptic  arch  of  the  same 
IieSg^t^  and  having  its  TniL-rimnin  and  minifmiTn  radii  of  curvature 
isiiheBBaae  proportion. 

Let  OG^  0!^  as  in  Article  183,  be  the  depth  of  load  of  a  hydrostatic 
sick  at  the  crown  and  springing  respectively;  r^,  ri,  its  radii  of 
curvaUue  at  those  points;  a  =  «]  —  2«9  ^^  i^i  Vi  ^^  half-span, 
given  in  Article  183  by  means  of  elliptic  functions. 

Suppose  a  semi-elliptic  arch  to  be  drawn,  having  the  same  rise, 
^  with  the  hydrostatic  arch;  let  f^^,  f^i,  be  its  radii  of  curvature  at 
the  crown  and  springing,  whose  proportion  to  each  other  is  the  same 
▼ith  that  of  the  radii  of  the  hydrostatic  arch;  that  is  to  say, 

Let  &  be  the  half-span  of  this  semi-ellipse.  Then  because  the  cubes 
of  the  semi-axes  of  an  ellipse  are  to  each  other  inversely  as  the  radii 
of  corvature  at  the  respective  extremities  of  the  semi-axes,  we  have 
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A  rough  approximation  to  the  half-span  of  the  hydrostatic  aidi 
ifi  found  by  making  y,  =  b;  but  this,  in  the  cases  which  occur  in 
practice,  is  too  great  by  an  excess  which  varies  between  rr  and  A, 
and  is  about  tit  on  an  averaga  Hence  we  may  take,  as  a  fint 
approooimation  whose  utmost  error  in  practice  is  about  ^i  and 
whose  average  error  is  about  t^itj  the  following  formula,  giving  t]» 
Italf'spcm  in  terms  of  the  depths  of  load  at  the  crown  and  springing :— > 

19  .  .      « 


y.=i^(«'.-»^)V5 <^) 


Suppose  the  rise  a  and  half-spam  y^  of  a  proposed  hydrostatic  aidi 
to  be  given,  and  that  it  is  required  to  find  the  depths  of  load;  ecjoar 
tion  2  gives  us,  as  an  approximation, 

ab""  \19a/' 
and  because  «i  —  a:;^  =  a,  we  have 

/20y,y 

V19*/  1  rtv 

*•  =  "•/gOy.y      ■'  «•  =  -•  /|Oy,V      ■  ^^^ 

V19a>/""*  \19ay""* 

A  doeer  approximation  is  given  l^  the  equations 


yi  =  i  — 


6  =  y,  + 


30  o' 


as,  =a' 


30  a' 
6*  «* 


•(*•) 


A  semicircular  or  semi-elliptic  arch  may  have  its  conjugate  throat 
approximately  determined,  by  considering  it  as  an  (tpproxmcUe  geo- 
stcUic  a/rch,  as  follows : — 

Let  there  be  given,  the  half-span  of  the  arch  in  question,  horizontal 
or  inclined,  as  the  case  may  be,  y„  the  depths  of  load  at  its  crown 
and  springing,  Xq,  Xi,  and  the  vertical  load  at  the  springing,  Ph 
Determine,  by  equation  2  or  equation  4,  the  span  ^i  of  a  hiffdrO' 
static  arch  for  the  depths  of  load  Xq,  o^  and  let 

^=c, (5.) 
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• 

be  Uie  mtio  of  the  h^Jf-epan  of  the  actual  arch  to  that  of  the  hydro- 
static ardL 

The  actual  ardi  xnay  now  he  coaoeived  as  an  approximation  to 
a  geoatatic  arch,  tranflformed  from  the  hydrostatic  arch  hy  pre- 
serving its  vertical  ordinates  and  load,  and  altering  its  conjugate  ^ 
ordinates  and  thrust  in  the  ratio  c  The  conjugate  thrust  of  a  ' 
hydrostatic  arch  being  equal  to  the  load,  we  have,  as  an  approxi-  / 
mation  to  the  conjugate  thrust  of  the  given  semi-elliptic  of  semi-  N^ 
cbvular  ardi,                                                                                               *- 

Ho  =  cP, (6.)   J     ^ 


Bojaois  3. — On  Frietional  StahUUy. 
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189.  gkini»M  is  that  force  which  acts  between  two  bodies  at  their 
sm&ce  of  contact^  and  in  the  direcftion  of  a  tangent  to  that  surface, 
so  as  to  resist  their  sliding  on  each  oth^  and  which  depends  on 
the  force  with  which  the  bodies  are  pressed  together. 

There  is  also  a  kind  of  resistance  to  the  sliding  of  two  bodies 
upon  each  other,  which  is  independent  of  the  force  with  which 
they  are  pressed  together,  and  which  is  analogous  to  that  kind  of     ^, 
sferength  which  resists  the  division  of  a  solid  body  by  akefMring, —     ^>^. 
that  is,  by  the  sliding  of  one  part  upon  another.     This  kind  of        v 
resistance  is  called  cMedon.     It  will  not  be  considered  in  the 
present  section. 

Friction  may  act  either  as  a  means  of  giving  stability  to  struc- 
tures, as  a  means  of  transmitting  motion  in  machines,  or  as  a  cause 
of  loss  of  power  in  machines.  In  the  present  section  it  is  to  be 
considered  in  the  first  of  those  three  capacities  only. 

190.  i^nr  wt  0«IM  Fricttoik — ^The  fdlowing  law  respecting  the 
friction  of  soHd  bodies  has  been  ascertained  by  experiment : — 

The  friction  tMch  a  given  pair  of  solid  bodies,  with  their  mrfaces 
m  a  given  condition,  are  capable  ^exerting,  is  simply  proportional 
to  ike  force  voiih  which  they  are  pressed  together. 

If  the  bodies  be  acted  upon  by  a  lateral  force  tending  to  make 
them  slide  on  each  other,  then  so  long  as  the  lateral  force  is  not 
greater  than  the  amount  fixed  by  this  law,  the  friction  will  be  equal 
And  opposite  to  it,  and  will  balance  it. 

There  is  a  limit  to  the  exactness  of  the  above  law,  when  the 
pressure  becomes  so  intense  as  to  crush  or  grind  the  parts  of  the 
bodies  at  and  near  their  curfiice  of  contact  At  and  beyond  that 
Hmit  the  friction  increaaes  more  rapidly  than  the  pressure ;  but 
tittt  limit  ou|^t  never  to  be  attained  in  a  structura 

From  the  law  of  friction  it  follows,  that  the  friction  between 
two  bodies  may  be  computed  by  multiplying  the  force  with  which 

p 
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they  are  pressed  together  by  a  constant  co-effi|iient  wMch  is  to  be 
determined  by  experiment,  and  which  depends  on  the  nature  of  the 
bodies  and  the  condition  of  their  sur&ces :  that  is  to  say,  let  N 
denote  the  pressure,  /the  co-efficient  qffridion,  and  F  the  force  of 
Motion,  then 

P=/N. 

191.  Angle  oTBcpMe* — ^Let  AA,  in  fig.  93,  represent  any  solid 

body,  B  B  a  portion  of  the  8ur£ax»  of  anothff 
body,  with  which  A  A  is  in  contact  throug^Mot 

the  plane  surface  of  contact  e  K  Let  P  C  re- 
present the  amount,  direction,  and  position  of 
the  resultant  of  a  force  by  which  A  A  is  uiged 
obliqudy  towards  B  B,  so  that  C  is  the  centre  of 
p.    gg        "  presait/re  of  the  snr&ce  of  contact  e  R     (Ail 

Let  PC  be  resolved  into  two  rectangular  components:  one, 


K  C,  normal  to  the  plane  of  contact,  and  pressing  the  bodies  to- 
gether: the  other,  TO,  tangential  to  the  plane  of  contact^  and 
tending  to  make  the  bodies  slide  on  each  other.     Let  the  totol 

force  P  0,  be  denoted  by  P,  its  normal  component  by  N,  and  iti 
tangential  component  by  T ;  and  let  the  angle  of  obliquity  T PC 
or  P  C  N  be  denoted  by  0,  so  that 

K  =  P  •  cos  ^,                        )  ,, . 

T  =  P-sin^  =  N-tan^.   J  ^  ' 

Then  so  long  as  the  tangential  force  T  is  not  greater  than  /N,  it 
will  be  balanced  by  the  friction,  which  will  be  equal  and  opposite 
to  it ;  but  the  friction  cannot  exceed  /N;  so  that  if  T  be  greater 
than  this  limit,  it  will  be  no  longer  baktnoed  by  the  friction,  but 
will  make  the  bodies  slide  on  each  other.     Now  the  condition,  thit 

or  tau  tf,  shall  not  exceed  yi 

Hence  it  follows,  that  the  greatest  angle  ofMiquAty  of  pratwt 
between  two  planea  which  is  consistent  with  stabUUy^  is  the  an^ 
whose  tangent  is  tite  co-efficient  of/riction. 

This  angle  is  called  the  angle  of  repose,  and  is  denoted  by  9.  It 
is  the  steepest  inclination  of  a  plane  to  the  horizon,  at  which  a 
block  of  a  given  substance  will  remain  in  equilibrio  upon  it;  for  if 
P  represents  the  weight  of  the  body  A  A,  so  that  P  C  is  vertical, 
and  ^  =  <P,  then  ^  is  the  inclination  of  B  B  to  the  horizon. 

The  relations  between  the  friction,  the  normal  pressure,  and  the 
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total 
aregiTen 


preasore,  when  the  obliquity  is  equal  to  the  angle  of  .repose, 
^vcn  by  the  following  equations: — -j^cflsi-^^--^^-    ^  J-    ^ 

F  =  T  =yN  =  N-tan(p  =  P-Biii<D  =  _Z£^....m       /,i, 


Vl+/ 


192.    TUUe  mt  €•  <iieiwn»  cf  FricllMi  and  Ab||Ic»  •# 

Teiy  extenflive  tables  of  the  oo-efficients  of  fiiction  of  different 
materials  used  in  construction  are  published  in  the  works  of 
General  Morin  of  the  French  Artillery,  and  have  been  reprinted 
in  Tarioua  treatise&  The  following  is  a  condensed  table  compiled 
from  Greneral  Moiin's  tables  and  from  other  authorities,  giving 

those  constants,  and  also  the  reciprocal,  •>  =  cotan  ^,  for  the 

materials  of  structures,  arranged  in  a  few  comprehensive  classes. 
Its  practical  utility  is  equal  to  that  of  the  more  voluminous  and 
detailed  tables  from  which  it  has  been  condensed : — 


} 


Diy  masonxy  and  brick- 
work,  

Uasoniy  and  brickwork, ) 
with  damp  mortar,«....  j 

Timber  on  stone, 

Iron  on  stone, 

Timber  on  timber, 

Timber  on  metals, 

Metals  on  metals, 

Masonry  on  diy  clay,.... 

Masonry  on  moist  clay,.. 

Earth  on  earth, 

Earth  on  earth,  dry  sand, ) 
day,  and  mixed  earth,  f 

Earth   on   earth,    damp)^ 

^^If J 

Earth  on  earth,  wet  clay, 

Earth  on  earth,  shingle 

and  gravel, 


} 


o'6  to  o*7 

074 

about  o'4 
o*7  to  0-3 

0'5  to  0'2 
0'6  to  0-2 

0*25  to  0*15 
0-51 

033 

0*25  to  I'O 

0-38  to  075 
j*o 

0-31 

o-8i  to  I'll 


31'  to  35' 

36^4 

22° 
35'  to  i6^» 

26°itOII°i 

31^  to  II°* 

i4°to8°i 

27° 

i8°i 

14'  to  45'' 

21°  to  37** 
45' 

39'  to  48° 


7 

1*67  to  1*43 

1-35 

2-5 
i'43to3-33 

2  to5 
1-67  to  5 
4  to  6*67 

1-96 

3 

4  to  I 

2-63  to  1*33 


3*23 
1*23  to  0*9 


193.  Frfettoaal  Biabiiltr  of  Plane  M*intn. — In  a  structure  com- 
posed of  a  number  of  pieces  connected  only  by  touching  each  other 
at  plane  surfaces  (as  is  the  case  in  masonry  and  brickwork),  it  is 
necessary  to  stability  that  the  obliquity  of  the  pressure  should  at  no 
joint  exceed  the  angle  of  repose. 
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In  structures  of  masoniy,  this  condition  can  almost  alvajs  be 
complied  with  by  suitably  placing  the  joints. 

Both  this  and  other  principles  depending  on  the  effect  of  firictioii 
in  promoting  the  stability  of  masonry,  -will  be  considered  in  sabee- 
quent  sections. 

194.  FrictimifltisiabiiitjrofBwUi.* — ^A  structure  of  earth,  wbether 
produced  by  excavation  or  by  embankment,  preserves  its  figure  si 
first  partly  by  means  of  the  friction  between  its  grains,  and  partly 
by  means  of  their  mutual  eohesion  or  tenacity;  which  latter  force 
is  considerable  in  some  kinds  of  earth,  such  as  clay,  e^>eGially  when 
moist.  It  is  by  its  tenacity  that  a  baiik  of  earth  is  enabled  to  stand 
with  a  vertical  face,  or  even  an  overhanging  hce,  for  a  few  feet 
below  its  upper  edge;  whereas  friction  alone,  as  will  afterwards 
appear,  would  make  it  assume  an  uniform  slopa 

But  the  tenacity  of  earth  is  gradually  destroyed  by  the  action  of 
air  and  moisture,  and  of  the  changes  of  the  weather;  so  that  its 
friction  is  the  only  force  which  can  be  relied  upon  to  produce 
permanent  stability.  In  the  present  investigation,  therefore,  iJie 
stability  of  a  mass  of  earth,  or  of  shingle  or  gravel,  or  of  any  other 
material  consisting  of  separate  grains,  will  be  treated  as  ariaing 
wholly  from  the  mutual  friction  of  those  grains,  and  not  from  any 
adhesion  amongst  them. 

Previous  researches  on  this  subject  are  based  (so  &r  as  I  am 
acquainted  with  them)  on  some  mathematical  artifioe  or  assumptioii, 
such  as  Coulomb's  '^edge  of  Least  Resistance."  Besearches  so  based, 
although  leading  to  true  solutions  of  many  special  problems,  are 
both  limited  in  the  application  of  their  results,  and  unsatis&ctoiy 
in  a  scientific  point  of  view.  I  propose,  therefore,  to  investigate 
the  mathematical  theory  of  the  frictionsd  stability  of  a  granulai 
mass,  without  the  aid  of  any  artifice  or  assumption,  and  from  iht 
following  sole 

Principle.  The  resistance  to  displacement  by  sliding  along  tf 
given  pla/ne  in  a  loose  gra/nvlar  r/uiss,  is  eqtud  to  di/e  normal  presstifft 
exerted  between  fhs  paais  of  the  mass  on  either  side  of  that  plane, 
mvltiplied  by  specific  constcmt. 

The  specie  constant  is  the  co-efficient  of  friction  of  the  mass,  and 
is  the  tangent  of  the  angle  of  repose.  I^t  p^  denote  the  nonnal 
pressure  per  imit  of  area  of  the  plane  in  question ;  q  the  resistanoe 
to  sliding  (per  unit  of  area  also);  ^  the  angle  of  repose;  then  the 
symbolic^  expression  of  the  above  principle  is  as  follows : — 

-  =  tan  ffl (1.) 

Pn 

*  This  and  the  enaning  Articles  of  the  preient  section  are  to  a  great  extent  abridged 
from  a  paper  **0n  the  StabiUtyof  Locee  Earth"  in  the  PhilotoMxU  TrmtaoHam 
for  1866-7. 
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This  ptinciple  fomis  the  basis  of  every  iiivestigation  of  the  sta- 
hility  of  earth.  The  peculiarily  of  the  present  investigatioii  consists 
in  its  deducing  the  laws  of  that  stability  from  the  above  principle 
alo&ey  idthout  the  aid  of  any  other  special  principle.  It  -will  in 
some  instances  be  necessary  to  refer  to  Mr.  Moeeley's  '' Principle 
of  ilie  Least  Benstance/'  but  this  must  be  regarded  not  as  a  special 
principle,  but  as  a  general  principle  of  statics. 

In  a  granular  mass,  any  plane  whatsoever  may  be  considered  as 
%plMy&jomty  in  the  sense  in  which  that  term  has  been  employed  in 
Article  193  ;  and  hence,  and  from  the  principle  already  stated^ 
follows, 

Theobex  L  It  is  necessary  to  the  stability  of  a  grcmvloflr  mass, 
tkat  the  direetion  of  the  pressture  between  the  portions  into  which  it  is 
divided  by  any  plane  dtotdd  not  at  amy  point  make  with  the  normal 
to  thtU  plane  an  angle  exceeding  the  angle  of  repose. 

From  what  has  been  already  proved,  respecting  internal  stress, 
in  Part  L,  Chap.  Y.,  Sect  3,  and  espedally  in  Articles  108  to  112 
inclusive,  it  is  evident,  that  the  plane  at  any  point  in  a  mass,  on 
which  the  obliquity  of  the  pressure  is  greatest,  is  perpendicular  to 
the  plane  which  contains  the  axes  of  gi'eatest  and  least  pressure, 
— Ute  pressure  of  greatest  obliquity  being  parallel  to  that  plane  of 
greatest  and  least  pressure. 

The  relations  amongst  the  intensities  of  the  pressures  in  a  solid 
nsBB,  which  are  parall^  to  one  plane,  as  represented  by  the  "  Ellipse 
of  Stress,"  have  been  investigated  in  Article  112.  The  present 
case,  of  a  mass  of  earth,  is  one  in  which  a  limit  to  the  greatest 
Mquity  is  assigned;  viz.,  that  it  shall  not  exceed  the  angle  of  re- 
pose, f.  The  relation  between  that  greatest  obliquity  and  the 
greatest  and  least  pressures,  has  been  found  in  Article  112,  Pix)- 
blem  nL,  Case  1,  equation  6,  viz.; — 

fi  =  arc  -  sm ^-^ : 

Pi  +P. 
Pi  being  taken  to  represent  the  greatest,  and  p^  the  least  pressure, 
and  $1  tiie  greatest  obliquity  of  pressure.    By  Theorem  I.  we  have 

(▼here  ^  means,  ^* less  than  or  equal  to;"  that  is,  "no*  greater  than""). 
Hence  follows  the  following  equation : — 

^^  =  sin  ^.  ^  sin  ^; (2.) 

orin  words, 

Theorem  IL  At  auA  point  in  a  mass  of  eartlk,  the  ratio  of  the 
difference  of  the  greatest  and  least  pressures  to  their  sum  cannot  exceed 
the  tine  qfthe  angle  of  repose. 
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Another  symbolical  expression  of  this  Theorem  is  as  followa:— 

»i      .  1  +  sin  f 


Pf  —  1  —  sin  f ' 


(2  A.) 


When  the  directions  of  any  pair  of  conjugate  pressores  in  tbe 
plane  of  greatest  and  least  pressure  in  a  mass  of  earth  are  given, 
the  limits  of  the  ratio  which  the  intensities  of  those  pressores  bear 
to  each  other  are  given  by  the  solution  of  Problem  Y.  of  Article  11% 

^    equation  27.     In  that  equation^  make  nr=zSy  the  common  ohliqtdty 
'^    of  the  pair  of  conjugate  pressures,  and  let  ^|  represent  the  greate^ 
^    acttud  obliquity  of  pressure  in  the  mass,  which  must  not  exceed  «;- 
'C;l.   then  jp,  as  before^  being  the  greater  conjugate  pressure,  and //the 
less,  we  obtain  the  following  proposition  : — 

Theorem  III.     The  fdlovAng  is  the  eoepression  of  the  candiUon  of 

*  i\  the  stability  of  a  mass  ofeartfty  in  terms  of  the  ratio  of  a  pair  (ftoor 

*  jugate  pressfwres  in  the  plane  of  greatest  and  least  pressfures : — 

\^   p  __co3  f  +  J  (cos'  /  —  cos'  ^,)  ^  COS  ^  +  ,y  (cos"  i  —  cos*  p)    ,« , 
^   p'^  COS  fi  —  J  (cos*  tf  —  COS*  fii)  —  cos  ^  —  V  (cos*  i  —  cos* p)'"^  ' 


iv> 


^    195.  MaM  ttf  Baitfi  with  piium  8«rAic«. — Although  the  preceding 

principles  can  be  applied  to  a  mass  of  earth  with  a  sur&ce  of  any 

figure,  their  most  useful  application  is  to  a  mass  bounded  above  hj 

'^     \  a  plane  surface,  either  horizontal  or  sloping.     For  such  a  mass,  the 

.^     three  Theorems  of  Article  125  are  true,  and  may  be  summed  up  ss 

V"    ■"*   follows: — ^the  pressure  on  a  plane  parallel  to  the  upper  plane  sui^ 

face  (which  may  be  called  a  conjugate  plane)  is  vertical,  and  pro- 

v^         portional  to  the  depth : — ^the  pressure  on  a  vertical  plane  is  parallel 

to  the  upper  plane  surface,  and  conjugate  to  the  vertical  pressure:— 

^         the  state  of  stress  at  a  given  depth  is  uniform. 

-C  Let  w  be  the  weight  of  an  unit  of  volume  of  the  earth;  a:  the 

^^^         depth  of  a  given  conjugate  plane  below  the  surfisu;e ;  i  the  inclination 

of  that  conjugate  plane;  then  the  intensity  of  the  vertical  preasora 

on  that  conjugate  plane  is 

P,  =  W7SB  'COS^ (1.) 

The  limits  of  the  intensity  jp,  of  the  conjugate  pressure,  parallel  to 
the  direction  of  steepest  declivity  (when  the  surfisice  slopes)  on  t 
vertical  plane,  at  the  same  depth  x  below  the  sur&ce,  are  deauoed 
from  the  equation  3  of  Article  194,  by  considering,  that  this  con- 
jugate pressiure  may  be  either  the  greater  or  the  less  of  the  pair 
of  pressures  the  limits  of  whose  ratio  are  given  by  that  equation; 
"^        so  that  if  we  use  the  symbol 
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to  ngnifyy  **a  is  not  greater  than  b  +  c,  and  not  less  than  h  —  c,** 
we  obtain  the  following  result : — 

j,,^„x-co,r^^^^4pii=^^ (2.) 

-^'z:^  COB  ^  =1=  J  (cos*  ^  —  cos*  f)  ^   ' 

Whea  the  plane  soi&ce  is  horizontal,  so  that  cos  /  =  1^  equationB  1 
and  2  become 

^^  1  =±i  sin  ^  ,^ . 

p,=^wx;p,^tDX'j^^^^; (3.) 

as  mi^t  have  been  inferred  from  Theorem  II.  of  Article  194. 

When  #  =  f,  or  when  the  slope  is  the  angle  of  repose,  the  limits  of 
the  intensity  of  the  conjugate  pressure  coiaddey  and  it  has  but  one 
▼aluc,  yiz, : — 

P^=iWZ'COS  ^=Pa (4.) 

For  all  Talues  of  f  greater  than  ^,  equation  2  becomes  impossible; 
which  shows  what  is  otherwise  evident^  that  the  angle  of  repose  is 
the  steepest  possible  slope. 

There  is  a  third  pressure  which  may  be  denoted  hjp„  in  a  direction 
perpendicular  to  the  first  two,  p,  and  p,;  that  is,  horizontal,  and 
perpendicular  to  the  vertical  plane  in  which  the  declivity  is  steepest ; 
but  the  intensity  of  that  third  pressure  will  be  considered  in  a 
subsequent  Article.  It  is  of  secondaiy  importance  in  practice, 
seeing  that  walls  for  the  support  of  sloping  banks  of  earth  are  gene- 
rally placed  so  as  to  resist  the  pressure  of  the  earth  in  the  direction 
of  steepest  declivily. 

Witii  the  exception  of  equation  4,  the  equations  of  the  present 
Article  give  only  ihe  limits  of  the  intensity  of  the  conjugate  pressure 
parallel  to  the  steepest  declivity.  To  find  the  exact  intensity  of 
that  pressure,  it  is  necessary  to  have  recourse  to  a  statical  principle, 
first  disooveied  by  Mr.  Moseley,  which  is  stated  in  the  following 
Article. 

196.  Vrtedple   wt  I<awt  Bwtf  ace. — ^TheOREIL      If  the  foTCes 

¥^Uch  balance  each  other  in  or  upon  a  given  body  or  structure  be 
distinguished  into  two  ey stems,  called  respectively  active  and  passive, 
uidch  stand  to  each  other  vn  the  relation  of  cause  and  effect,  t/ien  vnll 
the  passive  forces  be  the  least  which  a/re  capable  of  balancing  the  active 
foreee,  oonsietenJUy  tmth  the  physical  condition  of  the  body  or  structiMre, 
For  the  passive  forces  oeing  caused  by  the  application  of  the 
aetive  forces  to  the  body  or  structure,  will  not  increase  after  the 
active  forces  have  been  balanced  by  them;  and  will  therefore  not 
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increase  bejond  the  least  amoiint  capable  of  balancing  the  actnnB 
forces.— Q.  E.  D. 

197.  Bavtk  liMidfld  with  Urn  «rfrm  Weight. — ^In  a  mass  of  earth 
loaded  with  its  own  weight  only,  the  gravitation  of  the  earth  cauaeB 
the  vertical  pressure,  the  vertical  pressure  causes  a  tendency  to 
spread  laterally,  and  the  tendency  to  spread  causes  the  conjugate 
pressure;  therefore  the  vertical  and  conjugate  pressures  stand  to 
each  other  in  the  relation  of  cause  and  effect,  or  active  and  pasaiTB 
respectively;  therefore  the  intensity  of  the  conjugate  pressoie  is 
the  least  which  is  consistent  with  the  conditions  of  stability  given 
in  Articles  194  and  195. 

Applying  this  principle  to  the  equations  of  Article  195,  relatiinB 
to  a  bank  with  a  plane  upper  surface,  they  become  the  following:— 

Vertical  pressure  {s»  before),!?,  =  wxcosfi (L) 

Conjugate  presswre  parallel  to  steepest  declivity  : — 
Qeneral  case. 


p^  =  wx 


COS^-V(0O8'<-OO^>) 

COS  ^  +  ^  (cos"  B  —  cos*  f)'^      ^  ' 


Horizontal  surface,  ^  =  0,  cos  ^  =  1 ;  p^=zwx\ 

1  —  sin  ^  ,* . 

p    z=:WX'  = r— ^; (3.) 

^'  1  +  smf 

**  Natural  slope,"  ^  =  ^, 

p,  =p,  ==  to  a;  -  cos  p (4.) 

The  third  pressure  p,  is  found  in  the  following  manner.  Being 
perpendicular  to  the  plane  of  p,  and  p^  it  must  be  a  principal  pro- 
swre  (Arta  107, 109),  Being  a  passive  force,  it  must  have  the  least 
intensity  consistent  with  stability,  and  must  therefore  be  equal  to 
the  least  pressure  in  the  plane  of  p,  and  p^ 

The  greatest  and  least  stresses,  or  pnncipal  pressures,  in  lihat 
plane,  are  to  be  found  by  means  of  Problem  IIL  of  Article  112,  case 
3,  from  the  pair  of  conjugate  pressures  p„  p^  whose  obliquity  is  A 
Let  Pi  be  the  greatest,  and  p^  the  Jeast  principal  pressure;  tl^  ib 
equations  19  and  20  of  Art  112,  for 

Pi  Pi  nr,p„p^ 
we  are  to  substitute  respectively, 

Pmf  Pv  ^,  P\7  P9 

giving  the  following  results  : — 
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2       "*  2coft^  "cos^  +  V(co8'^  — sin'f) ^  ''' 

and  oonsequentljj 

Owaiestpreesuie,!,,  =  coe  ,  +  ^  (eo8»  ^  -  cos' f  ^ "•> 

I«8t  prearaie,!^  =;,,  =  eoB  ^  +  ^  (cos*  ^ -  cos*  ^) ^^^ 

The  axis  of  greatest  pressure  lies  in  the  acate  angle  between  the 
direction  of  greatest  dediTity  and  the  vertical;  and  its  inclination 
to  the  horixon,  which  may  be  denoted  by  t//,  is  given  by  the  follow- 
ing fonnnla^  deduced  from  equation  17  of  Article  112^  by  making 
the  proper  sobstitations : — 

cos2^  =  ^^'^^-^-^'; 

Pi— Pi 

fiom  which  is  easily  deduced. 


2  I  sinf  j 


(»•) 


In  nsiiu:  this  formula*  the  arc  sin  -: —  is  to  be  taken  as  greater 
"  smf 

than  a  li^t  angle. 

The  following  are  the  results  of  the  equations  7,  8,  9,  for  the 


HorizonUd  surface,  ^  =  0; 

P\=V)X=p,', 


Pt  =  P.=  ^»' 


1  — sin  f 


1  +  sinf  ""^'^ 
^  =  90^,  or  the  axis  of  greatest  pressure  is  vertical  , 

N<xhmd  Slope,  ^  =:  f ; 

Pi  =z  to  X  {I  •¥  an  p); 

Pi=p,  =  wx{l—giaf); 

^  =^  (i  +  90°),  or  the  axis  of  greatest  pressure  bisects 

the  angle  between  the  slope  and  the  vertical 


(10.) 


(11.) 
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Fig.  94. 


198.  PnMvra  mf  Bavth  asRlBst  m,  Tevtical  PImm^— In  fig.  94,  let 

O  X  represent  a  yertical  plane  in  or  in 
contact  with  a  mass  of  earth  whose  upper 
^ur&ce  Y  O  Y  is  either  horizontal  or  in- 
clined at  any  angle  ^,  and  is  cut  by  the 
yertical  plane  in  a  direction  perpendicular 
to  that  of  steepest  dediyity.  It  is  required 
to  find  the  pressure  exerted  by  the  earth 
against  that  yertical  plane,  per  tmii  <^ 
breadth,  from  O  down  to  X,  at  a  depth 

O  X.^x  beneath  the  surface,  and  the  direction  and  position  of  the 
resultant  of  that  pressure. 

The  direction  of  that  resultant  is  already  known  to  be  parallel  to 
the  declivity  Y  O  Y. 

Let  B  B  be  a  plane  trayersing  X,  parallel  to  Y  O  Y.  In  that 
plane  take  a  point  D,  at  such  a  distance  X  D  from  X,  tiiat  the 
weight  of  a  prism  of  earth  of  the  length  X  D  and  having  an  oUiquB 
base  of  the  area  uniiy  in  the  plane  O  X,  shall  represent  the  inten- 
sity of  the  conjugate  pressure  per  unit  of  area  of  a  vertical  plane  at 
the  depth  X  Draw  the  straight  line  O  D;  then  will  the  ordinate^ 
parallel  to  O  Y,  drawn  from  O  X  to  O  I)  at  any  depth,  be  the 
length  of  an  oblique  prism,  whose  weight,  per  unit  of  area  of  its 
oblique  base,  will  be  the  intensity  of  the  conjugate  pressure  at  that 
deptL  Let  O  D  X  be  a  triangular  prism  of  earth  of  the  thickness 
unity;  the  weight  of  that  prism  will  be  the  CMrumrU  of  the  conju- 
gate pressure  sought,  and  a  line  parallel  to  O  Y,  traverBing  its 
centre  of  gravity,  and  cutting  O  X  in  the  centre  o/preeeure  C,  will 

be  the  position  of  the  resultant  of  that  pressure.  The  depth  0  C 
of  that  centre  of  pressure  beneath  the  sur£Etce  is  evidently  two- 
thirds  of  the  total  depth  O  X 

To  express  this  symbolically,  make 


XD  = 


Pm 


_      .Pw  _        cos  ^  —  J  (cos*  $  —  cos*  f)  ^    ,,v 
wcoai  pg  oos^+  ^(cos*^  —  oos^f)'' 

(by  equation  2  of  Article  197); 


then  the  amount  of  the  conjugate  pressure,  or  weight  of  the  pam 
OXD,  is 


T,^fy,'dx^fj[p.d 


X 


wx^ 


'  COS  9  •  — 
P^ 


,.P_l^^.^,.  cos^-^(cos'^-cos«f)      .g^. 
p,         2  cos^-f  J(cos«^  — oos'rt'    ^ 


f) 
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and  the  centre  of  pressure  is  given  by  the  equation 

—       2x 

OG=Y (3-) 

In  the  extreme  cases,  equation  2  takes  the  following  forms : — 
For  a  horixontal  siii£bm»  ;        ^  =  0; 

«^    l=«£f. (4) 

'         2    •  1  +  8mf  ^   ' 

For  a  surface  sloping  at  the  angle  of  repose;      ^  =  ^; 

IV  =  "2"  '  ^^ ^^'^ 

The  principles  of  this  Article  serve  to  detennine  the  pressure  of 
etfth  against  retaining  walls,  as  will  afterwards  be  shown. 

199.  Bwpp— ii«g  F*wcr  ^T  Bstth  Vwmm^tmtMmam. — The  two  preced- 
ing Articles  refer  to  the  case  in  which  the  conjugate  pressure  at  a 
given  depth  is  caused  solely  by  the  vertical  pressure  due  to  the 
weight  of  earth  above  that  point,  and  is  therefore,  in  virtue  of  the 
**  principle  of  least  resistance,"  the  least  conjugate  pressure  consis- 
tent with  the  weight  of  the  vertical  column  of  earth  in  question. 

But  the  conjugate  pressure  may  be  increased  beyond  that  least 
tmoont,  by  the  application  of  the  pressure  of  an  external  body;  for 
example,  the  weight  of  a  building  foimded  on  the  earth.  In  this 
ease,  the  conjugate  pressure  will  be  the  least  which  is  consistent 
with  the  vertical  pressure  due  to  the  weight  of  the  hwUdmg;  and 
if  that  conjugate  pressure  does  not  exceed  the  grecUeat  conjugate 
pressure  consistent  (according  to  equation  2,  3,  or  4  of  Article 
195)  with  the  weight  of  the  eirth  above  the  same  stratum  on  which 
the  building  rests,  the  mass  of  earth  will  be  stable. 

The  mcst  important  case  in  practice  is  that  in  which  the  sur&ce 
of  the  ground  is  horizontal ;  so  that  the  intensity  of  the  vertical 
preHSttTB  due  to  the  weight  of  the  earth  ^b  wx\  x  being  the  depth 
of  the  base  of  the  foundation  of  the  building  below  the  sur&ce  of 
the  earth. 

In  this  case,  the  greategt  horizontal  pressure,  at  the  depth  a;,  con- 
sistent with  stability,  as  given  by  equation  3  of  Article  195,  is  as 

follows: — 

1  +  sinf  ,- . 

jp  =«?«  :- r— ;; (1.) 

■^^  1  —  sm  f  ^ 

The  greatest  intensity  of  vertical  pressure  consistent  with  this 
homontal  pressure  is 


.(2.) 
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1  +  Bin  0  /I  +  sin  f\« 

and  this  is  the  greatest  irUensUy  ofpreasurey  consisterU  wUk  slabiUbf,  cf  a 
buUding  founded  on  a  horizontal  etratxan  of  earth  at  the  d^th  z,  tke 
angle  of  repose  being  ^. 

K  A  be  the  area  of  the  foundation  of  the  building,  «o«  A  will 
be  the  weight  of  earth  displaced  by  it ;  and  if  the  pressure  of 
the  building  on  its  base  be  uniformly  distributed,  j/  A  will  be 
the  weight  of  the  building;  so  that 


P 
to 


L  =  /i  +  ^^' (a) 

aj        \1  —  sin  f /  ^  ' 


is  the  Umit  of  the  ratio  in  which  the  w&ght  of  a  holding  excmde  iJk 
weight  of  earth  displaced  hy  it,  when  the  pressure  is  umformlj  dis- 
tributed over  the  base. 

K  the  pressure  of  the  building  be  not  uniformly  distributed 
over  the  base,  its  greatest  intensity  must  not  exceed  that  giTen 
by  equation  2,  and  its  least  intensity  must  not  fall  short  of  toxL 
lliis  condition  determines  the  greatest  ineqiudity  of  distrihidiim 
of  the  pressure  of  a  building  which  is  consistent  with  the  stahility 
of  a  given  kind  of  eartL  The  most  useful  and  frequent  example 
of  tins  case  is  that  in  which  the  base  is  rectangular,  and  &e 
intensity  of  the  pressure  increases  at  an  uniform  rate  from  one 
edge  to  the  opposite  edge  of  tbe  rectangle,  being  an  unifomd^ 
varying  stress  (Articles  91,  92,  94).  In  this  case,  let  p^  denote 
the  mean  intensity  of  the  pressure  of  the  building,  b  the  breadth 
of  its  base  in  the  direction  along  which  the  pressure  varies,  and 
cb  the  utmost  delation  of  the  centre  of  pressure  of  the  base  from  its 
centre  of  Jigure^  consistent  with  the  stability  of  the  earth  which 
supports  it;  then 

p'  +  wx                l+sin'f  ... 

P'  =2-  =  «""  •  (ITri^.' (*•) 

^^    p' — wx sin  f  .  . 

^  ~  e{p'  +wx)  "  3(l+sin»f) ^  '^ 

200.  Abattiiv  p«wer  m€  Bwth^^If  a  vertical  plane  surfiioe  of 
some  body  which  is  pressed  horizontally,  such  as  a  buttress,  or 
a  retaining  wall,  abuts  or  presses  horizontally  against  a  horizostal 
layer  of  ecurth,  of  the  depth  x,  the  limit  of  the  resistance  which 
that  layer  is  capable  of  opposing  to  the  horizontal  thrust  of  the 
vertical  plane  is  determined  by  the  greatest  horizontal  pressiire 
consistent  with  the  stability  of  the  eartL     Henoe  the  amount  of 
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tbat  hocuEontftl  zedstanoe,  per  unit  of  horizontal  breadth  of  the 
Tertkal  abnttuig  plane,  is  giyen  by  the  equation 

p  WQ?     1  +Bm  f 

""""S"!  — sinf 

The  osnire  ofrmttamet  is  at  -^  below  the  siu&oe  of  the  eartL 


301.  TiaMe  •€  iTwaMpiei  of  the  results  of  the  formiil»  in  Articles 
197, 198,  199,  and  200. 


90*^—^ 


iS^ 


30^ 


45"         37"*  30" 


45"  600 


/=  tan  ^ 


-  =r  ootan^ 

sin  ^ 

I — sin^ 
I  +  sinlp 

I  +sin^ 
I  — sin^ 

006  ^ 

oos'^ 

(I  — ain^Y 
I  +  sin^/ 

(1  +  sin  »Y 
I — sin^/ 

I  +  8in*^ 
(i  —  sin^ 

sin^ 
3(i+Bin«f) 


00 


0-268 

3-733 

0*259 

0588 

1700 
0*966 

0933 

0-346 

2*890 

1945 

o*o8i 


0-677 


1-732 


Z'OOO 


I'OOO 


0*500        0*707 


1*732 


0-577 


0*866 


o*333        0*172        0*072 


3*000        5*826      13-924 
0*866        0*707        0*500 


0*750        0*500        0*250 


0*111        0*0295      0*0052 


9000      33*94      193*8 


5*000      17*47        97*4 


0*133        0*157        0*165 


l^wiA»y    Xhe  colnnin  headed  o^  is  applicable  to  HqyidM. 


L 
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-^       202.  Frlctt^nal  TmuicIit  er  IBmmA  •f  HuMwr 

The  overlapping  or  breaking  of  the  joints,  commonly  called  the  j 
bond,  in  masonry  and  brickwork,  has  three  objects — ^fibrst,  to  dis- 
tribute the  vertical  load  which  rests  on  each  stone  or  brick  over 
two  or  three  of  the  stones  or  bricks  of  the  coarse  next  below,  and 
so  to  produce  a  more  nearly  uniform  distribution  of  the  load  tfaui 
would  otherwise  take  place;  secondly,  to  enable  the  stractnre  to 
resist  forces  tending  to  break  it  by  shea/ring,  or  sliding  of  one  pert 
on  another,  in  a  vertical  plane;  and  thirdly,  to  enable  it  to  resist 
forces  tending  to  tear  it  asunder  horizontally. 

For  masonry  and  brickwork  laid  either  dry,  or  in  common  mcK^ 
tar  which  has  not  had  time  to  acquire  practically  appreciable 
tenacity,  the  resistance  to  horizontal  tension  mentioned  aboye  as 
the  third  object  of  the  bond,  is  due  to  the  mutual  friction  of  tlie 
overlapping  portions  of  the  beds  or  horizontal  faces  of  the  stones  or 
bricks,  and  may  be  called  ^^JricbUynai  tenacity."  The  amount  of  the 
frictional  tenacity  at  any  horizontal  joint  is  the  product  of  the  Te^ 
tical  load  upon  the  portion  of  that  joint  where  two  blocks  of  stone 
or  brick  overlap  each  other,  into  the  co-efficient  of  friction,  which, 
as  stated  in  the  table  of  Article  192,  is  about  0*74. 

Let  fig.  94  A  represent  a  portion  of  a  wall  with  a  horizontal  top 

A ;  and  let  it  be  required  to  determine 
"Z  the  Motional  tenacity  at  a  horizontal 
^  joint  B,  whose  depth  below  A  is  c,  the 
^  intensity  of  that  tenaciiy  per  unit  of 
n  area  of  a  vertical  plane  at  B,  and  ih6 
TZ  aggregate  tenacity  of  the  wall  from  A 
down  to  B,  with  which  it  is  capable  d 


^5^^ 


I  I'l   1  '1  I  Vt 


'.  .1,  .'■  .'. 


izr 


o: 


T-J 


Tie  94  A.  resisting  a  force  tending  to  tear  it  into 

two  parts  by  separation  at  the  semted 
dark  line  which  extends  from  A  to  B  in  the  figure. 

Let  w  be  the  weight  of  an  unit  of  volume  of  the  material  of  the 
wall ;  b  the  length  of  the  overlap  at  each  joint;  t  the  thickness  of 
the  walL     Then 

wbtx 

is  the  vertical  pressure  on  the  overlapping  portions  of  the  stones  or 
bricks  at  B,  and  consequently,  if/ be  the  co-efficient  of  friction,  the 
amount  of  frictional  tenacity  for  the  joint  B  is 

/wbtx (1.) 

The  intensity  of  that  tenacity  per  unit  of  area  of  a  vertical 
plane  is  found  by  dividing  its  amount  by  the  area  of  a  vertical 
section  of  one  course  of  stones  or  bricka   *Let  h  be  the  depth  of  » 
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coarae ;  then  htia  the  area  of  its  vertical  section ;  and  the  intensity 
of  the  fiictional  tenacity  of  the  joint  immediately  below  is 

~ir ^^'^ 

Let  n  be  the  nnmber  of  oouises  from  A  down  to  B.     Then  the 
vahie  of  x  far  the  uppermost  course  is  =  A,  and  for  the  lowest 

coone,  ^nh;  and  the  mean  Talne  of  a;  is  — ?—  *  A ;  so  that  the 

mean  tenacity  per  oourse  is 


and  the  mean  intensity^ 


—^fwhth; 


Hence  the  amount  of  the  aggregate  fiictional  tenacity  of  the  wall^ 
from  A  down  to  B,  is 

n+1     ^    _^.       fwbt(a?  +  hx)  ,„  \ 

«•— 2"  '/fobth='^ "^ ^ (3.) 

From  the  equations  2  and  3  it  is  obvious  that  the  fiictional 
tenacity  of  masoniy  and  brickwork  is  increased  by  increasing  the 

ratio  Y  "w^hich  the  length  of  the  overlap  bears  to  the  depth  of  a 

course.  This  may  be  effected  either  by  increasing  the  length  of  the 
atones  or  bricks  (to  which  the  overlap  bears  a  definite  proportion, 
depending  on  the  style  of  bond  adopted),  or  by  diminishing  their 
dqvth ;  but  to  both  those  expedients  there  is  a  limit  fixed  by  the 
liability  of  stones  and  bricks  to  break  across  when  the  leogth 
exceeds  the  depth  in  more  than  a  certain  ratio,  which  for  brick 
and  stone  of  ordinary  strength  is  about  3. 

For  English  bond  (as  in  fig.  94  A),  consisting  of  a  course  of 
drHehen  (or  bricks  laid  lengUiwise),  and  a  course  of  headers  (or 
bricks  hda  crosswise),  alternately, — ^and  also  for  Flemish  bond,  in 
which  each  course  consists  of  alternate  headers  and  stretchers,  the 
overlap  b  is  one-fourth  of  the  length,  or  about  three-fourths  of  the 

A3 
dqyth,  of  a  brick.     The  value  oi-ria  therefore  7 ;  but  to  allow  for 

h  4 

inegnlarities  of  figure  and  of  laying  in  the  bricks,  it  is  safe  to  make  it 

9 

7  in  the  formulae.     Substituting  this  in  equations  2  and  3,  and 
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3 

making  /=  7,  we  find  for  the  intensity  of  the  Mctional  tenadtfi 

where  <me-hcdfofiheface  of  the  wall  consists  of  ends  of  headers, 

^; (4) 

and  for  the  amount  from  the  top  of  the  wall  down  to  the  deptii  2, 

wt  {a*  +  hx) , 

The  tenacity  of  the  wall  in  the  direction  of  its  thickness,  whicli 

resists  the  sepai-ation  of  its  front  and  back  portions  by  splitting,  is 

often  as  important  as  its  longitudinal  tenacity,  and   sometimes 

more  so.     Where  one-half  of  &e  face^  as  in  fig.  94  A,  oonsists  of 

ends  of  headers,  the  overlap  of  each  course  in  &e  direction  of  the 

thickness  is  generally  one-half  of  the  length  of  a  brick  instead  of 

h  4 

one  quarter ;  so  that  r-  is  to  be  made  =  -  instead  of  two-thirdi 

Hence  in  this  case,  the  transverse  frictwifud  tenacity  (as  it  may  be 
called)  is  dottble  of  the  longitudinal  frictional  tenacity,  its  intensity 
at  the  depth  x  being 

wx, (6.) 

and  its  amount  frt)m  the  top  of  the  wall  down  to  the  dept^  «,  for 
a  length  of  wall  denoted  by  I, 

fDl{ix^  +  ha) 

2  V'-; 

In  a  brick  wall  consisting  entirely  of  stretchers,  as  in  fig.  94  B, 

-| 1 1 J 1 the  loTi^ritudinal  tenacity  is  double  d 

■         I        I    '    I    '    I      that  of  the  wall  in  Hg,  94  A,  whew 


^     ■    ^    ■    '         '         I  one-half  of  the  face  consists  of  enda  of 


I         I — ' — I — ' — I — ' — I — •-   headers.     But  that  increased  loogita- 


Tig.  94  B.  dinal  tenacity  is  attained  by  a  total 

sacrifice  of  transverse  tenacity,  when 
the  wall  is  more  than  half  a  brick  thick.  In  brickwork,  therefore, 
m  which  the  longitudinal  is  of  more  importance  than  the  traasverae 
tenacity  (as  is  the  case  in  furnace  chimneys),  a  sufficient  amonnt  of 
transverse  tenacity  is  to  be  preserved  by  having  courses  of  headeiB 
at  intervals.  The  efiects  of  this  arrangement  are  computed  as 
follows : — 

Let  *  be  the  number  of  courses  of  stretchers  for  each  oourae  of 
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headers ;  so  that  — r^r  of  the  &oe  of  the  wall  consists  of  ends  of 

8+1 

lieadera,  and  — r-r  of  sides  of  stretchers. 

Let  L  denote  the  intensity  of  the  longitudinal  fiictional  tenacity, 
and  T  that  of  the  transverse  frictional  tenacity,  at  the  depth  x. 
The  following  table  represents  the  values  of  those  intensities  in  the 
extreme  cases : — 

*  -ir         -^  ^  T 

*+  1  8+1 

.11  WX 

^  2  T  "2"  *^® 

00  0  1  w  X  0 

Now,  in  intermediate  cases,  the  longitudinal  tenacity  will  vary 
neaily  as  the  pvoportion  of  sides  of  stretchers  in  the  &ce  of  the  wall 

~VT»  ^'^  ^^  transverse  tenacity  as  the  proportion  of  ends  of 

headers;  whence  we  have  the  following  formuled  for  the  intensi- 
ties: — 

I*  =  j-TTi  •  *^*> (®0 

T=.-^«'«' <^) 

Consequently,  for  the  aggregate  tenacities  down  to  a  given  depth  x, 
▼hen  "^e  length  of  the  wall  is  I,  and  its  thickness  t,  we  have 

Langiiiidmal,     .    ,  ->  *  wt{oi?  +  hx);, (10.) 

Transvene,  ^  .  ^  ^v  *tDl{a?  +  hx) (11.) 

To  make  the  longitudinal  and  transverse  frictional  tenacities  of 
equal  intensity,  we  should  have  «  =  2,  or  two  courses  of  stretchers 
for  one  course  of  headers.     This  makes 

L  =  T^^ (12.) 

In  round  factory  chimneys,  it  is  usual  to  make  8  =  4:',  and  then 

we  have 

4                      2 
L=  q'wx;  Tzzz-'wx (13.) 
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The  preceding  formula  are  applicable  not  only  to  brickwork,  but 
to  ashler  masoniy  in  which  the  proportions  of  the  dimensions  of  the 
stones  are  on  an  average  nearly  the  same  with  those  of  bricks. 

The  formulae  9  and  11  may  also  be  used  to  fuid  the  transwrK 

tenacity  of  a  rubble  vooM^  if     ,   ..  be  taken  to  represent  the  prapar- 

8    I     1 

tiion  of  the  face  of  the  vxiU  which  consists  of  the  ends  of  squand 
headers  or  bond  stones,  connecting  the  front  and  back  of  the  vjoU 
toffetJier, 

The  principles  of  the  present  Article  may  be  relied  on  as  a  means 
of  comparing  one  piece  of  masonry  or  brickwork  with  another,  so 
far  as  their  securiiy  depends  on  the  horizontal  tenacity  produced 
by  the  friction  of  the  courses.  But  inasmuch  as  the  absolute 
numerical  results  have  been  arrived  at  by  an  indirect  process,  from 
the  tangent  of  the  angle  of  repose  of  masoniy  and  brickwork  laid 
with  damp  mortar,  these  results  are  to  be  considered  as  unoertain, 
and  as  requiring  direct  experiments  for  their  verification  or  ooneo- 
tion.     No  such  experiments  have  yet  been  made. 

203.  Fricii^B    •€  Screws*  Keys,  and   W«dl«c«. — The   pieces   of 

structures  in  timber  and  metal  are  often  attached  together  by  the 
aid  of  keys  or  wedges,  or  of  screws.  The  stability  of  those  listen- 
ings arises  from  friction,  and  requires  for  its  maintenance  that  the 
obliquity  of  the  pressure  beti^een  the  wedge  or  key  and  its  seat^  or 
between  the  thread  of  the  screw  and  that  of  its  nut,  shall  not 
exceed  the  smallest  value  of  the  angle  of  repose  of  the  materiala 

204.  Frictf^B  or  wum  aad  FrictiMi  •£  Bi«timk — ^For  some  sab- 
stances,  especially  those  whose  surfistoes  are  sensibly  indented  by  a 
moderate  pressure,  such  as  timber,  the  friction  between  a  pair  <^ 
surfitces  which  have  remained  for  some  time  at  rest,  relatively  to 
each  other,  is  somewhat  greater  than  that  between  the  same  pair  of 
surfaces  when  sliding  on  each  other.     This  excess,  however,  of  the 

friction  of  rest  over  &e  friction  of  motion,  is  instantly  destroyed  by 
a  slight  vibration ;  so  that  the  friction  of  moHon  is  alone  to  be 
relied  on  as  giving  stability  to  a  structure.  .In  Article  192, 
accordingly,  the  co-efficients  oi  friction  and  angles  of  repose  in  the 
table  relate  to  the  friction  of  motioTh,  where  'diere  is  any  sensible 
difference  between  it  and  ihe  friction  of  rest. 

SscnoK  4. — On  the  Stability  of  Abutments  and  Vaults. 

205.  SiaMlity  at  a  Pkute  J^iat. — ^The  present  section  relates  to 
the  stability  of  structures  composed  of  blocks,  such  as  stones  or 
bricks,  touching  each  other  at  joints,  which  are  plane  soifsoes, 
capable  of  exerting  pressure  and  friction,  but  not  tension. 

The  conclusions  of  the  present  section  are  applicable  to  tftructures 
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of  maaoniy  or  brickwork,  Tmcemented,  or  laid  m  ordinaiy  mortar : 
for  ahhoo^  ordmaiy  mortar  sometime^  attams  in  the  oour4  of  yeara 
a  tenacity  equal  to  ^t  of  limestone,  yet,  when  fresh,  its  tenacity  is 
too  small  to  be  relied  on  in  practice  as  a  means  of  resisting  tension  at 
the  joints  of  the  stmctnre ;  so  that  a  structure  of  masoniy  or  brick- 
work, requiring,  as  it  does,  to  possess  stability  while  the  mortar  is 
fieafa,  ou^t  to  be  designed  on  the  supposition,  that  the  joints  have  no 
^predahle  tenacity.  The  mortar  adds  somewhat  to  the  /rtctioTial 
ttabilUy,  as  has  already  been  stated  in  the  table  of  Article  192,  and 
thus  contributes  indirectly  to  the  Jrictional  tenacity,  described  in 
Aiticle  202. 

There  are  kinds  of  cement  whose  tenacity  becomes  at  once  equal 
to  that  of  brick,  or  even  to  that'  of  stone.  So  £a.r  as  the  joints  are 
cemented  with  such  kinds  of  cement,  a  structure  is  to  be  considered 
as  onepieeef  and  its  safety  is  a  question  of  strength. 

A  plane  joint  which  has  no  tenacity  is  incapable  of  resisting  any 
force,  ezc^t  a  pressure,  whose  centre  qfetrees  falls  within  the  joint, 
and  whose  obliquity  does  not  exceed  the  angle  of  repose. 

If  the  resistance  of  the  material  of  the  blocks  winch  meet  at  the 
joint  to  a  crushing  force  were  infinitely  great,  it  would  be  suffi- 
cient for  stability  that  the  centre  of  pressure  should  fall  anywhere 
within  the  joints  how  dose  soever  to  the  edge ;  but  for  the  actual 
materials  of  ooni^Tuction,  it  is  necessary  that  the  centre  of  pressure 
should  not  be  so  near  the  nearest  edge  of  the  joint  as  to  produce  a 
preoBore  at  that  edge  sufficiently  intense  to  injure  the  material 
Hence  it  appears  that  the  exact  determination  of  the  limiting  posi- 
tion of  the  centre  of  pressure  at  a  plane  joint  is,  strictly  speaking, 
a  question  relating  to  the  strength  of  materials.  Nevertheless,  an 
approximation  to  that  position  can  be  deduced  from  an  examina- 
tion of  the  examples  which  occur  in  practice,  without  having 
recourse  to  an  inv^tigation  founded  on  the  theory  of  the  strength 
of  materials.  Some  of  the  most  useful  results  of  such  an  examina- 
tion are  expressed  as  follows  : — 

Let  q  denote  the  ratio  which  the  distance  of  the  centre  of  pressure 
of  a  given  plane  joint  from  its  centre  qfjlgure  bears  to  the  diameter 
or  Inreadth  of  the  same  joint,  measured  along  the  straight  line 
which  traverses  its  centre  of  pressure  and  centre  of  figure  ;  so  that 
if  <  be  that  diameter,  q  t  shall  be  the  distance  of  the  centre  of  pres- 
sure from  the  centre  of  figure.  Then  the  ratio  q  is  found  in  prac- 
tice to  have  the  following  values : — 

3 

In  retaining  vxxUs  designed  by  British  engineers,...-^,  or  0-375. 

o 

3 
In  retaining  walls  designed  by  French  engineers,. .  .-rfT,  or  0*3. 
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In  the  dhfoimenJts  of  arches,  in  piers  and  detached  huUreesee,  and  in 
towers  and  chimneys  exposed  to  the  pressure  of  the  wind,  it  haa 
been  found  by  experience  to  be  advisable  so  to  limit  the  deviation 
of  the  centre  of  pressure  from  the  centre  of  figure,  that  the  maxi- 
mum intensity  of  the  pressure,  supposing  it  to  be  an  uniformly 
va/rying  pressure  (see  Article  94),  shall  not  exceed  the  double  of  the 

mean  intensity.     As  in  Article  94,  let  P  be  the  total  pressore ;  8 

p 
the  area  of  the  joint ;  let  ^  =  j?^  be  the  mean  intensity  of  the  pr»* 

sure,  which  is  also  the  intensity  at  the  c^tre  of  figure  of  the  joint, 
and  at  each  point  in  a  neutral  axis  traversing  that  centre  of  figure; 
let  X  be  the  perpendicular  distance  of  any  point  from  that  axis,  and 
let  the  pressure  at  that  point  be  jp  =  jp^  +  aa;,  so  that  if  jej  be  the 
greatest  positive  distance  of  a  point  at  the  edge  of  the  joint  fin>m 
&e  neutral  axis,  the  maximum  pressure  will  be 

Kow,  by  the  condition  stated  above,  pi  =  2p^  and,  consequently, 

«  =  ?LZ&=£4  =  il. (1.) 

If  the  diameter  of  the  joint  is  bisected  by  the  centre  of  figure, 
and  if  a?p  (as  in  Article  94)  be  the  distance  of  the  centre  of  pressore 
from  the  neutral  axis,  we  shall  have 

and  by  inserting  in  this  equation  the  value  of  x^  as  given  by  equa- 
tion 4  of  Article  94,  and  having  regard  to  the  value  of  a,  as  given 
by  equation  1  of  this  Article,  we  find 

—  -^X  —     I     .  m 

^~2Pa?i""2Sa?' ^^ 

an  expression  whose  value  depends  wholly  on  the  figure  of  the 
joint — that  is,  of  the  transverse  section  of  the  abutment,  pio^ 
buttress,  tower,  or  chimney. 

Keferring  to  the  table  at  the  end  of  Article  95  for  the  values  of 
the  moment  of  inertia  I,  the  following  results  are  obtained  for 
joints  of  difierent  figure&  In  each  case  in  which  there  is  anr 
difierence  in  the  values  of  q  for  different  directions,  the  deviation 
of  the  eentre  of  pressure  is  supposed  to  take  place  in  that  direction 
in  which  the  greatest  deviation  is  admissible— that  is  to  saj,  at 
right  angles  to  the  neutral  axis  for  which  I  is  a  maximum ;  so  that 

if  A  be  the  diameter  in  that  direction,  ajj  =  - . 


1 
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FiGUBE  OF  Base. 
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LcngUi k\ 

JBieadtb, 6) 


n.  8q 

Side, 


m.  Ellipee — 

'Axis, 


Shorter  axis, b 

TV.  Circle— 

Diameter, h 


i 


Y.  HoUoir  rectangL 

Ontside  dimennoiu^...A,  6) 
Inside  dimensional  ...A',  ^j* 

VL  Hollow  square — 

Oatdde  dimensions,  »...A 
Inside  dimensions, h' 

Vn,  Circular  ring — 

Diameter,  Oittside, h\ 

Do.       Inside,. A'/ 


} 


1 

6 

I 
6 

1 

8 

I 
8 

6h'{hb-h'b') 
h^  +  h" 

h'  +  K^ 
8h' 


When  the  solid  parts  of  the  hollow  square  and  of  the  circular 
ring  are  very  thin,  the  expressions  for  q  in  Examples  VL  and  VIL 
beoome  approximately  equal  to  the  following : — 

VIIL  Hollow  square, q  =  ■«  ^ 

IX.  Circular  ring, q  =  7; 

which  values  are  sufiSciently  accurate  for  practical  purposes  when 
applied  to  square  and  round  factory  chimneys. 

The  conditions  of  stability  of  a  block  supported  upon  another 
block  at  a  plane  joint  may  be  thus  summed  up : — 

Beferring  to  fig.  93,  Article  191,  let  A  A  represent  the  upper 
block,  B  B  part  of  the  lower  block^  e  £  the  joint,  C  its  centre  of 

pt^essore,  P  C  the  resultant  of  the  whole  pressure  distributed  over 
the  joint,  whether  arising  from  the  weight  of  the  upper  block,  or 
from  forces  applied  to  it  from  without.  Then  the  conditions  of  sta- 
bility are  the  following : — 

L  The  MiqwJty  of  the  pressure  must  not  exceed  the  cmgle  of  repose, 
that  is  to  say, 
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^PCN^f (3.) 

n.  Ths  raUo  which  thsdemcUion  of  tJis  centre  of  pre^^ 
centre  of  figure  of  the  joint  hears  to  the  length  of  the  diameter  of  the 
joint  tra/veraing  those  two  centres,  must  not  exceed  a  certain  frcuiioR, 
whose  vakte  va/ries,  according  to  circumstances,  from  onerdgkth  to 
three-eighths,  that  is  to  say, 


-  eE  — CE 


<9E 


(^) 


Fig.  96. 


The  first  of  these  conditions  is  called  that  of  stability  qffricUon^ 
the  second^  that  of  stability  of  position. 

206.   Stabilltr  •f  A  Series  •€  Blecfcs)  lAum  •€  Bwilf  ■€•§  WAmm  mt 

. — In  a  structure  composed  of  a  series  of  blocks,  or  of  a 

series  of  courses  so  bonded  that  each  may 
be  considered  as  one  block,  which  blocks 
or  courses  press  against  each  other  at 
plane  joints,  the  two  conditions  of  sta- 
bility must  be  fulfilled  at  each  joint. 

Let  fig.  95  represent  part  of  such  a 
structure,  1,  1,  2,  2,  3,  3,  4,  4,  being  some 
of  its  plane  jointa 

Suppose  the  centre  of  pressure  C|  of  the 
joint  1 , 1,  to  be  known,  and  also  the  amount 
and  direction  of  the  pressure,  as  indicated  by  the  arrow  traveising 
Cj.  With  that  pressure  combine  the  weight  of  the  block  1,  2,  2,  1, 
together  with  any  other  external  force  which  may  act  on  that  block ; 
the  resultant  wUl  be  the  total  pressure  to  be  resisted  at  the  joint 
2,  2,  will  be  gi^en  in  magnitude,  direction,  and  position,  and 
will  intersect  that  joint  in  i^e  centre  of  pressure  Os.  By  oontina- 
ing  this  process  there  are  found  the  centres  of  pressure  C^,  0«,  Ac, 
of  any  number  of  successive  joints,  and  the  directions  and  magni- 
tudes of  the  resultant  pressures  acting  at  those  joints. 

The  magnitude  and  position  of  the  resultant  pressure  at  any  joint 
whatsoever,  and  consequently  the  centre  of  pressure  at  that  joint, 
may  also  be  foimd  simply  by  taking  the  resultant  of  all  the  forces 
which  act  on  one  of  the  parts  into  which  that  joint  divides  the 
structure,  precisely  as  in  the  "  method  of  sections*^  already  described 
in  its  application  to  framework.  Article  161. 

The  centres  of  pressure  at  the  joints  are  sometimes  called  centres 
of  resistance.  A  line  traversing  all  those  centres  of  resistance,  such 
as  the  dotted  line  H,  B,  in  fig.  95,  has  received  from  Mr.  Moseley 
the  name  of  the  "  lim  ofresisUmoe;^^  and  that  author  has  also  shown 
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how  in  inanj  cases  the  equation  which  expresses  the  form  of  that 
line  may  be  determined,  and  applied  to  the  solution  of  useful 
profalemflL 

The  straight  lines  representing  the  resultant  pressures  may  be  all 
parallel,  or  may  all  lie  in  the  same  straight  line,  or  may  all  intersect 
in  one  point  The  more  common  case,  however,  is  that  in  which 
thoee  straight  lines  intersect  each  other  in  a  series  of  points,  so  as 
to  form  a  polygon.  A  curve,  such  as  P,  P,  in  iig.  95,  touching  all 
the  sides  of  that  polygon,  is  called  by  Mr.  Moseley  the  ^'  line  of 


The  properties  which  the  line  of  resistance  and  line  of  pressures 
must  have,  in  order  that  the  conditions  of  stability  may  be  fulfilled, 
ore  the  following : — 

To  insure  stability  of  position,  the  line  of  resistance  must  not 
deviate  Jrom  the  centre  of  figure  ojfany  joint  by  nwre  tfum  a  certain 
fradion  {q)  of  the  diamu^ter  of  the  joint,  measured  in  the  direction  of 
deviation^ 

To  insure  stability  of  friction,  the  normal  to  each  joint  must  not 
make  an  angle  greater  than  the  angle  of  repose  with  a  ta/ngent  to  the 
line  of  pressures  drawn  through  the  centre  of  resistance  of  tikat  joirU. 

207.  Aaatocr  ^  Bi«ckw«ik  aad  FnuHewmrk. — The  point  of  in- 
tersection of  the  straight  lines  representing  the  resultant  pressures 
at  any  two  joints  of  a  structure,  whether  composed  of  blocks  or  of 
faarB,  must  be  situated  in  the  line  of  action  of  the  resultant  of  the 
entire  load  of  the  part  of  the  structure  which  lies  between  the  two 
joints;  and  those  three  resultants  must  be  proportional  to  the  three 
sides  of  a  triangle  parallel  to  their  directions. 

Hence  the  polygon  formed  by  the  intersections  of  the  lines  repre- 
senting the  pressures  at  the  successive  joints  in  fig.  95,  is  analogous 
to  a  polygonal  frame ;  for  the  sides  of  that  polygon  represent  the 
directions  of  resistances,  which  sustain  loads  acting  through  its 
angles,  as  in  the  instances  of  framework  described  in  Articles  150, 
151, 153,  and  154,  and  represented  in  fig.  75.  A  structure  of  blocks 
is  ei^)ecialiy  analogous  to  an  open  polygonal  fitime,  like  those  in 
Articles  151  and  154,  represented  by  fig.  75,  with  the  piece  E 
omitted  because  of  the  absence  of  ties. 

The  question  of  the  stability  of  a  structure  composed  of  blocks  with 
plane  joints  may  therefore  be  solved  in  the  following  manner  : — 

(1.)  Determine  and  lay  down  on  a  drawing  of  the  structure  the 
Hne  of  action  and  the  magnitude  of  the  resultant  of  the  external 
forces  applied  to  each  block,  including  its  own  weight.  Either  one 
or  two  of  those  resultants,  as  the  case  may  be,  will  be  the  support- 
ing force  or  force& 

(2.)  Draw  a  polygon  of  external  forces,  like  that  in  fig.  75*  or  75**. 
Two  contiguous  sides  of  that  polygon  will  represent  the  external  forces 
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acting  on  the  two  extreme  blocks  of  the  serieSy  of  which  one  may 
be  a  supporting  pressure  and'  the  other  a  load,  or  both  may  be 
supporting  pressures.  In  either  case  their  intersection  gives  the 
point  O,  firom  which  radiating  lines  are  to  be  drawn  to  the  angles 
of  the  polygon  of  external  forces,  to  represent  the  directions  and 
magnitudes  of  the  resistances  of  the  several  joints. 

(3.)  Draw  a  polygon  having  its  angles  on  the  lines  of  action  of 
the  external  forces,  as  laid  down  in  step  (1.^  of  the  process,  and  its 
sides  parallel  to  the  radiating  lines  of  step  (2).  This  polygon  wiU 
represent  the  equivalent  polygonal  frame  of  the  given  stractore, 
and  will  have  a  side  corresponding  to  each  joint;  and  each  side  of 
the  polygon  (produced  if  necessary)  will  cut  the  corresponding  plane 
joint  in  its  centre  of  preasiire,  and  will  show  the  direction  <k  the 
resultant  pressure  at  the  joint. 

Then  if  each  centre  of  pressure  &11b  within  the  proper  limits  of 
position,  and  the  direction  of  each  resultant  pressure  within  the 
proper  limits  of  obliquity,  as  prescribed  in  Artide  205,  the  structure 
will  be  balanced ;  and  the  conditions  of  stability  will  be  fulfilled 
under  variations  of  the  distribution  of  the  load,  which  will  be  the 
greater,  the  greater  is  the  diameter  of  each  joint;  for  every  increaae 
in  the  diameters  of  the  joints  increases  the  limits  within  which  the 
figure  of  the  equivalent  polygonal  frame  may  vary,  and  every 
variation  of  that  figure  corresponds  to  a  variation  in  the  distribu- 
tion of  the  load. 

208.  TwrnmatmrmmMimm   »f  BtockwMk   8lnicCn«s^ — THEOREM.     If 

a  structure  composed  of  blocks  have  stability  of  position  v^ien  acted  on 
by  forces  represented  by  a  given  system  oflines^  then  will  a  structure^ 
whose  figure  is  a  parallel  projection  of  the  original  structure  have 
stability  of  position  when  acted  on  by  forces  represented  by  the  corre- 
sponding paraUd  projection  of  the  original  system  of  lines;  also,  the 
centres  of  pressure  and  the  lines  representing  the  resultant  pressures  at 
the  joints  of  the  new  structure  will  be  the  corresponding  projections  of  the 
centres  of  pressure  and  the  Unes  representing  the  resultant  pressures  at 
the  Joints  of  the  original  structure. 

For  the  relative  volumes,  and  consequently  the  relative  weights, 
of  the  several  blocks  of  which  the  structure  is  composed,  are  not 
altered  by  the  transformation;  and  if  those  weights  in  -the  new 
structure  be  represented  by  lines,  parallel  projections  of  the  lines 
representing  the  original  lines,  and  if  the  other  forces  applied 
externally  to  the  pieces  of  the  new  structure  be  represented  by  the 
corresponding  parallel  projections  of  the  lines  representing  the 
corresponding  forces  applied  to  the  pieces  of  the  original  structure, 
then  will  each  external  force  acting  on  the  new  structure  be  the 
parallel  projection  of  a  force  acting  on  the  corresponding  point  of 
the  original  structure;  therefore  the  resultant  pressures  at  the 
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joints  of  the  new  stracture,  which  balance  the  external  forces,  will 
be  represented  by  the  parallel  projections  of  the  lines  representing 
the  reiniltant  pressures  at  the  corresponding  joints  in  the  original 
structure ;  therefore  (Article  62,  Imposition  I.),  the  centres  of 
presnre,  where  those  resoltants  cut  the  joints,  will  divide  the 
fiiameters  of  the  joints  in  the  same  ratios  in  the  new  and  in  the 
orig^buJ  structures;  therefore  if  the  original  structure  have  stability 
of  position,  the  new  structure  will  also  have  stability  of  position. 

This  is  the  extension,  to  a  structure  composed  of  blocks,  of  the 
prmcgfie  of  the  tranaformoHan  of  structures,  already  proved  for  frames 
in  Aitidie  166,  and  for  cords  and  linear  arches  in  Article  177.  y. 

209.  WwteOmmml  BcaMIUy  •€  m  TnuMlbrmcd  Siractwe. — ^The  ques- 
tion, whether  the  new  structure  obtained  by  transformation  will 
possess  stability  qf/ridion,  is  an  independent  problem,  to  be  solved 
by  determining  the  obliquity  of  each  of  the  transformed  pressures 
relatively  to  the  joint  at  which  it  acts.' 

Should  the  pressure  at  any  joint  in  the  transformed  structure 
prove  to  be  too  oblique,  frictional  stability  can  in  most  cases  be 
aecored,  without  appreciably  afifecting  the  stability  of  position,  by 
altering  the  angular  position  of  the  joint,  without  shifting  its  centre 
of  figure,  until  its  plane  lies  sufficiently  near  to  a  normal  to  the 
pressure  as  originally  determined. 

210.  flmMtan  mm  MjmutmXtf  Prt— ed. — ^If  fig.  96  represents  a 
stmctore  consisting  of  a  single  series  of  blocks,  or 
courses,  separated  by  plane  joints,  and  has  no  lateral 
pretsnre  applied  to  it  horn  without,  then  the  centre  of 
resistance  at  any  one  of  those  joints,  such  as  D  E,  is 
simply  the  point  0  where  that  joint  is  intersected  by 
a  vertical  let  &11  from  the  centre  of  gravity  G  of  the 
part  of  the  structure  ABED  which  lies  above  that 
joint ;  and  the  conditions  of  stability  are, — that  no  joint 
shall  be  inclined  to  the  horizon  at  an  angle  steeper  than 
the  angle  of  repose, — and  that  the  point  C  shall  not  at       ^*5-  ^^' 
any  joint  approach  the  edge  of  the  joint  within  a  distance  bearing 
a  certain  proportion  to  the  diameter  of  the  joint. 

211.  The  nmaoit  mf  BcabiUir  of  a  body  or  structxire  supported 
at  a  given  plane  joint  is  the  moment  of  the  couple  of  forces  which 
must  be  applied  in  a  given  vertical  plane  to  that  body  or  structure 
in  addition  to  its  own  weight,  in  order  to  transfer  the  centre  of 
resistance  of  the  joint  to  the  limiting  position  consistent  with 
stability.  The  applied  couple  usually  consists  of  the  thrust  of  a 
frame,  or  an  arch,  or  the  pressure  of  a  fluid,  or  of  a  mass  of  earth, 
against  th^  structure,  together  with  the  equal,  opposite,  and  parallel, 
Imt  not  directly  opposed,  resistance  of  the  joint  to  that  lateral 
force. 
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The  moment  of  stability  may  be  different  according  to  the  position 
of  the  axis  of  the  applied  couple. 

The  moment  of  tliat  couple  is  determined  in  the  following 
manner  : — 

Conceive  a  line  to  pass  through  all  the  limiting  positions  of  the 
centre  of  resistance  of  the  joints  so  as  to  enclose  a  space  beyond 
which  that  centre  must  not  be  found. 

The  prodv/ct  of  the  weight  of  the  structure  into  the  harizantal  db- 
tanoe  of  a  point  in  this  line  from  a  vertical  line  tra/versing  the  eentre 
ofgramty  of  the  structv/re  is  the  moment  op  stability  of  the  struc- 
ture, when,  the  applied  thrust  acts  in  a  vertical  plane  pofluUd  to  that 
IwriaorUal  distance,  and  tends  to  overturn  the  structure  in  the  direc- 
tion of  the  given  point  in  the  lime  limiting  the  position  of  the  centre  of 
resistance;  for  that,  according  to  Article  41,  is  the  moment  of  the 
couple,  which,  being  combined  with  a  single  force  equal  to  the 
weight  of  the  structure,  transfers  the  line  of  action  of  that  foroe 
parallel  to  itself  through  a  distance  equal  to  the  given  horizontal 
distance  of  the  centre  of  resistance  from  the  centre  of  gravity  of 
the  structure. 

To  express  this  symbolically,  let  t  be  the  length  of  the  diameter 
of  the  joint  where  it  is  cut  by  the  vertical  plane  traversing  the 
centre  of  gravity  of  the  structure  and  parallel  to  the  applied  thrust; 
let  y  be  the  inclination  of  that  diameter  to  the  horizon;  let  ^<  be 
the  distance  of  the  given  limiting  centre  of  resistance  from  the 
middle  point  of  that  diameter,  and  <l  t  the  distance  from  the  same 
middle  point  to  the  point  where  the  diameter  is  cut  by  the  vertical 
line  through  the  centre  of  gravity  of  the  structure,  and  let  W  be 
the  weight  of  the  structure.     Then  the  moment  of  stability  is 

W  (g  =±=  gO  «  «>8i; (1.) 

the  sign  ^  _  [-  being  used  according  as  the  centre  of  resistanoe, 

and  the  vertical  line  through  the  centre  of  gravity,  lie  towaitls 

f  opposite  sides )    ^.i        .jji      /•xi.    j*       j. 

i  thrsame  side  /  "^  *^*  °"*^'"«  "^  *^«  diameter. 

Let  h  denote  tiie  height  of  the  structure  above  the  middle  of  the 
plane  joint  which  is  its  base,  h  the  breadth  of  that  joint  in  a  direc- 
tion perpendicular  or  conjugate  to  the  diameter  <,  and  w  the  wei^t 
of  an  unit  of  volume  of  the  mateiiaL     Then  we  shall  have 

W  =  n  'whht, (i) 

where  n  is  a  numerical  factor  depending  on  the  figure  of  the 
strueture,  and  on  the  angles  which  the  dimensions,  A,  6,  t,  make 
with  each  other;  that  is,  the  angles  of  obliquity  of  the  co-oidinates 
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to  wbkik  the  figure  of  the  structure  is  referred*  Introducing  this 
vihie  ci  the  weight  of  the  structure  into  the  formula  1,  we  find  the 
following  valne  for  the  moment  of  stability  : — 

n{qz±z^i!06j'whbt^ (3.) 

This  quantity  is  divided  by  points  into  three  factors,  viz.  : — 

(1.)  n  (q  =±=  q^  cosj,  a  fimnericcd/actorf  depending  on  ihe  figure 
«f  the  structure,  the  MiquiUea  of  its  co-ordinates,  and  the  directio7h 
in  which  the  applied  force  tends  to  oyertnm  it. 

(2.)  Wy  the  specific  grwity  of  the  material 

(3.)  A  6  f'y  a  geometrical  factor,  depending  on  the  dimensions  of 
the  structoie. 

Now  the  first  factor  is  the  same  in  all  structures  having  figures 
of  the  same  class,  with  co-ordinates  of  equal  obliquity,  and  exposed 
to  similarly  applied  external  forces;  that  is  say,  to  all  structures 
whose  figures,  together  with  the  lines  of  action  of  the  applied  forces, 
are  parallel  projections  o/each  other,  wUh  co-ordinates  qfeqiud  oblv- 
paijf;  hence  for  any  set  of  structures  which  fulfil  that  condition, 
the  moments  of  stability  are  proportional  to 
L  The  specific  gravity  of  the  material ; 
IL  The  height ; 

UL  The  breadth ; 

lY.  The  square  of  the  thickness ;  that  is^  of  the  dimension  of 
the  base  which  is  parallel  to  the  vertical  plane  of  the  applied  force. 

212.  AbitfHMBis  Churned, — In  the  title  of  the  present  section,  the 
word  ''abutment'*  is  used  in  an  extended  sense,  to  denote  every 
structure,  which  by  its  stability  of  position  and  of  friction,  sustains 
some  pressure  which  abuts  or  acts  laterally  against  it  The  structures 
comprehended  nnder  this  definition  may  be  classed  as  follows  : — 

L  Buttresses,  which  sustain  the  thrust  of  a  frame  or  a  rib,  at  one 
or  more  definite  points. 

IL  Towers  and  chm/neys,  which  sustain  the  lateral  pressure  of 
the  wind,  uniformly  or  almost  uniformly  distributed,  and  liable  to 
Mt  in  eveiy  horizontal  direction. 

IIL  Dams  for  sustaining  the  lateral  pressure  of  water,  and 
Telaimng  toalls  for  sustaining  that  of  earth — ^the  intensity  of  the 
pressure  being  proportional  to  the  depth  beneath  the  surface. 

lY.  Arch  abutments,  which  resemble  both  buttresses  and  retain- 
ing walls,  and  whose  properties  will  be  treated  of  after  those  of 
stone  and  brick  arches  shall  have  first  been  considered  with  refer- 
ence to  the  stability  at  their  joints. 

213.  Wrtim—iM  ta  OcacfsL — ^Let  fig.  97  represent  a  vertical  sec- 
tion of  a  buttress,  against  which  a  strut,  rib,  or  piece  of  firame- 
woric  abuts  at  0,  exerting  a  given  force  P  in  a  given  direction 
OA.    In  order  that  the  buttress  may  be  stable,  it  must  fulfil 
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the  conditions  of  stability  at  each  of  its  bed-joint&     Let  D  £  be 

one  of  those  joints. 

Should  several  pressures  abut  against  the  buttress 
the  force  P  acting  in  the  line  O  A  may  be  held  to 
represent  the  resultant  of  all  the  forces  which  are 
applied  above  the  particular  joint  D  E  under  coa- 
sideration. 

Let  O  be  the  centre  of  gravity  of  that  part  of  tiie 
buttress  which  is  above  &e  joint  D  £,  and  let  W 
denote  the  weight  of  the  same  part  Throu^  6 
draw  the  vertical  line  A  G  B,  cutting  the  dir»;don 
of  the  lateral  thrust  in  A,  and  the  joint  D  £  in  B; 


Fig.  97. 


make  A  W  =  W,  A  P  =  P  ;  complete  the  paiallelo- 

gram  A  P  R  W  ;  then  A  R  will  represent  the  resalt- 
ant  of  all  the  forces  which  act  on  the  part  of  the  buttress  abore 
the  joint  D  E,  and  to  which  the  resultant  of  the  resistance  at  that 
joint  must  be  equal  and  directly  opposed.  A  R  being  produced, 
cuts  D  E  in  F,  the  centre  of  resistance  of  that  joint,  which  must  not 
fall  beyond  a  certain  prescribed  limit,  that  the  condition  of  stabihty 
of  position  may  be  fulfilled.  In  order  that  the  condition  of  stahi- 
lity  of  friction  may  be  fulfilled,  the  angle  A  F  B  must  not  be  less 
than  the  complement  of  the  angle  of  repose. 

The  most  convenient  mode  of  expressing  this  problem  algebrai- 
cally depends  on  the  circumstances  of  the  particular  case.  The 
following  example  is  that  which  is  most  frequent  and  useM  in 
practice ;  viz.,  when  the  inner  fece  C  D  of  the  buttress  is  verdcal, 
and  the  joint  D  E  horizontal 

In  this  case,  let  the  point  of  application  of  the  lateral  force,  C, 
be  taken  for  the  origin  of  co-oi'dinates.     Let 

t  denote  the  angle  of  inclination  of  the  applied  lateral  pressure 
to  the  horizon ; — 

X  =  CD,  the  depth  of  the  joint  in  question  below  C ; — 

^0  =  B  D,  the  horizontal  distance  of  the  centre  of  gravity  of  the 
part  of  the  buttress  above  that  joint  from  the  inner  &ce ; — 

^  =  D  F,  the  horizontal  distance  of  the  centre  of  resistaxioe  of 
the  joint  from  its  inner  edge. 

The  resultant  resistance,  which  acts  through  F  in  the  direction 
F  A,  may  be  resolved  into  two  components,  respectively  paiallel, 
equal,  and  opposite  to  the  weight  W  and  applied  force  P.    The 

couple  of  forces  W  is  rightrhanded,  and  has  the  arm  F  B  =  y-y<r 
The  couple  of  forces  P  is  left-handed,  and  hsts  for  its  arm  the  per^ 
pendicular  distance  of  F  from  the  line  of  action  C  A  of  the  applied 
force,  viz. : — 

X  cost  —  y  sin  ». 
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Tbe  former  of  thoee  couples  tends  to  mamtain  the  stability  of  the 
buttress :  the  latter  tends  to  OTertnm  it.  Equating  their  magni- 
tndesy  we  obtain  for  the  expression  of  the  condition  of  stability  of 
positiofi  the  following : — 

^(y-yo)  =  P(a:cosi-y  sint) (1.) 

From  this  fundamental  equation  the  solutions  of  various  pro- 
blems may  be  deduced,  of  which  the  following  are  examples  : — 

L  The  buttress  and  the  lateral  force  being  given^  to  find  the 
centre  of  resistance  at  a  given  joint 

Wy,+  Txcosi 
y-      W  +  Psini    (^-^ 

This  is  the  equation  of  the  ''  line  of  resistance." 

The  condition  of  stability  is  expressed  in  terms  of  y  thus — 

y^  (?+l)'- (3.) 

IL  The  relation  between  the  weight  and  the  dimensions  of  the 
part  of  the  buttress  under  consideration  being  given  as  in  equations 
2  and  3  of  Article  211,  it  is  required  to  find  ^e  least  thickness  at 
the  joint  D  E  consLstent  with  stability. 

For  this  purpose  we  must  substitute  for  W  (y  —  ^q)  in  equation  1 
of  ibis  Article  its  limit ;  that  is  to  say,  the  momerU  of  stability,  as 
expressed  in  equation  3  of  Article  211 ;  and  for  y  we  must  substi- 
tute its  limiting  value  in  terms  of  the  thickness,  as  given  by  equa- 
tion 3  of  this  Article.     Thus  we  obtain  the  following  equation : — 

n(g  +  ^whb^:=T{xco&%-(q  +  jjtami) (4.) 

To  simplify  the  form  of  this  quadratic  equation,  make 

Pipcost       ^^      V_JZ____=B- 
n(q  +  ^whb  '    2n{q+^)whb  ' 

then  equation  4  becomes 

e  =  A— 2B«, 
the  solution  of  which  is 

t  =  ^/A  +  B»  — B (5.) 

In  detached  buttresses,  it  is  in  general  desirable  to  give  q  the 
value  assigned  by  equation  2  of  Article  205,  for  the  reason  there 
stated. 
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III.  To  find  the  obliquity  of  the  pressore  at  the  joint  D  £,  we 
have  the  equation 

-r-i  A  -Tk            -P  cos  *  .^ . 

tan  ^  FAB  =  ^  ,  ^   . (6.) 

W  +  P  ain  I  ^   ' 

As  the  resultant  of  the  resistance  at  each  joint  must  act  in  a  line 
traversing  the  point  A,  the  locus  of  that  point  is  the  '^  line  ofprn- 
surest  defined  in  Article  206. 

The  greatest  obliquity  of  pressure  occurs  at  that  joint  whuji  is 
immediately  below  the  point  of  abutment  0.  Let  W^^  therefore, 
denote  the  weight  of  material  above  that  joint,  and  the  condition 
of  stability  of  Mction  will  be  given  by  the  equation 

-rry    I   T»   . — .  -is:^  tan  ^. (7.) 

214.  Bcdmngakur  BatireM.  —  In  a  rectangular  buttress^  the 
breadth  h  and  thickness  t  are  constant ;  and  if  A^  be  taken  to  denote 
the  height  of  the  top  of  the  buttress  above  the  point  C^ 

/*  =  A^  +  a; 

will  be  its  height  above  a  given  joint.     Also,  because  the  centre  of 
gravity  of  the  portion  above  any  bed-joint  is  vertically  above  tJie 

centre  of  the  joint,  ^  =  0,  and  ^.  =  ~  < ;  and  because 

W  =  whht, 
n=l. 

These  values  being  substituted  in  equations  2,  4,  5,  and  7  of 
Article  213,  give  the  following  results : — 

Equation  of  the  line  of  resistance — 

^  ^     «7(Ao  +  a;)6«  +  Psini    ^  '' 

The  least  thickness  compatible  with  stability  {xi  being  the  depth  of 
the  base  of  the  wall  below  0)  is  found  by  making 

^^      Po^cos^  ^_(^  +  D^^^ 

whence  follows 
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+ 


=  ^/ATB»  -  B  = /y/ 


V2  5rw(A,  +  «,)6y 


Pxi  cost 


qw{h,  +  Xt)b 


('+-D 


P  siiii 


2qw{hQ  +  Xi)  b 


.(2.) 


The  least  volume  of  material  above  the  level  of  the  point  0 
which  is  compatible  with  stability  of  friction,  is  given  by  making 


P  cost 


irAft6<  +  Psini 


-.  =  tan  IP, 


that  is  to  say, 

P  /cost  .    A 

Aw6^  =—  (: smi)  = 

to  \tan  ^  / 


P/oost  .    .\  _  P    cos  (^  +  *) 


w 


sin  ^ 


(4) 


The  equation  1  of  the  line  oi  resistance  ia  ^at^  a  TecftcCngular 
hjperbola  traveising  the  point  A  (which  is  it^this  case  invariable), 
uid  having  a  vertical  asymptote,  whose  distance  from  iihe  inner' 
^  of  the  buttress  is 

<    .    P  cos  t    '''■ 


2^ 


wbt 


>*  •*»-•« 


(4.) 


heing  the  limit  which  y  continually  approaches,  but  never  attains, 
u  the  depth  x  increases  without  limit 

As  the  depth  x  increases  without  limit,  the  thickness  required 
ibr  the  wall  approaches  the  following  limit : — 


-V(c^) w 


which  depends  on  the  horizontal  component  of  the  lateral  force 
alone. 

Supposing  this  value  to  be  adopted  for  the  thickness  of  the  but- 
tress, in  order  that  it  may  be  stable,  how  deep  soever  the  base  may 
be  below  the  point  C, — ^then  to  insure  stability  of  friction,  the 
heigllit  of  the  top  above  C  must  have  the  following  value : — 


K 


^         coe(»  +  *) 


sm  f  cost 


.(6.) 


Instead  of  the  rectang^ular  mass  h^ht,  there  may  be  substituted 
&  pinmide  of  the  same  volume,  and  of  any  figure. 
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215.  T*wen  Mid  €iiiiinc7«  are  exposed  to  the  lateral  pressure 
of  the  Tdnd,  which,  without  sensible  error  in  practice,  may  be 
assumed  to  be  horizontal,  and  of  uniform  intensity  at  all  hea^to 
above  the  ground. 

The  surface  exposed  to  the  pressure  of  the  wind  hj  such  8tra^ 
tures  is  usually  either  flat,  or  cylindrical,  or  conical,  and  difTenug 
very  little  from  the  cylindrical  form.  Octagonal  clumneys,  which 
are  occasionally  erected,  may  be  treated  as  sensibly  circular  in  plan 
The  inclination  of  the  surface  of  a  tower  or  chimney  to  the  vertical 
is  seldom  sufficient  to  be  worth  taking  into  account  in  determimog 
the  pressure  of  the  wind  against  it 

The  greatest  intensity  of  the  pressure  of  the  wind  against  a  flat 
surface  directly  opposed  to  it  hitherto  observed  in  Britain,  has  bee& 
55  lbs.  per  square  foot ;  and  this  result,  obtained  by  observatioiis 
with  anemometers,  has  been  verified  by  the  effects  of  certain  vio- 
lent storms  in  desiroying  iaxstoTj  chimneys  and  other  structorea 

In  any  other  climate,  before  designing  a  structure  intended  to 
resist  the  lateral  pressure  of  wind,  the  greatest  intensity  of  that 
pressure  should  be  ascertained,  either  by  direct  experiment,  or  hj 
observation  of  the  effects  of  the  wind  on  previous  stnictorea 

The  total  pressure  of  the  wind  against  the  side  of  a  cylinder  is 
about  one-half  of  the  total  pressure  against  a  diametral  plane  of 
that  cylinder. 

Let  fig.  98  represent  a  chimney,  square  or  circular,  and  let  it  be 

required  to  determine  the  conditions  of  stabilitj 
of  a  given  bed-joint  D  EL 

Let  S  denote  the  area  of  a  diametral  vertical 
section  of  the  part  of  the  chimney  above  the 
given  joint,  and  p  the  greatest  intensity  of  pns- 
sure  of  the  wind  against  a  flat  surfaoa  Th«n 
'*'  ^  the  total  pressure  of  the  wind  against  the  chiin- 
ney  will  be  sensibly 

P  =pS  for  a  square  chimney;  | 

P  =  p  ^  for  a  round  chimneys  I  " 

p.    go  8iid  its  resultant  may,  without  appreciable  enor, 

'^'  be  assumed  to  act  i^  a  horizontal  line  throiigh 

the  centre  of  graanty  of  the  vertical  diametral  eectioUy  C.  Let  H 
denote  the  height  of  that  centre  above  the  joint  D  E ;  then  the 
moment  of  the  pressure  is 

H  P  =  Hjp  S  for  a  square  chimney , ) 

_._       IBLpB^  ,   ,.  \ it) 

Ji  Jr  =  — ~ —  for  a  round  chimney ;  j 
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tod  to  this  the  least  moment  qfslability  of  the  portion  of  the  chim* 
nej  abore  the  joint  D  E,  as  determined  by  the  methods  of  Article 
211,  should  be  equal 

For  a  chimney  whose  axis  is  Tertical,  the  moment  of  stability  is 
the  same  in  all  directiona  Bat  few  chimneys  have  their  axes 
exactly  vertical ;  and  the  least  moment  of  stability  is  obvionsly 
that  which  opposes  a  lateral  pressure  acting  in  that  direction  to- 
mzd  which  tiie  chimney  leans. 

Let  G  be  the  centre  of  gravity  o/thepart  o/the  ckmney  which  is 
abore  the  joint  D  E,  and  B  a  point  in  the  joint  D  E  yertically 

bdow  it ;  and  let  the  line  D  E  =  <  represent  the  diameter  of  that 
j<nnt  which  traverses  the  point  B.  Let  g',  as  in  former  examples, 
r^xresent  the  ratio  which  the  deviation  of  B  from  the  middle  of  the 
diameter  D  E  bears  to  the  length  t  of  that  diameter. 

Let  F  be  the  limiting  position  of  the  centre  of  resistance  of  the 
joint  D  Ey  nearest  the  edge  of  that  joint  towards  which  the  axis  of 
tile  chimney  leans,  and  let  g,  as  before,  denote  the  ratio  which  the 
deviation  of  that  centre  from  the  middle  of  the  diameter  D  E  bears 
to  the  loigth  t  of  that  diameter. 

Then,  as  in  equation  3  of  Article  21 1^  the  least  moment  of  stability 
isdenotedby 

W  •  BE  =  (s'  —  g^  Wt (3.) 

The  value  of  the  co-efficient  q  is  determined  by  considering  the 
Buumer  in  which  chimneys  are  observed  to  give  way  to  the  pressure 
of  the  wind.  This  is  generally  observed  to  commence  by  the  opening 
of  one  oi  the  bed-joints,  such  as  D  E,  at  the  windward  side  of  the 
chimney.  A  crack  thus  begins,  which  extends  itself  in  a  zig-zag  form 
diagonally  downwards  along  both  sides  of  the  chimney,  tending  to 
separate  it  into  two  parts,  an  upper  leeward  part,  and  a  lower  wind- 
ward part,  divided  from  each  other  by  a  fissiure  extending  obliquely 
downwards  from  windward  to  leeward.  The  final  destruction  of  the 
chinmey  takes  place,  either  by  the  horizontal  shifting  of  the  upper 
division  until  it  loses  its  support  from  below,  or  by  the  crushing  of 
a  portion  of  the  brickwork  at  the  leeward  side,  from  the  too  great 
concentration  of  pressure  on  it,  or  by  both  those  causes  combined ; 
and  in  either  case  the  upper  portion  of  the  structure  falls  in  a 
shower  of  fragments,  partly  into  the  interior  of  the  portion  left 
standing,  and  partly  on  the  ground  beside  its  base. 

It  is  obvious  that  in  order  that  the  stability  of  a  chimney  may  be 
secure,  no  bed-joint  ought  to  tend  to  open  at  its  windw£u:d  edge ; 
that  is  to  say,  there  ought  jx>  be  some  pressure  at  every  point  of 
each  bed-join^  except  the  extreme  windward  edge,  where  the  in- 
tensity may  HitniTiifth  to  nothing ;  and  this  conation  is  fulfilled 
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with  sufficient  aocoracy  for  practical  purposes,  by  aasuiniiig  the 
pressure  to  be  an  uniformly  yarying  pressure,  and  so  limiting  the 
position  of  the  centre  of  pressure  F,  that  the  intensity  at  the  ke* 
ward  edge  E  shall  be  double  of  the  mean  intensity. 

It  has  already  been  shown,  in  Article  205,  what  values  this  con- 
dition assigns  to  the  co-efficient  q  for  different  forms  of  the  bed-joints. 
Chimneys  in  general  consist  of  a  hollow  shell  of  brickwork,  whose 
thickness  is  small  as  compared  with  its  diameter ;  and  in  that  case 
it  is  sufficiently  accurate  for  practical  purposes  to  give  to  q  the  fol- 
lowing values : — 


For  square  chimneys,  9  =-^; 
For  round  chimneys,  q  ^^-r 


{*•) 


The  following  general  equation,  between  the  moment  of  stability 
and  the  moment  of  the  external  pressure,  expresses  the  condition  of 
stability  of  a  chimney : — 


(5.) 


(6.) 


B.F  =  (q  —  ^Wt , 

This  becomes,  when  applied  to  square  chimneys, 

and  when  applied  to  round  chimneys, 

5|?  =  (i_,)w. 

The  following  approximate  formulae,  deduced  from  these  equations^ 
are  useful  in  practice : — 

Let  B  be  the  mean  thickness  of  brickwork  above  the  joint  D  £ 
under  consideration,  and  b  the  thickness  to  which  that  brickwork 
would  be  reduced,  if  it  were  spread  out  flat  upon  an  area  equal  to 
the  external  area  of  the  chimney.  That  reduced  thickness  is  given 
with  sufficient  accuracy  by  the  formula 


=  b(>-t) P) 


but  in  most  cases  the  difference  between  h  and  B  may  be  neglected. 

Let  w  be  the  weight  of  an  unit  of  volume  of  brickwork;  being» 

on  an  average,  about  112  lb&  per  cubic  foot,  or,  if  the  bncks  are 
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dens^  and  laid  Teiy  doeeij,  with  thin  layers  of  mortar  in  the  joints, 
fiom  115  to  120  lb&  per  cubic  foot.     Then  we  have,  very  nearly, 

for  square  chimneys,  W  =  ^wh  S;       )  /g  \ 

for  round  chimneys,  W  =  3'liwbB;)  ^  *' 

whidi  -values  being  substituted  in  the  equation  6,  give  the  following 
fonnuln: — 


For  square  chimneys,  "ELp  s  f -^  —  4^")  'wbt; 
For nnmd chimneys, H^  =  n*57  -  6'2Sq'jwbt; 


(9.) 


These  fonnulA  serve  two  purposes ;  first,  when  the  greatest  in- 
ioiflity  of  the  pressure  of  the  wind,  p,  and  the  external  form  and 
dimensions  of  a  proposed  chimney  are  given,  to  find  the  mean  re- 
duced thickness  of  brickwork,  6,  required  above  each  bed-joint,  in 
order  to  insure  stability ;  and  secondly,  when  the  dimensions  and  form 
and  the  thickness  of  the  brickwork  of  a  chimney  are  given,  to  find 
the  greatest  intensity  of  pressure  of  wind  which  it  will  sustain  with 
safety. 

The  shell  of  a  chimney  consists  of  a  series  of  divisions,  one  above 
anotiier,  the  thickness  being  uniform  in  each  division,  but  diminish- 
ing upwards  from  division  to  division.  The  bed-joints  between  the 
divisions,  where  the  thickness  of  brickwork  changes  (including  the 
bed-joint  at  the  base  of  the  chimney),  have  obviously  less  stability 
than  the  intermediate  bed-joints;  hence  it  is  only  to  the  former  set 
of  joints  that  it  is  necessary  to  apply  the  formulse.  To  illustrate 
the  application  of  the  formuks,  a  table  is  given  in  the  Appendix, 
showing  the  dimensions  and  figure,  and  the  stability  against  the 
wind,  cf  the  great  chimney  of  the  works  of  Messrs.  Tennant  and 
Company,  at  St.  Eollox,  near  Glasgow,  which  was  erected  from  the 
designs  of  Messrs.  Grordon  and  Hill,  and  is,  with  the  exception  of 
the  spire  of  Strasburg,  the  Great  Pyramid,  and  the  spire  of  St 
Stephen's  at  Vienna,  l^e  most  lofty  building  in  the  world.  f- 

216.  iNuM  «r  Bewrr«ir^Waiu  of  masonry  are  intended  to  resist 
the  direct  pressure  of  water.  A  dam,  when  a  current  of  water 
&lls  over  its  upper  edge,  becomes  a  toeir,  and  requires  protection 
for  its  base  against  the  undermining  action  of  the  falling  stream. 
8uch  structures  are  not  considered  in  the  present  Article,  which  is 
confined  to  walls  for  resisting  the  pressure  of  water  only. 

In  fig.  99,  let  E  D  represent  a  horizontal  bed-joint  of  a  reservoir- 
wall,  which  wall  has  a  plane  surface  O  D  exposed  to  the  pressure 
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Fig.  99. 


of  the  contained  'water,  whose  upper  suifsuse  is  the  horizontal  plane 
O  Y.    Consider  a  vertical  lajer  of  the  wall  of  the  length  nnify, 

sustaining  the  pressure  of  a  yer- 
tical  layer  of  water  of  the  length 
unity  also.  Then  from  Artides 
89  and  124  it  appeals,  that  the 
total  pressure  exerted  against 
that  layer  of  the  wall  is  equal 
to  the  weight  of  the  triangulac 
prism  of  water  O  D  K,  right 
angled  at  D,  whose  thickneas 
is  imity,  and  whose  side  D~K  is 
equal  to  the  depth  of  the  joint 
DE  beneath  the  sur&ce  OT;  and  it  also  appears,  that  tihe  resultant 
of  that  pressure  acts  in  the  line  H  C,  bemg  a  perpendicular  upon 
O  D  from  the  centre  of  gravity  H  of  the  pnsm  of  water;  ao  dat 

OB  =z  _-.     Let  G  be  the  centre  of  gravity  of  the  vertical  layer 

of  masonry  above  DE,  and  G B  W  a  vertical  Hue  drawn  throu^ 
it;  produce  H  C,  cutting  that  vertical  line  in  A;  take  AW  to 
represent  the  weight  of  the  layer  of  masonry,  and  AP  to  represent 
the  pressure^ the  layer  of  water;  complete  the  parallelogram 
A  P  R  W;  A  R  will  represent  the  total  pressure  on  the  joint  D  E 

S'x.^MiT*,''^  ^^""^  ""^  ^^  "^^  *^^  ^'  ^tere  that  line  cuts 
D  E,  wiU  be  the  centre  of  resistance  of  that  joint,  which  must  fiJl 
within  the  limits  consistent  with  stability  of  position,  while  at  the 
same  time  the  angle  A  F  D  must  not  be  less  than  the  complement 
of  the  angle  of  repose.  *^ 

To  ti^eat  this  case  algebndcaUy,  let  x  denote  the  depth  of  D 
beneath  the  surface  of  the  water,  v/  the  weight  of  an  unit  of 
volume  of  water,  and  j  the  inclination  of  OD  to  the  vertical 
llien  the  pressure  of  the  vertical  layer  of  water  is 


P  =  -^-sec^, 


.(1.) 


its  centre  0  being  at  the  depth  -  as. 

This  force,  togetiier  ^th  the  eqnal  and  opposite  oblique  cam- 
^nent  of  the  resistance  of  ttie  joint  D  E  at  P,  constitute  a  couple 
tending  to  overtuxn  the  ^mil,  whose  am  is  the  petpendicdar  <L 
tance  of  F  from  0  P ;  that  is  to  say,  *«  i^uuicujar  a»- 

^D-FD-sinji 


r 
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Kow  CT  =  ^    T^^i  and  if,  as  before,  we  make  WD  =  I,  YB  s 
w  +  ^J  t;  eonaeqqently  we  have  for  the  arm  of  tbe  coaple  in 


X  'Bee J 
3 


■  —  (^  +  2)  ^  •  sini, 


wludi  heang  multiplied  by  the  pressure,  gives  the  moment  of  the 
overtnmiiig  coaple ;  and  this  being  made  equal  to  moment  of 
stability  of  the  wall,  we  obtain  the  following  equation : — 

W-fB=W(g±g^<=^.8ec'y-ti7^a:»«(|  +  j)tan/...(2.) 

When  tiie  inner  face  of  the  wall  is  vertical,  bqoj=1,  andtanj=0; 
and  the  above  equation  becomes 

W<j±sO«  =  ^. (2  a.) 

To  obtain  a  convenient  general  formula  for  comparing  walls  of 
similar  figoies  but  different  dimensions,  let  n,  as  in  Article  211, 
denote  the  ratio  of  the  area  of  the  vertical  section  of  the  wall  to 
that  of  the  dicumscribed  rectangle,  so  that  if  u;  be  the  weight  of 
an  unit  of  volume  of  masoniy,  ^e  weight  of  the  vertical  layer  of 
masoniy  nnder  consideration  is 

W  =  nwht, 

where  k  is  the  depth  of  the  joint  D  E  below  the  top  of  the  walL 
Then  equations  2  and  2  A  take  the  following  forms : — 

n{s±^^whf=-j-  8ecy-«/aj"<f|  +  2)  tany> (3.) 

n(g±^trA^=^; (3  A.) 

—equations  analogous  to  equation  4  of  Article  213.  To  obtain  a 
fiomula  suitable  for  computing  the  requisite  thickness  of  wall  t,  let 

vfa^'seoj  . 

3n(gr+2')wA    "     » 
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then 

f  =  A-2B<; 

which  quadratic  equation  being  solved,  gi^es 

t  =  ^/ATB*-B ; (4.) 

or  for  a  wall  with  a  vertical  inner  face,  for  which  B  <=  0, 

«  =  ^/A. (^  A.) 

In  most  cases  which  occur  in  practice,  the  surface  of  the  water 
O  Y  either  is,  or  may  occasionallj  be,  at  or  near  the  level  of  tiie 
top  of  the  wall,  so  that  h  may  be  made  ^  x.    In  such  caaes,  let 

A  v^  Beoj 


B      «^(i-*-4)^^'^ 


and  we  have 


X        ^n{q+^q')w 


5=a-26^ 


which  being  solved,  gives 

l  =  ^^T6*-6; (5.) 

and  for  a  wall  with  a  vertical  inner  face, 

I  =  ^/^=\/(Mg±g)«') ^*  ^^ 

The  vertical  and  horizontal  components  of  the  pressure  of  the 
water  are  respectively 

Vertical,  P  sin^  =  -g—  tan j. 

Horizontal,  P  cos^  =  -g— ; 

Consequently  the  condition  of  etabUiii/  of  friction  at  the  joint  D  E 
is  given  by  the  equation 

PcOSy  v/w''  ^x       ^  //.. 

W  +  Psinj  =  2W  +  u/m'taxLJ  ^  **^  ^' V^.) 
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If  the  ratio  -  Las  been  determined  by  means  of  equation  5,  then 


W  SB  ntoxt  =  nwa^  •-  ; (7.) 

SB 

ao  that  hv  canoelling  the  common  factor  sf,  equation  6  is  brought 
to  the  fbUowing  form : — 

v/ 

rCtan^ (8.) 


2nio-  +  t(/tanj 

SB 


J^joampie'L  BedangulaT  Wall — ^In  this  case  n=l;  g=0;j  =  0; 
oonaequently, 

a  =  -X — ;  6  =  0; 
equation  5  a  becomes 

^^/^=\/^' ^^-^ 

and  equation  8, 


2ia^/ 


=  A/l?i^-^tan^; (10.) 

~^       V     2w   — 


6qio 


bat  it  18  nnnecessaiy  to  attend  in  practice  to  this  last  equation, 
-which  is  fulfilled  for  the  greatest  values  of  q  that  ever  occur. 
Example  UL  Triangular  WaU,  with  the  apex  at  O. 

In  this  case  —  is  the  same  for  eyerj  horizontal  joint;  so  that  if 

the  thickness  be  just  sufficient  for  stability  at  any  joints  it  will  be 
just  sufficient  for  stability  at  every  other  joint  A  reservoiivwall 
wlioee  vertical  section  is  triangular^  may  therefore  be  said  to  be  <>^ 
uniJonnMobUUr,.  ^ 

The  value  of  n  for  a  triangle  is  -.     With  respect  to  the  value  of 

^,  that  case  will  be  considered  in  which  the  inner  face  of  the  wall 

1 
is  vertical,  so  that  rf  =  si  j  ^  ^' 

0 

Then  by  equation  5  a. 
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v  (3  (,4) »}  ■- — <"•> 


and  by  equation  8 


4  =  \/(»('*5)s)^«»» -O^) 

a; 

This  last  equation  fixes  a  limit  to  the  Talne  of  q^  independently 
of  the  distribution  of  the  pressure  on  eaoih  bed-joint,  viz. : — 

?^ftt»^*<'-|- (13-) 

The  insertion  of  this  value  of  9  in  equation  11  gives 

t  vf 

w  ^  v>  *tan  9 ^     -' 

The  value  of  tem  ^  for  mcuonry  being  about  0*74,  to  being  on  an 
average  114  lbs.  and  w'  62*4  lbs.  per  cubic  foot,  the  limit  of  g  is 
found  to  be 

0-421  -0-167  =  0-254,  or  -r,  nearly, 

and  that  of  -,  by  equation  14,  is 

0-585. 

For  brickioork,  tan  ^  is  about  the  same  as  for  masonry,  ancL  w  is 
112  lbs.  per  foot,  nearly;  hence  the  limit  ofqis 

0-327-0-167  =  0-16,  or  g,  nearly, 
while  that  of -is  0-75. 

X 

Example  III.  TricmgiUaT  WaU  with  Vertical  Axis. — ^When  the 
wall  stands  on  a  soft  foundation,  it  may  be  desirable  in  some  cases 
so  to  form  it,  that  the  centre  of  resistance  F  shall  be  at  the  middle 
of  each  joint,  and  shall  also  be  vertically  beneath  the  centre  of 
gravity  of  the  part  of  the  wall  above  the  joint.  In  this  case,  the 
point  of  intersection  A  of  the  lines  of  action  of  the  pressure  and 
weight  must  also  fall  in  the  middle  of  each  joint  To  fulfil  these 
conditions,  the  vertical  section  of  the  wall  should  be  an  isosceles 
triangle,  the  outer  and  inner  fjeuses  forming  equal  angles  j  on 
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opposite  mdes  of  the  Tertical  axis  of  the  wall^  and  the  angle  j  should 
"be  such  thai  a  straight  line  peipendiciilar  to  O  D  at  0  shall  bisect 
Hie  base  ;  that  is  to  say^ 

tfonj  __  xaeoj  ^ 

~2         ~3~* 


Iflrt 


vhenoe  "we  have 


rinV=  3;  coB»i=^; 


and 


i=35-±; 


•  ••  •••••  •  at  Xi/al 


ao  ibat  the  hase  of  the  wall  is  to  its  height  as  the  diagonal  to  the 
ade  of  asqxiara 

Bqoatian  8  in  this  case  heoomes 

"^  •"    ^        tan^ (16.) 


^uU_2 


w  J2  -^v/  J^      2t<y  +  ii/  — 

Tliia  condition  is  always  fdlfilled  so  far  as  the  finctional  stability 
of  one  cooTBe  of  nuisoniy  on  another  is  concerned  As  the  object, 
hoii^every  of  giving  the  wall  the  figure  now  in  question,  is  to  di»- 
tiibate  the  pressure  uniformly  over  a  soft  foundation,  let  it  be 

imypoeed  that  its  base  rests  on  a  material  for  which  tan  ^  =  --. 

Then,  we  must  have 

.  1 


^^  • 


and  ooDsequently 

^^^(  JT--  j)  «^  =  2-33 ti/  =  145  lbs.  per  cubic  foot; 

and  nnless  the  masomy  be  of  this  weight  per  cubic  foot,  its  fidction 
OD  a  horizontal  base,  of  a  material  for  which  tan  f  =  79  will  not  be 
of  itself  sufficient  to  resist  the  thrust  of  the  water. 


217.   »tifirtiig  Walk.— Figs.   100  and  101  represent  vertical 
sections  of  retaining  walls  against  which  banks  of  earth  abut.    In 
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each  figure  a  verticiil  layer  of  the  maaoniy  and  of  the  earth  u 
Buppoeed  to  be  considered,  wliose  length  is  nnity.     D  £  ia  the  laK 


Elg.  100.  Fig.  101. 

of  the  layer  of  tnaeonry,  F  the  centre  of  remstance  of  that  haa^  B 
a  point  vertically  below  Q,  the  centre  of  gravity  of  Ulb  irei^ 
which  rests  on  that  base,  AW  a  line  repreaenting  that  weight,  XP 
a  line  representing  the  tbniBt  of  the  earth;  A  R,  the  diagonal  of  tin 
parallelograin  AFK  W,  is  a  line  representing  the  resultant  puMSuie 
at  the  base  I)  E,  and  cutting  that  base  in  the  centre  of  resistanoe  F. 

In  each  figure,  D  0  is  a  vertical  plane  traversing  the  inner  edge 
D  of  the  base  of  the  wall,  and  catting  the  plane  of  the  sui&k  «f 
the  bank  in  0.  In  fig.  100,  the  whole  of  the  wall  lies  in  front  at 
that  vertical  plane ;  so  that  the  weight,  represented  by  AW  (or  by 
W  mmply),  which  rests  on  the  base  D  E,  oonmsts  of  the  weight  a 
the  masonry  togetho'  toiih  lAe  vieighl  of  the  moat  of  earth,  t/'oMy 
(represent«d  by  0  Ii  M^,  which  u  vertically  above  t/tal  bate;  and  Q  ii 
the  common  centre  of  gravity  of  the  compound  mass  o;" 
and  earth,  which  is  sitviated  in  front  of  the  plane  O  D. 

In  fig.  I01,onthe  other  liand,apartof  themasonry.n 
by  DLO,  lies  beAint^  the  plane  0  D.  If  the  prism  DLO  consisted 
of  earth,  its  weight  would  be  supported  by  the  earth  beneath  it; 
therefore  the  earth  beneath  that  prism  exerts  a  pressure  vertically 
upwards  sufficient  to  sustain  the  weight  of  a  prism  of  earth  of  a 
volume  equal  to  that  of  the  prism  of  masonry ;  therefore  the  weight 
represented  1^  AW  (orby  W  simply)  which  rests  on  the  haaeD^ 
consists  of  the  weight  of  the  masonry  in  the  vertical  layer  of  the 
wall,  less  the  weight  of  earth  which  would  fill  D  L  0 ;  and  Q  is  die 
common  centre  (^  gravity  of  the  masonry  EDO  which  lies  before 
the  plane  0  D,  and  of  the  prism  DLO,  considered  as  having  a 
specific  gravity  equal  to  the  eaxest  of  the  tpec^io  grumty  iffmammrii 
ab<yv4  tMt  of  earth. 
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It  lias  alieadj  been  shown  in  Article  198,  that  the  prefisore  of 
ihe  eafth  against  the  yertiGal  plane  O  D  (which  pressure  is  parallel 
to  the  Bor&oe  of  the  bank,  and  represented  by  A  P,  or  bj  P  simply), 
IS  equal  to  the  weight  of  the  prism  of  earth  O  D  K,  in  which  D  K, 
parallel  to  the  suriace  of  the  bank,  is  equal  to  the  vertical  depth 
0  D  moltiplied  by  the  ratio  of  the  conjugate  pressures  at  a  point, 

/),  _  cos  ^  —  J  (cos'  i  —  cos  ^) 
Ps"  008^  +  J  (cos?  i  —  cos*  0)  * 

which  ratio  depends  on  the  slope  ^  of  the  bank,  and  angle  of 
repose  f  ,  and  that  the  resultant  of  that  pressure  traverses  C,  at  the 


X 


0D=5 

abome  D.  For  the  sake  of  brevity  (to'  being  the  weight  of  unity  of 
Tohime  of  the  earth),  let 

p. 
then  equation  2  of  Article  198  becomes 

p=^. (1.) 

This  force  has  to  be  multiplied,  as  in  previous  Articles,  by  the  per- 
pandimlar  distance  of  V  from  G  P,  to  give  the  moment  of  the 
coqple  which  tends  to  overturn  the  walL    Let  t  be  the  thickness 

DE^  and  %  the  angle  of  inclination  of  D  E  to  the  horizon;  then  the 
of  ilie  couple  in  question  is 

[^  -  \q  +  -^J  t  an  i)  eoB  i  -^  \a+-^jt'C08i'mjii 

--(!7+|)<-8in(/  +  f); 

which  being  multiplied  by  the  force  P,  and  equated  to  the  moment 
of  stability  of  the  weight  which  rests  on  the  base  D  E,  gives  the 
following  condition  of  stability  of  position : — 

Wfedb^*-co6t  =  *fL^-*?L^(g  +  |)  8m(/  +  tV(2.) 

Now  suppose  (as  in  Article  211  and  elsewhere)  that  W  bears  a 
definite  ratio  n  to  the  weight  tvxt'eoBiofsk  rectangle  of  masonry 

whose  height  is  O  D  =  a;,  and  its  breadth  the  horizontal  distance 
of  E  teom  O  D,  t  cos  t ;  then  the  first  side  of  equation  2,  being  the 
moment  of  stability,  becomes  as  follows : — 


X  cos 


tSi  THEOBT  OF 

Divide  both  ddefl  of  the  eqii&ti< 
and  for  brerily's  sake,  let 


and  oosBeqneiitly 


f 

The  indinatioii  of  the  resultant 
the  equation 

tan,^WAR 

Wbea  the  base  D  £  ia  horizontal, 
of  the  angle  of  repoaa  "When  tl 
the  condition  of  mctlonal  etabilit 

0"  being  the  angle  of  repose  of  the 

The  olrject  of  giving  the  base  < 

to  diminish  the  obliquity  of  the  p 

condition  of  fnctioiial  stability  to 

The  Tslaes  adopted  for  q  in  pn 

2ia  1 
waU,n=l,d'=0,i  = 
217, 


»,(,. 
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Example  L  Wlien  the  sai&oe  of  the  bank  is  horizontal^  so  that 
^  =  0,  then 


and 


Alaa 


,  1  -  Bin  ^   -      ^ 
1  +  sin  ^'  ' 


i=^=\/{CV+°A} w 


80  that  equation  5  of  Article  217  becomes 


tan.^WAR  =  .^  = 


2ti;a!^'  — 
a; 


2wt 


^      /  ;3ytr^(l-sin^)) 
V     I   2«;(l  +  ainrt  / 


2i£;(l 
tan^\ 


(3) 


If  the  material  on  which  the  wall  rests  is  the  same  with  that  of 
the  bank,  we  maj  assume  ^  =  ^ ;  in  which  case,  by  squaring 
equation  3,  and  attending  to  the  fact  that 

1  -  am*  ^      \1  —  sin^/     1+sin^ 
we  obtain  the  equation 


Sqv/ 
2w 


(sin  ^    Y 
1  —  sin  ^/ 


(*•) 


AsBrnniTig  that  the  specific  gravity  of  the  earth  is  four-fifths  of 

tiiat  of  the  masonry,  or  --^  =  -- ,  we  find  that  this  equation  is  ful« 

3 
filled  for  the  ordinary  value  of  ^,  —  ,  so  long  as  ^  exceeds  27°. 

ExcanpU  IL  When  the  surfiaxse  of  the  bank  slopes  at  the  angle 
of  repose  ^,  then  iO|  =  k/  cos  ^,  and 

tt/cos'  0 
a  = 


&» 


6qw    ^ 
Iq'hnj  ^ cos  ^ sin  ^ 


iqw 
that  equation  4  of  Article  217  becomes 


I     [ 
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t, 

1 


I 
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219.  TmpeMidal  Walls. — In  fig.  102,  let  E  Q  represent  the 
vertical  &ce  of  a  rectangular  wall,  salted  to  sustain 
the  thrust  of  a  given  buik,  and  let  F  be  the  centre 

of  resistance  of  the  base.     Make  QN^S  £F  =  3 
( 9  •"  fi')  *  >  *^®°^  *^®  centre  of  gravity  ^  of  the 

triangular  prism  of  masonry  E  Q  N  will  be  vertically 
above  the  centre  of  resistance  F;  therefore  if  that 
prism  be  removed,  so  as  to  reduce  the  cross  aectian 
of  the  wall  to  a  trapezoid  with  a  sloping  face  £  N, 
the  position  of  the  centre  of  resistance  F  will  not  be 
altered,  and  the  wall  will  still  fulfil  the  oonditioii  of 
stability  of  position,  the  thickness  t  being  detennined 

as  for  a  rectangular  walL     If  ^  =  — ,  the  thickness  of  the  wallat  the 

o 


Fig.  102. 


summit  will  be  -^  of  the  thickness  at  the  base.    The  £bm»  of  the  wall 

is  said  to  batter;  the  rate  of  the  batter  being  the  ratio  -^ —  = 

EQ 

As  the  vertical  component  of  the  pressure  on  the  base  of  the 
wall  is  diminished  by  this  change,  the  obliquity  of  that  preasure 
will  be  increased;  and  it  may  in  some  cases  be  necessary  to  make 
the  base  slope  backwards,  as  in  fig.  101. 

220.   Bmtteriag  Walls  •£  VhUmm  TMckacM. — ^When  a  Wall  for 

supporting  a  horizontal-iopped 
bank  is  of  uniform  thickneaB^ 
and  has  a  sloping  or  curved  £eu», 
as  in  figs.  103  and  104,  its  mo- 
ment of  stability  may  be  deter- 
mined with  a  degree  of  aocuraq^ 
sufficient  for  practical  purposes^ 
in  the  following  manner  : — 

Let  E  Q  in  each  figure  repre- 
sent the  vertical  face  of  a  rec- 
tangular wall  of  the  same  height 
a;  and  thickness  £  with  the  pro- 
**^-  ^"*'  posed  wall,  and  let  ^  be  the 

centre  of  gravity  of  that  rectangular  wall     Then 
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yifqt  =  qwxf 

win  be  ite  moment  of  stability  per  onit  of  length. 

Divide  the  area  £  Q  N  included  between  the  vertical  face  E  Q 
tnd  the  £tux  of  the  proposed  wall,  E  N,  b^  the  height  x.     Then 

^.  =  ?G  =  ^. (1.) 

vill  be  the  distance  of  the  centre  of  gravity  G  of  the  sloping  or 
carved  wall  from  that  of  the  rectangular  wall;  and  the  change  of 
figure  vrill  increase  the  stability  in  the  ratio  q  +  g"  :  q;  that  is  to 
say,  tiie  moment  of  stability  vill  noir  be 

W(g  +  ff')(  =  {j  +  gOw«C (2.) 

If  E  N  is  a  straigbt  line  (fig.  103), 

^'-?; (3.) 

If  E  N  is  a  parabolic  arc, 

^.-^. w 

a  fiormaU  which  is  also  sensibly  correct  when  E  K  is  an  arc  of  a 
circle^ 

Walla  with  a  "curved  batter"  are  usnally 
boilt  aa  shown  in  fig  105,  with  tbe  bed-joints 
pecpendicalar  to  the  fitce  of  the  wall.  This 
dimiiusliea  tiie  oUiquity  of  the  pressore  on 
tlMbaae.  4_ 

331.  Va^idMtoa  fTMOVH  ^' BatalBlHB  WbIIi 

have  their  width  increased  beyond  the  thick- 

neM  <£  the  wall  by  a  aeries  of  steps  in  front, 

as  shown  in  figs.  102  and  105.    The  objects  of 

tltis  are,  at  once  to  distribute  the  pressure 

over  a  greater  area  than  that  of  any  bed-joint 

in  the  body  of  the  wall,  and  to  £finse  that 

■pnmam  more  equally,  1^  bringing  the  centre 

of  resistance  nearer  to  the  middle  of  the  base  ^S- 1**- 

than  it  is  in  the  body  of  the  wall.  The  power  of  earth  to  impport 
foundations  has  already  been  considered  in  Article  199. 

222.  tJsBBterAM*  are  projections  from  the  inner  face  of  a  n'tain- 
iag  wall.  A  wall  and  its  counterforts,  if  the  bond  of  the  masonry 
is  well  preserved,  constitute  a  wall  having  successive  divisions 
of  its  length  alternately  'of  greater  and  of  less  thickness.  The 
moment  of  stability  of  a  wall  with  counterforts,  per  unit  of  length, 


3Sfi  THEOBr  or 

■when  the  wall  ia  well  bonded 
accuracy  for  practical  purpoaes, 
of  atabiUty  of  one  of  the  parts 
one  of  the  parte  whose  thicknea 
a  counterfort,  and  dividing  the 
two  parte. 

for  example  let  fig.  106  reprei 
.  Bontal  section, 

'-' in  wall  whose  hei| 

counterforta  ol 

[S 'c  Let  i  =  FE  l 

I  wall  between  t 

length;  let  T  = 

terforted'part  I 

fort,  and  c  =  ] 

The  momenl 

and  that  of  the 


? 


Adding  together  those  moments 
total  lengOi  b  +  c  =  AF,  the  mei 
length  is  found  to  he 


This  is  the  same  with  the  mon 
of  a  wall  of  the  uniform  thioknes 


=V{ 


which  may  be  caUed  the  eqtdvalm 

The  quantity  of  masonry  in  i 

quantit;  in  the  equivalent  uulfor 

bt  +  eT 

■which  is  always  less  than  imit 
niasonry  (though  in  general  hut  t 
forts. 

'.  223.  ArcbM  •t  n>MnT.— An 
of  wedge-formed  stones,  called 
against  each  other  at  guriaces  ea 
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to  be,  perpendicular  or  nearly  perpendicular  to  the  sojfit,  or  internal 
concave  surfece  of  the  arcL  The  outer  or  convex  surface  of  the 
ring  of  arch-stones,  which  may  be  either  a  curved  surface  parallel 
to  the  soffit,  or,  what  is  better,  a  series  of  steps,  sustains  the 
vertical  pressure  of  that  part  of  the  load  which  arises  from  the 
weight  of  materials  other  than  the  arch-stones  themselv^es ;  and 
that  outer  surface  also  exerts  in  many  cases  a  horizontal  or  inclined 
thrust  against  the  apandrils  and  abiUrnenis,  The  abutments  sus- 
tain also  the  thrust  of  the  lowest  voussoirs,  vertical  or  inclined,  as 
the  case  may  ba  Sometimes  an  arch  springs  at  once  from  the 
ground,  so  that  its  abutments  are  its  foundations. 

A  wall  standing  on  an  arch,  in  the  plane  of  the  arch-ring,  is 
called  a  spandril  vxUl,     The  arch  of  a  bridge  requires  a  pair  of 
external  spandril  walls,  one  over  each  fe,ce  of  the  arch  ;  the  space 
between  them  is  filled  up  to  a  certain  level  with  solid  ma^sonry,  and 
above  that  level  it  is  sometimes  filled  with  earth  or  rubbish,  and 
sometimes  occupied  by  a  series  of  internal  spandril  walls  parallel  to 
the  external  spandril  walls,  and  having  vacant  spaces   between 
them — a  mode  of  construction  favourable  both  to  stability  and  to 
hghtness.     In  order  to  form  a  continuous  platform  for  the  road- 
way, the  spac^  between  the  internal  spandril  walls  are  sometimes 
covered  with  flags  of  some  strong  stone  (such  as  slate),  and  some- 
times arched  over  with  small  transverse  arches.     The  external 
spandril  walls  are  the  abutments  of  those  arches,  and  must  have 
stability  sufficient  to  sustain  their  thrust :  when  the  spandrils  are 
filled  with  earth  or  rubbish,  the  external  spandril  walls  must  have 
stabihty  sufficient  to  withstand  the  pressure  of  the  filling  material* 
In  determining  the  conditions  of  stability  of  an  arch,  it  is  con- 
venient to  consider  only  a  rib,  or  vertical  layer,  of  arch,  abutment, 
and  spandril,  of  the  thickness  unity  (e.  g,,  one  foot).     When  there 
are  sjjandril  walls  with  vacant  spaces  between,  an  ideal  specific 
gravity  is  to  be  adopted  for  the  material  of  the  spandrils,  found  by 
supposing  the  weight  of  the  material  of  the  spandril  walls  to  be 
nniibrmly  distributed,  so  as  to  fill  the  vacuities  ;  that  is  to  say,  let 
tt?  be  the  weight  of  an  unit  of  volume  of  the  material  of  the  walls, 
2  •  T  the  snm  of  the  thicknesses  of  all  the  walls,  and  2  •  S  the  sum 
of  the  widths  of  the  spaces  between  them ;  then  in  computations 
respecting  the  stability  of  the  arch,  the  spandrils  may  be  supposed 
to  be  completely  filled  with  a  material  whose  weight  per  unit  of 
volume  is 

2  •  T 

2-T+2-S  ^    ' 

224.     MAmm  mt  Pic— me»   la   «■   Arch;   Condition   of  Stability. — 

According  to  the  principles  explained  in  Articles  206  and  207,  if  a 

s 


i 

I. 
i 
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straight  line  be  drawn  through  each  bed-joint  of  the  aich-iing 
representing  the  position  and  direction  of  the  resultant  of  the  'pretr 
sure  at  that  joint,  the  straight  lines  so  drawn  form  a  polygon,  and 
each  of  the  angles  of  that  polygon  is  situated  in  the  Ime  dT  action 
of  the  resultant  external  force  acting  on  the  arch-stone,  whidi 
lies  between  the  pair  of  joints  to  which  the  contiguous  sides  of  die 
polygon  correspond ;  so  that  the  polygon  is  similar  to  a  "poiy- 
gonal  frame,  loaded  at  its  angles  with  the  forces  which  act  on  the 
arch-stones  (their  own  weight  included).  A  curve  inscribed  in  that 
polygon,  so  as  to  touch  all  its  sides,  is  the  line  of  pressures  of  the 
arch.  The  smaller  and  the  more  numerous  the  arch-stones  into 
which  the  arch-ring  is  subdivided,  the  more  nearly  does  the  poly- 
gon coincide  with  the  curve ;  and  the  curve  or  line  of  presBares 
represents  an  ideal  linea/r  arch,  which  would  be  balanced  und^  the 
continuously-distributed  forces  which  act  on  the  real  arch  under 
consideration.  From  the  near  approach  of  this  linear  arch  to  the 
polygon  whose  sides  traverse  the  centres  of  resistance  of  the  bed- 
joints,  the  points  where  the  linear  arch  cuts  those  joints  may  be 
taken  without  sensible  error  for  the  centres  of  resLstanoe; 

Now  in  order  that  the  stability  of  the  arch  may  be  secore,  it  is 
necessary  that  no  joint  should  tend  to  open  either  at  its  enter  or 
at  its  inner  edge ;  and  in  order  that  this  may  be  the  case,  the 
centre  of  resistance  of  each  joint  should  not  deviate  from  the  centre 
of  the  joint  by  more  than  one-sixth  of  the  depth  of  the  joint ;  that 
is  to  say,  the  centre  of  resistance  should  lie  within  the  middle  ikird 
of  the  depth  of  the  joint ;  whence  follows  this 

Theoreil  The  stdbUUy  of  an  a/rch  is  eocfwre,  if  a  linear  ard^ 
halamced  under  the  forces  which  act  on  the  real  arch,  can  be  drawm 
within  the  middle  third  of  the  depth  of  the  arch-ring. 

It  has  already  been  stated  that  the  tenacity  of  fresh  mortar  is  not 
sufficiently  great  to  be  taken  into  account  in  determining  the  stabi- 
lity of  masonry ;  and  hence,  where  cement  is  not  used,  all  horiaon- 
tal  or  oblique  conjugate  forces  which  maintain  the  equilibrium  of 
the  arch-ring  must  be  pressures,  acting  on  the  arch  from  without 
inwards.  The  linear  arch,  therefore,  is  limited  in  such  cases  to 
those  forms  which  are  balanced  under  pressures  from  without  alone; 
that  is  to  say,  that  the  intensity  of  the  horizontal  or  conjugate 
pressure,  denoted  hyp,  in  Article  185,  equation  4,  must  not  at  any 
point  be  negative. 

It  is  true  that  arches  have  stood,  and  still  stand,  in  which  the 
centres  of  resistance  of  joints  fall  beyond  the  middle  third  of  the 
depth  of  the  arch-ring ;  but  the  stability  of  such  arches  is  either 
now  precarious,  or  must  have  been  precarious  while  the  mortar  was 
fresk 

When  tenadly  to  resist  horizontal  or  oblique  tension  is  given  to 
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the  spandrils  of  an  arch,  and  to  the  joints  between  them  and  the 
ardi-skoneSy  by  means  of  cement,  hoop-iron  bond^  iron  cramps^  or 
odierwise,  the  conjugate  tension  denoted  by  —p^  must  not  at  any 
point  exceed  a  safe  proportion  of  that  tenacity;  that  is  to  say, 
about  one-eighth.  By  this  means  stability  may  be  given  to  arches 
<^  seemingly  anomalous  figures;  but  such  structures  are  safe  on  a 
small  scale  only. 

225.  AbvIc  Smimtf  audi  P«tet  •€  Rapine. — The  first  step  towards 
determining  whether  a  proposed  arch  will  be  stable,  is  to  assume  a 
linear  arch  parallel  to  the  intrados  or  soj£t  of  the  proposed  arch, 
and  loaded  vertically  with  the  same  weight,  distributed  in  the 
same  manner.  The  size  of  this  assumed  linear  arch  is  a  matter  of 
indifference,  provided  each  point  in  it  is  considered  as  subjected  to 
the  same  forces  which  act  at  the  oarrespanding  joini  in  the  real 
aich ;  that  is,  the  joint  at  u^ich  the  incliruUion  of  tlie  reed  a/rch  to 
the  horizon  is  the  same  VTith  that  of  the  assumed  arch  at  the  given 
pcinL 

The  assumed  arch  is  next  to  be  treated  as  a  stereostatic  arch, 
aooording  to  the  method  of  Article  185;  and  by  equation  4  of  that 
Article  is  to  be  determined,  either  a  general  expression  or  a  series 
of  values  of  the  intensity  /?,  of  the  conjugate  pressure,  horizontal  or 
oblique,  as  the  case  may  be,  required  to  keep  the  arch  in  equilibrio 
under  tiie  given  vertical  load.  If  that  pressure  is  nowhere  negative, 
a  curve  similar  to  the  assumed  arch,  drawn  through  the  middle  of 
the  arch-ring,  will  be  either  exactly  or  veiy  nearly  the  line  of  pres- 
sures of  the  proposed  arch;  p^  will  represent,  either  exactly  or  very 
nearly,  the  intensity  of  the  lateral  pressure  which  the  i^  arch, 
tending  to  spread  outwards  under  its  load,  will  exert  at  each  ]x>int 
against  its  spandril  and  abutments ;  and  the  thrust  along  the  linear 
arch  at  each  point  will  be  the  thrust  of  the  real  arch  at  the  corre- 
^Kmding  joint. 

On  the  other  hand,  if  j>,  has  some  negative  values  for  the  assumed 
linear  arch,  there  must  be  a  pair  of  points  in  that  arch  where  that 
quantity  changes  from  positive  to  negative,  and  is  equal  to  nothing. 
The  angle  of  inclination  i^  at  that  point,  csdled  the  am^le  ofrwptv/rey 
is  to  be  determined  by  solving  equation  1  of  Article  187.  The 
corresponding  joints  in  the  real  arch  are  called  the  ^72/9  of  rupture; 
and  it  is  below  those  joints  only  that  conjugate  pressure  from  with- 
out is  required  to  sustain  the  arcL 

In  fig.  107,  let  B  C  A  represent  one-half  of  a  symmetrical  arch, 
0  Y  a  horizontal  axis  of  co-ordinates  in  or  above  the  spandril, 
K  L  D  £  an  abutment^  and  0  the  joint  of  rupture,  found  by 
the  method  already  described.  The  poirtt  of  rupture,  which  is  the 
oentre  of  resistance  of  the  joint  of  rupture,  is  somewhere  within 
the  middle  third  of  the  depth  of  that  joint;  and  from  that  point 
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down  to  the  springing  joint  B,  the  line  of  pressoies  is  a  cnrre 
similar  to  the  assumed  linear  arch^  and  parallel  to  the  intradoe» 

being  kept  in  eqnilibrio  by  the  lateral  pres- 
^'  °    sure  between  the  arch  and  its  spandril  and 

^,<;!I^3a.  abutment 

^Q/^  From  the  joint  of  rupture  C  to  the  crown 

f  A,  the  fact  that  the  assumed  linear  arch  would 

require  lateral  tension  to  keep  it  in  eqailibrio, 

shows  that  the  true  line  of  pressures  must  he 

a  Jlatter  curve  than  the  assumed  linear  arch; 

the  %ure  of  the  true  line  of  pressures  being 

determined  by  the  condition,  that  it  shall  be 

a  linear  arch  balanced  under  vertical  forces 

^  only;  that  is  to  say,  that  the  horizontal  com- 

^'      *  ponent  of  the  thrust  along  it  at  eacli  point  is 

a  constant  quantity,  and  equal  to  the  horizontal  compoiient  of 

the  thrust  along  the  arch  at  ike  joint  of  rupture. 

That  horizontal  thrust,  denoted  by  Hq,  is  found  by  means  of  equa- 
tion 2  of  Article  187,  and  is  the  horizontal  thrust  of  the  entire  arcL 
[If  the  arch  is  distorted,  conjugate  thrust  is  to  be  read  instead  <^ 
"horizontal  th/rust"  wherever  fliat  phrase  occurs.] 

The  only  point  in  the  line  of  pressures  above  the  joints  of  rup- 
ture which  it  is  important  to  determine,  is  that  which  is  at  the 
crown  of  the  arch,  A;  and  it  is  found  in  the  following  manner : — 
Find  the  centre  of  gravity  of  the  load  between  the  joint  of  rup- 
ture C  and  the  crown  A  ;  and  draw  through  that  centre  of  gravity 
a  vertical  line. 

Then  if  it  be  possible,  from  one  point  in  that  vertical  line,  to 
draw  a  pair  of  lines,  one  parallel  to  a  tangent  to  the  soffit  at  the  joint 
of  rupture,  and  the  other  parallel  to  a  tangent  to  the  soffit  at  the 
crown,  so  that  the  former  of  those  lines  shall  cut  the  joint  of  rup- 
ture, and  the  latter  the  keystone,  in  a  pair  of  points  which  are  both 
within  the  middle  third  of  the  depth  of  the  arch-ring,  the  stability 
of  the  arch  will  be  secure  ;  and  if  the  first  point  be  the  point  of 
rupture,  the  second  will  be  the  centre  of  resistance  at  the  crown  of 
the  arch,  and  the  crown  of  the  true  line  of  pressures. 

When  the  pair  of  points  related  as  above  do  not  fall  at  opposite 
limits  of  the  middle  third  of  the  arch-ring,  their  exact  positions  are 
to  a  small  extent  uncertain ;  but  that  uncertainty  is  of  no  conse- 
quence in  practice.  Their  most  probable  positions  are  equi-distant 
from  the  middle  line  of  the  arch-ring. 

Should  the  pair  of  points  faU  beyond  the  middle  third  of  the 
arch-ring,  the  depth  of  the  arch-stones  must  be  increased. 

226.  Tiuruat  of  «n  Arch  of  iHhuoiirT. — ^The  line  of  pressures,  or 
equivalent  linea/r  arch,  of  an  arch  of  masoniy,  with  its  point  of  rup- 
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ton  Bud  total  thrust^  having  been  determined  by  the  methods 
described  in  the  two  preceding  Articles,  the  distribution  of  that 
thmsty  and  the  line  of  action  of  its  resultant,  are  to  be  found  hj 
the  methods  of  Article  187. 

227.  AtwiMiMf  mf  Archflfc — The  abutment  of  an  arch,  when  it 
18  not  simply  a  foundation,  is  a  buttress,  or  a  wall  with  or  without 
ooonteifoiia,  which  is  bounded,  or  may  be  considered  as  bounded 
by  a  vertical  &ce  L  D  (fig.  107)  towards  the  arch. 

Two  external  forces  are  applied  to  the  abutment  of  an  arch 
besides  its  own  weight,  viz.,  die  vertical  load  of  the  half-arch,  P, 
whose  resultant  acts  through  B,  the  centre  of  resistance  of  the 
^Hanging  joint,  and  the  thrast  H,  found  in  amount  and  position  by 
methods  already  referred  to,  which  acts  through  B  also  if  the  angle 
of  rupture  is  equal  to  or  greater  than  the  inclmation  of  the  arch  at 
B;  and  which,  if  there  is  either  no  joint  of  rupture,  or  a  joint  of 
rapture  above  B,  is  distributed  between  B  and  A,  or  B  and  C,  as 
tibe  case  may  be.  The  resultant  of  the  vertical  load  and  conjugate 
throst  being  taken  as  the  entire  pressure  applied  to  the  abutment, 
its  conditions  of  stability  and  requisite  dimensions  are  to  be  found 
by  the  methods  described  in  Articles  213,  214,  and  222. 

For  the  abutment  of  an  arch,  as  for  the  arch-ring,  the  centre  of 
lesistanoe  should  fidl  within  the  middle  third  of  the  base,  so  that 
the  proper  value  of  g  is  one-sixth. 

If  the  figure  of  an  arch  be  transformed  by  parallel  projection,  the 
proper  figures  for  the  abutments  of  the  new  arch  are  the  corre- 
sponding parallel  projections  of  the  original  abutments. 

228.  Skew  ArthM  are  of  figures  derived  from  those  of  symmetri- 
cal arches  by  distortion  in  a 

n       /     B 


horizontal  plana  The  elevar 
tion  of  the  &oe  of  a  skew  arch, 
and  every  vertical  section  paiv 
sllel  to  its  face,  being  similar 
to  the  corresponding  devation 
and  vertical  section  of  a  sym- 
metrical arch,  the  forces  which 
set  in  a  vertical  layer  or  rib 
of  a  skew  arch  with  its  abut- 
ment%  are  the  same  with  those 
which  act  in  an  equally  thick 
vertical  layer  of  a  symmetrical 
arch  with  its  abutments,  of  the 
sunedimensionsand figure,  and  psg,  ^09. 

fflmilarly  and  equally  loaded. 

Fig.  108  represents  a  plan  of  a  skew  arch,  with  counterfeited 
sbatments.    The  cmgh  ofskeWy  or  obliquity,  is  the  angle  which  the 
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axiB  of  the  archway,  A  A,  makua  with  a  perpendicular  to  tite  Gue 
of  the  arch,  B C  A B.  The  apan  of  the  archway,  "on  the  tquan," 
as  it  is  called  (that  is,  the  perpendicular  dJatOince  between  the  abot- 
menta),  ia  less  than  the  span  cm  the  aketn,  or  parallel  to  the  face  of 
the  arch,  in  the  ratio  of  the  cosine  of  the  obliquity  to  niiity.  It 
is  the  span  wi  (Ae  sfew  which  ia  equal  to  that  of  the  corresponding 
ejrmmotrical  arch. 

The  best  position  for  the  bed-joints  of  the  arch-stones  is  perpen- 
dicular to  the  throat  along  the  arcL  If,  therefore,  there  be  dravn 
on  the  soffit  of  a  skew  arch,  a  series  of  parallel  curves,  iDade  by  the 
inteivections  of  the  soffit  with  vertical  planes  panllel  to  the  &oe 
of  the  arch,  the  best  forms  for  the  bed-joints  will  be  a  series  of 
curveB  ^awn  on  tibe  soffit  of  the  arch  ao  aa  to  cut  the  whole  of  the 
former  aeries  of  cnrrea  at  right  angles,  such  as  C  0  in  figs.  108  and 
10&.  Joints  of  the  beat  form  being  difficult  to  execute,  8[Hnl 
joints  are  used  in  practice  as  an  approximation. 

229,  dcstaed  rsidia. — A  ^ined  vaiilt,  represented  in  plan, 
looking  npwards,  by  fig.  110,  is  formed  by  the  intersection  (h  two 
archwaj^  The  ribs  at  the  edges  where 
the  soffits  of  the  archways  intersect  and 
>  interrupt  each  other,  are  caUed  the 
groins.  The  portions  of  the  archea 
which  form  the  groined  vanity  properiy 
speaking,  abut  against  the  groins ;  the 
groins  themselTes,  and  the  four  inde- 
pendent portions  of  the  ajchwaja,  abut 
against  four  buttreAaea  at  the  ctwnen 
of  the  vault.  The  oroum  of  the  vault  it 
the  point  where  the  groins  meet. 

The  line  marked  B'  is  the  length  from 

fig.  110.  ^^  crows  to  the  &ce  of  one  of  ike  arch- 

ways;  and  B  is  the  ln«adth  of  the  far- 

tion  of  one  of  the  buttresaes  against  which  that  archway  abuts, 

whether  directly  or  through  the  groin.     The  thrust  due  to  tiw 

length  of  archway  K  is  concentrated  npon  the  lH«adth  of  abut 

ment  B ;  its  intensity  is  therefore  increased  in  the  ratio  ^  ;  and 

if  (  be  the  thickness  which  an  abutment  requires  to  withstand  the 
thrust  of  the  plain  archway,  the  thickness  D  required  for  the  but- 
tress, in  a  direction  perpendicular  to  B,  will  be 


-VI- 


..(I.) 


At  the  leflrhand  side  of  the  figure,  the  buttreaees  are  componnii 
and  rectangular :— at  the  right-hand  ade,  a  single  diagonal  buttrcM 
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is  c^poaed  to  the  thrust  of  each  groin,  and  to  the  combined  thrusts 
of  the  two  archways  which  abut  against  it  The  breadth  of  the  dia- 
gonal buttress  being  the  restUtarU  of  the  breadths  of  the  compound 
baitreeBeSy  its  thickness  is  simply  equal  to  theirs. 

230.  CAiutend  Arehes  are  lurched  ribsy  of  which 
several  spring  from  one  buttress,  as  is  shown  in  plan 
in  fig.  111.  The  thrust  against  the  buttress  is  the 
resoltant  of  the  thrusts  of  the  ribs;  the  vertical 
preanire  is  the  sum  of  their  loads. 

23  L  Mem  •r  ArciMa. — ^A  pier  is  a  pillar  against 
which  two  or  more  arches  abut,  in  such  a  manner  ^'  ^^^' 
that  their  horizontal  thrusts  balance  each  other,  so  that  the  pier 
has  only  to  sustain  the  vertical  pressure  of  the  half-arches  which 
rest  on  it.  The  piers  of  a  bridge  or  viaduct  are  usually  oblong 
waUsy  of  a  length  equal  to  that  of  the  soffits  of  the  arches,  two  of 
which  spring  from  the  opposite  sides  of  each  pier.  It  is  customary 
to  make  the  iliiftlm<»«n  of  a  pier,  at  the  springing  of  the  arches,  from 
one-sixth  to  one-ninth  of  the  span  of  the  arches  which  it  sustains. 
Mr.  Hosking,  in  his  Treatise  on  Bridges,  has  pointed  out,  that  this 
thickness  is  usually  greater  than  is  necessary  3  and  that  there  is  in 
general  no  reason  that  the  thickness  of  the  pier  should  be  more  than 
is  just  sufficient  to  support  the  rings  of  arch-stones  that  spring  from  it. 

If  one  of  two  arches  which  abut  against  the  same  pier  falls,  the 
other  arch,  having  its  thrust  unbalanced,  usually  overthrows  the 
pier,  and  consequently  falls  also ;  so  that  if  a  viaduct  consists  of  a 
series  of  arches  with  piers  between,  the  fall  of  a  single  arch  causes 
the  destruction  of  the  whole  viaduct  To  lessen  the  damage  caused 
by  accidents  of  this  kind,  it  is  customary  in  long  viaducts,  to 
introduce  at  intervab  what  are  called  ainUmerU  piers,  which  have 
stability  sufficient  to  resist  the  thrust  of  a  single  arch;  so  that 
when  an  arch  &lls,  the  destruction  is  limited  to  the  division  of  the 
viaduct  between  the  two  nearest  abutment  piers. 

In  some  important  bridges  over  large  rivers,  where  it  has  been 
conaidered  advisable  to  spare  no  expense  in  order  to  render  the 
structure  durable,  each  pier  is  an  abutment  pier.  'f^ 

232.  OpcM  sad  Bl«ltow  Picn  wnd  Jkhmtmemtm, — ^In  some  cases  the 
piers  and  abutments  of  bridges,  in  order  to  save  materials,  and  to 
dhniniah  iJie  pressure  on  the  foundations,  are  made  with  arched 
openings  through  them,  or  with  rectangular  hollows  in  their  in- 
tmor.  The  bottoms  of  such  openings  or  hollows  should  be  closed, 
when  they  are  small  by  courses  of  Icurge  stones,  and  when  they  are 
large  by  inverted  arches,  in  order  that  the  area  of  the  foundation, 
over  which  the  pressure  is  distributed,  may  be  as  laige  as  if  the 
bnilding  were  solid 

The  moment  of  stability  of  an  abutment,  with  arched  openings 
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through  it^  or  hollows  in.  its  interior,  is  less  than  that  of  a  solid 
abutment  of  the  same  external  dimensions,  yery  nearly  in  the  same 
ratio  in  which  the  itwrne/nt  ofmartm  of  the  horizontal  section  of  tbe 
abutment  is  diminished  hj  means  of  the  vacuities.  (See  Artide  95.) 
233.  Tnmcli. — If  the  depth  of  a  tunnel  beneath,  tlie  surface  of 
the  ground  is  great  compared  with  the  height  of  its  archwaj,  the 
proper  form  for  the  line  of  pressures,  whidi  must  lie  within  Hub 
middle  third  of  the  thickness  of  its  arch,  is  the  elliptic  linear  arch 
of  Article  180,  in  which  the  ratio  of  the  horizontal  to  the  vertical 
semi-axis  is  the  square  root  of  the  ratio  of  the  hcvizontal  to  ih» 
vertical  pressure  of  the  earth,  as  already  shown  in  Artidle  180, 
equation  5,  and  Article  197,  equation  3;  that  is  to  say, 

horizontal  semi-axis  _    _^       /p,  _  .    /  /I  —  sin  f\  ^     . 
vertical  semi-axis    ""     ""   \/  p,  ""   V^   \1  +  sin  f  /  '""^  '' 

p  being  the  angle  of  reposa 

If  the  earth  is  firm,  and  little  liable  to  be  disturbed,  the  propoi> 
tion  of  the  half-span,  or  horizontal  semi-axis,  to  tbe  rise  or  vertical 
semi-axis,  may  be  made  grecUer  than  is  given  by  the  preceding 
equation,  and  the  earth  will  still  resist  the  additional  horizontal 
thrust;  but  that  proportion  should  never  be  made  less  than  the 
value  given  by  the  equation,  or  the  sides  of  the  tunnel  will  be  in 
danger  of  being  forced  inwards. 

In  a  drainage  tunnel,  the  entire  ellipse  may  be  used  as  the  figure 
of  the  arch ;  but  in  a  railwav  tunnel,  where  it  is  necessary  to  have  a 
fiat  fioor,  the  sides  and  ro^f  of  the  tunnel  comprise  in  height  the 
upper  two-thirds,  or  three-fourths,  of  the  ellipse,  which  is  dosed 
below  by  a  drcular  segmental  inverted  arch  of  a  slight  curvature, 
its  depression  being  one-eighth  of  its  span,  or  thereabouts.  By  this 
mode  of  construction,  the  vertical  pressure  of  the  sides  of  the 
tunnel  is  concentrated  upon  foundation  courses  directly  bdow 
them,  &om  which  they  spring.  The  ratio  which  the  entire  width 
of  the  tunnel,  measured  oiUdde  the  masonry  or  brickwork,  bears  to 
the  joint  width  of  that  pair  of  foundations,  must  not  exceed  the 
limit  of  the  ratio  of  the  weight  of  a  building  to  the  weight  of  earth 
displaced  by  it,  as  given  by  Artide  199,  equation  3.  The  inverted 
arch  serves  to  prevent  the  foundations  of  the  sides  of  the  tnnnd 
from  being  forced  inwards  by  the  horizontal  pressure  of  the  earth. 

The  eocact  form  for  the  line  of  pressures  in  the  sides  and  roof 
of  a  tunnel  is  the  geostcUic  off'ch  of  Article  184.  This  prindple 
requires  attention  when  the  roof  of  the  tunnel  is  near  the  surface. 
Let  Xq  be  the  depth  of  the  crown  of  the  tunnel,  and  Xi  that  of  its 
greatest  horizontal  diameter,  beneath  the  surface.  From  those 
ordinates  as  data,  design  a  hydroetatie  arch,  dther  by  the  exact 
method  of  Article  183,  or  by  the  approximate  method  of  Artide 


DOMES. 


265 


Fig.  112. 


188 ;  contract  the  horizontal  co-ordinates  of  that  arch  in  the  ratio 
c  =  A  /  ^ ,  and  the  result  will  be  the  geostatic  arch  required 

234.  p— gj. — A  tme  dome  is  a  shell  of  masonry  or  brickwork, 
of  the  figure  of  a  solid  of  revolntion  with  a  vertical  axis ;  that  is^ 
it  is  spherical,  epheroidal,  conoidal^  or  conical,  and  is  circular  in 
plan.  Its  tendency  to  spread  at  its  base  is  resisted  by  the  stability 
of  a  cylindrical  waJl,  or  of  a  series  of  buttresses  surrounding  the 
base  of  the  dome,  or  by  the  tenacity  of  a  metal  hoop  encircling  the 
base  of  the  dome. 

The  conditions  of  stability  of  a 
dome  are  ascertained  in  the  fol- 
lowing manner: — Let  fig.  112 
represent  a  vertical  section  of  a 
dcnne,  springing  from  a  cylindrical 
wall  BB.  The  shell  of  the  dome 
is  supposed  to  be  thin  as  compared 
with  its  external  and  internal  di- 
mensions. Let  the  centre  of  the 
crown  of  the  dome,  O,  be  taken  as 
origin  of  co-ordinates ;  let  x  be  the  depth  of  any  circular  joint 
in  the  shell,  such  as  0  0,  below  O,  and  y  the  radius  of  that  joint. 
Let  f  be  the  angle  of  inclination  of  the  shell  at  C  to  the  horizon, 
and  ds  the  length  of  an  elementaiy  arc  of  the  vertical  section  of 
the  dome,  such  as  G  D,  whose  vertical  height  ia  dx,  and  the  differ- 
ence of  its  lower  and  upper  radii  dy.ao  that 

dy         .      .    da 

■rp-  =  cotan  t;  -—  =  cosec  i. 

dx  dx 

het  P,  be  the  weight  of  the  part  of  the  dome  above  the  circular  joint 
C  0.  'Dien  the  total  thrust,  in  the  direction  of  a  set  of  tangents  to 
the  dome,  radiating  obliquely  downwards  all  round  the  joint  G  0,  is 

ds 
Tg  '  T-  =  P.  •  cosec ii 

dx  ' 

and  the  total  horizontal  component  of  that  radiating  thrust  is 

P.-^  =  P.cotani 

Let  p,  denote  the  intensity  of  that  horizontal  radiating  thrust,  per 
Tuut  of  peripheiy  of  the  joint  G  G ;  then  because  the  periphery  of 
that  joint  is  2  «'y(=  6*2832  y),  we  have 

P,cotani 

^'^^YVT' ^^-^ 
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It  has  been  Bhown  in  Article  179,  that  if  there  be  an  inward 
radiating  pressure  upon  a  ring,  of  a  given  intensity  per  unit  of  arc, 
there  is  a  thrust  exerted  all  round  that  ring,  whose  amount  is  the 
product  of  that  intensity  into  the  radius  of  the  ring.  The  same 
proposition  is  true,  substituting  an  outward  for  an  inward  radiating 
pressure,  and  a  tension  all  round  the  ring  for  a  thrust.  I^  there- 
fore, the  horizontal  radiating  pressure  of  the  dome  at  the  joint 
C  C  be  resisted  by  the  tenacity  of  a  hoop,  the  tension  at  each  point 
of  that  hoop,  being  denoted  by  P,,  is  given  by  the  equation 

P  -««  -  P^ootani 

Now  conceive  the  hoop  to  be  removed  to  the  circular  joint  D  D, 
distant  by  the  arc  d  a  from  C  C,  and  let  its  tension  in  this  new 
position  be 

The  difference,  <f  P„  when  the  tension  of  the  hoop  at  G  C  is  the 
greater,  represents  a  thrusi  which  must  be  exerted  all  round  the 
ring  of  brickwork  0  0  D  D,  and  whose  intenaity  per  unii  of  lengih 
of^€vrc  CD  is 

P'=l^=Ti-  ^  (P.  «»*«»*■) (3-) 

Every  Hng  of  bru:kwork  for  which  p,  18  eUhern^ 
is  stahley  independently  of  the  tenacity  of  cement ;  for  in  each  sncii 
ring  there  is  no  tension  in  any  direction. 

When  pg  becomes  negcUive,  that  is,  when  P,  has  passed  its  maxi- 
mum, and  begins  to  diminish,  there  is  tension  horizontaUy  round 
each  ring  of  brickwork,  which,  in  order  to  secure  the  stability  o£ 
the  dome,  must  be  resisted  by  the  tenacity  of  cement,  or  of  external 
hoops,  or  by  the  resistance  of  abutments. 

Such  is  the  condition  of  stability  of  a  dome.  The  inclination  to 
the  horizon  of  the  sur&ce  of  the  dome  at  the  joint  where  p,  =  0, 
and  below  which  that  quantity  becomes  negative,  is  the  angle  of 
rupture  of  the  dome ;  and  the  horizontal  component  of  its  throst 
at  that  joint,  is  its  total  horizontal  thrust  against  the  abutment, 
hoop,  or  hoops,  by  which  it  is  prevented  fixim  spreading. 

A  dome  may  have  a  circular  opening  in  its  crown.  Oval  artshed 
openings  may  also  be  made  at  lower  points,  provided  at  such  points 
there  is  no  tension ;  and  the  ratio  of  the  horizontal  to  the  inclined 
axis  of  any  such  opening  should  be  fixed  by  the  equation 

horiz.  axis 


horiz>  axis   /     p^ 

inclined axS ~" ^ ""  \/  p^aect ^  '^ 
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SaocBmple  L  Spherical  Dome. — Uniform  thickness,  t ;  weight  of 
material  per  unit  of  volnine,  w ;  radius,  r. 

a;  =  r (1 -cost);  y  =  rsint;  d8  =  rdi. 

P^  =  2»w<r*(l-cos»); 


/V  = 


wtr  cos  i 


1  +  cos  i 


-  •  P  — 


lot 7*  COS  t  sin  t 
1  +  cos  * 


Pb  = 


_  c?Py  _  COS*  t  +  cos  t  —  1 


rdi 


wtr 


1  +  cos  i 


.(5.) 


The  angle  of  rupture,  for  which  />,  =  0,  is 

i„  =  arc-cos  ii/^zi  =  51° 49' ;. 


(6.) 


and  from  this  angle  we  obtain,  for  the  horizontal  thrust  of  the 
dome,  per  unit  of  periphery  at  the  joint  of  rupture, 


(7.) 


p,  =  0'382totr; 
and  for  the  tension  on  a  hoop  to  resist  that  thrust, 

P,  =  0-3t(7<r». 

Eaoample  II.  Truncaied  Conical  Dome  (fig.  113). — Apex,  O. 
Depth  of  top  of  dome  below  apex,  a^^ ;  of  base  of  dome,  a^ ;  t,  uni- 
form inclination ;  t,  xmiform  tliickness  ;  y  =  a;  cotan  t. 

Then  at  the  base  of  the  dome,  ., 

--,  .    cos » ,  ,       ^ 

__  «7<cosi  /       aJo\ 
^'""  2  8in«t   V^"V' 

p  wtoo^i  .  ,       ^ 

'~"2rii»V^*'-*^' 

p,^=wtx^'  cotan' t. 

p,  being  eveiywhere  positive,  there  is  in  this  dome  no  joint  of 
rupture. 

Exam^  IIL  TrwncaJlied  Corneal  Dome,  supporting  on  its  mmmiii 
a  turret  or  ^  kmtem"  qftJie  toeigJU  L. 


...(8.) 
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sin*  t  ^  ' 

L 


+ 


^ncxx' 


tg<  cost   /  flJoX 

p  _t£i_co^/  .      ,.    .  Lcotant 
'        2  am'  *    ^  '  2  «• 

p^=zwtxi'  cotau'  t. 


.(9.) 


235.  stMBgik  Af  AbirtiMBts  wnd  Taidta.^— The  dimensions  required 
in  an  abutment^  arch,  or  dome,  to  insure  stability,  are  in  most 
cases  sufficient  to  insure  strength  also ;  but  instances  occur,  in 
which  the  condition  of  sufficient  strength  requires  to  be  indepen- 
dently considered,  and  it  may  be  convenient  here  so  fiur  to  antici- 
pate the  subject  of  strength  as  to  state  that  condition,  viz.,  that  the 
irUengity  of  the  thrust  in  the  materials  shall  at  no  point  exceed  a 
certain  limit,  found  by  dividing  the  resistance  of  ihe  material  to 
crushing  by  a  number  calLed  the  /actor  of  mfett/.  The  factor  of 
safety  in  existing  bridges  ranges  from  3  or  4  to  50  and  upwards. 
In  tunnels  it  is  about  4.  Tredgold  considers,  that  in  bridges  the 
best  value  for  the  factor  of  safety  la  about  8  (Treatise  an  Masonry), 
The  resistance  of  some  of  the  most  important  materials  of  masomy 
to  crushing  is  stated  in  a  table  at  the  end  of  this  volume ;  but  a 
prudent  engineer,  who  contemplates  a  great  work  in  masonry,  will 
not  trust  to  tables  alone,  but  will  ascertain  the  strength  of  tho 
materials  at  his  command  by  direct  experiment 

235  A.  TnuufMnMUl«a  •f  SmeliirM  la  mmmmmrf — ^The  principle 
already  stated  in  Article  126,  that  to  determine  the  irUensUy  of  a 
force  in  a  transformed  structure,  the  projected  Une  representing  the 
amomU  of  the  force  must  be  divided  by  the  projected  aarea  over 
which  it  is  distributed,  requires  special  attention  in  considering  the 
strength  of  transformed  structures  of  masonry. 

To  exemplify  the  application  of  that  principle,  conceive  a  rec- 
tangular prism  whose  dimensions  are  x,  y,  z,  x  being  vertical :  its 
volume  is  V  =  flc  y  «.  Let  w  be  the  weight  of  unity  of  volume  of 
the  material  of  which  it  is  composed  ;  and  let  the  weight  of  the 
prism  be  represented  by  a  line  parallel  to  x,  of  the  length  W;  thai 

W  =  wxyz, (1.) 

The  a/nujfuM  of  an  upward  vertical  pressure  on  the  base  of  this 
prism,  which  balances  W,  will  be  represented  by  a  line  equal  and 
opposite  to  W  :  that  is 

P=  -W; (2.) 
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and  the  iniensity  of  that  pressure  will  be 

p 

p=  — =  —wx (3.) 

'^       yz 

Now  let  there  be  a  parallel  projection  of  this  prism,  whose  dimen- 
nons,  of  =  ax,  y  ^  by,  z'  =  cz,  are  oblique  to  each  other.  The 
weight  of  the  new  prism  will  be  represented  by  a  line  parallel  to  of, 
of  the  length 

W  =  aW (4.) 

Let 

C  =  1  —  co8*y'2^  —  cof?  sfsd  —  cos^a/y' 

A  A  A  ^ 

+  2co6y;s  '  COB  z' of '  COS  a^  y (o.) 

Then  the  voliune  of  the  new  prism  is 

T  ^^'if  s!  J~0  =  Y'ahc  J'O; (6.) 

eonaeqaenilj  the  intensity  of  its  toeight  is 

«/=z:= ^z=-=   ^_ (7.) 

V'      abc  ^O-V      he  JC  ^  ^ 

The  area  of  the  lower  sur£M»  of  the  new  prism  is 

y^s!'aiiy*s^=^yz'bcBm  y  s^  j (8.) 

The  amount  of  the  stress  on  that  area  is 

-  W  =  F  =  aP  =apyz (9.) 

being  represented  by  a  line  P,  which  is  the  projection  of  P,  and 
parallel  too/. 

The  intensity  of  this  new  stress  is 

P  = TT  = TT (1^-) 

i/  s/  '  miy  sf      bcanysf 

and  if  we  consider  the  relation  between  stress  and  weight, 

F  =  -  W, 
that  is, 

p^  j/  «'  sin  /aT  =  -  «/  a;V  2^  J^- (H) 

we  find 

^^—KT <^^-> 

sm  y  z 
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CHAPTER  IIL 

STRENGTH  ASB  BTlFFNEaSi 

Section  1. — Summon/  of  the  Theory  of  Elasticity  as  applied  to 

Strength  and  StiffiMss, 

236.  The  TImmt  •t  Eiaaticlty  relates  to  the  laws  which  connect 
the  stresses,  or  pressures  and  tensions,  which  act  at  the  snifaoe  and 
in  the  interior  of  a  body,  with  the  alterations  of  dimensions  and 
figure  which  the  body  and  its  parts  simultaneously  undeiga  That 
theoiy,  therefore,  is  the  foundation  of  the  principles  of  the  strength 
and  stijShess  of  materials  of  construction.  Th^  theory  of  elasticity 
has  many  other  applications, — ^to  crystallography,  to  light,  to  sound, 
to  heat,  and  to  other  branches  of  physics.  Its  full  discussion  would 
of  itself  require  a  voluminous  work;  in  the  present  section,  its 
principles  are  to  be  briefly  summed  in  so  &r  as  they  are  ap{di- 
cable  to  the  strength  and  stiffiiess  of  structures. 

237.  EiaMicitr  is  the  property  which  bodies  possess  of  occapymg, 
and  tending  to  occupy,  portions  of  space  of  determinate  volume  and 
figure,  at  given  pressures  and  temperatures,  and  which,  in  a  homo- 
geneous body,  manifests  itself  equally  in  every  part  of  appredahle 
magnitude. 

238.  An  EtaMtic  F«rce  is  a  force  exerted  between  two  bodies  at 
their  surface  of  contact,  or  between  two  parts  into  which  a  body 
either  is  divided  or  is  capable  of  being  divided  at  the  snifaoe  of 
actual  or  ideal  separation  between  those  parts.  The  intensity  of  an 
elastic  force  is  stated  in  units  of  weight  per  unii  of  (wrea  of  the 
surface  at  which  it  acts.  That  kind  of  force  is  in  fioLct  identical 
with  streaa,  the  statical  laws  of  which  have  already  been  explained 
in  Part  I.,  Chapter  V.,  Sections  2,  3,  and  4,  Artides  86  to  126. 

239.  Finid  BiaMicitj. — ^The  elasticity  of  a  perfect  fluid  is  such 
that  its  parts  resist  change  of  volume  only,  and  not  change  of 
figure ;  whwrce  it  follows,  that  the  pressure  exerted  by  a  peifectlj 
fluid  mass  is  wholly  perpendicular  to  its  surface  at  every  point : 
principles  which  form  the  basis  of  hydrostatics  and  hydrodynamics. 
Fluids  are  either  gaseous  or  liquid.  A  gaseous  fluid  is  one  whose 
parts  (so  &u:  as  is  known  by  experiment)  exert  a  pressure  againn 


LIQUID  KLASmClTY — ^BIGIDITY.  271 

each  other  and  agamst  the  vessel  containing  them,  how  great  soever 
the  Tolume  to  which  thej  are  expanded.  See  Arts.  110^  and  117 
to  124 

240.  lJ«vM  KfaMiteitr. — ^The  elasticity  of  a  perfect  liquid  resists 
change  of  volnine  only^  and  differs  from  that  of  a  gaseous  fluid 
chiefly  in  this  :  that  the  greatest  variations  of  the  pressure  which 
it  Is  possible  to  apply  to  a  liquid  mass  produce  very  small  variations 
of  its  Tohmie. 

The  eompreMum  undergone  by  a  liquid  mass  in  consequence  of 
the  application  of  a  given  pressure  over  its  surface^  is  measured  by 
the  ratio  of  the  diminution  of  volume  produced  by  the  given  pres- 
sure to  the  entire  volume  of  the  mass  :  a  ratio  which  is  always  a 
veiy  small  firaction.  The  compressibility  of  a  given  liquid  is  the 
compression  produced  by  a  unit  of  elastic  pressure ;  in  other  words, 
the  ratio  of  a  compression  to  the  pressiure  producing  it.  The 
modulus  or  co-^ffideni  ofda^iicity  of  a  liquid  is  the  ratio  of  a  pressure 
applied  to  and  exerted  by  the  liquid,  to  the  accompanying  compres- 
sion,  and  is  therefore  the  reciprocal  of  the  compressibility.  The 
foDowing  empirical  formula  for  the  compressibility  of  pure  water 
at  aay  temperature  between  32°  and  128°  Fahrenheit  has  been 
deduced  from  the  experiments  of  M.  Grassi  {Comptes  BendtiSy  XIX,  ; 
PkSos.  Mag.,  June,  1851). — Com/pressibility  per  Atmospliere, 


40  (t  +  461")  •  D 

Ty  temperature  in  degrees  of  Fahrenheit  D,  density  of  water  at 
Uiat  temperature  under  one  atmosphere,  the  TnATimnm  density  of 
water  under  the  pressure  of  one  atmosphere  being  taken  as  unity. 
At  the  temperature  of  maximum  density,  39*1  Fahr.,  the  com- 
See  Art  123,  equation  5.  At  the  temperature  of  maximum  density, 
39*1  FaL,  the  compressibility  of  water  per  atmosphere  is  0*00005, 
and  its  modulus  of  elasticity,  20,000  atmospheres,  or  294,000  lbs. 
per  square  incL 

Compressibilities  of  some  Liquids,  per  Atmosphere,  from 

M,  Grasses  experiments. 

Saturated  aqueous  solution  of  nitrate  of  potash, 0*0000306565 

Saturated  aqueous  solution  of  carbonate  of  potash,.... 0*0000303 2 94 

Artificial  sea  water,....' 0*0000445029 

Saturated  aqueous  solution  of  chloride  of  calcium,. ...0*0000 209830 

./£ther, 0*00011137  to  0*000x3073 

Alcohol, 0*00008245  to  0*00008587 

The  compressibility  of  sether  and  alcohol  increases  with  the  pressnre. 

241.  Rig Mlty  Mr  fltfgk— . — A  solid  body,  besides  resisting  change 
of  volume  like  a  liquid,  possesses  also  rigidity,  or  the  property  of 
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resisting  change  of  figure.  As  in  the  case  of  liquids,  the  utmost 
alteration  of  Tolume  of  which  a  solid  body  is  capable  by  any  pressure 
which  can  be  applied  to  it,  is  always  a  very  small  fractioii  of  its 
entire  volume.  The  stresses  at  the  surface  of  a  solid  body  or  particle 
are  not  necessarily  normal^  but  may  have  any  direction,  from  normal 
to  tangential 

242.  ScraiB  aad  Frsctare. — ^In  popular  language  the  words  itrain 
and  stress  are  applied  indifferently  to  denote  either  the  system  of 
forces  at  the  surface  of  a  solid  body  whereby  its  volume  and  figure 
are  altered,  or  the  alteration  of  volume  and  figure  of  the  body  and 
its  parts  thereby  produced.  For  the  sake  of  clearness  in.  scientific 
language,  certain  authors  have  recently  endeavoured  to  appropriate 
the  word  strain  to  the  alterations,  of  what  nature  soever,  in  the 
volume  and  figure  of  a  solid  body  and  of  its  parts,  produced  by 
forces  applied  to  it,  and  the  word  stress  as  formerly  defined.  This 
nomenclatiure  will  be  used  in  the  present  treatise.  Fradbirt  of  a 
solid  occurs  when  a  strain  is  carried  so  fisur  as  to  cause  actual  division 
of  the  solid  into  parts.  The  strains  and  fractures  to  which  a  solid, 
considered  as  a  whole,  is  subject,  may  be  classified  according  to  the 
following  tabla  To  each  land  of  strain  there  corresponds  a  kind 
of  stress ;  being  the  external  force  which  produces  that  strain,  and 
the  equal  and  opposite  force  wherewith  the  solid  resists  that  strain : — 

Strain.  Fractore. 

T       *f  H*     1         (Extension     Tearing. 

°^  ^         (  Compression Crushing  and  deaving. 

I  Distortion     Shearing. 

Transverse. -(Torsion         Wrenclung. 

(  Bending       Breaking  across. 

243.  Porfect  aad  Imperfeet  Etautlcitf.    Ptautlcltj. — ^A  body  is  said 

to  be  perfectly  elastic,  which,  if  strained  at  a  constant  temperature 
by  the  application  of  a  stress,  recovers  its  original  volume,  or  volume 
and  figure,  when  such  stress  is  withdrawn.  Deviations  from  tiiis 
property  constitute  imperfect  doMicity,  Gases,  and  liqmds  perfecUr 
free  from  viscosity,  are  perfectly  elastic. 

The  elasticity  of  every  solid  is  sensibly  perfect  when  the  stxaia 
does  not  exceed  a  certain  limit  This  has  been  proved  to  be  Uie 
case  even  for  solids  so  plastic  as  moistened  clay.  For  every  solid 
there  are  limits,  which  if  a  strain  exceed,  Mf  ,  or  permanent  alteia- 
tion  of  volume  or  figure,  is  produced ,  and  such  limits  of  eUuticU^ 
are  less,  and  often  .considerably  less,  than  the  strains  required  to 
produce  fr^actura  It  has  been,  proved  by  Mr.  Hodgkinson  that 
these  limits  depend  on  the  duration  of  the  strain,  being  less  for  a 
long-continued  strain  than  for  a  brief  strain.   The  dasticity  of  volume 
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ft 

in  solids  is  in  general  much  more  nearly  perfect  than  the  elaaticity 
of  figure.  It  is  tnie  that  the  density  of  many  metals  is  perma- 
nently increased  by  hammering,  rolling,  and  wiredrawing,  and  that 
of  some  other  materials  by  intense  pressure  (Fairbaim ;  Report  of 
the  Brititk  Aswciaticny  1854);  but  the  stresses  which  operate 
doling  these  processes  are  very  great  A  body  which  is  capable  of 
xmdeigoing  great  alterations  of  figure^  and  whose  elasticity  of  figure 
is  very  imperfect,  is  a  plcutic  solid.  .  The  gradations  are  insensible 
between  plastic  solids  and  viscous  liquids,  in  which  there  is  a  resist- 
ance to  diange  of  figure,  but  no  tendency  to  recover  any  particular 
tignre. 

Rise  of  temperatUTe,  so  far  as  we  yet  know,  increases  elasticity  of 
volume  in  all  substances,  and  at  the  same  time  diminishes  the 
amount  and  the  perfection  of  elasticity  of  figure,  so  as  to  make 
solids  more  plastic  and  liquids  less  viscous. 

244.  The  vitiiiMSe  iNMMsih  of  a  solid  is  the  stress  required  to 
produce  fracture  in  some  specified  way.  The  P>— f  SMraigtli  is  the 
stieas  required  to  produce  the  greatest  strain  of  a  specific  kind 
consistent  with  safety ;  that  is,  with  the  retention  of  the  strength 
of  the  material  unimpaired  A  stress  exceeding  the  proof  strength 
of  the  material,  although  it  may  not  produce  instant  fracture,  pro- 
duces firacture  eventually  by  long-continued  application  and  fre- 
quent repetition.  Strength,  whether  ultimate  or  proof,  is  the 
product  of  two  quantities,  which  may  be  called  Toasimcfw  and 
^simmtm.  Toughness,  ultimate  or  proo(  is  here  used  to  denote  the 
greatest  strain  which  the  body  w^  bear  without  fracture  or  with- 
out injury,  as  the  case  may  be  :  stiffness^  which  might  also  be  called 
hardness,  is  used  to  denote  the  ratio  borne  to  ti^at  stiuin  by  the 
stress  required  to  produce  it, — ^being,  in  fact,  a  modulus  of  elasticity 
of  some  specified  kind  MaUeaJble  and  ductile  solids  have  ultimate 
tou^ness  greatly  exceeding  their  proof  toughness.  Brittle  solids 
have  their  ultimate  and  proof  toughness  equal  or  nearly  equaL 

WtriUcace  or  BpHas  is  the  quantity  of  mechcmieal  tcork  required 
to  produce  the  proof  strain,  and  is  equal  to  the,  product  of  that 
strain,  by  the  mecm  stress  in  its  own  <lirection  which  takes  place 
during  tiie  production  of  that  strain, — such  stress  being  either 
exactly  or  nearly  equal  to  one-half  of  the  stress  corresponding  to 
the  proof  strain.  Hence  the  resilience  of  a  solid  is  exactly  or 
nearly  one-half  of  the  product  of  its  proof  toughness  by  its  proof 
ftrength ;  in  other  words,  one-half  of  the  product  of  the  square  of 
its  proof  toughness  by  its  stifihesa 

Each  solid  has  as  many  different  kinds  of  stiffness,  toughness, 
i^trength,  and  resilience  as  there  are  different  ways  of  straining  it, 
as  the  following  table  shows.  In  that  table  pliability  is  used  as  a 
g^enend  term  to  denote  the  inverse  of  stiffnass : — 

T 
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Stream 

Sttaln. 

StifltoeM. 

PUabiUtsr. 

Frwdon. 

fiCxencdk. 

Poll 

Stretching  or 
Extension. 

..« 

Extensihi- 
Uty. 

Tearing. 

Tcoadty. 

Thnut 

Squeezing  or 
Compree- 
sion. 

... 

Gompressibi- 
Uty. 

Crushing. 

••< 

Shearing. 

Distortion. 

••• 

••• 

Shearing. 

••• 

Twisting. 

Twisting  or 
Torsion. 

••• 

•  •• 

Wrenching. 

1 

...    , 

Bending. 

Bending. 

TnmsverBe 
Stififaeas. 

Flexibility. 

Breaking 
Acroaa. 

*•• 

Those  kinds  of  stiffness  and  strength  which  have  no  angle  word  to 
designate  them,  are  called  resistance  to  the  kind  of  strain  or  fiac- 
ture  to  which  they  are  opposed. 

245.  l»eteniitaaii«a  •€  p>— fWtrfgih. — ^It  was  formerly  sappoeed 
that  the  proof  strength  of  any  matenal  was  the  utmost  stress  con- 
sistent with  perfect  elasticity ;  that  is,  the  utmost  stress  which  does 
not  produce  2k  set,  as  defined  in  Article  243.  Mr.  Hodgkinacoi, 
however,  has  proved  that  a  set  is  produced  in  many  cases  by  a 
stress  perfectly  consistent  with  safety.  The  determination  of  proof 
strength  by  experiment  is  now,  therefore,  a  matter  of  some  obscu- 
rity ;  but  it  may  be  considered  that  the  best  test  known  is,  the  not 
prodiusinff  cm  iNCBEAsmo  ssr  by  repeated  application, 

246.  The  w«rkiBg  Streaa  on  the  material  of  a  structure  is  made 
less  than  the  proof  strength  in  a  cei'tain  ratio  determined  by  prao- 
tical  experience,  in  order  to  provide  for  unforeseen  oontingenciea. 

247.  Factwra  m€  Bm£Btf  are  of  three  kinds,  viz. : — the  ratio  in 
which  the  vitimate  strength  exceeds  the  proof  strength,  the  ratio  in 
which  the  tiUvmate  strength  exceeds  the  working  stress,  and  the 
ratio  in  which  the  proof  strength  exceeds  the  working  stress.  The 
following  table  gives  examples  of  the  values  of  those  fisK^rs  which 
occur  in  practice  : — 

UU.  StrengtiL       Ult  Strength.     Proof  Screa^ik 


Strongest  steel, 

Ordinary  sted  and  wr.  iron,  steady  load, 
"  "  moving  load| 

Wrought  iron  boilersi 

Cast  iron,  steady  load, 

"        moving  load, 

Timber;  average, 

Stone  and  brick, 


Working  Stresi. 

1* 

•  •• 

2 

8 

•  •  • 

4to6 

2 

8 

2to8 

8to4 

«  •  • 

6  to  8 

8 

10 

about  2 

4tolO,ay.abt8 

2  to8 

4 

aboatlj 

2  tD3 

H 
av.  about  4 
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24&  l»lytol«i  m€  the  HathoMUical  Theurj  •f  Sbutlcity. — ^The 
theory  of  the  elasticity  of  solids  has  been  reduced  to  a  body  of 
mathematiecU  prmciplea  applicable  to  those  cases  in  which  the 
strains  of  the  particles  of  the  body  are  so  small^  that  quantities 
in  the  stresses  depending  on  the  squares,  products,  and  higher 
powers  of  the  strains  may  be  neglected  without  appreciable  error, 
tnd  thaty  consequently,  Hockis  Lam — "m<  temio'Sic  vw" — is  sen- 
sibly true  for  all  relations  between  strains  and  stresses.  This  con- 
dition is  fulfilled  in  nearly  all  cases  in  which  the  stresses  are 
within  ihe  limits  of  proof  strength — the  exceptions  being  a  few 
sabetanoes^  very  pliable,  and  at  the  same  time  very  tough,  such  as 
caoutchouc.  The  mathematical  theory,  as  thus  limited,  consists  of 
three  parts,  viz.,  the  resolution  and  composition  of  stresses,  the 
iCBoIution  and  composition  of  strains,  and  the  relations  between 
strains  and  stresses.  The  resolution  and  composition  of  stresses 
has  already  been  fully  discussed  in  Part  I.,  Chapter  Y.,  Section  3. 

249.  ■■■■■■Him  wnd  Cotpeaittoa  of  Smins^ — Let  a  solid  of  any 
fignre  be  conoeiYed  to  be  ideally  divided  into  a  nimiber  of  inde- 
finitely smaU  cubes  by  three  series  of  planes  parallel  respectively 
to  three  co-ordinate  planes.  Each  such  elementary  cube  is  dis- 
tingoiahed  by  means  of  the  distances,  x,  y,  z,  of  its  centre  from  the 
three  oo-ordmate  plane&  If  the  solid  be  strained  in  any  manner, 
each  of  the  elementary  cubical  particles  will  have  its  dimensions 
ftnd  figure  changed,  and  will  become  a  parallelepiped,  which  may 
be  ri^t  or  oblique — its  size  being  conceived  to  be  so  small,  that 
the  curvature  of  its  &ces  is  inappreciable.  The  simvple  or  demenia/ry 
strains  of  which  a  particle,  cubical  in  its  free  state,  is  susceptible, 
are  six  in  number,  viz. : — three  Umgiifudiiud  or  direct  strains,  being 
the  three  proportional  variations  of  its  linear  dimensions,  which  are 
elongations  when  positive,  and  compressions  when  negative ;  and 
three  transverse  strains,  being  the  thi-ee  distortionSy  or  variations  of 
^e  angles  between  its  faces  from  right  angles,  which  are  considered 
as  positive  or  negative  according  to  some  arbitrary  but  fixed  rule, 
and  are  expressed  by  the  proportions  of  the  arcs  subtending  them 
to  radiu&  When  the  values  of  those  six  strains  for  every  particle 
ue  expressed  by  functions  of  the  co-ordinates,  x,  y,  z,  the  state  of 
strain  of  the  solid  is  completely  expressed  mathematically.  The 
six  elementary  strains,  in  the  cases  to  which  the  theory  is  limited, 
are  very  smaU  fractions. 

The  method  of  reducing  the  state  of  strain  of  the  solid  at  a  given 
point,  as  expressed  by  a  system  of  six  elementary  strains  relatively 
to  one  system  of  rectangular  axes,  to  an  equivalent  system  of  six 
elementaiy  strains  relatively  to  a  new  system  of  rectangular  axes, 
is  founded  on  the  following  theorem.  Let  «,  /3,  y,  be  the  longitu- 
(iinal  strains  of  the  dimensions  of  a  given  particle  along  x,  y,  z, 
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X,  ^,  y,  the  distortions  of  its  angles  in  the  planes  y  Zj  zx,  xy.  Con- 
ceive the  sur&ce  of  the  second  order  whose  equation  is 

»aj*  +  /3^  +  ya*  +  y^yz-^  (Azx  -¥  wxy  z=\. 

Transform  this  equation  so  as  to  refer  the  same  sur&ce  to  the  new- 
axes  of  co-ordinates;  the  six  co-efficients  of  the  transformed  equa- 
tion will  be  the  elementary  strains  referred  to  the  new  axesi 
Other  ways  of  resolving  strains  have  been  pointed  out  by  Professor 
W.  Thomson,  Oawhridge  and  DiMin  Maihamatioal  Jourrud^  May, 
1855. 

The  sum  of  the  direct  strains  « -i-  /3  +  y  represents  the  cubic  dila- 
tation of  a  particle  when  positive^  and  the  cubic  compression  whoi 
negative.  The  state  of  strain  of  a  transparent  body  may  be  ascer- 
tained experimentally  by  its  action  on  polarized  light.  On  this 
subject  experiments  have  been  made  by  Fresnel,  Sir  D.  Brewster, 
M.  Wertheim,  and  Mr.  Clerk  Maxwell 

250.  JDispiBc«iiiCBti. — ^Let  I,  9,  iy  be  the  projections,  parallel  to 
Xf  y,  Zj  respectively,  of  the  dispiacemeTU  of  a  particle  in  a  strained 
solid  from  its  position  when  the  solid  is  free,  expressed  aa  functions 
of  a?,  y,  «.     Then 


di 
'-dx' 

/3  = 

dn 
dy 

;  y  = 

'dz' 

dy 

dn 
dz' 

H-' 

di 
dz 

di 
dx' 

t 

df 
da. 

■ 

di 
dy 

251.  AnalogT  «f  mnmtm  wnd  Sttmlmk — It  has  been  shown  in 
Article  104,  that  the  elastic  forces  exerted  on  and  by  an  originally 
cubical  particle,  which  constitute  the  state  of  stress  of  the  solid  at 
the  point  where  that  particle  is  situated,  may  be  resolved  into  six 
defnentary  stresses j  viz.: — three  normal  stresses,  perpendicular  re- 
spectively to  the  three  pairs  of  faces,  and  tending  directly  to  alter 
the  three  linear  dimensions  of  the  particle — and  three  pairs  of 
tangential  stresses  acting  along  the  double  pairs  of  faces  to  which 
they  are  applied,  and  tending  directly  to  alter  the  angles  made  by 
such  double  pairs  of  facea  To  reduce  the  state  of  stress  at  a  given 
point  expressed  by  a  system  of  six  elementary  stresses  referred  to 
one  system  of  rectangular  co-ordinates  to  an  equivalent  system  of 
elementary  stresses  referred  to  a  new  system  of  rectangular  co-ordi- 
nates, equations  have  been  given  in  Articles  105,  106,  107,  108, 
109,  and  112.  The  whole  of  those  equations  are  virtually  compre- 
hended imder  the  following  theorem: — Let  p„,  p^  p„,  be  the 
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three  nomial  sta^eses,  and  p^  p,„  p^,  the  tliree  tangential  stresses; 
conceive  the  sur&oe  'whose  equation  is 

Pmm^  +  Pmt^  +  Pm»^  +  2;>,,y«  +  2p,,zx  +  2p^xy  =  ]. 

Transfonn  this  equation  so  as  to  refer  the  same  surface  to  the  new 
set  of  axes  ;  the  six  co-efficients  of  the  transformed  equation  will 
be  the  six  elementary  stresses  referred  to  the  ilew  axe&  For  the 
complete  inyestigation  of  this  subject,  see  M.  Lamp's  Lemons  sur  la 
Theorie  nuUhemaUque  de  miagHcite  dea  Corps  solideSy  Paris,  1852. 
The  above  equation  is  tranformed  into  the  equation  of  Article  249 
by  sabstitutiBg  respectively  «,  /3,  y,  ?^,  ft,  >,  for  p^^^  p^  />„,  2j[>,„ 
2p^  2p^;  and  by  making  corresponding  substitutions  in  all  the 
equations  of  Articles  105,  106,  107,  108,  109,  and  112,  they  are 
made  applicable  to  strains  instead  of  stresses. 

252.  The  p«mrttel  iBmergr  •€  Kiwrticity  of  an  originally  cubic 
particle  in  a  given  state  of  stitdn  is  the  work  which  it  is  capable  of 
performing  in  returning  from  that  state  of  strain  to  the  free  state ; 
and  is  the  product  of  the  volume  of  the  particle  by  the  following 
fimctian : — 

This  function  was  first  employed  by  Mr.  Green,  Cambridge  Tra/ns- 
aetionSf  voL  viL 

253.  r«  iJififrt  mi  MimmUUf* — According  to  Hooke's  Law,  each 

of  the  six  elementary  stresses  may,  without  sensible  error,  be 

treated  as  a  linear  function  of  the  six  elementary  strains,  each 

multiplied  by  a  particular  co-^fftcient  or  modidita  o/dasticUy.     By 

expressing  all  the  stresses  in  terms  of  the  strains,  the  potential 

energy  U  is  transformed  into  a  homogeneous  quadratic  function  of 

the  six  elementary  strains,  which  must  have  twenty-one  terms, 

and  consequently  twenty-one  co-efficients,  multiplying  respectively 

the  six  half-squares  and  the  fifteen  binary  products  of  the  six  ele- 

1  .  . 

mentary  strains.     The  co-efficient  of  -  «'  in  TJ  is  that  of  «  in 

p„  3  the  co-efficient  of  « /3  in  U  is  that  of  ain  p„  and  also-  that  of 
fimp„;  and  so  on. 

254.  c»  iMtiiuMia  •€  PUabOitf. — ^According  to  Hooke*s  Law  also, 
each  of  the  six  elementary  strains  may  be  treated,  without  sensible 
error,  as  a  linear  function  of  the  six  elementary  stresses,  so  as  to 
transform  TJ  to  a  homogeneous  quadratic  function  of  the  elemen- 
tary stresses  p,^  Ac,  having  twenty-one  terms,  and  twenty-one  co- 
efficients expressing  different  kinds  of  pliability.  The  word  "  plia- 
bility" is  here  used  in  an  extended  sense,  to  include  liability  to 
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alteration  of  figure  of  eveiy  kind,  whether  by  elongation,  linear 
compression,  or  distortion. 

Co-efficients,  whether  of  elasticity  or  of  pliability,  may  be  thus 
classified : — Direct^  or  longiktdinaly  when  they  express  relataons 
between  longitudinal  strains,  and  normal  stresses  in  the  same 
direction;  Icieral,  when  they  express  relations  between  longitu- 
dinal sti-ains,  and  normal  stresses  in  directions  at  right  angles  to 
the  strains ;  transverse,  when  they  express  relations  between  dis- 
tortions, and  tangential  stresses  in  iJie  same  direction ;  oblique, 
when  they  express  any  other  relations  between  strains  and  stresses. 

255.  An  Asia  9t  EiaaUctty  is  any  direction  in  a  solid  body,  with 
respect  to  which  some  kind  of  S3rmmetiy  exists  in  the  idiatiaDs 
between  strains  and  stresses.  An  axis  of  direct  dasUcity  is  a  direc- 
tion in  a  solid  body,  such  that  a  longitudinal  strain  in  that  dirsG- 
tion  produces  a  normal  stress,  and  no  tangential  stress  on  a  plane 
normal  to  that  direction.  Every  such  axis  is  a  direction  of  maxi- 
mum or  minimum  direct  elasticity  relatively  to  the  directioDS 
adjacent. 

By  the  aid  of  the  calculus  of  forms,  and  of  an  improvement  in 
the  geometry  of  oblique  co-ordinates,  it  has  been  shown  that  every 
homogeneous  solid  must  have  at  least  three  axes  of  direct  elasticity, 
which  may  be  rectangular  or  oblique  with  respect  to  each  other, — 
that  the  number  of  such  axes  increases  as  the  symmetiy  of  tbe 
action  of  elastic  forces  becomes  greater, — and  that  their  various 
possible  arrangements  correspond  exactly  with  those  of  tbe  normals 
to  the  faces  and  edges  of  tiie  various  primitive  crystalline  forms 
{FhU.  Trans.,  1856-7). 

256.  In  an  laocMpie  or  ABi«rph«as  Solid  the  action  of  elastic 
forces  is  alike  in  all  directions.  Eveiy  direction  is  an  axis  of  elas- 
ticity. The  co-efficients  of  oblique  elasticity  and  oblique  pliability 
are  all  nulL  The  number  of  different  co-efficients  of  elasticiiy,  and 
of  different  co-efficients  of  pliability,  is  three.  The  following  nota- 
tion and  equations  show  their  relations  to  each  other : — 

JElasticities, 

^^ ^  =  a^3|^; 

Lateral, B=  -; = — Tmi 

Transverse, C  =  — ^ — j 

Elasticity  of  volume, 1_Ah-2B 

t^  3 
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Pliabilities. 
Direct, a  = 


A»  +  AB-2B-' 

(otherwise,  the  extensibility.) 

B 


Lateral, h  = 


A*  +  AB-2B»' 


Transverse, c  =  ^  =  2(a  +  i); 

Cubic  compressibility, tl  =  3a  — 6ii. 


257.  H««lafaH  •r  Bfauiicltj. — The  quantity  to  which  the  term 
*^ modulus  of  dastidJty^  was  first  applied  by  Dr.  Young,  is  the 
recipirocal  of  the  extensibility,  or  longitudinal  pliability;  that  is 
to  say, 

B=1=A-^^ 


8""         A-fB- 

This  quantity  expresses  the  ratio  of  the  normal  stress  on  the  trans- 
verse section  of  a  bar  of  an  isotropic  solid  to  the  longitudinal 
strain,  only  token  the  ha/r  is  perfectly  free  to  vary  in  its  transverse 
dimeTuionSy  but  not  under  other  circumstances.  The  values  of 
Young's  modulus  have  been  determined  experimentally  for  almost 
eveiy  solid  substance  of  importance,  and  a  table  of  them  is  given 
at  the  end  of  the  volume. 

258.  Kzawpic*  •f  c^-^mcUmta, — The  only  complete  sets  of  co- 
efficients of  elasticity  and  pliability  which  have  yet  been  computed 
are  those  for  brass  and  crystal,  deduced  from  the  experiments  of 
M.  Wertheim  (Aimales  de  Chvmie,  3d  series,  voL  xxiii),  and  are  as 
foUows — ^the  unit  of  pressure  being  one  povnd  on  the  sqwvre  inch : — 

BnsB.  Crystal. 

A 22,224,000  8,522,600. 

B 11,570,000  4,204,400. 

C 5;327>ooo  2,159,100. 

r 15,121,000  5,643,800. 

1 

- 14,300,000  5,746,000. 

B 

a 0*0000000699 0-0000001740. 

b 0*0000000239 0*0000000575. 

( 0*0000001877 0*0000004631. 

ti 0-0000000661 0*0000001772. 
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'     259.   The  C»«Bcna  ProMeni  •Ttte  ItttcnMl  E«iUllkitaM  mtmrn 

tic  Solid  is  this  : — Given  the  free  form  of  a  solid,  the  valnes  of  its 
co-efficients  of  elasticity,  the  attractions  acting  on  its  particles,  and 
the  stresses  applied  to  its  surfiause  :  to  find  its  change  of  form,  and 
the  strains  of  aU  its  particles.  This  problem  is  to  be  solved,  in 
general,  by  the  aid  of  an  ideal  division  of  the  solid  (as  already 
described)  into  molecules  rectangular  in  their  free  state,  and  re- 
ferred to  rectangular  co-ordinates.  For  isotropic  solids,  some  par- 
ticular cases  are  most  readily  solved  by  means  of  spherical,  cylin- 
drical, or  otherwise  curved  co-ordinates.  The  general  equation  of 
internal  equilibrium  in  a  solid  acted  on  by  its  own  weight-^  has 
already  been  given  in  Article  116,  equation  2.  If,  in  that  equa- 
tion, l^e  values  of  the  stresses  in  terms  of  the  strains,  expressed,  as 
in  Article  250,  in  terms  of  the  disjplacemerUa  of  the  partidea,  be 
introduced,  equations  are  obtained,  which  being  int^rated,  give 
the  displacements,  and  consequently  the  strains  and  stresses.  The 
general  problem  is  of  extreme  complexity ;  but  the  cases  which 
occur  in  practice,  and  to  which  the  remainder  of  this  chapt^  re- 
lates, can  genei-ally  be  solved  with  sufficient  accuracy  by  oompani- 
tively  simple  approximate  methods.  Most  of  those  approximate 
methods  are  analogous  to  the  '^method  of  sections"  described  in 
its  application  to  framework  in  Article  161.  The  body  under 
consideration  is  conceived  to  be  divided  into  two  parts  by  an  ideal 
plane  of  section ;  the  forces  and  couples  acting  on  one  of  l^ose 
two  parts  are  computed,  and  they  must  be  equal  and  opposite  to 
the  forces  and  couples  resulting  from  the  efnUre  stress  at  the  ideal 
sectional  plane,  which  is  so  found.  Then  as  to  the  distrUnUion 
of  that  stress,  direct  and  shearing,  some  law  is  assumed,  which  if 
not  exactly  true,  is  known  either  by  experiment  or  by  theory,  or 
by  both  combined,  to  be  a  sufficiently  close  approximation  to  the 
truth. 

Except  in  a  few  comparatively  simple  cases,  the  strict  method 
of  investigation,  by  means  of  the  equations  of  internal  equilibrium, 
has  hitherto  been  used  only  as  a  means  of  determining  whether  the 
ordinary  approximative  methods  are  sufficiently  dose. 

Segtiok  2. — On  Rdationa  between  Strain  and  Stress, 

260.  EUipM  •£  Strata.— -In  Articles  249,  251,  252,  253,  254, 
256,  and  257,  of  the  preceding  section,  certain  general  prindples 
respecting  the  relations  amongst  strains,  and  the  analogies  and 
other  relations  between  strain  and  stress,  are  stated  without  a 
detailed  demonstration.  In  the  present  section  the  more  simple 
cases  of  those  principles,  to  which  there  will  be  occasion  to  refer  in 
"^he  sequel,  are  to  be  demonstrated 
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Fig.  111. 


Let  a  solid  body  be  supposed  to  tindergo  a  strain,  or  small 
alteration  of  dimensions  and  figure,  of  such  a  nature  that  all  the 
diflplaoements  of  its  particles  from  their 
original  positions  are  parallel  to  one 
pleme;  and  let  that  plane  be  repre- 
sented by  the  plane  of  the  paper  in 
%.  114.  In  the  first  instance,  let  the 
state  of  strain  of  the  body  be  uniform 
throughout;  that  is,  let  all  parts  of  the 
body  which  originally  were  equal  and 
similar  to  each  other,  continue  equal  i\ 
and  similar  to  each  other  notwithstuid- 
ing  their  alteration  of  dimensions  and 
figure. 

Round  any  centre  O,  with  the  radius 
imUy,  let  a  circle  be  traced  amongst  the 
particlesofthe body, BOA F.   i^cause 
of  the  uniformity  of  the  strain,  this 
cirde  wiU  be  changed  into  a  parallel 
projection  of  a  circle;  that  is,  into  an 
ellipse.    Let  b  c  a/  be  that  dlipse,  and  O  a 
and  06  its  senu-axes,  the  body  being  so  placed 
in  its  strained  condition  that  the  central  par- 
tide  0  may  remain  unchanged  in  position,  in 
order  that  the  circle  and  ellipse  may  be  the 
mote  eamly  compared.   Then  the  particle  which 
vas  at  A  is  diisplaced  to  a,  and  the  particle 
which  was  at  B  is  displaced  to  6;  and  particles 
vbich  were  at  points  in  the  circle,  such  as  0 
And  F,  are  displaced  to  corresponding  points 
in  the  ellipse,  such  as  c  andy! 

In  the  direction  O  A,  the  body  has  undergone  the  extension 

Aa  =  «; 
and  in  the  direction  O  B,  at  right  angles  to  O  A,  the  extension 

B6=/8; 

and  the  combination  of  those  two  extensions  or  elementary  direct 
strains,  in  rectangular  directions,  constitutes  the  state  of  strain  of 
the  body  parallcd  to  the  given  plane;  that  state  of  strain  being 
completely  known,  when  «,  fi,  and  the  directions  of  the  pair  of 
rectangular  aaoea  o/stra/iin  O  A,  OB,  are  known. 

One  or  both  of  the  elementary  strains  might  have  been  compres- 
cive,  instead  of  tensile,  in  which  case  one  or  both  of  the  quantities  de- 
noting them  would  have  been  negative^  to  express  diminution  of  size. 


Fig.  116. 
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A  square  whose  sides  are  umty,  and  parallel  to  O  A  and  O  B, 
being  traced  amongst  the  particles  of  the  body  in  the  free  state,  is 
converted  by  the  strain  into  a  rectangle  whose  sides  are  1  +  «  and 
1  +  /S,  and  still  parallel  to  0  A  and  O  R 

Let  it  now  be  required  to  express  the  state  of  strain  of  the  body 
with  reference  to  two  new  rectangular  axes,  O  C  and  O  F,  that  is 
to  say,  to  find  the  alterations  of  dimensions  and  figure  prodnoed  by 
the  strains  on  a  figure  originally  square,  described  on  O  O  and  O  F. 

Let  X  =  (TX,  y  =  OY,  be  the  original  co-ordinates  of  O,  and  af 

=  OX',  3/  =  OY',  those  of  F;  and  let  the  angle  A  OC  =  90*  — 
A  O  F  =  ^.     Then 

a;  =  cos  ^  =  —  y 

y  =  sin  #  =  ar. 

Also,  Ieta5  +  €  =  YD,  y  +  i!=:OY  +  Dc,  be  the  oo-ordinates  of 

c,Jhe  new  position  of  C;  and  let  a^  +  f  =  Y'G,  f/  +  ^=zOY"  + 

G/f  be  the  co-ordinates  of  ^^  the  new  position  of  F.  Thai  because 
of  the  uniformity  of  the  strain,  the  eomponerU  displacemenis  i,  «,  £", 
9f,  have  the  following  values : — 


(1.) 


g=OD  =  'ia;  =  ttcoB^; 
n  =  Dc  =  /Sy  =  /3sin  ^; 
S  ==  FG  =  «a/r=»y=:«sin^; 
.*' =  G7=/8j/=  -^008^. 

O  c  and  O/are  the  sides  of  the  oblique  parallelogram  into  whidi 

the  square  on  00  and  OF  has  been  transformed  by  the  strain. 
The  relations  between  the  new  and  the  original  figure  are  distin- 
guished into  two  direct  strains  and  a  distortion,  in  the  fi^llowing 
manner : — 

From  c  let  fisJl  c  M  perpendicular  to  O  0  M;  and  from/  let  fiJl 
/N  perpendicular  to  O  F  N.    Then 

«'  =  0  M  is  the  extension  of  O  C; 

/y  =  FN  is  the  extension  of  OF; 

and  1^  =  c  M  +/N  is  the  dislortion  or  deviation  from  rectui- 
gulanty ;  and  the  values  of  those  three  new  elementary  strains, 
relatively  to  the  pair  of  axes  which  make  the  angle  ^  with  the 
principal  axes  O  A,  O  B,  in  terms  of  the  prmdpal  demeniary 
«,  fi,  aro  as  follows  : — 
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mf  =  ieoe$  +  nwi3  =  a  cos'  3  +  $  sin'  ^  j  ' 
fit  =:S  an^  —  «'oo8^  =  «  sin' 3  +  fi  cos' ^; 
i^  =  €Bm^  —  «co8^+fco8^  +  i/sin^ 
=  2  («  —  /3)  cos  ^  sin  ^. 


....(2.) 


Those  three  equations  are  exactly  analogous  to  the  equations  3 
and  4  of  Article  112,  from  which  they  may  be  formed  by  substituting 
•  for  p„  and  fi  for  p,  in  both  equations;  and  then,  in  the  first  place, 

••  for^^  and  i  for  asn;  in  the  second  place,  fif  forp^  and  (90°  —  ^ 

for  a;  91^  and  in  the  third  place,  /  for  p^  and  #  for  a;  n. 

This  illuBtrates  the  general  principle  of  analogy  of  stresses  and 
stimins  stated  in  Article  251.  That  principle  is  further  illustrated 
by  tiie  foUowing  geometrical  construction  of  the  preceding  problem. 

In  fig.  115,  make  o  a  =  »,  o  6  =  /3,  and  draw  the  ellipse  b  c  a/,  and 
the  drcnmscribing  circle  0 a F.  Let  .^^ao  C  =  0,  and  let  o  F  be 
perpendicolar  to  o  C,  so  that  those  lines  represent  the  direction  of 
the  new  rectangular  axes,  to  which  the  strain  composed  of  »  and  fi 
is  to  be  referred.  Draw  C  c,  ¥/,  parallel  to  ob,  cutting  the  ellipse 
in  e  andy^  from  which  points  respeddyely  draw  c  m  -i-  o  C,  and/N 
J-oF.     Then 

Ofnz=m',  onz=:fi,2  cm:=  2/n  =  >', 

are  the  oomponente  of  the  strain,  referred  to  the  new  axes;  and  the 
ellipse  of  strain  b  e  af  is  analogous  to  the  dlipss  of  stress  of  Article 
112. 

The  results  of  the  preceding  inTCstigation  are  applicable  not  only 
to  an  uniform  state  of  strain,  but  to  a  state  of  strain  vaiying  from 
point  to  point  of  the  body,  provided  the  variation  is  continuous,  so 
that  it  shall  be  possible,  by  diminishing  the  space  under  considera- 
tion, to  make  the  strain  within  that  space  deviate  from  uniformity 
by  less  than  any  given  deviation. 

261.  KllipMM  •r  flmdik — ^A  strain  by  which  the  size  and  figure 
of  a  body  are  altered  in  three  dimensions  may  be  represented  in  a 
manner  analogous  to  that  of  the  preceding  Article,  by  conceiving  a 
sphere  of  the  radius  unity  to  be  transformed  by  the  strain  into  an 
ellipsoid,  and  considering  the  displacement  of  various  particles, 
from  their  original  places  in  the  sphere,  to  their  new  places  in  the 
ellipsoid.  The  three  toes  of  the  ellipsoid  are  the  principal  axes  of 
strain,  and  their  extensions  or  compressions,  as  compared  with  the 
ooincident  diameters  of  the  sphere,  are  the  three  principal  elementary 
strains  which  compose  the  entire  strain.  It  is  by  this  method,  which 
it  is  unnecessary  here  to  give  in  detail,  that  the  general  principles 
stated  in  Articles  249  and  251  are  arrived  at 


284  THEOJIT  OF  afTRUCTUlUESL 


two  principal  elementary  strains  in  one  plane  be  of  equal  magnitade, 
but  opposite  kinds ;  that  is,  supposing  the  strain  in  fig.  114  along 
O  A  to  be  an  extension,  »,  let  the  strain  along  O  B  be  a  compression, 
/3  =  —  «.  The  ellipse  iriU  £bJ1  beyond  the  circle  at  A,  and  as 
much  within  it  at  B,  and  will  cut  it  at  an  intermediate  iioint  near 
the  middle  of  each  quadrant 

Take  a  pair  of  new  axes  bisecting  the  right  angles  betweoi  the 
original  axes ;  that  is,  let  ^  =  45"^;  then  the  equations  2  of  Article 
260  give  the  following  result : — 

«'  =  0;  /9r=0;  *'  =  2«; (1.) 

that  is  to  say,  an  extensum,  and  an  equal  compression,  along  apair 
o/redangular  axeSy  are  egruivalent  to  a  simple  distortion  rdaUvefy  to 
a  pair  o/cuoes  making  angles  of  45^  vnih  the  original  axes;  a/nd  the 
amount  of  the  distortion  is  double  that  qf  either  of  the  tmo  direet  «6noow 
tohich  compose  it;  k  proposition  which  is  otherwise  evident,  by  oon- 
sidering  that  a  distortion  of  a  square  is  equivalent  to  an  elcmgaAioa 
of  one  diagonal,  and  a  shortening  of  the  other,  in  equal  proportions. 
The  body  bdng  isotropic^  or  equally  elastic  in  idl  directions,  let 
A  be  its  direct  and  B  its  lateral  elasticity;  then  the  pair  of  principsd 
strains  «,  /S=  —  «,  will  be  accompanied  by  a  pair  of  principad  stresses 
along  O  A  and  OB  respectively,  given  by  the  following  equations : — 

alongOA,p,  =  A«  +  B/8  =  (A  -  B)«; 

0B,;?,  =  B«  +  A/3  =  (B-A)«=-  p,; (2.) 

that  is  to  say,  there  will  be  a  ptdl  along  O  A,  and  an  equal  thrust 
cUong  OB. 

It  has  already  been  proved,  in  Article  111,  that  snch  a  pair  of 
principal  stresses,  of  equal  intiensities  and  opposite  kinds,  are 
equivalent  to  a  pair  of  shearing  stresses  of  the  same  intensity  on  a 
pair  of  planes  making  angles  of  45°  with  the  axes  of  principal 
stress;  or  taking  |?|  to  represent  the  intensity  of  the  shearing  stress 
on  each  of  a  pair  of  planes  normal  to  the  new  pair  of  axes, 

i?,  =  ;?.  =  (A-B)«; (3.) 

but  if  0  be  the  co-efficient  of  transverse  elasticity  of  the  substance, 
we  have  also 

P.  =  C>; (4.) 

and  cansequentlj-,  for  an  iaotropic  substance, 

C=— 2-' (5) 
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or  the  tranaverae  eUuUeily  is  half  the  difference  of  tlie  direct  and  lateral 
elasUcities. 

This  is  the  demonstration  of  a  principle  already  stated  in  Article 
356.  The  corresponding  principle  for  pliabilities,  viz.  : — ^that  tho 
traneveree  pliabilUy  is  tmce  the  sum  of  the  direct  and  lateral  extensi- 
bUilieif  is  demonstrated  by  a  similar  process,  of  which  the  steps  may 
be  briefly  stunmed  as  follows  : — 

fi:=up,^bp,  =  —  {u  +  i)p,  =  —  »; 
.•.•^'  =  2«  =  2(8  +  fc)p,  =  2(a  +  h)^.  =  c;)„ 

.•.c  =  2(a  +  b).— Q.  R  D (6.) 

263.  C^aMe  BiMiicitsr. — If  the  three  rectangular  dimensions  of  a 
body  or  particle  are  changed  in  the  respective  proportions  1  +  «, 
1  +  /B,  1  +  y,  its  volume  is  altered  in  the  proportion 

(l  +  .)(l  +  /S)(l+y); 

and  when  the  elementary  strains  «,  /9,  y,  are  very  small  fractions 
this  is  sensibly  equal  to 

l  +  «  +  /3  +  y. 
Consequently,  as  in  Article  249, 

«  +  /3  +  y 

may  be  called  the  cubic  ttrain^  or  alteration  of  volume. 

In  an  isotropic  substance,  the  three  rectangular  direct  stresses 
which  accompany  those  three  strains  are 

;>«  =  Atf  +  B(/3  +  y);  X 

p„  =  A^  +  B(y  +  «);  I  (1.) 

The  third  part  of  the  sum  of  those  stresses,  which  may  be  called  the 
niaciA  direct  etrees,  has  the  following  value  : — 

Pil±PTt±PiiJA±l^.{»  +  fi  +  y); (2.) 

o  o 

The  co-efficient  contained  in  this  expression,  being  the  ratio  of  the 
mean  direct  stress  to  the  cubic  strain,  is  the  cidxic  dastidti/y  or 
daeticity  of  volume,  already  mentioned  in  Aiiicle  256,  its  reciprocal 
being  the  cubic  compresnbility. 

264.  Ft«M  EUuticify. — ^The  distinction  between  solids  and  fluids 
ia  well  illustrated  by  applying  to  flmds  the  equations  of  Articles  262 
and  263.  Fluids  offer  no  resistance  to  distortion,  that  is,  they  have 
no  transverse  elasticity;  therefore  for  them 

C  =  — ■;;^=:0;  or  A  =  R 
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a 

Inti*oduciDg  this  into  the  equations  1  and  2  of  Article  263,  we  find 

and  the  cubic  elasticity 

A  +  2B 
— 3— =  R 

The  equality  of  the  pressures  in  all  directions  at  a  given  point  in  a 
fluid  has  already  been  proved  by  another  process  in  Article  110. 

The  equations  of  Article  256  show  the  pliabilities  of  a  perfect 
fluid  to  be  infinite,  with  the  exception  of  the  cubic  oompresmlMlily, 

which  is  ^  • 

Section  3. — On  Eesistcmce  to  Stretching  and  Tearing. 

265,  stunieM  Mid  scrcBpUi  •€  a  Tie-Bar. — If  a  cylindrical  or 
prismatic  bar,  whose  cross  section  is  S  (as  in  Article  97,  fig.  46),  be 
subjected  to  a  pull  whose  resultant  acts  along  the  axis  of  figure  of 
the  bar,  and  whose  amount  is  P,  the  intensity  of  the  pull  will  be 
uniform  on  each  cross  section  of  the  bar,  and  will  have  the  value 

p=l" <i) 

This  direct  stress  will  produce  a  strain,  whose  principal  element 
will  be  a  longitudinal  extension  of  each  unit  of  length  of  the  bar, 
of  the  value 

a  =  ap=| (2.) 

where  a  denotes  the  direct  exteneibUity,  and  E  its  reciprocal,  the 
wjodvhia  of  dasticily,  or  co-efficient  of  resistance  to  stretching^  as 
explained  in  Articles  256  and  257. 

Let  X  denote  the  length  of  the  bar,  or  of  any  portion  of  it,  in  the 
free  or  unloaded  state;  that  length,  under  the  tension  p^  becomes 
(1  +  «)  a:. 

The  co-efficient 

is  nearly  con^stant  until  p  passes  the  limit  of  the  proof  stress;  bot 
after  that  limit  has  been  passed,  that  co-efficient  diminishes ;  that 
is  to  say,  the  extension  «  increases  faster  than  the  intensity  of  the 
stretching  force  p,  until  the  bar  is  torn  asunder. 

The  iMmate  strength  of  the  bar,  or  the  total  pull  required  to 
tear  it  instantly  asunder — the  proof  strength,  or  tiie  greatest  pull 
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of  which  it  can  safely  bear  the  long-continned  or  repeated  applica- 
tion— and  the  warkmg  locul — are  computed  by  means  of  the  formula 

p=/,orP=/S, (3.) 

wherey  represents  the  uUimcUe  tenacity,  the  proof  tenacUyy  or  the 
working  stress,  as  the  case  may  be. 

The  toughness  of  the  bar,  or  the  extension  corresponding  to  the 
proof  load,  is  given  by  the  formula 

-  =  !' (*•) 

wherey  is  Hhe  proof  tenacity. 

266.  The  liciiiiffurg,  or  uprtag  of  the  bar,  or  the  work  performed 
in  stretching  it  to  the  limit  of  proof  strain,  is  computed  as  foUows : 
— X  being  the  length,  as  before,  the  elongation  of  £h.e  bar  under  the 
proof  load  is 

fx 

the  force  "which  acts  through  this  space  has  for  its  least  value  0,  for 
its  greatest  value  P  =:/S,  and  for  its  mean  value  ^ ;  so  that  the 
work  performed  in  stretching  the  bar  to  the  proof  strain  is 

/3   fx       r    Saj 


.(1.) 


2  •  E  ■"  E  •  2    

The  co-efficient  ~,  by  which  one-half  of  the  volume  of  the  bar  is 
multiplied  in  the  above  formula,  is  called  the  Modulus  of  Kesi- 

UENCE. 

267.  WmM^m  Pall. — A  pull  of  •^,  or  one-li^f  of  the  proof  load, 

being  suddenly  applied  to  the  bar,  will  produce  the  entire  proof 

strain  of  ^,  which  is  produced  by  the  gradual  application  of  the 
ill 

proof  load  itself;  for  the  work  performed  by  the  action  of  the  con- 

/S 
stant  force  ~  through  a  given  space,  is  the  same  with  the  work 

performed  by  the  action,  through  the  same  space,  of  a  force  increas- 
ing at  an  uniform  rate  from  0  up  to/S.  Hence  a  bar,  to  resist 
with  safefy  the  sudden  application  of  a  given  pull,  reqmres  to  have 
twice  the  strength  that  is  necessary  to  resist  the  gradual  applica- 
tion and  steady  action  of  the  same  pulL 

The  principle  here  applied  belongs  to  the  subject  of  dynamics, 
and  is  stated  by  anticipation,  on  account  of  its  importance  as 
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respects  the  strength  of  materials.  It  is  the  chief  reason  fur  mak- 
ing the  factor  of  safety  for  a  moving  load  considerably  greater  than 
for  a  steady  load  (see  Article  247). 

268,  A  Table  9£  tke  R«aiataMC«  of  lllaleriaii  ••  SlNCcUa|f  «ad 

TcaHng,  by  a  direct  pull,  in  pounds  per  square  inch,  is  given  at  the 
end  of  the  volume. 

The  tenacity,  or  resistance  to  tearing,  given  in  that  table,  is  in 
each  case  the  lUtvmate  tenacity,  being  the  quantity  aa  to.whidi 
experimental  data  are  most  abundant  and  precise.  The  proof  ten- 
acity and  working  tension,  when  required,  are  to  be  found  by 
dividing  the  ultimate  tenacity  by  the  proper  factors,  according  to 
Article  247. 

The  modulus  of  elasticity  in  each  case  is  given  from  experiments 
made  within  the  limits  of  proof  strain. 

Both  co-efficients,  for  fibrous  substances,  have  reference  to  the 
effects  of  tension  acting  along  the  fibres,  or  "  grain."  Both  the  ten- 
acity and  the  elasticity  of  timber  against  forces  acting  across  the 
grain  are  much  smaller  than  against  forces  acting  along  the  grain, 
and  are  also  of  uncertain  amount,  the  results  of  experiments  being 
few  and  contradictory. 

269.  AddiMMMi  i>attu  —  The  following  are  a  few  experimental 
results  in  addition  to  those  given  in  the  table  : — 

Wdded  joint  of  a  torought  iron  retort. — Ultimate  tena- 
city, by  a  single  experiment,  in  lbs.  per  square  inch,...  30750* 

Iron  wire-ropea. — Strength  in  lbs.,  for  each  lb.  weight  per 

fathom, Ultiniate,    4480- 

Proof,....    2240- 
"Working  load  \  of  ultimate,  or  J  of  proof  strength. 

Hempen  cables. — Ultimate  strength  =(girth  in  inches)*  x  448  lb, 

Leaihem  belts. — ^Working  tension  in  11m.  per  square  inch, 
according  to  Greneral  Morin 285* 

CJiain  cables,  when  the  tendency  of  each  link  to  collapse  is 
resisted  by  means  of  a  cross-bar,  aa  shown  in  fig.  116, 
have  a  strength  per  square  inch  of  cross  section  of  the 
link  equal  to  that  of  the  iron  of  which  they  are  made, 
when  it  is  in  the  form  of  bars. 

270.  The  SireMglh  •€  Blvettcd  Jaiais  of  iron  plates 
is  given  in  the  table,  in  lbs.  per  square  inch  of  seetiim 
ofiheplaJbe,  from  the  experiments  of  Mr.  FairbainL 
The  strength  of  a  double-rivetted  joint  is  seven-t^aths 
of  that  of  the  iron  plate,  simply  because  of  three-tenths 
of  the  breadth  of  the  plate  being  punched  out  in  each 
Fig.  116.  row  of  rivet-holea  The  strength  of  a  single-rivetted 
joint  is  diminished  not  merely  by  the  removal  of  the  iron  at  the 
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liret-liolesy  but  by  the  unequal  distribution  of  the  stresa    Rivetted 
jointB  will  be  further  considered  in  the  sequel 

271.    tmb  h«u«w  crUadcM;  ]i«ucn$  Pipes.  —  Let    q    denote 
the  uniform  intensity  of  the  pressure  exerted  by 
a  flxdd  which  is  corded  within  a  hollow  cylin- 
der of  the  radius  r,  and  of  a  thickness,  t,  which 
is  small  as  compared  with  that  radius.  |(  ^^.r..^]t 

The  demonstration  in  Article  179  shows,  that 
if  we  consider  a  ring,  being  a  portion  of  the  cylin- 
der of  the  length  unUyy  the  tension  on  that  ring 
will  be  Kg.  117. 

^  =  qr, (1.) 

being  the  force  per  unit  of  length  with  which  the  internal  pressure 
tends  to  split  the  cylinder  from  end  to  end. 

The  sectional  area  of  the  ring  imder  consideration  is  t  Then 
assuming,  what  is  very  nearly  correct,  that  the  tension  is  uniformly 
distributed,  the  intensity  of  that  tension  is 

p='t (2.) 

The  ratio  of  thickness  to  radius,  which  a  thin  hollow  cylinder 
requires^  to  fit  it  for  a  given  intensity  of  bursting  j^-essure,  proof 
preBMure,  or  vx>rkmg  pressure,  is  given  by  the  formula 

r"/' ^^J 

ybeing  the  uUimate  tenacity,  the  proof  tension,  or  the  working  ten- 
mon,  as  the  case  may  be. 

It  is  considered  prudent^  in  steam-boilers,  to  make  the  working 
tension  only  one^hih  of  the  ultimate  tenacity.  The  joints  of 
phite  iron  boilers  are  single-ri vetted ;  but  from  the  manner  in 
wrhich  the  plates  break  joint,  analogous  to  the  bond  in  masoniy, 
the  tenacity  of  such  boilers  is  considered  to  approach  more  nearly 
to  that  of  a  double-rivetted  joint  than  that  of  a  single-rivetted  joint. 
Mr.  Fairbaim  estimates  it  at  34,000  lbs.  per  square  inch ;  so  that 
the  values  of  /for  wrought  iron  boilers  may  be  thus  stated : — 

Bursting  tension, 34,000 

Proof  tension, 17,000 

Working  tension, 4,250 

For  CAST  ntOK  water  pipes,  the  working  tension  may  be  made 
one-sixth  of  the  bursting  tension,  which  for  cast  iron,  on  an  aveiage, 
is  16,500  lbs.  per  square  inch ;  that  is  to  say,  the  values  of/ are 

Bursting  tension, 16,500 

Proof  tension  (one-third), 5,500 

Working  tension, 2,750 

u 
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For  steam-pipes,  as  for  steam-boilers,  the  &ctor  of  safety  should  be 
eight. 

272.  TUm  JOL^Xkmw  flpiMNs/ — Let  fig.  117  now  be  oonoeived  to 
represent  a  diametral  section  of  a  thin  hoUow  sphere,  fiUed  witii  a 
fluid  which  presses  from  within  with  the  intensity  q.  The  area  of 
the  fluid  cut  by  the  section  is 

hence  the  whole  force  to  be  resisted  by  the  tenacity  of  the  seotkm 
of  the  spherical  shell  is 

P  =  xyrl (1.) 

The  area  of  the  section  of  the  spherical  shell,  supposing  the  thix^- 
nees  <  to  be  small  as  compared  with  the  radius  r,  is  very  neazly 

S  =  2xr«  j (2.) 

hence  assuming,  what  is  very  nearly  correct^  that  the  tenaioii  is 

uniform,  its  intensity  is 

'=1='^,- -w 

or,  (m^haXfoi  the  tension  round  a  cylindrical  sheU  having  the  same 
internal  pressure,  and  the  same  proportion  of  thickness  to  ndiua  ; 
so  that,  in  these  circumstances,  the  sphere  is  twice  as  strong  as  Hie 
cylinder.        • 

Equation  3  gives  also  the  longUtidinal  tension  in  a  thin  hollo^w 
cylinder,  which,  being  only  one-half  of  the  circumferential  tenaioti 
round  the  cylinder,  does  not  require  to  be  considered  in  practice. 

The  proper  ratio  of  thickness  to  radius  in  a  thin  hollow  sphere 
is  given  by  the  formula 

7-1/ : <^> 

/  being  the  bursting,  proof,  or  working  tension,  according  as  9  is 
the  bursting,  proof,  or  working  pressmre. 

273.  Thick  muomw  CjiimAw* — The  assumption  that  the  dTcum- 
ferential  tension,  or  hoop-tension  as  it  may  be  called,  in  a  boUow 

cylinder  is  uniformly  distributed,  is  approxi- 
mately true  only  when  the  thickness  is  small  as 
compared  with  the  radius ;  for  if  a  ring  of  the 
ot  ]^ — J3i  cylinder  be  conceived  to  be  divided  into  sevend 
concentric  hoops,  one  within  another,  the  tension 
of  the  innermost  hoop  balances  part  of  the  radial 
pressure  of  the  confined  fluid,  so  that  a  dimin- 
Fig.  lis.  ished  radial  pressure  is  transmitted  to  the  second 

hoop,  which  has  therefore  a  less  tension  than  the  first  lioop,  and 

so  on. 
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Equation  2  of  Article  271  gives  the  meam,  hoop-tension  in  a 
thick  as  well  as  in  a  thin  cylinder ;  but  it  is  nqt  the  mean,  but  the 
grtai^A  hoop-tension  (that  is,  the  tension  round  the  inner  sur&oe 
of  the  cylinder),  which  is  limited  by  the  strength  of  the  material 
The  object  of  the  present  investigation  is  to  show  what  law  the 
TBiiaiion  of  hoop-tension  follows,  and  thence,  what  relation  the 
maximum  tension  bears  to  the  fluid  pressure. 

To  make  the  solution  perfectly  general,  it  will  be  supposed  that 
the  cylinder  is  pressed  from  without  as  well  as  from  within.  Let 
fig.  118  represent  a  cross  section  of  the  cylinder;  let  B  denote  its 
external  and  r  its  internal  radiua  Let  ^o  denote  the  fluid  pressure 
from  within,  and  q^  that  from  without;  /^o  ^^^  hoop-tension  at  the 
inner  sur&oe  of  l£e  cylinder,  and  p^  the  hoop-tension  at  the  outer 
aiuikce. 

'  Consider,  as  before,  a  ring  whose  length,  parallel  to  the  axis  of 
the  i^linder,  is  unity.  The  radial  section  of  that  ring,  from  r  to 
R  in  fig.  1 18,  has  to  sustain  the  difference  between  the  total  pressures 
firom  within  and  without,  in  a  direction  perpendicular  to  the  radius 
O  r  R,  on  a  quadrant  bounded  by  that  radius.     That  diflerenoe  is 

go*"  —  ^iBr. 

Conceive  the  ring  to  be  divided  into  an  indefinite  number  of  con- 
csentrie  hoops,  each  of  the  thickness  dr,  and  exerting  a  tension  of 
tbe  intensity  jp;  then  the  total  hoop-tension  will  be 


jpdr=:zq^r-^q,n (1.) 


From  the  symmetry  of  the  ring  and  /  the  forces  acting  on  it  in 
all  directions  round  the  centre  0,  it  is  obvious  that  the  axes  of 
stress  of  any  particl^  of  metal  must  be  respectively  in  the  direction 
of  a  radius,  and  perpendicular  to  that  direction.  The  principal 
sjftressee  at  any  particle  are  a  radial  pressure,  q  (which  for  each 
particle  at  the  inner  sur&ce  is  qo,  and  for  each  particle  at  the  outer 
surfitee,  qi)  and  a  hoop-tension  p. 

As  in  the  case  of  the  ellipse  of  stress,  Article  112,  we  may  con- 
ceive this  pair  of  principal  stresses  to  be  made  up  of  two  component 
pairs,  viz.  : — 

A  pair  of  equal  stresses  of  the  same  kind,  constituting  a  Jludd 
presswre  or  tension,  whose  common  intensity,  stated  so  as  to  be  a 
tension  when  positive,  a  pressure  when  negative,  is 

p  —  q 

and  a  pair  of  equal  stresses  of  contrary  kinds,  whose  common 
intensity  is 
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2     ~ 

Thus  we  have  p  =  n'^-fn,q  =n  —  m;  and  the  problem  is  to  he 
solved  by  first  supposing  m  to  act  alone,  then  supposing  n  to  act 
alone,  and  lastly  combining  their  effects ;  observing,  that  the  only 
solutions  of  equation  1  which  are  admissible,  are  thoee  which  are 
true  for  all  yalues  of  It  and  r. 

Case  1.  Equal  and  simila/r stresses,  orn  =  0.     In  this  case 

p^=  —  q  =  niy 

showing,  that  instead  of  a  radial  pressure,  there  is  a  radial  tension 
equal  to  the  hoop-tension,  and  constituting  along  with  it  simply  a 
fluid  tension  of  the  intensity  m  at  each  point  Equation  1  is  ful- 
fllled  by  malring 

p=z  —  q  =  m=z  constant, (2.) 

which  reduces  both  sides  of  equation  1  to 

m  (R  —  r). 

Case  2.  Equal  amd  eomJbra/ry  stresses,  or  m  =  0.    In  this  case 

p  =  q=zn, 
and  the  solution  of  equation  1  is 

p  =  q=zn  =  ^^ (3.) 

a  being  an  arbitrary  constant,  and  r^  any  value  of  the  radius,  from 
r  to  B  inclusive;  for  this  reduces  both  sides  of  equation  1  to 


"G-i)- 


Case  3.  General  solution.     By  combining  the  two  partial  sola- 
tions  of  equations  2  and  3  together,  we  And 


a 


Badial  pressure,  qz=n  —  m  =  — ^  —  m; 

Hoop-tension,  p  =  n  +  m  =  -j^  +  «»; 

To  determine  the  constants  a  and  m  we  hare  the  equations 

a  a 

^ — mzzqtt;  ^  —  m  =  qi; 

whence  we  obtain  by  elimination 


(<•) 
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^  * 


^_(go-gi)R'r>. 
m^  ■=- =- • 


(5.) 


gmog,  finally^  for  the  maaimium  haop-tensiany 

Pj— pi-TO—  jji_^ (6.) 

The  mean  hoop-tension  is 

R  — r     ' ^'-^ 

which  is  exceeded  hy  the  mnYimnTn  in  the  proportion 

g.(R«  +  r^-2y,R«  . 

'       (y.r-5r.R)(R+r) ' ^"^ 

a  proportion  which  tends  towards  equality,  as  R  and  r  become 
more  nearly  equal 

A  transposition  of  equation  6  gives  the  following  value  of  the 
ratio  of  the  external  to  the  internal  radius,  required  in  order  that 
p^  may  be  =/,  the  bursting,  proof,  or  worlong  tension,  as  the  case 
may  be : — 


7-V{7^^.) « 


In  most  cases  which  occur  in  practice,  the  external  fluid  pressure 
^1  is  so  small  compared  with  the  internal,  that  it  may  be  neglected 

One  important  consequence  of  equation  9  is,  that  if  the  internal 
pre89ure  y©  is  eqiuxl  to  or  greater  thorn  the  sum  f  +  2  q^  o/"^  co- 
efieient  of  strength  amd  timce  the  extem4d  presstvre,  no  thickness,  how 
great  soever,  loiU  enable  the  cylinder  to  resist  the  pressure. 

The  following  is  a  geometrical  representation  of  the 

foregoing  solution.     In  fig.  119,  let  O  represent  the 

centre  of  the  cylinder;  O  r  its  internal,  and  O  B  its 

a 
external  radiua     To  represent  the  value  of  «  =-^5, 

draw  two  ordinates  r  A,  K  B,  at  light  angles  to  the 
ciirection  of  those  radii,  such  l^at 

rA  :  RB  :  :  R'  :  r". 

Then  A  and  B  will  be  points  in  a  hyperbola  of  the      ^'  ^^^' 
^toond  order,  A  B^  which  has  the  property  that 
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area  r  ABE  =:rxrA-BxBB; 

BO  that  it  represents  case  2. 

Draw  C  D  II  O  r  B,  cutting  off  from  the  ordinates  the  parts  C  A, 
D  B^  which  bear  to  each  other  the  proportions 

C  A  :  D  B  : :  ^0  •*  7i- 

Then  r  C  =  It  D  will  represent  m,  the  solution  of  case  1.    Draw 

E  F  II  O  r  B  at  the  same  distance  r  E  =  r  0  on  the  oppodte  side. 
Then  if  any  ordinate  be  drawn  across  the  two  straight  lines  E  F 
and  0  D,  and  the  curve  A  B,  at  a  given  distance  i'  from  O,  the 
s^ment  of  that  ordinate  between  C  D  and  A  B  will  represent  the 
radial  pressure  q,  and  the  entire  ordinate  from  E  F  to  A  B  will 
represent  the  hoop-tension  j9,  at  that  distance  from  O;  and  in  par- 
ticular E  A  will  represent  the  maximum  hoop-tension  |v 

The  formuliB  of  this  Article  are  the  same  with  those  given  by 
M.  Lam6  in  his  Traite  de  V Elasticity;  but  they  are  arrived  at  in  a 
different  manner. 

274.  Cylinder  •€  fltmteedl  Rtega. — To  obviate,  in  whole  or  in 
part,  the  unequal  distribution  of  the  hoop-tension  in  thick  hollow 
cylinders  for  withstanding  great  pressures,  it  has  been  proposed  to 
construct  such  cylinders  of  concentric  hoops  or  rings  built  together, 
the  outer  hoops  being  "  shrv/nk "  on  to  the  inner  hoops,  in  such  a 
manner,  that  before  any  internal  pressure  is  applied,  the  hoops 
within  a  certain  distance  of  the  centre  may  be  in  a  state  of  circum- 
ferential compression,  and  those  beyond  that  distance  in  a  state  of 
circumferential  tension.  If  the  stress  thus  produced  by  the  mutual 
action  of  the  concentric  hoops  could  be  adjusted  with  such  aocuiacy, 
as  to  be  at  each  point  exactly  equal  and  opposite  to  the  difference 
between  the  actual  hoop  tension  at  the  same  point  due  to  the 
internal  pressure,  as  given  by  equations  4,  5,  and  6,  of  Article  273, 
and  the  mean  hoop-tension  as  given  by  equation  7,  then  upon 
applying  the  proper  internal  pressure,  there  would  result  simply  an 
uniform  tension  equal  to  the  mean,  and  the  formuka  of  Article  271 
would  become  applicable  to  thick  as  well  as  to  thin  cylinders. 
Even  although  it  may  be  impracticable  to  adjust  the  previous  stress 
with  the  accuracy  above  described,  any  approach  to  its  proper 
distribution  must  increase  the  strength  of  the  cylinder,  lliis 
method  of  construction  has  been  carried  into  effect  in  Captain 
Blakely's  gun,  Mr.  Mallet's  mortar,  and  some  other  pieces  of  artilleiy. 

The  only  equation  which  the  stress  of  the  concentric  hoops  will 
of  itself  fulfil  is 


fydr=0. 
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275.  Thick  v«ll«w  gphMc. — Let  fig.  118  now  repreaent  a  diame- 
tral section  of  a  hollow  sphere,  the  fluid  pressures  within  and 
without  being  q^  and  qi,  as  before.  The  pressure  to  be  resisted  at 
the  section  is 

and  if  the  section  of  the  metal  be  conceived  to  be  divided  into  an 
indefinite  nurnb^  of  concentric  rings,  the  breadth  of  one  of  these 
rin^  being  dr,  its  radius  /,  and  the  tension  at  it  p,  it  appears  that 
the  total  resistance  of  the  section  will  be 

'B 

pr'dr; 


. 


and  hence  the  equation  to  be  fulfilled,  for  all  values  of  qo,  ^j,  r,  and 
E^is 

2  fyf^dr  =  qor'  —  q,'B.' (1.) 

From  symmetry  it  appears,  that  the  axes  of  stress  at  any  particle 
must  be,  one  in  the  direction  of  a  radius,  with  the  pressure  q  along 
ity  and  the  other  two  in  any  two  directions  perpendicular  to  the 
first  and  to  each  other,  with  equal  tensions  p  along  them.  Two 
partial  solutions  are  obtained  in  the  following  manner : — 

Let  2p  —  q 

3    ~   ' 
ao  that 

« 

j?  =  «  +  wi;  q^2n  —  m, 

CiSB  1.  n=:0,  p^  —  q  =  m;  being  the  case  of  h  fluid  tension, 
equal  in  all  directions.  In  this  case,  equation  1  is  solved  by  malring 

p  =  —  ^  =  m  ^  constant, (2.) 

which  lednces  both  sides  of  that  equation  to 

m(R*  — O 

Case  2.  m  =  0,  psz^^n;  being  the  case  of  a  pair  of  drcumfer- 

ential  tensions,  each  equal  to  half  of  the  radial  pressure.  In  this 
case,  equation  1  is  solved  by  making 

i'=l  =  '»  =  ^.' (?) 

irliidi  redaoes  both  sides  of  that  equation  to 
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Case  3.  Om/eral  aoluUon, 


o  2a 

q=zZn  —  f»=  -75-  —  m, 

a  •  -^^^ 


^    ••••••••••••••••4 


The  constants  a  and  m,  dedaoed  from  the  equations 

2a  2a 

are  found  by  elimination  to  hare  the  following  tbIucs  : — 

2(R»— r*) 


ot  r*  —  q,  R» 

f»^— * * 


(«•) 


R»  — r» 
giving  finally,  for  the  mftyimiiTn  tenaon, 

p,==^  +  m=f         2(R»-r»)    <*^> 

A  transformation  of  this  equation  gives  the  following  value  of 
ratio  of  the  external  to  the  internal  radius  of  the  sphere,  required 
in  order  that  po  may  he  =/,  the  bursting,  proo^  or  working  ten- 
sion, as  the  case  may  be : — 

This  equation  shows,  that  if 

qo=  or  :^  2/+ 3^1, 

no  thickness  will  be  sufficient  to  enable  the  sphere  to  withstand 
the  pressure. 

The  formulee  of  this  Article  agree  with  those  given  by  M.  Lam6, 
though  arrived  at  by  a  different  process. 

276.  Boiler  SttiTs. — The  sides  of  locomotive  fire-boxe^,  the  ends 

of  cylindrical  boilers,  and  the  sides  of  boilers  of  irr^ruhur  figures 

like  those  of  marine  steam  engines,  are  often  made  of  flat  plates, 

r — -.    which  are  fitted  to  resist  the  pressure  &om  wiiiiin 

000  i^ooj    by  being  connected  together  across  the  water-space 

0000      or  steam-space  between  them  by  tie-bars,  called 

stays  when  long,  bolts  when  short     For  example, 

^  ^  ^,  120  represents  part  of  the  flat  side  of  a  loco- 

0000      motive  fire-box,  and  shows  the  arrangement  of  the 

Fig.  120.         bolts  by  which  it  is  tied  to  the  flat  plate  at  the 

other  side  of  the  water-space. 
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Each  of  these  bolts  or  stays  sustains  the  pressure  of  the  steam 
agunst  a  certain  area  of  the  plate  to  which  it  is  attached.  Thus, 
in  fig.  130,  the  bolt  a  resists  the  pressure  of  the  steam  on  the  square 
area  which  surrounds  it,  and  whose  side  is  equal  to  the  distance 
inna  centre  to  centre  of  the  bolts. 

Let  a  be  the  sectional  area  of  a  stay ;  A,  that  of  the  portion  of 
flat  plate  which  it  holds ;  q,  the  bursting,  proof,  or  working  pres- 
sure, and  y  the  ultimate,  proof,  or  working  tension  of  the  material 
of  the  stay.     Then 

/a  =r  g  A. 

The  proper  factor  of  safety  is  eigJU,  as  for  other  parts  of  boilers. 
Experience  has  shown,  that  the  plate,  if  its  material  is  as  strong  as 
that  of  the  stay,  should  have  its  thickness  equal  to  half  the  dia- 
mder  of  the  stay.  If  the  plate  be  of  a  weaker  material  than  the 
stay,  its  thickness  should  be  proportionally  increased. 

The  flat  ends  of  cylindrical  boilers  are  sometimes  stayed  to  the 
cylindrical  sides  by  means  of  triangular  plates  of  iron  c^ed  ''  gus- 
9d$P  These  plates  are  placed  in  planes  radiating  from  the  axis  of 
the  boilor,  and  have  one  edge  fixed  to  the  flat  end,  and  the  other 
to  the  cylindrical  body.  ]^h  gusset  sustains  the  pressure  of  the 
ateun  against  a  dedor  of  the  flat  circular  end.  Considering  that 
the  resultant  tension  of  a  gusset  must  be  concentrated  near  one 
edge,  it  appears  advisable  that  its  sectional  area  should  be  three  or 
four  times  that  of  a  stay-bar  suited  for  sustaining  the  pressure  on 
the  same  area 

The  best  experimental  data  respecting  the  strength  of  boilers  are 
doe  to  the  researches  of  Mr.  Fairbaim,  especially  those  recorded  in 
his  woik  called  Useful  Infi/nnationfor  ErigiTveera. 

"2^1,  ii««>filiM   R^    •f  VmUimrm  Stroigtli. — In  fig.  121,  let  W 

be  a  weight  himg  from  the  lower  end  of  a  vertical  rod 
BO,  whose  weight  per  unit  of  volume  is  to,  and  let  it  be 
reqxdied  to  find  how  the  transverse  section  S  of  the  rod 
must  Taiy  with  the  height  x  above  B,  in  order  that  the 
tension  may  be  everywhere  of  equal  intensity  y! 
The  total  load  at  any  point  is,  W  from  the  weight  hung 

at  B,  w  /  ^dx  from  the  weight  of  the  rod  for  a  height  x 
above  B;  and  this  must  be  equal  to  the  pull  /S.     Hence 

W-^w  f'^&dx=fB; (1.) 

which  being  solved,  gives  for  the  cross  section  of  the  rod, 

S  =  -^.«7; (2.) 
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and  for  its  weight,  for  a  height  x  above  B^ 

/S  — W  =  W  {eT—  1)  (3.) 

The  most  useful  application  of  this  is  to  the  determination  of  tlie 
dimensions  of  the  pump-rods  of  deep  minea  They  are  not  made 
with  the  section  vaiying  continuously,  according  to  the  formuk  i, 
but  in  a  series  of  divisions,  each  of  unifonn  scantling ;  neverthe- 
less that  formula  will  serve  to  show  approximately  the  law  wbidi 
the  dimensions  of  those  divisions  should  follow. 

Section  4. — On  Resistance  to  Shearing, 

278.  Cw<irt>M  •€  Vmus&rm  iMMuiif ^— The  present  section  refen 
to  those  cases  only  in  which  the  shearing  stress  on  a  body  is  uni- 
form in  direction  and  in  intensity.  The  efEocto  of  shearing  streai 
varying  in  intensity  will  be  considered  under  the  head  of  Resist- 
ance to  Bending,  which  is  in  general  accompanied  by  such  a  stress ; 
and  the  effects  of  shearing  stress  varying  in  direction  as  well  as  in 
intensity  under  the  head  of  Resistance  to  Torsion. 

It  has  been  shown  in  Article  103  that  shearing  stresses  can  only 
exist  in  pairs,  every  shearing  stress  on  a  given  plane  being  neces- 
sarily accompanied  by  a  bearing  stress  of  equal  intensty  on 
another  plane.  In  Article  112,  Problem  IL,  it  is  shown  that  for 
any  combination  of  stress  parallel  to  a  given  plane,  the  planes  rela- 
tively to  which  the  shearing  stress  is  greatest  are  at  right  angles  to 
each  other,  and  make  angles  of  45°  with  the  axes  of  principal  stresB^ 

When  equal  forces  are  applied  to  the  opposite  sides  of  a  wedge, 
bolt,  rivet,  or  other  body,  in  such  a  manner  as  to  tend  to  shesr  it 
into  two  parts  at  a  particular  transverse  plane  of  section,  then  tt 
any  given  point  in  that  transverse  sectional  plane  the  shearing 
stress  is  of  equal  intensity  relatively  to  that  plane  itself,  and  to  a 
longitudinal  plane  traversing  the  same  point,  perpendicular  to  the 
direction  of  the  externally-applied  shearing  forces.     If  the  wedge, 
bolt,  or  rivet  is  loose  in  its  hole  or  socket  at  and  near  the  plane  of 
shearing,  there  can  be  no  shearing  stress  on  those  free  parts  of  its 
external  surface  which  are  at  right  angles  to  the  direction  of  tlie 
external  shearing  force ;  and  hence  the  intensity  of  the  shearing 
stress  at  the  plane  of  shearing,  how  great  soever  it  may  be  in  the 
internal  parts  of  the  body,  must  dimiTiiab  to  nothing  at  certain 
parts  of  the  external  edges  of  that  sectional  plane,  and  most  be 
unequally  distributed;   so  that  the  most  intense  shearing  stress 
must  be  greater  than  the  intensity  of  a  stress  of  equal  amount  nni- 
formly  distributed. 

To  insure  uniform  distribution  of  the  stress,  it  is  necessaiy  that 
the  rivet  or  other  fastening  should  fit  so  tight  in  its  hole  or  socket, 
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thftt  the  friction  at  it9  sur£Bu»  may  be  at  least  of  equal  intensity  to 

the  fthfaring  streaa    When  this  condition  is  fulfilled,  the  intensity 

F 
of  that  stress  is  represented  simply  by-^ ;  F  being  the  shearing 

fiicee,  and  S  the  sectional  area  which  resists  it. 

279.  A  Ta^le  •r  the  Bcrtf  mcc  ef  JHatertel*  tm  BbrnmHtug  and  IMs- 
mill,  in  lbs.  aToirdupois  per  square  inch,  is  given  at  the  end  of 
the  Tolume.  It  is  of  small  extent,  because  of  the  small  mmiber  of 
anbstances  whose  resistances  to  shearing  and  distortion  have 
been  asoertained  by  satisfactory  experiments.  The  resistance  of 
timber  to  shearing  is  in  each  case  that  which  acts  between  conti- 
guous layers  of  fibres. 

380.  Mmmmmmy  •t  IHalcrlal  ia  Bella  and  Bivett. — There  are  many 
stmctores,  such  as  boilers,  wrought  iron  bridges,  and  frames  of  tim- 
lier  or  iron,  in  which  the  pidncipal  pieces,  such  as  plates,  links,  or  bars, 
lieing  themselves  subjected  to  a  direct  pull,  are  connected  with  each 
other  at  their  joints  by  fastenings,  such  as  rivets,  bolts,  pins,  or 
km,  which  are  under  the  action  of  a  shearing  force.  It  is  in  every 
nch  case  important,  that  the  pieces  connected  and  their  &stenings 
■koold  be  of  equal  strength ;  for  if  the  fastenings  be  the  weaker, 
dtiier  the  whole  structure  is  insufficiently  strong,  or  the  material 
which  gives  the  additional  strength  to  the  plates  or  bars  is  wasted : 
and  if  the  fiistenings  be  the  stronger,  the  plates  and  bars  are  weak- 
ened more  than  is  necessaxy  by  the  holes  or  sockets ;  and  as  before, 
ei^ier  the  structure  is  too  weak,  or  material  is  wasted. 

Let  /  denote  the  resistance  per  square  inch  of  the  material  of 
tbe  principal  pieces  to  tearing  j  S,  the  total  sectional  area,  whether 
of  one  piece  or  of  two  or  more  parallel  pieces,  which  must  be  torn 
ttimder  in  order  that  the  structure  may  be  destroyed;  /*,  the 
y^esistance  per  square  inch  of  the  material  of  the  fastenings  to  shear- 
ing; 8',  the  total  sectional  area  of  fiustenings  at  one  joint,  which 
must  be  sheared  across  in  order  that  the  structure  may  be  destroyed ; 
then,  if  the  conditions  of  xmiform  distribution  of  stress  are  Mfilled, 
the  principal  pieces  and  their  fiEistenings  ought  to  be  so  propor- 
tioned, that 

/S=/S';or|'=^ (I.) 

For  wrought  iron  rivetted  plates,  taking  the  value  of/'  from  the 
Uble  (as  detennined  by  the  experiments  of  Mr.  Doyne),  we  have 

V=  1  nearly,  and .-.  S'=  S (2.) 

for  wrought  iron  bazs  connected  by  bolts  or  rivets,  we  have 

•^==lnearly,and.-.S'  =  ~  S (3.) 
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Example  L  Flai&joint  averlappedy  gingle-rweUecL    Fig.  132.  A, 

front  view ;  £,  side  view.    Let 

t  =:  thickness  of  plata 

£?=  diameter  of  rivet 

*^       c  =  distance  from  centre  to  centre  of  xiveta. 
Rg.  122.  Th^ 


o  o  o  o  o 


1=1= 


Sectional  area  of  one  rivet 


8       Sectional  area  of  plate  between  two  holes 

0-7854  rf' 


"~  <(c— rf)' 

so  that^  d  and  t  being  given,  and  c  required,  we  have 

0-7854  rf» 


(M 


+  d 


(6.) 


d  in  practice  is  usually  from  2t  to  1^  ^ ;  and  the  overlap  from  c 

to  1 A  c 


o     o      o     o 
coo 


Fig.  128. 


Example  IL  Plaie-joint  overlapped,  doMe- 
rweUed.    Fig.  123. 


,  __  S^' Sectional  area  of  two  rivets 

~~  S      Sectional  area  of  plate  between  two  holes  in  same  line 


.\  c  = 


1-5708  <^' 
1-5708  ^ 


+  d 


(6.) 
(7.) 


Overlap  in  practice  =  If  e  to  If  c. 

Example  IIL  PUUe  BiUtrjamty  %oUh  a  pair 
of  covering  plates,  emgle-rweUed,    fig.  124. 
k  Here  each  rivet  can  give  way  only  by  being 
^  sheared  across  in  two  places  at  onoe;  there- 
fore 


o      o      o     o      o 
o     o     o     o     o 

A 


Fig.  124. 
2  X  Sectional  area  of  rivet 


^—  s 


Sectional  area  of  plate  between  two  holes 

l-570Sd*  .  ^ 
— r»... 


1-5708  d* 


;...(a) 


.*.  c  = 


t 


(9.) 

Length  of  each  covering  plate  =  2  x  overlap  =  from  2  e  to  2^  a 
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Example  TV.  Plate  BuU^joirU,  toiih  a  pair  0/ covering  plates,  dovblo' 
rioetted.    Fig.  125. 

- S 4  X  Sectional  area  of  rivet 

8       Sectional  area  of  plate  between  two  holes  in  one  row 


3U16  cP 


.(10.) 


o       o 

000 
6   *  "0       o 

o       o 


a 


S 


-t{<>-dy 

.,,  =  30416^^^^ (11.)        00c. 

o        o  ^ 

Length  of  each  covering-plate  =  2  x  overlap 

=  from  3^  to  3^  c.  Fig.  126. 

Note. — The  hngth  of  a  rivet,  before  being  clenched,  measuring 
from  the  head,  is  about  4^  t  for  overlapped-joints,  and  5^  t  for 
hattgoints  with  covering-platea 

Example  Y.  Suspension  bridge  chainrjoiiU,  The  chain  of  a  sus- 
nsion  bridge  consists  of  long  and  short  links  alternately.  Each 
ng  link  consists  of  one  or  more,  say  of  n,  parallel  flat  bars,  of  a 
shape  resembling  fig.  64,  Article  138,  placed  side  by  side;  each  bar 
has  a  round  eye  at  each  end.  Each  short  link  consists  of  n  +  1 
parallel  flat  bars,  with  round  eyes  at  their  ends,  which  are  placed 
between  and  outside  of  the  ends  of  the  parallel  bars  of  the  long 
links;  so  that  the  end  of  each  long  bar  is  between  the  ends  of  a 
pair  of  short  bara  The  eyes  of  the  long  and  short  bars  at  each 
joint  form  one  continuous  cylindrical  hole  or  socket,  into  which  a 
bolt  or  pin  is  fitted,  to  connect  the  links  together.  To  break  the 
chain  at  a  joint,  by  the  giving  way  of  the  bolt,  that  bolt  must  be 
sheared  across  at  2  n  places  at  once.  Hence,  let  S  denote  the  total 
sectional  area  of  the  bars  in  a  link,  and  d  the  diameter  of  the  bolt; 
then  Sr  =  2  n  X  0*7854  d^  =  1*5708  n  c/';  and  because  S'  should 

be  =  7  S,  we  have 


=v; 


®  .(12.) 


309  n 


281.  IfBitiiiMiBui  flf  ViMkcr  Ticfl. — ^In  timber  framing,  a  tie  may 
be  connected  with  the  adjoining  pieces  of  the  frame  either  by  having 
their  ends  abutting  against  notches  cut  in  the  tie  (as  shown  at  A,  A, 
^.  81,  Article  161),  or  by  means  of  bolts  or  pins.  In  either  case, 
the  tie  may  yield  to  the  stress  in  two  ways, — ^by  being  torn  asunder 
at  the  place  where  its  transverse  section  is  least  (that  is,  where  it  is 
notched  or  pierced,  as  the  case  may  be),— or  by  having  the  part 
beyond  the  notch,  or  beyond  the  bolt-hole,  sheared  ofi"  or  sheared 
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out,  as  the  case  may  be.     In  order  that  the  material  mkj  be  i 
mically  used^  equation  1  of  Article  280  should  be  fulfilled, 


/S  =/  S';  or  1=  ^ (L) 

This  condition  serves  to  determine  the  distance  of  the  notch,  or  of 
the  bolt-hole,  or  of  the  nearest  bolt-hole  where  there  are  more  than 
one,  fix)m  the  end  of  the  tie,  in  the  following  manner  : — 

Let  A  be  the  effedive  depth  of  the  tie,  left  after  deducting  the  depUi 
of  the  notch,  or  the  diameters  of  bolt-holes,  and  d  the  distance  of 
the  notch,  or  of  the  nearest  bolt-hole,  from  the  end  of  the  tie;  tiien 
for  a  notch 

1=1  •••''=7*' •••-••<^) 

and  for  bolt-holes,  if  n  be  their  numbo:^ 

In  determining  the  number  n,  it  is  to  be  observed,  that  if  Iiod  or 
mora  hdiXB  pisroe  the  aarnie  layer  of  fibres ^  the  resistance  to  the  shearing 
out  of  the  part  of  that  layer  between  t^e  end  of  the  tie  and  the  most 
distant  of  the  bolts  is  nearly  the  same  as  if  that  bolt  existed  alone; 
so  that  the  most  distant  only  of  9fkuh  a  set  ofhoUs  is  to  be  reckoned  in 
using  equation  3.  In  general,  the  piercing  of  the  same  layer  of 
fibres  by  more  than  one  bolt  is  imfiEtvoxurable  to  economy. 

SEcnoN  5. — On  Resistance  to  Direct  Compression  and  Crushing, 


282.  B<aiiM»cc  §•  c»Miprc— i— ,  wh^i  the  limit  ci  proof  stress  is 
not  exceeded,  is  sensibly  equal  to  the  resistance  to  extension,  and  is 
expressed  by  the  same  "  rnodvlus  of  dc^stidty"  already  menti<»ed 
and  explained  in  Articles  257,  265,  266,  and  26a  When  that 
limit  is  exceeded,  the  irregular  alterations  undeigone  by  the  figure 
of  the  substance  render  the  precise  determination  of  the  resistaiioe 
to  compression  difi&cult,  if  not  impossibla 

283.  jafdm  •€  CnialilMg.^SplliaHff,  SlMWteCt  mmMgjkmm,  MMUtag, 

Cw  fcrwiiiiMg. — Cruthing,  or  breaking  by  oompression,  is  not  a 
simple  phenomenon  like  tearing  asunder,  but  is  more  or  leas  ocxnplex 
and  varied,  according  to  the  texture  of  the  substanca  The  modes 
in  which  it  takes  place  may  be  classed  as  follows : — 

I.  Crushing  by  splitting  (fig.  126)  into  a  number  of  piismatie 
fragments,  separated  by  smooth  surfaces  whose  general  directioii  is 
nearly  x)arallel  to  the  direction  of  the  cnishing  force,  is  chacaGteristio 


CRUSHINO. 
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<]d  hard  kamogeneonB  Bubfltaiioes  of  a  glassy  texture,  such  as  vitrified 


\ 


^ 


Fig.  127. 


Fig.  12& 


Fig.  129. 


IL  Crushing  by  shearing  or  diding  of  portions  of  the  block  along 
oblique  sur&ces  of  separation  is  characteristic  of  substances  of  a 
granular  texture,  like  cast  iron,  and  most  kinds  of  stone  and  brick. 
Scvmeiimes  the  sliding  takes  place  at  a  single  plane  surface,  like 
A  B  in  fig.  127 ;  sometimes  two  cones  or  pyramids  are  formed,  like 
Cy  e,  in  fig.  128,  which  are  forced  towards  each  other,  and  split  or 
drive  outwards  a  number  of  wedges  surrounding  them,  like  Wy  to,  in 
the  same  figure.  Sometimes  the  block  splits  into  four  wedges^  as 
in  fig.  129. 

The  surfaces  of  shearing  make  an  angle  with  the  direction  of  the 
cmshing  force,  which  Mr.  Hodgkinson  (who  first  fully  investigated 
thooe  phenomena)  found  to  have  values  depending  on  the  kind  and 
quality  of  raatertaL  For  difierent  qualities  of  cast  iron,  for  example, 
tbat  angle  ranges  from  42°  to  32°.  The  greatest  intensity  of  shearing 
tttreas  is  on  a  plane  making  an  angle  of  45°  with  the  direction  of  the 
crashing  force ;  and  the  deviation  of  the  plane  of  shearing  from  that 
«ngle  shows  that  the  resistance  to  shearing  is  not  purely  a  cohesive 
force,  independent  of  the  normal  pressure  at  the  plane  of  shearing, 
lifiit  consiste  partly  of  a  force  analogous  to  friction,  increasing  with 
the  intenshy  of  the  normal  pressure. 

Mr.  Hodgkinson  considers  that  in  order  to  determine  the  true 
renstanoe  of  substances  to  direct  crushing,  experiments  should  be 
made  on  Uoeks  in  which  the  proportion  of  length  to  diameter  is  not 
leas  than  that  of  3  to  2,  in  oitier  that  the  material  may  be  finee  to 
divide  itself  by  shearing.  When  a  block  which  is  shorter  in  pro- 
povtion  to  its  diameter  is  crushed,  the  friction  of  the  flat  surfaces 
between  which  it  is  crushed  has  a  perceptible  effect  in  holding  its 
paris  together,  so  as  to  resist  their  separation  by  shearing;  and  thus 
the  apparent  strength  of  the  substance  is  increased  beyond  itB  real 
strength. 

In  all  substances  which  are  crushed  by  splitting  and  by  shearing, 
the  redstance  to  crushing  considerably  exceeds  the  tenacity,  as  an 
examination  of  the  tables  will  show.  The  resistance  of  cast  iron 
to  crushing,  for  example,  was  found  by  Mr.  Hodgkinson  to  be 
flomewhai  more  than  six  times  its  tenacity. 
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III.  CrutMng  by  bulging,  or  lateral  sweUing  a&d  spreading  of 
the  block  .which  is  crusJied,  is  characteristic  of  ductile  and  tcni^ 
materials,  such  as  wrought  iron.  Owing  to  the  gradual  mannar 
in  which  materials  of  this  nature  give  way  to  a  crushing  foioe,  it 
IB  difficult  to  determine  their  resistance  to  that  force  exactly;  that 
resistance  is  in  general  less,  and  sometimes  considerably  less,  than 
the  tenacity.  In  wrought  iron,  the  resistance  to  the  direct  crash- 
ing of  short  blocks,  as  nearly  as  it  can  be  ascertained,  is  from 

2      4 

-  to  -  of  the  tenacity. 

TV.  CrusMng  by  budding  or  crippling  is  characteiiatic  of  fibrous 
substances,  under  the  action  of  a  thrust  along  the  fibrea  It  consists 
in  a  latkal  bending  and  wrinkling  of  the  fibres,  sometimes  accom- 
panied by  a  splitting  of  them  asunder.  It  takes  place  in  timber, 
in  plates  of  wrought  iron,  and  in  bars  longer  than  those  which  give 
way  by  bulging.  The  resistance  of  fibrous  substances  to  crashing 
is  in  general  considerably  less  than  their  tenacity,  especially  where 
the  lateral  adhesion  of  the  fibres  to  each  other  is  weak  compared 
with  their  tenacity.     The  resistance  of  most  kinds  of  timber  to 

1       2 
crushing,  when  dry,  is  from  "s^  ^of  the  tenacity.  Moisture  in  the 

timber  weakens  the  lateral  adhesion  of  the  fibres,  and  reduces  the 
resistance  to  crushing  to  about  one-half  of  its  amount  in  the  diy 
state. 

y.  Crushing  by  cross-breaking  is  the  nK)de  of  fracture  of  columns 
and  struts  in  which  the  length  greatly  exceeds  the  diameter.  Under 
the  breaking  load,  they  yield  sideways,  and  are  broken  across  like 
beams  under  a  transverse  load.  This  mode  of  crushing  will  be  con- 
sidered after  the  subject  of  resistance  to  bending. 

284.  A  Takl«  •€  tke  WUtiMmmee  •€  Hatertals  t»  €>mMbs  kr  • 

Direct  Thrut,  in  pounds  avoirdupois  per  square  inch,  is  given  at 
the  end  of  the  volume.  So  £ar  as  that  table  relates  to  the  strength 
of  brick  and  stone,  reference  has  already  been  made  to  it  in  Article 
235.  It  is  condensed  from  the  experimental  data  given  by  various 
authorities,  especially  by  Tredgold,  Mr.  Fairbaim,  Mr.  Hodgkinson, 
and  Captain  Fowke. 

285.  iJiie^md  iMsirikattoa  •£  the  Pivanue  on  a  pillar  arises  from 
the  line  of  action  of  the  resultant  of  the  load  not  coinciding  with 
the  axis  of  figure  of  the  pillar,  so  that  the  cenlre  of  pressure  of  a 
cross  section  of  the  pillar  does  not  coincide  with  its  centre  o/figwtj 
but  deviates  fix)m  it  in  a  certain  direction  by  a  certain  distance, 
which  ihay  be  denoted  by  Tq. 

In  this  case  the  strength  of  the  pillar  is  diminished  in  the  same 
ratio  in  which  the  mean  intensity  of  the  pressure  is  less  ^-^y"^  the 
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maxnnnm   intensity;  that  is  to  say,  in  a  ratio  which  may  be 
denoted  by  '' 

mean  intensity    ^p^^ 

maximum  intensity''^?!' 

That  ratio  may  be  found  with  a  precision  sufficient  for  practical 
purposesy  by  considering  the  pressure  at  any  cross  section  of  the 
pillar  as  an  uniformly  varying  stress,  as  defined  in  Article  94. 
Cofiflequently  the  following  is  the  process  to  be  pursued  : — 

Find,  by  the  methods  of  Article  95,  the  principal  axes  and 
moments  of  inertia  of  the  cross  section  of  the  pillar ;  and  thence 
determine  the  neutral  axis  conjugate  to  the  direction  of  the  devia- 
tion r^  Let  ^  be  the  angle  made  by  that  axis  with  the  direction  of 
the  deviation  r^ ;  then  the  perpendicular  distance  of  the  centre  of 
pienare  from  the  nentral  axis  will  be 

01^  =  rg  sin  ^. 

YmA  the  moment  of  inertia  of  the  cross  section  relatively  to  the 
neotral  axis,  and  denote  it  by  I ;  then  from  equations  1,  2,  and  4 
of  Article  94,  it  appears  that  if  «|  be  the  greatest  perpendicvla/r 
distance  of  the  edge  of  the  eross  section  from  ^e  neuttal  axis  in  the 
suae  directbn  with  Xq,  the  greatest  intenaty  of  pressure  will  be 


(1) 


P  being  the  total  pressure,  and  S  the  area  of  the  section  of  the 
ptUar.    Ckmsequenuy  the  ratio  required  is 


Pi      x+^^^ 

letrical  figures, 


(2.) 


principal  axes  of  these  figures,  have  al ^  „ 

of  Ardde  205,  from  which  are  computed  the  following  values  of  the 

factor  -=-  in  the  denominator  of  the  preceding  formula  : — 

X\  S 
FiouBB  OF  Cboss  Section.  -j-. 

L  Becftangle^  hb;  h,  nentral  axis, )  6 

n.  Square, h% j ;^- 

IIL  EDipee :  neutral  axis,  b ;  other  axis,  h;)  8 

rV.  Circle :  diameter,  Ay j "J* 

X 
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V.  Hollow  rectangle :  outside  dimension^  A,  h; )  6A(A6 — h'b') 
inside  dimensionsy  hi,  U ;  neutral  asds,  ^^..  /    ;^>(  —  K^h'  ' 

vl.  Hollow  square,  A'  —  K*, •• J^-Ujfl' 

YIL  Circular  ring :  diameter,  outside,  h',  inside.  A',       jLTETi* 

286.  Iiiittwrt#—  «r  the  PvecedUiv  VMnato. — The  formuls  of 
the  preceding  Article  of  this  section  have  reference  to  direct  cmsh- 
ing  only,  and  are  therefore  limited  in  their  application,  to  those 
cases  in  which  the  pillars,  blocks,  or  struts  along  which  the  pies- 
sure  acts  are  not  so  long  in  proportion  to  their  diameter  as  to  hare 
a  sensible  tendency  to  be  crushed  by  bending.  Those  cases  com- 
prehend— 

Stone  and  brick  pillars,  and  blocks  of  ordinary  proportions ; 

Pillars  and  struts  of  c»st  iron,  in  which  the  length  is  not  more 
than  five  times  the  diameter,  approximately ; 

Pillars  and  struts  of  wrought  iron,  in  which  the  length  is  not 
more  than  ten  times  the  diameter,  approximately ; 

Pillars  and  struts  of  dry  timber,  in  which  the  length  is  not  more 
than  about  twenty  times  the  diameter. 

287.  €7nuhiiH;  and  c«llap«tas  •f  Tiribca^ — ^When  a  hoUow  cylin- 
der is  exposed  to  a  pressure  from  without,  there  is  a  circomfereD- 
tial  thrust  round  it,  whose  greatest  intensity  takes  place  at  the 
imxer  sur&ce  of  the  cylinder,  and  may  be  computed  by  suitaUy 
modifying  the  formuka  of  Article  273.  That  is  to  say,  let  R  and 
r  denote  respectively  the  outer  and  inner  radii  of  the  cylinder, 
qx  the  intensity  of  the  radial  pressure  from  without,  q^  that  of  the 
radial  pressure  from  within,  and  let  j?^  nov)  denote,  not  a  tsvtfion, 
but  a  thrust,  viz.,  the  maximum  circumferential  thrust  which  acts 
round  the  inner  sur&ce  of  the  cylinder.  Then  reversing  the  signs 
of  the  second  side  of  equation  6  of  Article  2^3,  we  obtain 


,^  =  2,.R'-y,g'+0 (1., 


When  the  pressure  from  within  is  null  or  insensible,  this  becomes 

and  supposing  the  materud  to  give  way  by  direct  cruMng,  ike 
proper  ratio  of  the  internal  to  the  external  radius  is  given  by 
the  equation 
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E  -  V'-^'. « 


/ 

9,  being  the  working,  prooi^  or  Grcushing  external  pressure,  and  / 
the  working,  proof,  or  crushing  thrust  of  the  material,  as  the  case 
maybe. 

This  formula  giyes  correct  results  for  thick  hollow  cylinders.  But 
where  the  thickness  is  small  (as  in  the  internal  flues  of  boOers),  the 
cylinder  gives  way,  not  by  direct  crushing,  but  by  oollafsino,  which, 
as  it  oonsistB  in  an  alteration  of  figure,  is  analogous  to  crushing  by 
bending.  According  to  Mr.  Fairbaim's  experiments,  published  in 
the  FkUonophical  Trcmaaduma  for  1858,  the  intensity  of  the  pressure 
from  without  which  makes  a  thin  wrought  iron  tube  collapse  is  in- 
▼ersdy  as  the  length,  inversely  as  the  i-adius,  and  directly  as  the 
*power  of  the  thickness  whose  index  is  2*19.  In  most  calculations 
for  practical  purposes,  the  square  of  the  thickness  may  be  used  in- 
stead of  that  power.  For  plate  iron  flues,  let  I  be  the  length,  d  the 
diameter,  t  the  thickness,  all  in  the  same  units  of  measure,  and  let 
q  be  the  collapsing  pressure  in  lbs.  on  the  square  inch ;  then 

y  =  9,672,000/^nearly (4) 

Mr.  Fairbaim  strengthens  long  flues  by  means  of  rings  of  T-iron ; 
in  which  case  I  is  the  distance  between  two  adjacent  rings. 

SEcnOK  6. — On  Besisianoe  to  Bending  cmd  Cross-Breaking. 


J 


288.  MhwwlBg  V«vee  wsmk  BcadiBs  m&mtmx  !■  Ck«ci«L — It  has 
already  been  shown,  in  Articles  141  and  142,  how  to  determine  the 
proportions  between  the  resultant  of  the  gross  load  of  a  beam  and 
the  two  forces  which  support  it, — ^whether  those  three  forces  are 
perpendicular  or  oblique  to  the  beam, — ^and  whether  they  are  par- 
allel or  inclined  to  each  other.  In  the  present  section  Ihose  cases 
alone  will  be  considered  in  which  the  loading  and  supporting  forces 
are  peipendicnlar  to  the  beam,  and  parallel  to  each  other,  and  in  one 
|dane  \  far  such  forces  alone  tend  simply  to  bend  the  beam,  and  if 
sufficiently  great,  to  break  it  across. 

In  Article  161  it  has  been  shown  how  to  determine  the  resist- 
ances exerted  by  the  pieces  of  a  frame  which  are  cut  by  an  ideal 
sectional  plane,  in  terms  of  the  forces  and  couples  which  act  on  one 
of  the  portions  into  which  that  plane  of  section  divides  the  frame ; 
and  in  Articles  162,  163,  164,  and  165,  that  method  of  sections,  as 
it  is  called,  has  been  applied  to  the  determination  of  the  stresses 
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acting  along  the  bars  of  half-lattice  or  Warren  girders  and  of  lattice 
girdera 

The  method  followed  in  determining  the  effect  of  a  transrerse 
load  on  a  continuous  beam  is  similar ;  except  that  the  reristance  at 
the  plane  section,  which  is  to  be  determined,  does  not  consist  of  a 
finite  number  of  forces  acting  along  the  axes  of  certain  bars,  but  of 
a  distributed  stress,  acting  with  various  intensities,  and,  it  jdbj  be, 
in  various  directions,  at  different  points  of  the  section  of  the  beam. 

In  what  follows,  tiie  load  of  the  beam  wiU  be  conceived  to  oom- 
sist  of  weights  acting  vertically  downwards,  and  the  supporting 
forces  will  also  be  conceived  to  be  vertical  The  longitudinal  axis 
of  the  beam  being  perpendicular  to  the  applied  forces,  will  accord- 
ingly be  horizontal  The  conclusions  arrived  at  will  be  applicable 
to  cases  in  which  the  axis  of  the  beam  and  the  direction  of  the 
applied  forces  are  inclined,  so  long  as  they  are  perpendicular  to 
each  otiier. 

Let  any  point  in  the  longitudinal  axis  of  the  beam  be  taken  as 
the  origin  of  co-ordinates ;  and  at  a  given  horizontal  distance  x 
frohi  that  origin,  conceive  a  vertical  section  perpendicular  to  the 
longitudinal  axis  to  divide  the  beam  into  two  parts.     To  fix  the 

ideas,  let  horizontal  distances  to  the   <    •  1.0.  >  be  considered  as 

direction,  be  considered  as  <  £™4j:«g  \  i  and  let  the  moments  of 

-pi-*-  {^.}  -cording  as  they  «e  {^^*a}. 

Let  F  denote  the  resultant  of  all  the  vertical  foroes,  whether 
loading  or  supporting,  which  act  on  the  part  of  the  beam  to  the 
left  of  the  vertical  plane  of  section,  and  let  a/  be  the  horizontal 
distance  of  the  line  of  action  of  that  resultant  from  the  origin. 

If  the  beam  is  strong  enough  to  sustain  the  forces  applied  to  it» 
there  will  be  a  aheoHng  stress  whose  amount  is  equal  to  F,  distri- 
buted (in  what  manner  will  afterwards  appear)  ^ver  tihe  given 
vertical  section;  and  that  shearing  stress,  or  vertical  resistance, 
will  constitute,  along  with  the  applied  force  F,  a  couple  whoso 
moment  is 

M  =  F(af-aj) (1.) 

This  is  called  the  bending  moment  or  moment  offlexu/rs  of  the  beam 
at  the  vertical  section  in  question ;  and  it  is  reeosted  by  the  nonnsi 
stress  at  that  section,  in  a  manner  to  be  explained  in  tiie  sequel 

If  the  bending  moment  is   j^"^^®  i ,  it  tends  to  make  the 
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[y  straight  longitadinal  axis  of  the  beam  become  concave 
(    upwards    ) 
(  downwards  J  ' 

The  determination  of  the  magnitude  and  position  of  the  resultant 
F  oonaiBtB  simply  in  finding  the  resultant  of  a  number  of  parallel 
forces  in  one  pjane,  as  explained  in  Article  44,  the  supporting 
forces  having  first  been  found  by  the  principles  of  Articles  39  and 
141.  These  processes  are  expressed  by  general  formula  as  fol- 
lows:— 

Case  1.  The  load  applied  ai  detached  paints. — Let  W  denote  one 
of  the  weights  of  which  the  load  consists ;  a^  its  horizontal  distance 
fiom  the  origin ;  then 

—  3  *  W  is  the  total  load,  made  negative  as  acting  downwards ; 
and 

—  2  '  0^  W  IB  its  moment  relatively  to  the  origin. 

Let  Xi  and  x^  be  the  horizontal  distance  of  the  points  of  support 
from  the  origin,  and  let  Pj,  P,,  be  the  supporting  forces ;  then  to 
deteimine  those  forces  we  have  the  conditions  of  equilibrium 

Pi  +  P,  -  2-W  =  0; 
ajiP, +  a^P,  -  2-a;''W  =  0; 

from  which  follow  the  equations 

«,  a  •  W  -  2  •  re"  W 


Pi  = 


SCg  "~"  fl?| 


(2.) 


_  a;,  a  •  W  -  2  •  a!"  W 
jTi  -  ar. 

To  show  how  the  shearing  force  and  moment  of  flexure  at  any 
cross  section  are  found,  let  P  be  applied  to  the  left  of  the  origin, 
and  let  the  plane  of  section,  whose  distance  firom  the  origin  is  x,  lie 
between  P,  and  Pg ',  then  the  force  acting  on  the  beam  to  the  left 
of  X  will  be 

F  =  Pi-3:"W; 

and  the  moment  of  flexure  ^  (3.) 

the  symbol  3*«  •  denoting  in  each  case,  that  the  simimation  extends 
to  that  part  of  the  hesan.  only  which  lies  between  the  given  plane 
of  vertical  section  and  the  point  of  support  (if  any)  to  the  left  of 

that  plane. 

Case  2.  The  load  eoniimumdy  distributed, — On  any  indefinitely 
short  division  of  the  beam  whose  length  is  dx,  and  distance  from 


310 


THEORY  OF  STRUCTUBES. 


the  origin  «",  let  the  intensity  of  the  load  per  unit  of  length  be  to. 
Then  in  the  equations  2  and  3,  given  above,  it  is  only  neoesBazy  to 

substitute  wdxtar  W,  and  the  sign  f  for  the  sign  z. 

289.  In  BeuM  Fixed  at  Om  Bad  ObIt*  and  loaded  on  the  pro- 
jecting portion,  as  in  ^g,  67  of  Article  141,  and  figs.  133  to  136  of 
a  subsequent  Article,  the  shearing  force  and  moment  of  flexnre  can 
be  determined  for  any  vertical  section  of  the  projecting  part  of 
the  beam,  without  considering  the  supporting  pressures. 

Let  the  plane  at  which  the  beam  is  fixed  be  taken  as  the  origin  ; 
let  c  be  the  length  of  the  projecting  part  of  the  beam.  The  resolta 
in  the  cases  most  important  in  practice  are  given  in  the  following 
table : — 


EXAMSIM. 

Shxaxoio  Fosob 
F 

SBnoraMoKBn 
M 

Anywhera. 
F 

Groateit 

AnjwhereL 
M 

tSrealnt 

I.   Loaded  at  extreme 
end  with  W, 

II.  Uniform  load  of  in- 
teosityw, 

— W 

— W 

-<<^W 

~cW 

— w(c — «) 

— 106 

2 

2 

ni.  Umfonn  load  of  in- 
tensi^  w,  and  ad- 
ditional   load    at 
extreme  end  W', 

— W— io(o— <i^ 

— W— wc 

2 

290*.  In  BesBM  gwyy— tedl  at  itoth  Eadi,  and  loaded  on  the  inter- 
mediate portion,  like  those  represented  in  ^g,  66  of  Ajrticle  141, 
and  in  figs.  138  and  140  of  a  subsequent  Article,  it  is  most  conve- 
nient to  take  Hie  middle  of  the  beam  as  the  origin  of  co-ordinates. 
Then  let  c  denote  ihe  hfdfspam,  of  the  beam,  so  that  2  c  is  the  9p€Ui^ 
or  distance  between  the  points  of  support ;  the  positions  of  those 
points  will  be  expressed  by 


aji  =  c;  ajj  =  — c;  x^—Xx  =  2c;, 


(1.) 


which  substitutions  convert  equation  2  of  Article  288  into  the 
following : — 

T>        2-W^2>a?"W 


P.= 


2       •        2c 
2     "■      2c     ' 


(2.) 
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If  the  load  is  STinmetricallj  distribated^ 
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mnd 


5*W 


.(2  a.) 


,} 


(3.) 


The  equations  3  of  Article  288  also  become 

and  te  a  symmetricallj  distributed  load^ 

F  =  aJ-W;  M  =  (c-a?)2j-W- 2; •(«"-») W....(3  a.) 

The  results  in  the  cases  most  important  in  practice  are  given  in 
the  fiillowing  table : — 


1 

I 

Sbsabivo  FoRca 
F 

BsHDiao  MoifsvT 
M 

Aaywliere^ 
F 

Gnateit 
FiorFs 

Anywhere. 
M 

Greatest 
If,  or  M". 

IV.  Sin^  iMid,  W,  in 
1             middle- 
Left  of  0, 

Biglit  of  0}M... 

V.  Single  loid,  W,  ap- 
plied at  2^— 
Jueft  Oi  w  1  •••••• 

YL   Uniibnn  load  of  in- 
teamty,w, 

W 

— W 
T 

W 
2 
— W 
"2 

2 

2  =^» 

2e 

2c 
— <c— aOW 

(c+aO(<»-«)W 

■ 
(c»-^W 

2o 
(0— !0(c+«)W 

2c 

^M'atar 

2e 

2e 

2c 

WOB 

«o 

ir(c»-<r») 
2 

291.  M— a—la  •€  Flennv  te  TtanM  •£  liMid  aiadl  IiCB«a« — ^For 
practical  purposes,  it  is  often  convenient  to  express  the  greatest 
bending  moment  of  a  beam  in  terms  of  the  ioUj^  uxtd,  W,  and  un- 
trupported  lengthy  l,a£A  beam,  by  means  of  a  formula  of  this  kind, 

Mo  =  mWl, (1.) 

where  m  is  a  numerical  factor.     For  beams  fixed  at  one  end,  l^c; 


312  THBOBT  OF  8TBU0TUBEB. 

for  beams  supported  at  both  ends,  l=2e=  l^e  span ;  for  an  mufomi 
load,  W  =  to  Z.  Hence,  comparing  equation  1  with  Examples  L, 
IL,  IV.,  v.,  and  VL  of  Articles  289  and  290,  we  find  the  foDow- 
ing  yalues  of  the  factor  m : — 

m 
I.  Beam  fixed  at  one  end,  loaded  at  the  other, 1. 

IL  Beam  fixed  at  one  end,  loaded  nniformly, s- 

lY.  Beam  supported  at  both  ends,  loaded  in  the  )  1 

middle, ••  /  i' 


pported  at  both  ends,  loaded  at  a?"  )    1  /      4g**\ 
he  middle, J    iV"   I*  J' 


V.  Beam  su 
from  the 

YI.  Beam  suppoi'ted  at  both  ends,  uniformly  loaded,  g. 

292.  VaiflmM  ni«m«it  •£  vienve. — H  a  pair  of  equal  and  oppo- 
site couples,  acting  in  the  same  longitudinal  plane,  be  applied  at 
or  near  the  ends  of  a  beam,  the  part  of  the  beam  intermediate 
between  the  portions  to  which  the  couples  are  applied  is  under  the 
influence  of  an  imiform  moment  qfjlexure^  and  of  no  shearing  force. 

An  illustration  of  this  is  the  condition  of  that  part  of  the  axle 
of  a  railway  carriage  which  lies  between  the  pair  of  wheels,  if  the 
bearings  are  outside  of  the  wheels,  or  between  the  bearings  if  the 
bearings  are  inside  of  the  wheels.     Let  W  be  the  weight  which 

W 

rests  on  one  pair  of  wheels ;  then  -^  is  the  weight  resting  on  each 

ji 

wheel,  and  on  each  bearing.     Let  I  be  the  distance  from  the  centre 

of  eadi  wheel  to  the  midcUe  of  the  adjoining  bearing.    Then  a  pair 

of  equal  and  opposite  couples,  each  of  the  moment, 

2  ' 

are  applied  to  the  two  ends  of  the  axle ;  and  this  is  the  unifonn 
moment  of  flexure  of  the  portion  of  the  axle  lying  between  the 
portions  acted  upon  by  the  forces  which  constitute  the  couples; 
and  the  shearing  force  on  the  same  portion  is  nulL 

293.  BcfliMBBce  •r  Fiexwe  means,  the  moment  of  the  resistance 
which  a  beam  opposes  to  being  bent  or  broken  across ;  and  if  the 
beam  is  strong  enough,  that  moment,  at  each  cross  section  of  the 
beam,  is  equal  and  opposite  to  the  moment  of  the  bending  forces 
at  the  same  cross  section. 
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Let  fig.  130  repreeent  a  side  yiew  of  part  of  a  beam  which  is  of 
uniform  cross  section^  and  which  is  sub- 
jected to  an  uniform  moment  of  flexure ; 
and  let  fig.  130*  represent  the  cross  sec- 
tion of  the  same  beaim.  It  is  self-evident 
that  the  curvature  produced  in  the  part 
of  the  beam  in  question  must  be  uniform ; 
that  is  to  say,  that  any  longitudinal  line  in  ^'&  ^^^* 

the  beam,  such  as  its  upper  edge  A  A',  or  its  lower 
edgd  BB%  which  in  the  free  condition  of  4he  beam 
18  straighl^  must  be  bent  into  an  arc  of  a  circle  ;  and 
that  any  surface  originally  plane  and  longitudinal,  ^ 

and  perpendicular  to  the  plane  in  which  the  curva- 
ture takes  place,  such  as  the  upper  surface  A  A',  or 
the  lower  surface  BB',  must  be  bent  into  a  cylin-  p  ^iBO* 
drical  form ;  and  the  cylindrical  sur&ces  so  produced 
will  have  a  common  axis.  Any  two  transverse  sectional  planes,  such 
as  AB  and  A'  B',  which  in  the  free  state  of  the  beam  are  parallel  to 
each  other,  will  have,  in  the  curved  state  of  the  beam,  positions 
radiating  from  the  axis  of  curvature. 

Therefore,  if  the  portion  of  the  beam  between  the  transverse 
planes  AB,  A'B',  be  conceived  to  be  divided  into  layers,  such  as 
GO',  originally  plane,  parallel,  and  of  equal  length,  these  layers, 
in  the  beut  condition  of  the  beam,  must  have  lengths  proportional 
to  their  distances  from  the  axis  of  curvature.  The  layers  near  the 
concave  side  of  the  beam,  A  A',  are  shortened  by  the  bending,  and 
the  layers  near  the  convex  side,  B  B',  lengthened ;  and  there  must 
be  some  intermediate  layer  which  is  neither  lengthened  nor  short- 
ened, but  preserves  its  free  length.  Let  O  O'  be  the  surface  origi- 
nally plane,  now  curved,  at  which  that  layer  is  situated ;  this  is 
called  the  neutral  suaf ace  of  the  beam,  and  the  line  O  O,  fig.  130*, 
in  which  it  intersects  a  given  cross  section,  is  called  the  neutral 
caeu  of  that  section. 

The  dired  astrains,  or  proportionate  elongations  and  compressions, 
of  the  layers  of  the  becun  are  proportional  to  their  distances  below 
and  above  the  neutral  suifisu^e;  and  hence,  within  the  limits  of 
proof  stress,  the  direct  streeees,  or  tensions  and  pressures,  at  the 
dififerent  points  of  the  cross  section  AB,  fig.  130*,  have  mteneities 
aeneibly  proportional  to  tJieir  dista/nces  from  tlie  neutral  aade  O  O. 

Ther^ore  the  direct  stress  at  each  section,  such  as  A  B,  whose 
moment  constitutes  the  resistofnce  to  hendvngy  is  an  unifomdy-varry' 
tng  stresSy  as  defined  in  Article  91 ;  and  in  order  that  the  longi- 
tudinal residtant  of  that  stress  may  be  null,  the  neutral  axis  (as 
shown  in  that  Article)  must  traverse  the  centre  of  gravity  of  uie 
cross  section  A  B. 
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The  momeni  of  a  bending  stress  baa  already  been  given  in  Article 
92,  equations  3  and  4 ;  and  the  methods  of  determining  tiie  inte- 
grals I  and  K,  which  occur  in  those  equations,  haye  been  explained 
and  illustrated  in  Article  95. 

To  apply  the  equations  of  those  Ajrticles  to  the  present  puipoee, 
let  p  be  the  intensity  of  the  direct  stress  at  a  layer  of  the  beam 
whose  distance  from  the  neutral  axis  is  y :  height  aboTe  the  neatnd 
axis  being  considered  as  positive,  and  depth  below  it  as  negativcL 
Then  because  a  moment  of  flexure  tending  to  make  the  beam  con- 
cave upwards  has  been  treated  as  positive,  it  is  convenient^  in  order 
to  avoid  the  unnecessary  use  of  negative  signs,  to  consider  l^e  con- 
stant ratio  ^  as  positive  when  it  is  such  as  to  give  resistance  to  an 

upward  moment  of  flexure  ;  that  is,  when  pia&  thrust  for  podtive 

values  of  y,  and  a  pull  for  negative  values ;  consequently,  p  is  to 

1.  -J      J       (positive  )  J.  ...       f  thrust.  ) 

be  considered  as  I  j^^.^^faooorduiga8  It  Ma|p^     J. 

This  being  understood,  we  have,  for  the  moment  of  the  reostance 
opposed  by  tibie  beam  to  bending, 

^,  ■''  M=?.V(I'  +  K'); (I.) 

'A  'L\       and  for  the  angle  made  by  the  neutral  axis  with  the  direction  of 
the  axes  of  the  bending  couples, 

f«  =  -  arc  *  tan  =-i (2.) 

I  and  K  being  found  by  the  methods  of  Article  95. 

In  some  cases,  a  more  convenient  form  of  equation  2  is  that 
which  gives  ^,  the  angle  made  by  the  neutral  axis  with  its  conju- 
gate axis,  m  which  the  plane  of  the  bending  forces  cuts  the  plane 
of  section  A  B,  viz.  : — 

cotan  *  ^  =  Y  (3.) 

In  almost  every  case  which  occurs  in  practice,  the  plane  of  the 
bending  forces  cuts  each  cross  section  of  the  beaiii  in  one  or  other 
of  its  principal  axes,  for  which  K  =  0,  ^  s  0,  ^  =  90<' ;  and  then  equa- 
tion 1  becomes 

M=^ (4) 

In  beams  whose  transverse  sections  and  moments  of  flexure  are  not 
uniform,  no  error  appreciable  in  practice  is  produced  by  applying 
equation  4  to  each  cross  section^  and  to  the  moment  of  flexure  which 
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acts  upon  it,  as  if  the  giyen  section  and  moment  belonged  to  an 
uniform  beam  inth  an  uniform  moment  of  flexure. 

20L  The  Tw^ygwa  Sttcacih  of  a  beam,  ultimate,  proof,  or  work- 
mg^  as  the  case  may  be,  is  the  load  required  to  break  it  across,  or 
to  produce  the  proof  stress  or  the  working  stress,  as  the  case  may 
be^  It  is  found  by  equating  the  greatest  moment  of  flexure,  ex- 
pressed in  terms  of  the  load  and  length,  as  in  Article  291,  to  the 
moment  of  resistance  at  the  cross  section  where  that  moment  of 
flexure  acts :  such  moment  of  resistance  being  found  from  Hie  equa- 
tions of  Article  293,  by  putting  for  p  the  ultimate,  proof,  or 
working  direct  stress  of  the  material,  as  the  case  may  be,  and  for 
y  the  distance  from  the  neutral  axis  to  the  point  in  the  given  cross 
aection  where  the  limiting  stress  p  is  first  attained.     That  point 

will  be  at  the  <  ^^^^^^  I  gj^e  of  the  beam,  according  as  the  mate- 

( convex  j         f  % '  ^ 

rial  gives  way  most  readily  to  |  ^^^'  | 

In  fig.  131,  A  represents  a  beam  of  a  granular  material,  like  cast 
iitm,  giving  way  by  the  crashing 
of  the  concave  side,  out  of  which 
a  sort  of  wedge  is  forced.  B  re- 
presents a  b^m  giving  way  by 
the  tearing  asunder  of  the  con-  Fig.  181. 

vex  side. 

In  a  beam  symmetrical  above  and  below,  or  otherwise  of  such  a 
fonn  that  the  neutral  axis  is  at  the  middle  of  the  depth  of  the 
cross  section,  if  A  is  that  depth, 

and  the  limiting  value  of  p  is  the  resistance  to  pressure  or  to  ten- 
sion, whichever  is  least 

For  other  forms  of  section,  let 

y  =  y«  for  the  concave  side ;  and 
=  y»  for  the  convex  aide ; 

and  let  the  limiting  stresses  be 

p  =/a  for  pressure  ;  and 
=  ^  for  tension; 


then  the  beam  will  give  way  by  <  ^^^  \  according  as  ?? 

{C*"}*^  ^; (') 


18 


This  point  having  been  determined,  the  equation  from  which  the 
strength  of  the  beam  may  be  found  is 
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Mo=  m^l  =  =2 (2.) 

y 

When  the  hreaking  load  is  in  question,  the  oo-effident^  is  what 
is  called  the  moduhts  ofruptwre  of  the  materiaL  It  does  not  always 
agree  with  the  resistance  of  the  same  material  to  direct  cmshing  or 
direct  tearing,  but  has  a  special  value,  which  can  be  found  by 
experiments  on  cross-breaking  only.  One  of  the  causes  of  this 
phenomenon  is  probably  the  &ct,  ahready  stated  in  Article  257, 
that  the  resistance  of  a  material  to  a  direct  stress  is  increased  by 
preventing  or  Himinifthmg  the  alteration  of  its  transverae  dimen- 
sions ;  and  another  cause  may  be  the  fact,  that  the  strength  of 
masses  of  metal,  especially  when  cast,  is  greater  in  the  external 
layer,  or  akiuy  than  in  the  interior  of  the  mass.  Wh^i  a  bar  is 
directly  torn  asunder,  the  strength  indicated  is  that  of  the  weakest 
I^art  of  the  mass,  which  is  in  the  centre ;  when  it  is  broken  aerosBy 
the  strength  indicated  is  that  either  of  the  skin,  which  is  the 
strongest  part,  or  of  some  part  near  the  skin  (See  the  Article  296)u 

When  file  proof  load  or  working  load  is  in  question,  the  oo-effi- 
cient/is  the  modulus  of  rupture  divided  by  a  suitable  faxlUn  of 
safely  J  as  to  which  see  Article  247. 

295.  TnuiSTone  Siraagth  la  Tcnns  •€  BvcAdth  aadi  llciptb* — From 
the  principles  explained  in  Article  95,  it  is  obvious  that  the 
moments  of  inertia,  I,  of  similar  sections  are  to  each  other  as  the 
breadths,  and  as  the  cubes  of  the  depths  If,  therefore,  6  be  the 
breadth,  and  h  the  depth,  of  the  rectangle  circumscribing  the  cross 
section  of  a  given  beam  at  the  point  where  the  moment  of  fleziire 
is  greatest,  we  may  put 

I  =  »'5A» (1.) 

n'  being  a  numerical  factor  depending  on  the  form  of  the  section. 
It  is  also  evident,  that  for  similar  figures,  the  values  of  y  axe  as 
the  depths ;  so  that  we  may  put 

yzrzTfih  (2.) 

rri  being  another  numerical  factor  depending  on  the  form  of  section. 
If  the  section  is  symmetrical  above  and  below,  m'  =  ^.  Thus  it 
appears,  that  the  resistanoea  of  flexwre  ofwiMair  cross  sections  are 
as  their  breadths  aryd  as  the  squ/o/res  of  their  depths,  and  that  equation 
2  of  Article  294,  which  expresses  equality  between  the  gieatest 
moment  of  flexure,  as  stated  in  terms  of  the  load  and  length,  and 
the  resistance  of  the  cross  section  where  that  moment  acts^  is  equi- 
valent to  the  following  : — 

M«  =  m  W/  =r  nfhh^ (3.) 
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'vrliere  n  =  —  is  a  numerical  factor  depending  on  tlie  form  of  cross 
ml 

section  of  the  beam,  and  w  is  the  numerical  factor  depending  on 

-the  mode  of  distribution  of  the  loading  and  supporting  forces,  of 

^wkich  examples  have  been  giyen  in  Article  291. 

The  following  table  gives  examples  of  the  values  of  the  three 

fiutorsy  n',  f»',  n^  for  some  of  the  more  usual  forms  of  cross  section : 


1 

,    FoBX  OF  Cbos  SnTnoira. 

"*— 6A3- 

y 

I 

L  Bectanffle  6  4,  ) 

1 
15 

1 

2 

1 
6 

(including  square)       j 

n.  EUipse— 

Vertical  axis  A, \ 

Horizontal  axis  5,  ...  > 
(including  circle)     j 

«•        1 
64  "  20-4 
=  00491 

1 
2 

X         1 

32     10-2 
=  0-0982 

ITT.  Hollow  rectangle,  h  h 
— yh'y  also  I-formed 
section,  where  ^  is  the  • 
sum  of  the  breadths  of 

the  lateral  hollows,.. . .  j 

• 

IV.  Hollow  square—          ) 
w^-kC. / 

< 

V.  Hollow  ellipse, 

12\       hhy 

1 
2 

6V      6/*V 

1   (l^^l\ 
12  V       W 

1 
2 

6   \       W 

1   r^J'h^\ 
20-4  V       hhV 

1 
"2 

1    /1-5'A'»\ 
10-2  V       hhV 

iVL  Hollow  circle,  

1 

1   (l^^'\ 
20-4\        W 

1 
2 

1    (l^^2\ 
10-2\       /»V 

In  using  the  equation  3  for  any  of  the  purposes  to  which  it  may 
be  applied — such  as  computing  the  strength  of  a  beam  of  which 
the  dimensions  and  figure  are  given,  or  fixing  the  transverse  dimen- 
sions of  a  beam  of  which  the  strength,  length,  and  figure  are  given 
— care  is  to  be  taken  to  use  the  same  unit  ofmecuwre  throughout 
the  calculation;  that  is  to  say,  when  the  transverse  dimensions,  as 
is  usually  the  case,  are  stated  in  inches,  and  the  oo-effident  of 
strength  /in  pounds  on  the  square  inch,  the  length  I  should  be 
stated  in  inches  also.  This  caution  is  necessary  on  account  of  that 
diversity  of  units  which  is  characteristic  of  British  measures. 

296,   JL  VaUe  •€  Ike  WUtimmmtm  mt  flteterteii  ••  Bnnktas  JLcraM 

is  given  at  the  end  of  the  volume.     It  gives  values  of  the  modulus 
of  rupture,  being  that  for  which  the  co-efficient /stands  in  Article 
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294,  equadon  2,  and  in  Article  295,  equation  3,  when  m  W  2  is  the 
breaking  moment  It  will  be  observed,  that  this  modulus  is,  for 
most  materials,  intermediate  between  the  tenacity  and  the  renstanoe 
to  direct  crushing. 

297.  Cmm  bwi  MmM — ^The  values  of  the  modulus  of  mptore 
for  cast  iron  reqture  special  remark.  It  had  for  8om.e  time  been 
known,  that  while  the  direct  tenacity  of  cast  iron  (as  detennined  bj 
Mr.  .Hodgkinson)  is  on  an  average  16,500  lbs.  per  square  inch,  the 
modulus  of  rupture  of  rectangular  cast  iron  beuns  is  on  an  average 
about  40,000  lbs.  per  square  inch,  or  two  and  a-half  times  as  great 
This  was  supposed  to  be  accounted  for  by  the  assumption,  that  the 
stress  on  a  cross  section  of  a  cast  iron  beam  is  not  an  imifonnl j 
varying  stress,  and  that  the  neutral  axis  does  not  traverse  the 
centre  of  gravity  of  the  section.  But  in  1855,  Mr.  William  Heniy 
Barlow,  by  experiments  of  which  an  account  is  published  in  iho 
Fhilasaphical  Tranaaetiona  for  that  year,  showed, — ^in  the  first  place, 
that  the  stress  is  an  uniformly  varying  stress,  and  that  the  neutral 
axis,  in  symmetrical  sections  at  all  events,  traverses  the  centre  of 
gravity  of  the  section, — and  in  the  second  place,  that  the  modulus 
of  rupture  has  various  values,  ranging  from  the  mere  direct  tenacity 
of  the  iron  up  to  about  two  and  a-third  times  that  tenacity,  aooord- 
ing  to  the  figure  of  the  cross  section  of  the  beam. 

The  beams  on  which  the  experiments  of  Mr.  Bariow,  now  refened 
to,  were  made,  were  in  some  cases  of  a  solid  rectangular  section, 
and  in  other  cases  of  an  open-work  rectangular  section,  consisting  of 
equal  rectangular  upper  and  lower  horizontal  bars,  with  alteimte 
open  spaces  and  vertical  connecting  bars  between.  As  &r  as  those 
experiments  went,  they  were  in  accordance  with  the  following 
empirical  formula : — 

/=/o+/.?, (1.) 

where/  is  the  modulus  of  rupture  of  the  beam  in  question ;  f^  the 
direct  tenacity  of  the  iron  of  which  it  is  made ;  /",  a  co-efficient 

determined  empirically ;  and  ~ ,  the  ratio  which  the  dqfih  o/udid 

metal  H  in  the  cross  section  of  the  beam  bears  to  the  taUU  depA  of 
section  h.  The  following  were  the  values  of  the  constants  for  the 
cast  iron  experimented  on  : — 

Direct  tenacity,     f^  =  18,750  lbs.  per  square  inch ;  \ 

/=  23,000  lbs.  per  square  inch ;  V (2) 

=  1^^  nearly.  j 

Mr.  Barlow  has  since  made  further  experiments  on  cast  iron 
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'beams  of  Tunous  fonns  of  section,  and  also  experimentB  on  -wrought 
'iron  beams,  showings  though  not  so  oonclusiyelj,  variations  in  the 
modnlns  of  rapture  of  -wrought  iron  analogous  to  those  which  have 
l)een  proved  to  exist  in  the  case  of  cast  iron ;  but  as  those  further 
expeiiments,  though  communicated  to  the  Eoyal  Society,  have  not 
yet  been  published  in  detail,  it  would  be  premature  to  ma^e  remarks 
<Mi  them  here. 

Mr.  Barlow  has  proposed  a  theory  of  those  phenomena,  to  the 
effect  that  the  curvature  of  the  layers  of  the  beam  produces  a 
peculiar  kind  of  resistance  to  bending,  distinct  from  that  which 
arises  from  the  direct  elasticity;  and  he  adduces  in  support  of  that 
theory  the  &ct  that  the  additional  strength  represented  by  the 
second  term  of  equation  1  increases  with  the  ultimate  curvature  of 
the  beam ;  that  is,  its  curvature  just  before  breaking.  Another 
ecmceivable  theory  has  already  been  mentioned  in  Article  294,  viz., 
that  the  strength  of  a  metal  bar,  and  in  particular  of  a  cast  iron 
bar,  is  greatest  at  the  s^m,  and  diminished  towards  the  interior ; 
that  the  tenacity  found  by  directly  tearing  a  bar  asunder,  y^  is  the 
tenacity  of  the  interior;  that  the  modulus  of  rupture  of  a  solid 
lectangular  beam,y«  +  /*}  is  the  tenacity  of  the  skin,  and  that  the 
modulus  of  rupture  of  an  open-work  beam  is  the  tenacity  at  a 
distance  from  the  skin  depenoQng  on  the  form  of  section.  But  until 
ccmchiBive  experimental  data  shall  haive  been  obtained,  all  theories 
on  the  subject  must  be  considered  as  provisional  only. 

298.  The  Secltoa  9i  K^Md  Sttcacih   Ar  CmC  Imm  Mtrnwam  was 

first  proposed  by  Mr.  Hodgkinson,  in  consequence 
o£  his  diiacovery  of  the  &ct,  that  the  resistance  of 
cast  iron  to  direct  crushing  is  more  than  six  times 
its  resistance  to  tearing.     It  consists,  as  in  fig.  132, 

of  a  lower  flange  B,  an  upper  flange  A,  and  a  vertical   p f-t- p 

wifeb  connecting  them.     The  sectional  area  of  the 

lower  flange,  which  is  subjected  to  tension,  is  nearly 

six  times  that  of  the  upper  flange,  which  is  subjected         ^*  ^^^' 

to  thrust.    In  order  that  the  beam,  when  cast,  may  not  be  liable 

to  crack  from  unequal  cooling,  the  vertical  web  has  a  thickness  at 

its  lower  side  equal  to  that  of  the  lower  flange,  and  at  its  upper 

side  equal  to  that  of  the  upper  flanga 

The  tendency  of  beams  of  this  class  to  break  by  tearing  of  the 
lower  flange  is  slightly  greater  than  the  tendency  to  break  by 
crashing  of  the  upper  flange;  and  their  modulus  of  rupture  is  equal, 
or  nearly  equal,  to  the  direct  tenacity  of  the  iron  of  which  they  are 
made,  being,  on  an  average  of  diflerent  kinds  of  iron,  16,500  lbs. 
per  square  inch. 

Let  the  areas  and  depths  of  the  parts  of  which  the  section  in  flg. 
132  consists  be  denoted  as  follows : — 
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XJpperflange, Ap  Aj. 

Lower  flange, A^,  k^ 

Vertical  web, Aj,  ^ 

Total8,...Ai  + Aj  + A3= A,^  +  A,  +  ^=A. 

No  appreciable  error  will  arise  firom  treating  the  section  of  the 
vertical  web  as  rectangular  instead  of  trapezoidal  The  height  of 
the  neutral  axis  above  the  lower  side  of  this  section  is 

^*— 2  2A  ' 

Then  by  applying  the  formula  of  Article  95,  Example  YI^  to  this 
case,  the  moment  of  inertia  of  the  section  is  found  to  be  as  follows : — 

+  AiA,(Ai+A,)«  +  A.A,(A,  +  A^}; {%) 

and  the  strength  of  the  beiajn  is  expressed  by  the  equatioai 

Mo  =  «»W^=^ (3.) 

It  is  seldom  necessary,  however,  to  use  the  formula  1  and  2  in 
all  their  complexity;  the  following  approximate  formula  being 
usually  sufficiently  near  the  truth  for  practical  purposee^  and  its 
error  being  on  the  safe  sida  Let  hf  be  the  depth  from  the  middle 
of  the  upper  flange  to  the  middle  of  the  lower  flange ;  then 

Mo=«»WZ=:/5A'A, (4.) 

are  those  in  which  the  dimen- 
sions  of  the  croas  section 
are  varied  in  such  a  man- 
ner, that  its  ultimate  or 
proof  resistance  bears  at 
each  point  of  the  beam  the 
same  proportion  to  the 
moment  of  flexure.  That 
resistance,  for  figures  of 
the  same  kind,  being  pro- 
portional to  Uie  breadth 
and  to  the  square  of  the 
depths  can  be  varied  dther 
by  varying  the  breadth, 
the  depth,  or  both.    The 
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•f  Vnlftm 


Fig.  188. 


Fig.  184. 


Fig.  18ft. 


Fig.  186. 
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law  of  variation  depends  upon  the  mode  of  variation  of  the  moment 
of  flexure  of  the  b^un  from  point  to  pointy  and  this  depends  on  the 


Fig.  187. 


Fl«.188. 


Fig.  140. 


diBfaibntion  of  the  load  and  of  the  sapporting  forces^  in  a  ynj 
wliich  has  been  exemplified  in  Articles  289  and  290.  When  the 
dejpHh  of  the  beam  is  made  uniform,  and  the  breadth  varied,  the 
vertical  longitudinal  section  is  rectangnlar,  and  the  plan  is  of  a 
figure  depending  on  the  mode  of  variation  of  the  breadth.  When 
the  breadth  of  the  beam  is  made  uniform,  and  the  depth  varied, 
^e  plan  is  rectangular,  and  the  vertical  longitudinal  section  is  of  a 
figure  depending  on  tiie  mode  of  variation  of  the  depth.  The 
following  table  gives  examples  of  the  results  of  those  principles  : — 


Mode  of  Loading 
■nd  SuypoftiBg. 

**». 

Depth  h  oonitaot; 
Figure  of  Plan. 

Breadth  b  constant; 

Figure  of 

VerttcalLonffitodinal 

Section. 

L  (Figk  183,  184). 
Kzedat  A,  load- 
ad  at  B. 

Trian^e,  apex  at 
B,  fig.  188. 

Parabola,  yertex 
at  B,  fig.  134. 

n.  (RgL  185, 186). 
FSzedatAfimi- 
taady  loaded,... 

IIL  (FfgB.  187,  188). 
Supported  at  A 
and  fi,  loaded  at 
c 

Square  of  distanoe 
from  B. 

Pair  of  parabolas, 

vertioes  tonching 

each  other  at  B, 

fig.  185. 

Triangle,  apex  at 
B,  fig.  186. 

DiBtance  from 

a^iaoent  point  of 

support 

Pair  of  triangles, 

common  base  at 

C,  apices  at  A  and 

B,  fig.  187. 

Pair  of  parabolas, 

vertices  at  A  and 

B,  meeting  at  C, 

fig.  188. 

IV.  (Figi.  189,  140> 
Sopported  at  A 
andBfimifonnlj 
IomM,.. t.. 

Ptodactofdi»- 

tanees  from  points 

oCsQpport 

Pair  of  parabolas, 

▼ertices  at  C,  C, 

in  middle  of  beam; 

common  base  A  B, 

fig.  189. 

EnipeeADB, 
fig.  140. 

'  \ 
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The  formulse  and  figaies  for  a  con^arU  d&pQ^  aie  applicable  to  die 
breadths  of  the  flanges  of  the  j^-shaped  girders  described  in  Aiiacle 
298.  In  applying  the  principles  of  this  Article,  it  is  to  be  borne 
in  mind,  that  the  ahea/rvng  force  has  not  yet  been  taken  into  aoooiQitt; 
and  that,  consequently,  the  figures  deAnibed  in  the  aboTe  table 
require,  at  and  near  the  places  where  they  taper  to  edges,  some 
additional  material  to  enable  them  to  withstand  that  force.  In 
figs.  137  and  139,  such  additional  material  is  shown,  diflposed  in 
the  form  of  projections  or  palms  at  the  points  of  support,  wiudi 
serve  both  to  resist  the  shearing  force,  and  to  give  lateral  steadinesB 
^^   to  the  beams. 

^        300.  PrMf  i»cifleeti«M  mt  BeuM. — Beverting  to  fig.  130,  it  is 

^      evident  that  if  «  represents  the  proportionate  elongation  of  the 

layer  C  C,  whose  distance  from  the  neutral  sur&oe  O  C  is  y,  and 

if  r  be  the  radius  of  curvature  of  the  neutral  soi&oe,  we  most  have 

1  :  1  +  •:*.«•:*•  +  y; 
and  consequently,  the  radius  of  curvature  is 

and  the  ewrvaJbwre^  which  is  the  reciprocal  of  i3ie  radios  of  corvatore^ 
is  expressed  by  the  equation  ^       '    ,  . 

Let  p  be  the  direct  stress  at  the  layer  0  CT,  and  E  the  m/odMm 

ofdaalMity  of  the  material ;  then  «  =  ^ »  and  consequently,  the  cur- 

vature  has  the  following  values  : — 

1^     _^ M 

7  "  E^  "  E  I' - ^'^ 

the  second  value  being  deduced  from  the  first  by  means  of  equation 
4  of  Article  293. 

When  the  quantity  -  =  y  varies  for  difierent  points  of  the  beam, 

the  curvature  varies  also. 

Suppose  now  that  the  beam  is  under  its  proof  load^  and  let  Ko 
denote  the  greatest  moment  of  flexure  arising  from  that  load,  1^  the 
moment  of  inertia  of  the  cross  section  at  which  that  moment  acts, 
and  yo  the  distance  from  the  neutral  axis  of  that  sectioii  to  the 
layer  where  the  limiting  intensity/  of  the  stress  is  attained.  Then 
the  curvature  will  be, 


FBOOF  SEFLECnOK  OF  BEAMS. 


323 


1 


JL^^ 


at  the  section  of  greatest  stress,  —  =  ■■^—  = 

/ 


at  any  other  section, 


1 

r 


M 
EI 


EIo^ 

MIq 

Eyo'IMo' 


.(2.) 


The  exact  intention  of  this  equation  for  slender  springs,  in 
certain  obses,  ivill  he  considered  in  a  subsequent  Article.  For 
beams  it  is  integrated  approximately  in  the  following  manner : —   < 

Let  l^e  middle  of  the  neutral  axis  of  the  section  of  greatest  stress 
be  taken  as  the  origin  of  co-ordinates,  and  represented  by  A  in  figs. 


Kg.  141. 


Fig.  142. 


141  and  142.  For  a  beam  supported  at  both  ends  and  S3anme- 
trically  loaded,  A  is  in  the  middle  of  the  beam  (fig.  141).  For  a 
beam  fixed  at  one  end  and  projecting,  A  is  at  tike  fixed  end  (ig. 
142).  Let  the  beam  be  so  fixed  or  supported  that  at  this  point  its 
necttral  soi&oe  shall  be  horizontal,  and  let  a  horizontal  tangent, 
A  X  C,  to  that  sui&ce  at  that  point  be  taken  as  the  axis  of  ab^assas. 

Let  A  C,  the  horiaontal  distance  from  the  origin  to  one  end  of  the 
beam,  be  denoted  by  e,  which,  as  in  Articles  289  and  290,  is  the 
length  of  Ihe  projecting  portion  of  a  beam  fixed  at  one  end,  and  the 
half-qpan  of  a  beam  supported  at  both  ends  and  symmetrically 

loaded.  Let  A  X,  the  abscissa  of  any  other  point  in  the  beam  =  x. 
Let  A  B  D  be  the  curved  form  assumed  by  the  neutral  sur&oe  when 
the  beam  is  bent,  which  form,  in  a  beam  supported  at  both  ends,  is 
oofDcaTe  upwards,  as  in  fig.  141,  and  in  a  beam  fixed  at  one  end 

oofDcaTe  downwards,  as  in  fig.  142.  Let  X  B  =:  v  be  the  ordinate 
of  any  point  B  in  the  curve  A  B  D;  being  the  difference  of  level 

between  that  point  and  the  origin  A.  Let  C  D  =  Vi  be  the  greatest 
ordinate :  this  is  what  is  termed  the  d^ecUon, 

The  tneUnaUfm  of  the  beam  at  any  point  B,  is  expressed  by  the 
equation 

d  V 
%  =r  arc  tan  -=-- ; 
ax 


and  the  eurvaiwref  being  the  rate  of  variation  of  the  inclination  in 
a  given  length  of  the  curve,  is  expressed  by 
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di 


di 


dx 


V 


1  + 


ds? 


But  in  cases  which  occur  in  practice^  the  curvatore  of  the  beam  is 
so  slight,  that  the  arc  t  is  sensibly  equal  to  its  tangent,  Ihe  dcjte 

-y^]  and  the  elementary  arc  dahA  sensibly  equal  to  its  honzontal 

dx 

projection  dx]  bo  that  the  following  equations  may  be  used  without 

sensible  error : — 


Slope, 


Curvature, 


dv 


1 


dx' 

di  __<?» 
dx^  ds^' 


(3.) 


Therefore,  when  the  currature  at  each  point  is  given  by  equation 
2,  the  slope  and  the  ordinate  are  to  be  found  by  two  snoceasive 
integrations,  as  shown  by  the  following  equations  : — 


Slope, 


Mi 

Mo 


.  dx; 


.(4.) 


Ordinate,        <?  =  /    idx  =  ^—  •  /     /    -s^V?  d  7?, 

The  greatest  dope  ti — that  is,  the  slope  at  D — and  the  de/Uciion 
or  greatest  ordinate  Vi,  are  found  by  performing  the  complete  inte- 
grations between  the  limits  a;  =  0  and  x  =  c 

J  ^Headers  who  are  not  &miliar  with  the  integral  calculus  are 
erred  to  Article  81  for  explanations  of  the  nature  of  the  process 
of  integration.] 

In  both  the  integrals  of  the  formula  4,  the  quantily  f-^^v  a 

numerical  ratio  depending  on  the  mode  of  distribution  of  the  load- 
ing and  supporting  forces,  and  the  mode  of  variation  of  the  section 
of  the  beauL  Hence  it  is  evident  that  we  must  have  the  complete 
integrals 

jlf^.,.  =  m'c;j'J-^.4^^r,^; (5.) 

where  m"  and  n"  are  two  rwmerical  factors  depending  on  the  dis- 
tribution of  the  forces  and  the  figure  of  the  beam ;  so  that  the 
greatest  slope  and  the  deflection  are  given  by  the  equations 
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i_  — z. •  "W.  ^ z. — . 


«i  = 


Ey.' 


fi  = 


Ey, 


(6.) 


For  beams  of  sunilar  figures,  and  siinilarly  loaded  and  supported, 
y^  ia  as  the  depth,  and  c  as  the  length ;  henoe,  for  such  beams,  the 
prvafaif  do^  under  the  proof  load  ia  dtrecUp  as  the  length,  and 
iwoendy  ae  the  dqjth ;  and  the  proof  d^ection  is  directly  as  the 
square  of  the  length,  afnd  inversdy  as  die  depth. 

The  foUowing  table  gives  the  values  of  the  &ctors  m'^  and  n"  for 
some  of  the  more  ordinaiy  cases  of  beams  of  uniform  section,  in 

-which  the  ratio  jW'  ^^'^^^  simply  equal  to  ^,  depends  on  the 

distribation  of  the  load  alone,  and  may  be  found  by  the  aid  of  the 
tables  of  Articles  289  and  290. 


L  Constant  moment  of  flexure, 

FrxED  AT  One  End. 
IL  Loaded  at  extreme  end, 

IIL  Uniformlv  loaded, 

M 
M. 

m" 

n" 

1 

1 

1 
2 

1-? 
c 

1 

2 

1 
3 

0-^' 

1 
3 

1 

4 

Sufpobxed  AT  Both  End& 
IV.  Loaded  in  the  middle, 

"V,  TJniformlv l«^ftd, ,.,,,... 

1-5 

c 

1 
2 

1 
3 

'-? 

2 
3 

5 
12 

For  a  beam  of  wniform  strength  and  wniform  depth,  the  quantity 

Y  is  oonstant ;  henoe  in  eveiy  such  beam,  in  what  manner  soever 

it  may  be  supported  and  loaded,  the  curvature  is  uniform,  as  in  the 
case  of  Example  L  of  the  above  table.     For  a  beam  of  vnifyrm 

iibrengih  amd  vmform  breadth,  the  quantity  -=-    is  constant ;  and 

therefore  in  such  beams, 

MIo_Ao.  ... 

im;-/*  ' ^''^ 
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h^  being  the  depth  at  the  section  of  greatest  bending  moment^  and 
h  the  depth  at  any  otiier  section.  The  following  table  shows  some 
of  the  consequences  of  these  principles  : — 


VL    Uniform  strength) 
and  uniform  depth, .... 

VJLL   Uniform  strength, 
uniform  breadth;  fuced 
at  one  end,  loaded  at 
the  other, 

Vni.    Uniform  strength,] 
uniform  breadth ;  sup- 
ported at  both  ends, 
loaded  in  the  middle,.. 

IX.    Uniform  strength,] 
uniform  breadth;  fixed 
at  one  end,  unifonnly  '^ 
loaded, 

X.    Uniform  strength, 
uniform  breadth ;  sup- 
ported at  both  ends, 
uniformly  loaded, 

MIo 

ni' 

n" 

1 

1 

1 
2 

v^ 

2 

2 
3 

V.\ 

2 

2 
3 

c 

C — X 

Infinite. 

1 

c 

2=1-5708 

g-1  =.0-5708 

J<?  ^ 

It  is  to  be  borne  in  mind,  that  the  values  of  tn"  and  n"  for  beams 
of  uniform  strength,  as  given  in  the  above  table,  are  somewhat 
less  than  those  which  occur  in  practice,  because,  in  computing  the 
table,  no  account  has  been  taken  of  the  additional  mateiial  which 
is  placed  at  the  ends  of  such  beams,  in  order  to  give  sufficient 
resistance  to  shearing. 

The  error  thus  arising  applies  chiefly  to  m'',  the  factor  for  the 
maximum  slope.  For  the  fistctor  for  the  deflection,  n",  the  error  is 
inoonsideiable,  as  experiment  has  shown. 

301.  Deaectf«M  feavd  by  Chmphlc  Go»atnicci«B« — ^The  great  length 
of  the  radii  of  curvature,  which  are  the  reciprocals  of  the  curva- 
tures given  by  equation  2  of  Article  300,  and  the  smallness  of  the 
ordinates  of  the  curve  of  the  neutral  sur&ce,  in  all  cases  which 
occur  in  practice,  render  it  neither  practicable  nor  useful  to  draw 
the  figure  of  that  ciurve  in  its  natural  proportions.  But  the  following 
process,  invented,  so  far  as  I  am  aware,  by  Mr.  C,  H.  Wild,  enables 
a  diagram  to  be  drawn,  which  represents,  with  a  near  approach  to 


BATIO  OF  DEPTH  TO  SPAN.  327 

mccoTBcy,  that  curve,  foith  iis  vertical  dimensions  eoeaggenUedy  so  as 
to  aihow  eoBBpiciioiiflly  the  slopes  and  ordinates 

Ocnnpiite,  by  equation  2  of  Article  300,  the  radii  of  curvature 
fcfr  A  series  of  equi-distant  points  in  the  beam.  Diminish  all  those 
iBdii  in  any  proportion  which  may  be  convenient,  and  draw  a  curve 
composed  of  small  circular  arcs  with  the  diminished  radiL  Then  in 
the  same  ratio  that  the  radii,  as  compared  with  the  horizontal  scale 
oC  ihe  drawing,  are  diminished,  will  the  vertical  scale  of  the  draw- 
ing, according  to  which  tiie  ordinates  are  shown,  be  exaggerated 

302.   TIm  l»y>Wfa»M  Af  th«  dvcatMt  Depth  ef  a  Beam  ta  the  Spaa 

IB  SO  regulated,  tiiat  its  greatest  deflection  shall  not  exceed  a  cer- 
tain proportion  of  the  span  which  experience  has  shown  to  be  con- 
aistemt  with  oonvenience.  That  proportion,  from  various  examples, 
appeals  to  bo— 

For  the  working  load,  A  =  fiom  ^J^  to  ^1^. 

For  «he  proof  load, ...  ^  =  &«•«  gTO  ***  650" 

ho 
The  determination  of  the  proportion,  ^— ,  of  the  greatest  depth  of 

the  beam  to  the  span,  so  as  to  give  the  required  stiffiiess,  is  effected 
hj  the  aid  of  equation  6  of  Article  300,  from  which  we  obtain 

Vi  ^  n"/c 

2l""2Eyo* 
Now  y^ssm'h^  m'  being  a  numerical  factor,  which  for  symmetri- 
cal sections  is  a- ;  and  consequentij  the  required  ratio  is  given  by 

the  equation 

A»^     yo  n''/c         n"/      2c  . 


2c'~2m'c~"2m'Evi     4m'E-   Vi' 


n" 


an  expression  consisting  of  three  &ctors :  a  fiustor,  - — j,  depending 

on  the  distribution  of  the  load  and  the  figure  of  the  beam ;  a  &ctor, 

— >  being  the  prescribed  ratio  of  the  span  to  the  deflection ;  and  a 

factor,  A=-y  being  the  proof  strain,  or  the  vxyrki/ng  strain,  of  the 

material,  as  the  case  may  be. 

To  illustrate  this,  let  the  beam  be  under  its  toorking  load,  uni- 
formly distributed,  and  let  it  be  of  uniform  section,  alike  above  and 


^ 
^ 
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5  1  2c 

below,    Thenn' =  - ,  m' =  ^.    Let  —  =  1000  be  the preacribed 

ratio  of  the  span  to  the  vorking  deflectioiL    Let  the  material  be 

wrought  iron,  for  which  n7uu\  ^  &  ^^  value  for  the  woildiig  strain 
f  oUlH/ 

2c  "~  24*  3000  "■  f2  "■  14-4  ' 

which  is  very  nearly  the  average  proportion  of  depth  to  epKH 
adopted  for  wrought  iron  girders  in  praddoe. 

0/\0       fill.  .A     ^tm ■      _^     ^        _»  .^  ^n .m^ ^ m 

given  by  the  following  fonnulsB : — 


(1-) 


.  To  integrate  these  equatLoncf,  it  is  only  necessary  to  sabstitote 

"^"^        for  the  constant  factor  ^,  in  the  equations  4,  5,  6,  Article  300,  its 

Ma        y» 

equivalent  -j^,  M'q  being  now  not  the  |>roo^  moment  of  flexure,  bat 

'j         the  actual  moment  of  flexure  at  the  point  where  the  beam  is  hori- 
zontal ;  that  is  to  say, 

Greatest  slope  €i  =     ^^^    ;  deflection  Vi  ^  —    J*  -...(2.) 

m"  and  n"  being  factors  depending  on  the  distribution  of  the  load, 
and  having  the  values  given  in  the  table  of  Article  300.  Now  the 
value  of  the  moment  of  flexure  is  given  in  terms  of  the  load  and 
length  by  equation  1  of  Article  291,  and  the  ensuing  tabl^  til, 
Mo  =  971 W  Z ;  and  the  value  of  Iq,  in  terms  of  the  dimensions  of 
the  rectangle  circumscribing  the  cross  section,  is  given  by  equation 
1  of  Article  295,  and  the  ensuing  table,  vizL,  I^:=n*bh* ;  hence  the 
above  equations  2  become 

Moreover,  l=c,  or  s=  2  c,  according  as  the  beam  is  fixed  at  one  end 
only,  or  supported  at  both ;  so  that  if  m"',  n"',  be  a  pair  of  numeri- 
cal factors,  whose  values  are,  for  beams  fixed  at  one  end  only, 
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tikd  for  beams  supported  at  both  ends, 

m"  =  2m''m;  »*  =  2n"w; 
the  eqnatiQiis  3  become 


%^    = 


>  *^1  =  ^'  T?  A  M -(^O 


^Hkeiice  it  appears,  that  the  deflections  of  similar  beams  imder 
equal  loads  are  as  the  cubes  of  their  lengths,  and  iaweredy  as  their 
hreadtha  and  the  cubes  of  their  depths. 

The  Tallies  €in'=  =-—,  for  the  ordinary  forms  of  cross  section^  are 

b  nr 

giren  in  the  table  of  Article  295,  The  following  table  gives  the 
Tahies  of  m"  and  n"  for  different  modes  of  loading  and  support- 
ing, for  beams  of  uniform  cross  section^  and  for  beams  of  uniform 
ftvemgih :-— 

m  n 

^  «  Factor  for    Factor  for 

A^  XJiriFOBM  GbOSS  SboTIOK.  slope.       Deflection. 

,L  Fixed  at  one  end,  loaded  at  the  other, ^  ^• 

n.  Fixed  at  one  end,  loaded  uniformly, s  ?• 

ni.  Supported  at  both  ends,  loaded  in  the  middle,  r  g. 

rV.  Supported  at  both  ends,  imiformly  loaded,.,  g  rg. 

B.  Unifobm  SrBEirGTH  Ain>  XJbifobm 

Depth. 

Y.  Fixed  at  one  end,  loaded  at  the  other, 1     -. 

1  1 

YL  fixed  at  one  end,  loaded  uniformly, s     -. 

1  1 

YIL  Supported  at  both  ends,  loaded  in  the  middle,  -     -. 

YIIL  Supported  at  both  ends,  loaded  uniformly,. .  ^     g- 
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G,  XJkiFOBM  Strength  and  UniFOBM       F«etarfiir  'Factorfo 

Bbbabth.  Slops. 


2 

IX  Fixed  at  one  end,  loaded  at  the  other, 2    ^. 

1 
X.  Fixed  at  one  end,  unifonnlj  loaded, infinita. 2- 

XL  Supported  at  both  ends,  loaded  in  the  middle,  1     ?. 

TTT   Supported  at  both  ends,  uniformly  loaded,  0-3927  ...  0-1427. 

304.  HeflMttoM  Willi  VBifinni  Meawt. — ^In  Article  292  the  case 
has  already  been  described,  in  which  a  beam  or  bar  of  uniform 
section  has  a  pair  of  equal  and  opposite  couples  in  the  same  plane 
applied  to  its  ends,  and  the  same  case  is  the  first  given  in.  the  table 
of  Article  300.     In  this  case,  M  and  I  are  constants,  m'  =  1,  and 

n"  =  ^ ;  and  accordingly,  if  c  be  the  length  of  the  part  of  the  beam 

under  consideration,  and  Hi  the  slope,  and  t/^  the  deflection,  of  one 
end  relatively  to  a  tangent  at  the  other, 

\  .,       Mc       .        Mc* 

I 

305.  The  BMiiieB«e  w  Sprias  •€  m,  Bmum  is  the  lAofft  perfcrmM 

in  bending  it  to  the  proof  deflection.  This,  if  the  load  is  oonoen- 
trated  at  or  near  one  point,  is  the  product  of  half  the  proof  load 
into  the  proof  deflection  ;  that  is  to  say, 

^ « 

If  the  load  is  distributed,  the  length  of  the  beam  is  to  be  divided 
into  a  number  of  small  elements,  and  half  the  proof  load  on  each 
element  multiplied  by  the  distance  through  which  that  element  is 
moved  during  the  proof  deflection  of  the  beam.  Let  u  be  that  dis- 
tance ;  then  for  beams  fixed  at  one  end, 


(2.) 


and  for  beams  supported  at  both  ends, 

u  =  i?i  ~  V. 

Let  dx  he  the  length  of  an  element  of  the  beam ;  to  the  intenaty 
of  the  load  on  it^  per  unit  of  length;  then  the  resilience  ia 
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^/«w 


dx* (3.) 


The  caaee  in  which  the  detennination  of  resilience  is  most  useful 
in  pnctioe  are  those  in  which  the  load  is  applied  at  one  point. 

Let  the  beam  be  fixed  at  one  end  and  loaded  at  the  other,  e 
bang  the  length  of  its  projecting  part  Then  by  Article  225, 
tqoBJtion  3  (observing  that  m^l,l  =  c), 

{n  being  given  by  the  table  of  Article  295),  and  by  Article  '300, 
equation  6, 

^  nVc»  _  wVc* 

^'  "    Ey,   *"i»'EA' 

(n*  being  given  by  the  table  of  Article  300,  and  mf  by  that  of 
Article  295).     Consequently, 

Bemiknce  =  "^  =  J^,  .-^  -cJA (4.) 

It  Will  be  observed  that  this  expression  consists  of  three  Actors, 
vizL: — 

(1.)  The  volume  of  the  prism  circumscribed  about  the  beam, 
ebh. 

(2.)  A  Modulus  o/EesUience,  -=,  of  the  kind  already  mentioned 
in  Article  266. 

mm" 

(3.)  A  numerical  factor,  ^ — , ;  in  which  n  and  m'  (Article  295) 

depend  cm  the  form  of  cross  section  of  the  beam,  and  n"  (Article 
300)  on  the  form  of  longitudinal  section  and  of  plan.  The  follow- 
ing are  values  of  this  compound  factor  for  a  rectcmgvlar  cross 

sedum,  for  which  «  =  s, «»'  =  s,  and  therefore  ^ — >  =  -5- : — 

6  2^  2m      D 

T 

L  Uniform  breadth  and  depth, :r-, 

XL  Uniform  strength,  uniform  depth, j-^. 

IIL  Unifonn  strength,  uniform  breadth, -x. 
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If  a  beam  be  supported  at  both  ends  and  loaded  in  the  middle, 

its  length  being  ^  =  2  c,  its  proof  deflection  is  the  same  with  that  of 

a  beam  of  the  same  transverse  dimensions  and  of  the  length  ^ 

fixed  at  one  end  and  loaded  at  the  other ;  and  its  proof  load  is 

double  of  that  of  the  latter  beam ;  therefore  its  resilienoe  is  doable 

of  that  of  the  latter  beam.    Consequently,  for  rectangular  betons  of 

the  half-span  c,  supported  at  both  ends  and  loaded  in  ^te  middle, 

we  have  the  following  values  for  the  numerical  factor  of  the 

resilience : —  - 

n 

T' 
lY.  Uniform  breadth  and  depth, ^. 

y.  Uniform  strength,  unifonn  depth,..- ^ 

VL  Uniform  strength,  uniform  breadth, ^. 


306.  A  s«M«Hi7-Appiied  Tnuwrene  ijMidi«  Kke  the  suddenly- 
applied  pull  of  Article  267,  produces  at  first  double  the  iwA-T^mmn 
stress,  and  double  the  strain,  which  the  application  of  a  load 
gradually  increasing  from  nothing  to  the  amount  of  the  given 
load  would  produce.  It  is  unnecessary  to  demonstrate  this  in 
detail,  the  reasoning  being  the  same  with  that  employed  in  Article 
267. 

The  contingency  of  the  sudden  application  of  a  moving  load  is 
provided  for  by  the  factor  of  safety,  which  expresses  the  ratio  of 
the  proof  load  to  the  working  load  (Article  2471 

Tlie  action  of  the  rolling  load  to  which  a  railway  bridge  is  sub- 
jected is  intermediate  between  that  of  an  absolutely  sudden  load 
and  a  perfectly  gradual  load.  It  has  been  investigated  mathemati- 
cally by  Mr.  Stokes,  and  experimentally  by  Captain  Galton,  and 
the  results  are  given  in  the  Report  of  the  Commissioners  on  the 
Application  of  Iron  to  Railway  Structures.  The  practical  con- 
clusion to  be  drawn  from  them  is,  that  a  moving  load  requires  a 
larger  factor  of  safety  than  a  steady  load. 

307.  Beam  Fixed  at  Beth  Bade. — A  beam  is  Jtoudf  as  well  98 

supported,  at  both  ends,  when 

a  pair  of  equal  and  opposite 

couples  are  made  to  act  on  the 

Yig^  143,  '  '       vertical  sectional  planes  at  its 

points  of  support,  of  magnitude 
sufficient  to  maintain  its  longitudinal  axis  horizontal  there,  and  so 
to  diminish  the  deflection,  slope,  and  curvature  of  its  middle  por- 
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tion.  Thia  is  generally  accomplished  by  making  the  beam  form 
part  of  one  continuous  girder  with  several  points  of  support,  or  by 
ifUfcking  it  project  on  either  side  beyond  its  points  of  support,  and 
80  fiuBtening  or  loading  the  projecting  portions,  that  their  loads,  or 
the  resistance  of  their  fiistenings,  shall  give  the  required  pair  of 
ccraplea 

In  fig.  143,  let  C  B  A  B  0  represent  a  beam  supported  at  the 
pointB  C,  C,  loaded  along  its  intervening  portion,  and  so  fixed  or 
loaded  beyond  these  points  that  at  them  its  longitudinal  axis  is 
boiiaontaly  instead  of  having  the  slope  t|,  which  it  would  have 
if  the  beam  were  simply  w/j^orUd  at  C,  C,  and  not  fixed.  At  each 
of  the  vertical  sections  above  the  points  of  support,  C,  C,  there  is 
an  uvifcrndy-voffyitng  horiacmtal  stress,  being  a  pull  above  and  a 
thrust  below  the  neutral  axis;  and  the  moment  of  that  pair  of 
streases  is  that  of  the  pair  of  equal  and  opposite  couples  which 
wMMTitiMTi  the  beam  horizontal  at  tiie  poij[its  d^  support  It  i»  re- 
qoired  to  find, — ^in  the  first  place,  that  resisting  moment  at  the 
vertical  planes  of  support  (from  which  the  stress  on  the  material 
Uiere  may  at  once  be  found);  and  secondly,  the  effect  of  that 
moment  on  the  curvature,  slope,  deflection,  and  strength  of  the 
beam. 

The  general  method  of  solution  of  this  question  is  as  follows : — 
Compute,  by  equation  3  of  Article  303,  t'l,  the  slope  which  the 
neutral  sni&ce  of  the  beam  would  have  at  the  points  0,  C,  if  it 
were  simply  supported  there,  and  not  fixed.  Then,  by  Article 
304,  find  the  wdjorm  moment  of  flexure,  which,  if  it  acted  on  the 
beam  in  such  a  manner  as  to  make  it  become  convex  upwards, 
would  produce  a  slope  at  the  points  C,  C,  equal  amd  contra/ry  to 
^,.  Tlus  will  be  the  required  moment  of  resistance  at  the  vertical 
sectioiis  C,  0,  from  which  the  greatest  stress  on  the  material  at 
thoee  sections  can  be  found  by  equation  4  of  Article  293.  It  will 
afterwards  appear  that  this  is  the  greatest  stress  on  the  beam  ;  so 
that  by  putting  it  instead  of  M^  =  m  W  ^  in  equations  2  of  Article 
294,  and  3  of  Article  295,  the  conditions  of  strength  of  the  beam 
are  determined.  Denote  this  moment  by  —  Mi,  the  negative  sign 
denoting  that  it  tends  to  produce  convexity  upwards,  wh3e  the  load 
on  the  beam  tends  to  produce  convexity  downwards. 

Jjet  M  be  what  the  moment  of  flexure  at  any  point  of  the  beam 
would  5e,  if  it  were  simply  supported  at  0,  C.  Then  the  actual 
moment  of  flexure  is 

M-M„ 

and  by  substituting  this  for  M  in  the  equations  of  Articles  300  and 
303,  the  curvature,  slope,  and  deflection,  with  the  proof  load,  or 
with  any  load,  are  fouxiGL 
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Where  M  is  the  greater,  as  at  A,  the  beam  is  conTex  down- 
wards. Where  Mi  is  the  greater,  as  at  O,  the  beam  is  ccmveK  np- 
wards.  There  are  a  pair  of  points,  B,  B,  at  which  M  =  M^  so 
that  the  moment  of  flerure,  and  consequently  the  corvatore,  Tanidi, 
and  the  beam  is  subjected  to  a  shearing  force  alone;  theee  axe 
called  the  points  of  catiirary  JUxure;  and  they  divide  the  middle 
part  of  the  beam,  which  is  convex  downwards,  fimn  the  two  end- 
most  parts,  which  are  convex  upwards. 

In  expressing  the  solution  of  this  problem  by  foimuls,  €biir 
cases  will  be  taken  into  consideration,  viz.: — 

1.  The  case  of  an  uniform  beam,  with  a  symmetrical  load  in 
general 

2.  Beam  of  uniform  section,  loaded  in  the  middle. 

3.  Beam  of  uniform  section,  loaded  uniformly. 

4.  Beam  of  uniform  strength  and  uniform  depth,  mufonsly 
loaded. 

Case  1.  Symmetrical  load  on  a  beam  of  umform  metUm,  By 
Article  303,  equation  3,  observing  that  ^  =  2^,  we  have 

"  _  2^f»     Wc" 

and  by  Article  304, 

^       Bit',      n'EftA'*, 

Ml  = -'  = i ; 

c  e         ' 

consequently. 

Ml  =  2f»''m W c  =  f»"  '  mWl=z  mT  •  M;^, (L) 

Mo  being  what  the  moment  of  flexure  at  A  wouU  haioe  (am,  had 
the  beam  been  simply  supported. 

The  values  of  m  are  given  in  Article  300. 

Let  M  0  be  the  actual  moment  of  flexure  at  A.    Then 


Mo  =  (i-fi»o  m;» (2.) 

The  greatest  moment  of  flexure  must  be  either  at  A  or  C,  or  at 
both,  if  the  moments  at  these  sections  be  equal  and  opposite.     Bat 

for  beams  of  uniform  section,  ml'  is  never  greater  than  ^r-;  there- 
fore the  greatest  moment  of  flexure  is  at  C,  or  both  at  0  and  A, 
and  never  at  A  alone. 

The  strength  of  the  beam  is  expressed  by  the  following  formula, 
obtained  by  putting  Mi  instead  of  m  W  ^,  in  equation  3  of  Article 
295  :— 

M,^mrmWl=n/hh^W  =  ^^^^^ (8.) 

fn  m 
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f  being  the  lisiit  of  proof  or  working  stress,  as  the  case  may  be, 
mad  n  a  £Etctor  suitable  to  the  form  of  section  of  the  beam,  as  given 
by  the  table  of  Article  295. 

Hence  it  appears,  that  hy  fiaxng  the  ends  of  cm  umiform  beam,  so 
thai  iheifAaU  be  horizonUUyiUs^ength  is  increased  in  the  re         :fw\ 

The  d^Uaion  is  found,  by  subtracting  that  due  to  the  uniform 
moment  M,  from  that  which  the  load  would  produce  if  the  beam 
'were  simply  supported  at  0  and  C  The  former  of  these  quan- 
tities,  according  to  Article  304,  is 

M,  c'__m*  3^0  c« 
2EI"~    2Er  ' 

and  the  latter,  according  to  Article  303,  equation  2,  is 

EI     ""m-'EI' 
ao  that  the  deflection,  their  difference,  is 

/«r       1\    Mjij*      /  ^     m''\    MoC»         ... 

From  the  last  of  those  expressions,  it  appears  that  by  fixing  the 
ends  horicontal,  an  uniform  beam  is  made  stiffer  under  a  given 
load  in  the  ratio 


w* 


■  (•'-?)• 


If^  in  the  first  expression  for  the  deflection,  it  be  considered  that 
M,  is  the  moment  of  resistance  corresponding  to  the  proof  or  limit- 
ing stress  at  the  section  C,  we  may  make 

•o  as  to  obtain  the  foUo'wiag  expiession  for  the  deflection  under  the 
proof  load: — 

/n"        l\/c» 

'^=w-2;fe <^-> 

being  less  than  the  proof  deflection  of  a  beam  simply  supported,  as 
given  by  equation  6,  Article  300,  in  the  ratio 


(^'-^^■^'' 


The  points  of  contrary  flexure  are  to  be  found  in  each  particular 
case  by  solving  the  equation 

M-M,  =  0 (6.) 
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intersectiBg  each  other  in  the  points  of  contrary  flexure,  B,  B,  fiir 
which  X  =  ^=  - . 

The  breadth  which  must  be  left  at  B,  to  resist  aheanng,  will 
appeal*  firom  the  next  Article. 

^       308.  A  Bcuft  Vixed  at  One  £■«  Mid  8iqpp«rfted  at  JtoOi  is  sensibly 

in  the  same  condition  with  the  part  0  B  A  B  of  the  beam  in  fiig. 
143,  extending  from  one  of  the  fixed  points  C  to  the  /ariher  point 
of  contrary  flexure,  which  now  represents  a  point  sfipported,  but  noi 
fixed  Hence  if  a  continuous  girder  be  supported  on  a  series  of 
piers,  the  span  of  each  of  the  endmost  bays  should  be  to  the  spaa 
of  each  intermediate  bay,  in  the  ratio  e+Xf^ :  2e,  where  x^  is  the 
distance  A  B  firom  the  lowest  point  to  a  point  of  contrary  flexnre. 

309.  ftiiewrias  Sitom  ta  Beuwh — ^It  has  already  been  shown,  in 
Article  288,  how  to  find  the  amount  F  of  the  dieaiing  force  at  a 
given  vertical  cross  section  of  a  beam ;  and  examples  of  that  fofrod 
in  particular  cases  have  been  given  in  Articles  289  and  290.  The 
object  of  the  present  Article  is  to  show  the  manner  in  which  tlie 
stress  which  resists  that  force  is  distributed. 

In  Article  104  it  has  been  shown,  that  the  intensities  of  the  tan- 
gential stresses  at  a  given  point,  on  a  pair  of  planes  at  right  angles 
to  each  other  and  to  the  plane  parallel  to  which  the  stresses  act, 
are  necessarily  equal  Hence,  in  order  to  determine  the  intenniy  <^ 
the  vertical  shearing  stress  at  a  given  point  in  a  vertical  section  <^ 

a  beam,  such  as  the  point 

•?"°  — '      \  £  in  the  vertical  aection 

G  £  B  of  the  beam  repre- 
sented in  fig.  145,  it  is 
sufficient  to  find  the  equal 


„.    ...  intensity  of  the  horizontal 

^**«-  shearing^ st«« at  the  ««. 

point  £  in  the  horizontal  plane  £  F.  The  existence  of  that  hori- 
zontal shearing  stress  is  familiarly  known  by  the  fact,  that  if  a 
beam,  instead  of  being  one  continuous  mass,  be  divided  into 
separate  horizontal  layers,  those  layers  will  slide  on  each  other  like 
the  layers  of  a  coach  spring.  The  intensiiy  of  that  stress  is  found 
as  follows : — 

Let  H  F  D  be  another  vertical  section  near  to  G  £  R  If  the 
moment  of  flexure  at  H  F  D  differs  from  thtft  at  G  £  B,  there  must 
be  a  corresponding  difference  in  the  amount  of  the  direct  stress  on 
two  corresponding  parts  of  the  planes  of  section,  such  as  G  £  and 
HF.  (In  the  case  shown  in  the  figure,  that  direct  stress  is  a  thrusty 
and  is  greatest  at  G  £).  That  difference  constitutes  a  horizontal 
force  acting  on  the  solid  H  F  £  G ;  and  in  order  to  m^mt|LiTi  the 
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eqidlibritmi.of  that  solid,  the  amount  of  shearing  stress  on  the  plane 
F£  must  be  equal  and  opposite  to  that  horizontal  force.  That 
amoont  being  divided  b^  the  area  of  the  plane  E  E,  gives  the 
intensity  of  the  shearing  stress. — Q.  R  I. 

From  the  foregoing  solution  it  is  obvious,  that  the  shearing  stress 
is  noUting  at  the  upper  and  lower  surfaces  of  the  beam;  because  the 
entire  durect  stress  on  each  cross  section  is  nothing.  This  might 
alao  be  proved  by  reasoning  like  that  of  Article  278.  It  is  also 
obvious  that  the  shearing  stress  in  the  vertical  layer  between  the 
two  planes  of  section  is  greatest  at  D  B,  where  they  cut  the  neutral 
oaifiice  O  0,  at  which  the  direct  horizontal  stress  changes  from 
thrust  to  pull;  for  at  that  sur&ce  the  horizontal  force  to  be 
balanced  by  the  shearing  stress  reaches  its  maximum. 

To  express  this  solution  symbolically  in  the  case  of  a  beam  of 

uniform  cross  section;  let  O B  =  a^  O C  =  c,  BE  =  y,  B G  =: y„ 

BD  =  E  F  (sensibly)  =i  dx',  let  the  breadth  of  the  beam  at  any 
point  £  be  denoted  by  Zy  and  at  the  neutral  surface  by  z^ 

Let  p  be  the  intensity  of  the  direct  horizontal  stress  at  E,  q  that 
of  the  shearing  stress  at  E,  and  q^  that  of  the  TnaYimnTn  shearing 
stress  at  B.     ^en  by  equation  4  of  Article  293, 

M 

and  the  amount  of  the  direct  stress  on  the  sectional  plane  between 
GandEia 


M  i-fi  , 

jj^yzdy. 


The  horizontal  force  by  which  the  solid  H  F  E  G  is  pressed  from  O 
towards  C,  is  the  excess  of  the  value  of  the  above  quantity  for  G  E 
above  its  value  for  H  F;  which  excess  arises  from  the  excess  of  the 
moment  of  flexure  M.  at  G  E  B  above  the  moment  of  flexure  at 
H  FD,  £urther  from  the  middle  of  the  beam  by  the  distance  dx. 
That  difference  of  the  moments  of  flexure  is  obviously  equal  to 

Frfas. 

F  being  the  cumoimt  of  the  shearing  force  at  the  vertical  layer  in 
question;  oousequentiy,  the  horizontal  force,  which  the  shearing 
stress  on  the  plane  F  E  is  to  balance,  is 

Dividing  this  by  the  area  of  the  plane  F  E,  which  iazdx^  the 
required  intensity  of  the  shearing  stress  is  found  to  be 
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F 


^=izf'^  y^'^y'' c^) 


and  the  maximum  value  of  that  intensity,  for  the  given  vertical 
layer,  which  acts  at  D  B  in  the  neutral  suifkce,  is 

^•=^/>«-''J'- (^) 

The  same  results  are  in  every  case  obtained,  whether  the  ii{^)er  tx 
the  lower  sur£EU)e  of  the  beam  be  taken  as  the  limit  of  integratioii 

indicated  by  yi;  the  complete  integral  /  yz'dy,  for  ilie  whole 

cross  section  of  the  beam,  being  =  0,  because  of  y  being  measured 
from  the  neutral  axis,  which  traverses  the  centre  of  gravity  of  that 
section. 

Let  S  =  /  ^dy  be  the  area  of  the  cross  section  of  the  beam. 
Then  the  mean  intensiiy  of  the  shearing  stress  is 

S' 

and  the  TnaoBimum  intensiiy  exceeds  the  mean  in  the  following 

ratio  : — 


%-=I^/.  «'••''«'' <^) 


a  ratio  depending  wholly  on  the  figure  of  the  cross  section  of  the 
beam     The  following  table  gives  some  of  its  values  :— 

FiGUBE  OF  Cross  Sbctiok.  ^^. 

L  Bectangle,  «o  =  ^> - o* 

4 
IL  Ellipse, ^. 

III.  Hollow  Eectangle — 

This  indudee  I-shaped  sec- 
tions,  


3   (f>h-'b'h')'{bV^b'k'^ 

IV.  Hollow  square,  ;i»«;i'>, |(l+-5*^). 

V.  VL  Hollow  ellipse  and  hollow  circle;  the  numerical  &cior-  ; 

the  symbolical  factor,  the  same  as  for  the  hollow  rectangle 
and  hollow  square  respectively. 
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For  beams  of  vaiiable  cross  section,  the  preceding  results,  though 
not  absolutely  correct,  are  near  enough  to  the  truth  for  practical 


When  a  bean^  consists  of  strong  upper  and  lower  flanges  or 
liotmmtal  bars,  connected  hj  a  thin  vertical  web  or  webs,  like  the 
'witnight  iron  plate  girders  to  be  treated  of  in  a  subsequent  section, 
the  shearing  force  is  to  be  treated  as  if  it  were  entirdj  borne  bythe 
vertical  web  or  webs,  and  uniformly  distributed 

310.  l«tec»  mf  PdadpMl  mnm  §m  Ufa. — ^Let  p  be  the  intensity 
of  the  direct  horizontal  stress,  and  q  that  of  the  bearing  stress,  at 
any  point,  such  as  E,  fig,  145,  in  a  beiEun.  Then  the  axes  of  principal 
stress  at  that  point,  and  the  intonsitiesof  the  pair  of  principal  stresses, 
may  be  found  by  Article  112,  Problem  lY.,  case  4.  In  the  equa- 
tions 21,  22,  23,  which  solve  that  problem,  for  p^  the  normal  com- 
ponent of  the  stress  on  a  vertical  plane,  is  to  be  put  p;  for  y.,  the 
noKmal  oomponent  of  the  stress  on  a  horizontal  plane,  is  to  be  put 
0;  and  for  p^,  the  common  tangential  component,  is  to  be  put  q, 
s  and  y  having  already  been  ti^en  to  denote  the  horizontal  and 
vertical  co-ordinates  of  the  point  E,  pi  and  p^  may  be  taken  to 
represent  the  greatest  and  least  principal  stresses  instead  dp,  and 
Pg,  and  t,  the  angle  which  the  axis  of  greatest  stress  makes  with 

tlie  horizon,  instead  of  a?  7t^  t 

Then  equation  21  of  Article  112  becomes 

2      ""2' 
equation  22  becomes 

from  which  we  have 


2 


.(1.) 


These  equations  show,  that  the  greatest  principal  stress  is  of  the 
aame  kind  with  the  direct  horizontal  stress,  and  the  least  principal 
•  stzesB  of  the  contrary  kind.     Further,  equation  23  becomes 

Um2i,^?J. (3.) 

or  in  another  form 
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If  «f  be  the  angle  which  the  axis  of  least  stress  makes  with  tbe 
horizon,  then,  beotnse  ^  —  *!  =  ^0°,  we  have 


Equations  3  and  4  show  that  the  axes  of  greatest  and  least  stress 
are  inclined  opposite  ways  to  the  horizon  (as  indeed  they  most  be^ 
being  perpendicular  to  each  other),  the  inclination  of  the  axis  of 
least  stoess  being  the  steeper. 

If  those  inclnmtions  be  computed  for  a  number  of  different  points 
in  the  vertical  section  of  a  beam,  and  the  directions  of  the  axes  of 

stress  at  those  points  laid  down  cat 
a  drawing,  a  network  of  lines,  con- 
sisting of  two  sexier  of  lines  into^ 
secting  each  other  at  right  angles. 
Fig.  146.  as  in  fig.  146,  may  be  drawn,  so  that 

each  line  shall  touch  the  axes  of  stress  traversing  a  series  of  points, 
and  so  that  the  tangents  to  the  pair  of  lines  which  cross  at  any 
given  point  shall  be  the  axes  of  stress  at  that  point  These  lines 
may  be  called  the  lines  qf  prmG^xd  egress.  For  a  beam  supported 
at  the  ends,  the  lines  convex  upwards  are  lines  of  thnisiy  and  those 
convex  downwards  liaies  of  tension.  They  all  intersect  the  neutral 
surface  at  angles  of  45^.  The  stress  along  each  of  those  lines  is 
greatest  where  it  is  horizontal,  and  gradually  diminishes  to  nothing 
at  the  two  ends  of  the  line,  where  it  meets  the  sur&ce  of  the  beam 
in  a  vertical  direction. 

311.  iHnct  Tefttesi  SttMa. — It  is  to  be  observed,  that  no  acooont 
has  yet  been  taken  of  the  dwrecib  vertical  stress  upon  such  planes  as 
F  £  (fig.  145)  in  a  loaded  beam,  that  stress  having  been  treated  in 
the  last  Article  as  if  it  were  nulL  The  reasons  for  this  are— first, 
That  the  direct  vertical  stress  is  in  most  practical  cases  of  small 
intensity  compared  with  the  other  elements  of  stress ;  secondly. 
That  the  mode  of  its  distribution  can  be  modified  in  an  indefinite 
variety  of  ways  by  the  modes  of  placing  the  load  on  or  attaching 
it  to  the  beam,  so  that  formulae  applicable  to  one  of  those  modes 
would  not  be  applicable  to  another---(in  fistct,  by  a  certain  mode  0£ 
loading,  it  can  even  be  reduced  to  nothing) ;  and  thirdly.  That  its 
introduction  would  complicate  the  formuhe  without  adding  mate- 
™ily  to  their  accuracy. 

312.  Small  Sffsec  mf  HfcfHBg  mnm  apMi  Prttocti— — ^A  «>hftftring 


"**6S8  of  the  intensity  q  produces  a  distortion  represented  by  ^ 

2fi9^*^^®  transverse  elasticity,  as  aheady  explained  in  Article 
-60^     The  slope  of  any  given  originally  horizontal  layer  of  the 
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at  a  given  poiiit  will  be  increased  by  this  distortion  to  the 
extent  denoted  by 

•'=S  =  ^/>-''y' <^) 

vhich  additional  slope  is  to  be  added  to  the  slope  due  to  the  bend- 
ing  abressj  in  order  to  fold  the  total  slopa  The  curvature  of  the 
layer  will  also  be  increased  by  the  amount 

for  unifonn  beams,  and  to  nearly  the  same  amount  for  other  beams ; 
and  there  will  be  an  additional  deflection  of  the  layer  under  con- 
siderationy  of  the  amount 

tT,  =  f/dx (3.) 

Observing  that  /  ¥dx=:'M^  the  above  equation  becomes,  for 
wnfannheamM^ 

Supposing  the  beam  to  be  under  the  proof  load,  we  may  put  for 
^  its  value  ^,  malring  the  equation 

•"'=c-fc7>*''^ ^'-^ 

The  gmUeBt  value  of  this  is  that  for  the  neutral  sur&ce,  for  which 
the  limits  of  integration  are  0  and  yj.  To  compare  this  additional 
deflection  due  to  distortion  with  that  due  to  flexure  proper,  let  us 

take  the  case  of  a  rectangular  beam,  in  which  yi  =  ^  z  =  b,  f'^yz 
dy=.^.    Then 

^-^ - <^-) 

For  the  same  beam,  according  to  equation  6  of  Article  300,  we  have 
tlie  proof  deflection  due  to  flexure  proper, 

^ — Bir~6EA' 
■o  tihat  the  mtio  of  ihoee  two  parts  of  the  deflection  is 
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t/\  3       E     A« 


«.  ""  20  •  C  •  c* 


(7.) 


E  Jk       1 

For  wrought  iron  (for  example)  ~  ==  about  3.      Suppose  -=  — 

i/*       9         1 
wbicli  is  an  ordinary  proportion  in  practice ;  then  — '  =  55??=  t7^ 

nearly,  a  quantity  practically  inappreciable. 

It  appears,  then,  that  the  distortion  produced  by  the  Bhearing 
stress  in  beams,  even  at  the  neutral  surface,  where  it  is  greatest, 
produces  a  deflection  which  is  very  small  compared  with  ^lat  due 
to  the  bending  action  of  the  load ;  and  that  the  alteration  of  the 
external  figure  of  the  beam  must  be  smaller  still ;  from  which  it 
may  be  concluded,  that  in  ordinary  practical  cases  there  is  no  occa- 
sion to  compute  the  additional  deflection  due  to  the  shearing  stress. 

313.  PartianT-iHMided  Boiim. — In  designing  beams  for  the  sup- 
port of  roads  and  railways,  or  for  any  other  situation  in  which  one 
part  of  a  beam  may  be  loaded  and  another  unloaded,  it  is  neoesaaiy 
to  consider  whether  a  partial  load  may  or  may  not  produce,  at  any 
point  of  the  beam,  a  more  intense  stress  than  an  uniform  load  over 
the  whole  beam. 

The  case  of  this  kind,  which  is  most  important  in  practice,  is 
that  in  which  a  beam  supported  at  both  ends  is  unifonoly  loaded 
throughout  a  certain  portion  of  its  length  and  unloaded  throu^ont 
the  remainder ;  and  its  solution  depends  on  two  theorems. 

Theobem  I.  For  a  given  irUensiiy  of  load  per  wnU  of  length,  an 
uniform  load  over  the  whole  hea/m  prodv4^  a  greaiter  momenl  of 
flexwre  at  each  cross  section  them  amy  partial  load 

Let  the  two  ends  of  the  beam  be  called  0  and  D,  and  any  inter- 
mediate cross  section  E.  Then  for  an  vfn^form  load,  the  moment 
of  flexure  at  E  is  an  upward  moment,  being  equal  to  the  upwaxd 
moment  of  the  supporting  force  at  either  of  the  ends  relatively  to 
E,  miffius  the  downward  moment  of  the  uniform  load  between  that 
end  and  R  -  A  partial  load  is  produced  by  removing  the  uniform 
load  firom  part  of  the  beam,  situated  either  between  E  and  C,  be- 
tween E  and  D,  or  at  both  sides  of  K  First,  let  the  load  be 
removed  from  any  part  of  the  beam  between  E  and  C.  Then  the 
downward  moment,  relatively  to  E,  of  the  load  between  E  and  D  is 
unaltered ;  and  the  upward  moment,  relatively  to  E,  of  the  support- 
ing force  at  D  is  diminished,  in  consequence  of  the  diminution  of 
that  force ;  therefore  the  moment  of  flexure  is  diminished.  A  similar 
demonstration  applies  to  the  case  in  which  the  load  is  removed 
from  a  part  of  the  beam  between  E  and  D ;  and  the  combined  effect 
of  those  two  operations  takes  place  when  the  load  is  removed  from 
nortions  of  the  beam  lying  at  both  sides  of  E;  so  that  the  removal 
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of  the  loadjrom  amy  portion  of  the  hea/m  dvmmishes  the  moment  of 
Jiexure  ait  each  poivJL — Q.  K  D. 

Hence  it  follows,  that  if  a  beam  be  stroTig  ewyagh  to  heao'  am,  rnii- 
Jbrm  load  of  a  given  intensUy^  it  will  hea/r  any  partial  load  of  the  , 
same  intensity.  ~^^ 

Thborem  IL  For  a  given  intensity  of  load  per  imU  of  length,  the 
greatest  shearing  Jbrce  at  any  given  cross  section  of  a  becmi  takes  place 
when  the  longer  of  the  two  parts  imlo  which  that  section  divides  the 
beam  is  loaded  and  the  shorter  vmloaded. 

Let  the  endfl  of  the  beam,  as  before,  be  called  C  and  D,  and  the 
given  cross  section  E ;  and  let  C  E  be  the  longer  part,  and  ED  the 
shorter  part  of  the  beam.  In  the  first  place,  let  C  E  be  loaded  and 
£  D  unloaded.  Then  the  shearing  force  at  E  is  equal  to  the  support- 
ing force  at  D,  and  consists  in  a  tendency  of  E  D  to  slide  upwards 
reJatiTeljto  CE  The  load  may  be  altered,  either  by  putting 
weight  between  D  and  E,  or  by  removing  weight  between  C  and  E. 
If  any  weight  be  put  between  D  and  E,  a  force  equal  to  part  of 
that  weight  is  added  to  the  supporting  force  at  D,  and  therefore  to 
the  shearing  force  at  E;  but  a  force  equal  to  the  whole  of  that 
weight  is  taken  away  firom  that  shearing  force ;  therefore  the  shear- 
ing force  at  E  is  diminished  by  the  alteration  of  the  load.  K 
weight  be  removed  from  the  load  between  C  and  E,  the  shearing 
force  at  E  is  diminished  also,  because  of  the  diminution  of  the 
supporting  force  at  D.  Therefore  any  alteration  from  that  distri- 
btuSon  of  the  load  in  which  the  longer  segment  0  E  w  loaded,  and  the 
shorter  segment  E  D  tadoaded,  diminishes  the  shearing  force  ai  K 
— Q.  ED. 

In  designing  beams  where  the  shearing  force  is  borne  by  a  thin 
▼ertical  web,  or  by  lattice  work  (as  in  plate,  lattice,  and  other 
compound  girders,  to  be  considered  more  fully  in  a  subsequent  sec- 
tion), it  is  necessaiy  to  attend  to  this  Theorem,  and  to  provide 
strength,  at  each  cross  section,  sufficient  to  bear  ^e  shearing  force 
which  may  arise  from  the  longer  segment  of  the  beam  being  loaded 
and  the  shorter  unloaded. 

To  find  a  formula  for  computing  that  force,  let  c  be  the  half-span 
of  the  beam,  x  the  distance  of  the  given  cross  section,  E,  from  the 
middle  of  the  beam,  and  w  the  uniform  load  per  unit  of  length  on 
the  loaded  part  of  the  beam  C  E     The  length  of  that  part  is 

CE  =  c  +  aj; 

and  the  amount  of  the  load  upon  it, 

«7  (c  +  jc). 

The  centre  of  gravity  of  that  load  lies  at  a  distance  from  the  end, 
C,  of  the  beam  which  is  represented  by 
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«  +  «. 

and  therefore  the  upward  supporting  force  at  the  other  end  of  the 
beam,  D,  which  is  also  the  shearing  force  at  E,  is  given  by  the 
equation 

F  =  w(o  +  aj)-^  -5-  2g=     \^      (1-) 

It  has  ahready  been  shown,  in  Article  290,  that  the  shearing  force 
at  a  given  cross  section  with  an  uniform  load  is  F  =  to  a; ;  heooe 
the  excess  of  the  greatest  shearing  force  at  a  given  cross  secticHi 
with  a  partial  load,  above  the  shearing  force  at  the  same 
section  with  an  uniform  load  of  the  same  intensity,  is 


P.p^  «>('-«)•. (2.) 

4c 


At  the  ends  of  the  beam  this  excess  vanishes.     At  the  middle,  it 

conaists  of  the  whole  shearing  force  F  =  j  to  o,  or  one  quarter  of 

the  shearing  force  .at  the  ends ;  that  is,  one-eighth  of  the  amount 
of  an  imifonn  load. 

314.  All«waac«  for  Wdgitf  •£  Bcaatk — When  a  beam  is  of  great 
span,  its  own  weight  may  bear  a  proportion  to  the  load  which  it 
has  to  cany,  sufficiently  great  to  require  to  be  taken  into  account  in 
determining  the  dimensions  of  the  beam.  Before  the  weight  of  the 
beam  can  be  known,  however,  its  dimensions  must  have  been  de> 
termined,  so  that  to  allow  for  that  weight,  an  indirect  prooees  must 
be  employed. 

As  already  explained  in  Article  302,  the  d^sih  of  a  beam  is  de- 
termined by  the  deflection  which  it  is  desired  to  allow ;  and  the 
breadth  remains  to  be  fixed  by  conditions  of  strength,  the  strength 
being  simply  proportional  to  the  breadth. 

Let  b'  denote  the  breadth  as  computed  by  oonflidering  the  esD- 
ternal  load  aUme,  W\    Compute  the  weight  of  the  beam  m>m  that 

Iff 

provisional  breadth,  and  let  it  be  denoted  by  B^     Then  ==;  is  the 

proportion  which  the  weight  of  the  beam  must  bear  to  the  entire  or 

W 
gross  load  which  it  is  calculated  to  support ;  and  == — ^  is  the 

proportion  in  which  the  gross  load  exceeds  the  external  load. 
Consequently,  if  for  the  provisional  breadth  b'  there  be  substituted 
the  escocf  breadth, 

h-JiK.  n\ 

^  — "W— B^ ^  ^^ 
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the  beun  will  now  be  strong  enough  to  bear  both  the  proposed 
external  load  W,  and  its  own  wei^t,  which  will  now  be 

^  =  -^/_3/i W 

and  the  tme  gross  load  will  be 

^  =  WllB" ^^-^ 

In  the  pireoeding  formnls,  both  the  external  load  and  the  weight 
of  Ihe  beam  are  treated  as  if  uniformly  distributed — a  supposition 
wbich  18  sometunes  exact,  and  always  sufficiently  near  the  truth 
for  the  purposes  of  the  present  Article. 

315.  wA»<>iig  i«ciigih  •r  Wfw. — The  gross  load  of  beams  of 
flbnilar  figures  and  proportions,  varying  as  the  breadth  and  square 
of  the  depth  directly,  and  inversely  as  the  length,  is  proportional 
to  the  square  of  a  given  linear  dimension.  The  weights  of  such 
beams  are  proportional  to  the  cubes  of  corresponding  linear  dimen- 
nona  Hence  the  weight  increases  at  a  &st6r  rate  than  the  gross 
load ;  and  for  each  particular  figuro  of  a  beam  of  a  given  material 
and  proportion  of  its  dimensions,  thero  must  be  a  certain  size  at 
whid^  the  beam  will  bear  its  own  weight  only,  without  any  addi- 
tional load. 

To  reduce  this  to  calculation,  let  the  gross  working  uniformly- 
distribnted  load  of  a  beam  of  a  given  figuro,  as  in  Article  295,  be 
expressed  as  foUows  : — 


W  =  ^^i (1.) 


h  h,  and  h  being  the  length,  breadth,  and  depth  of  the  beam,  /  the 
hmit  of  working  stress,  and  n  a  &ctor  depending  on  the  form  of 
cross  section.     The  weight  of  the  beam  will  be  expressed  by 

B  =  ktd  Ibh; (2.) 

u/  being  the  weight  of  an  unit  of  volume  of  the  material,  and  k  a 
&ctor  Spending  on  the  figuro  of  the  beam.  Then  the  ratio  of  the 
▼eight  of  the  boun  to  the  gross  load  is 

W~8»/A' ^*^ 

^nch  inrmnimn  ia  tite  aiinple  ratio  of  the  length,  if  the  proportion 
r  is  fixed    When  this  is  the  case,  the  length  L  of  a  beam,  yrhoob 
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weight  (treated  as  uniformly  distribated)  is  its  working  load.  Is 

B 

given  bj  the  condition  =,  =  1 ;  that  is. 


L=?;^»=5". («,) 


k'idl  ""   B 

This  UnMng  length  having  once  been  determined  for  a  given  dass 
of  beams,  may  be  used  to  compute  the  ratios  of  the  gross  load, 
weight  of  the  beam,  and  external  load  to  each  other,  for  a  beam  of 
the  given  dass,  and  of  any  smaller  length,  l,  according  to  the  fol- 
lowing proportional  equation : — 

L  :  ^  :  L-Z  :  :  W  :  B  :  W-B. (5.) 

To  illustrate  this  by  a  numerical  example,  let  the  beams  in  ques- 
tion be  plain  rectangular  cast  iron  beams,  so  that  n=z-^kz=il^ 

u/  =  0*257  Ibi  per  cubic  inch ;  let  40,000  lbs.  per  square  inch  be 
taken  as  the  modulus  of  rupture,  and  4  as  the  factor  of  safety,  so 

that/=  10,000  lb&  per  square  inch ;  and  let  y  r=  -p.     Then 

L  =  3,459  inches  =  288  feet,  nearly. 

316.  A  8l«»iBs  B— M,  like  that  represented  in  fig.  68,  Article 
142,  is  to  be  treated  like  a  horizontal  beam,  so  fieur  as  the  bending 
stress  produced  by  that  component  of  the  load  which  is  normal  to 
the  b^m,  is  concerned  The  component  of  the  load  which  acts 
along  the  beam,  is  to  be  considered  as  producing  a  direct  thrust 
along  the  beam,  which  is  to  be  combined  with  the  stress  due  to  the 
bending  component  of  the  load. 

317.  An  OrigtBaUj  Carred  Beam,  at  any  given  cross  section  made 
at  right  angles  to  its  neutral  surface,  so  &r  as  the  bending  stress  is 
concerned,  is  in  the  same  condition  with  an  originally  straight 
beam  at  a  similar  and  equal  cross  section  to  which  the  same 
moment  of  flexure  is  applied.  Beams  are  sometimes  made  with  a 
slight  convexity  upwards,  called  a  camhery  equal  and  opposite  to 
the  curvature  which  the  intended  working  load  would  produce  in 
an  originally  straight  beam.  The  effect  of  this  is  to  make  the 
beam  become  straight  under  the  working  load,  instead  of  curved, 
and  to  diminish  the  additional  stress  due  to  rapid  motion  of  the 
load,  which  additional  stress  arises  partly  from  the  ourvature  of  the 
beam. 

318.  The    MM9mmUm  wiA  CmMcUmi  mf  M^mmm  B«u«.   which 
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arise  firom  tlie  changes  of  atmospheric  temperature,  are  usually  pro- 
vided for  by  Bupporting  one  end  of  each  beam  on  rollers  of  steel  or 
hardened  cast  iron.  The  following  table  shows  the  proportion  in 
-which  the  length  of  a  bar  of  certain  materials  is  increased  by  an 
elevation  of  temperature  from  the  melting  point  of  ice  (32°  Fahr., 
or  (f  Centigrade)  to  the  boiling  point  of  water  under  the  mean 
atmospheric  pressure  (212°  Fahr.,  or  100°  Centigrade) ;  that  is,  by 
an  elevation  of  180°  Fahr.,  or  100°  Centigrade  : — 

Metals. 

Brass, '00216 

Bronze, *ooi8i 

Copper, '00184 

Gold, '0015 

Cast  iron, •ooiii 

Wrought  iron  and  steel, *ooii4  to  "00125 

Lead, '0029 

Platinum, 'ooop 

SUver, '002 

Tin, '002  to  '0025 

ZmCy -00294 

Eastht  Matebials. 

(The  ezpanflibilities  of  stone  from  the  experiments  of  Air.  Adie.) 

Brick,  common, "00355 

„      fire, -0005 

Cement, '0014 

Glass,  average  of  difierent  kinds, *ooo9 

Granite, *ooo8  to  *ooo9 

Marble, "00065  to  *ooii 

Sandstone, -0009  to  *ooi2 

Slate, -00104 

Tdibes. 

ion  along  the  grain,  when  dry,  according  to  Mr.  Joule, 
Proceed,  Ray.  Soc,,  Nov,  5, 1857.) 

Baywood, '000461  to  '000566 

Deal, '000428  to  '000438 

Mr.  Joule  found  that  moisture  diminishes,  annuls,  and  even  re- 
Terses,  the  expansibility  of  timber  by  heat,  and  that  tension  in- 
creases it 

319.  The  BiMCle  Carre,  in  the  widest  sense  of  the  term,  is  the 
figure  assumed  by  the  longitudinal  axis  of  an  originally  straight 
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bar  under  any  system  of  bending. foroea.  All  the  examplea  of  the 
curvatiue,  slope^  and  deflection  of  beams  in  Article  300  and  tlie 
subsequent  Articles,  are  cases  in  which  the  elastic  eorve  has  heem 
determined  with  a  degree  of  approximation  sufficiently  close  under 
the  circumstances ;  that  is,  when  the  deflection  is  a  veiy  small 
fraction  of  the  length.  The  present  Article  relates  to  the  figure  of 
the  elastic  curve  for  a  slender  flat  spring  of  timform  sscUon,  when 
acted  upon  either  by  a  pair  of  equal  and  opposite  oouples,  or  by  a 
pair  of  equal  and  opposite  forces. 

The  general  equation  of  Article  300  applies  to  this  case^  viz.: — 


1 
r 


.(1.) 


I  being  the  uniform  moment  of  inertia  of  the  section  of  the  spring, 
E  the  modulus  of  elasticity,  M  the  moment  of  flexure  at  a  given 
point,  and  r  the  radius  of  curvature  at  that  point. 

When  a  spring  is  under  the  action  of  a  pair  of  equal  and  opposUe 
couples  applied  to  its  two  ends,  then,  as  in  Article  304^  M  is  constant^ 
r  is  constant,  and  the  elastic  curve  is  a  circular  arc  of  the  radius  r. 

When  a  spring  is  under  the  action  of  a  pair  o/equcd  and  opposUe 
forcesy  let  A  and  B  denote  the  two  points  to  which  those  forces  are 
applied,  and  A  B  their  common  line  of  action.     The  figures  from 


Fig.  146  a. 


Fig.  146  b. 


Kg.  146/ 

*     Ad 

146  a  to  146^  inclusive,  represent  various  forms  which  the  qpiing 
may  assume,  viz. : — 

I.  When  the  forces  are  directed  towards  each  other — 
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OL  A  Bunple  arc,  like  a  bow^  meetdng  A  B  at  the  points  A  and  B 
only. 

6y  a  An  undulating  figure,  crossing  A  B  at  any  number  of  inter- 
mediate pointa 

tL  The  points  A  and  B  coincLding,  which  may  give,  with  an 
endless  spring,  a  figure  of  8. 

H.  When  the  forces  are  directed  from  each  other — 

e.  One  or  more  loops,  with  the  ends  and  intermediate  portions 
meeting  or  crossing  A  B. 

/.  The  forces  acting  firom  each  other  at  the  points  A,  B,  in  two 
rigid  levers  A  Dy  BE,  to  which  the  spring  is  fixed  at  D  and  E:  the 
firing  forming  one  or  more  looped  coils,  lying  altogether  at  one  side 
ik  the  line  of  action  A  B. 

Let  P  be  the  common  magnitude  of  the  equal  and  opposite  forces 
applied  at  A  and  B,  and  x  the  perpendicular  distance  of  any  point 
O  in  the  elastic  curye  from  the  line  of  action  A  B*  Then  tiie  mo- 
ment of  flexure  at  that  point  is  obviously 

M  =  ojP  ; (2.) 

and  consequently  the  radius  of  curvature  at  that  point  is  given  by 
the  equation 

•■-Iff-SP^ W 

that  is  to  say,  the  radku  ofcurvcOure  ia  inverady  proportional  to  tha 
perpemUeular  dutaneefrom  the  line  o/<iction  of  tks forces.  At  each 
of  the  points  in  figs.  146  a,  b,  c,  dj  and  ^  where  the  curve  meets  or 
croaaea  A  B,  the  radius  of  curvature  is  infinite ;  that  is,  there  is  a 
point  of  contrary  flexure. 

The  above  geometrical  property  is  common  to  all  the  varieties  of 
curves  formed  by  an  uniform  spring  bent  by  a  pair  of  forces,  and 
is  sufficient  to  enable  any  one  of  them  to  be  drawn  approximately, 
by  means  of  a  series  of  short  circular  arcs.  It  is  sufficient,  also,  to 
establish  all  their  other  geometrical  properties,  such  as  the  rela- 
tions between  their  rectiuigular  co-ordinates,  and  the  lengths  of 
their  area  These  are  expressed  by  means  of  elliptic  functions ; 
and  it  is  unnecessary  to  give  them  in  detail  in  this  treatise, 
except  in  one  case,  which  will  be  mentioned  in  the  next  Article, 
319  A. 

There  is  one  important  proposition,  however,  which  it  is  here 
neoessaiy  to  prove ;  and  that  is  the  following 

TwKORKir.  Th(U  a  spring  of  a  given  length  aifid  section,  to  the  ends 
ofitthoee  neutral  ewrface  a  pair  of  forces  are  applied,  will  not  be  bent 
^  those  forces  wre  lees  tha/n  a  certain  finite  magnitude.  Let  A  and 
B  in  fig.  146  a  be  the  two  ends  of  the  spring,  to  which  two  equal 
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and  opposite  forces  of  the  magnitude  P  are  applied,  directed 
wards  each  other ;  the  spring  forming  a  single  arc  A  C  B,  of  the 
length  L  x  being,  as  before,  the  ordinate  of  any  point  C^  let  y  be 
the  distance  of  that  ordinate  £rom  A. 

The  smaller  the  force  P,  the  more  nearly  will  the  arc  A  C  B 
approach  to  the  straight  line  A  B  ;  and  in  order  to  find  the  small- 
est Talue  of  P  which  is  compatible  with  any  bending  of  the  spring, 
that  force  must  be  computed  on  the  supposition  that  the  ordinate 
X  at  each  point  ia  insensibly  small  compared  with  the  length  oi  the 
spring,  and  consequently,  that  the  length  of  the  arc  A  C  does  ncvt 
sensibly  differ  firom  that  of  its  abscissa  y.  This  being  the  case,  the 
curvature  at  any  point  0  is  to  be  taken  aa  sensibly  given  by  the 
following  equation : — 

1  _       <Px 

which  value  being  inserted  in  equation  3,  gives 

d^x         P  ,.- 

-^=EI*^ <^> 

The  integral  of  this  equation  is 


x:=ia'  sin  •  -, 
c 


=v 


where  c  =  A  /  -p-. 


(6.) 


In  order  that  x  may  be  ^  0  at  the  points  A  and  B,  it  is  neoessaiy 
that  when  y  =  2,  -  should  be  =  n  v,  n  being  any  whole  number  ; 
and  consequently  that 

c=— (6.) 

Now  of  all  the  possible  values  of  Uy  that  which  gives  the  least  value 
of  P  is  n  =  1 ;  whence  we  find 

V"EI       I         ^  ^       »«EI  ^, 

p-  =  -  ;  and  P  =  -y-; (7.) 

and  ^^  finite  quamtiiJty  is  the  smaUest  force  vjhich  wiU  bend  the  gwm 
spring  in  the  manner  proposed. — Q.  E.  D. 

This  investigation  proves  the  Theorem  in  question,  and  gives 
the  least  bending  force ;  but  as  it  leaves  the  constant  a  indeter- 
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uunate,  it  does  not  give  the  figoie  assumed  by  the  spring,  which 
cannot  be  found  exactly  except  by  the  use  of  elliptic  functions. 

319  A.  The  bmnmbUc  Arch,  described  in  Article  183,  is  of  the 
same  figure  with  the  coiled  and  looped  elastic  curve  represented  in 
fig.  146 y*;  for  its  radius  of  curvature  at  any  point  is  inversely  pro- 
portional to  the  perpendicular  distance  of  l^t  point  from  a  given 
atiaight  line.  In  order  to  transform  all  the  equations  given  in 
that  Article  for  the  hydrostatic  arch  into  the  corresponding  equA- 
tioDs  for  the  coiled  and  looped  elastic  curve  of  fig.  146  y^  it  is  only 
neoessaiy  to  put  for  the  constant  product  of  the  ordinate  and  radius 
iA  corvatuie  the  following  value : — 

EI 
xr=  -^. 

An  instrument  consisting  of  an  uniform  spring  attached  to  a  pair 
of  levers,  might  be  used  for  tracing  the  figures  of  hydit)static 
arches  on  paper. 

This  property  of  the  coiled  and  looped  elastic  curve  is  analogous 
to  that  discovered  by  James  Bemomlli  in  the  simple  bow  of  fig. 
146  a,  viz.,  that  it  is  the  figure  assumed  by  the  vertical  longitu- 
dinal section  of  an  indefinitely  broad  sheet,  containing  a  liquid 
mass  whose  upper  horizontal  sur£Eu;e  is  represented  by  A  B. 

Sbction  7. — On  BesistanoB  to  Twisting  and  Wrenching, 


320.  The  Tmy/dam  Mmmtmtt,  or  moment  of  torsion,  applied  to  a 
bar,  is  the  moment  of  a  pair  of  equal  and  opposite  couples  applied 
to  two  cross  sections  of  the  bar,  in  planes  perpendicular  to  the 
azifl  of  the  bar,  and  tending  to  make  the  portion  of  the  bar  between 
those  cross  sections  rotate  in  opposite  directions  about  that  axis. 
In  the  £:>llowing  Articles,  twisting  moments  are  supposed  to  be 
expressed  in  inch-povrnda, 

321.  aiMaisiii  •fa  CyUaArfcal  Axle.— A  cylindrical  axle,  AB,  fig. 
147,  being  subjected  to  the  twisting 
moment  of  a  pair  of  equal  and  oppo- 
site couples  applied  to  the  cross  sec- 
tions A  and  B,  it  is  required  to  find 
the  condition  of  stress  and  strain  at 
any  intermediate  cross  section  such 
as  S,  and  also  the  angular  displace*  "*•  ^*'* 

ment  of  any  cross  section  relatively  to  any  other. 

From  the  uniformity  of  the  figure  of  the  bar,  and  the  uniformity 
of  the  twisting  moment,  it  is  evident  that  the  condition  of  stress 
and  strain  of  all  cross  sections  is  the  same ;  also,  because  of  the 

2a 
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ciTCular  figure  of  each  cross  section,  the  condition  of  stress  and 
strain  of  all  particles  at  the  same  distance  -from  the  axis  of  the 
cylinder  must  be  alike. 

Suppose  a  circular  layer  to  be  included  between  the  crofis  sectiiNi 
S,  and  another  cross  section  at  the  distance  dx  from,  it^  The 
twisting  moment  causes  one  of  those  cross  sections  to  rotate  rela- 
tively  to  the  other,  about  the  axis  of  the  cylinder,  through  an 
angle  which  may  be  denoted  hj  di.  Then  if  there  be  two  points 
at  the  same  distance  r  from  the  axis  of  the  cylinder,  one  in  the  one 
cross  section,  and  the  other  in  the  other,  which  points  were  origi* 
nally  opposite  to  each  other,  in  a  line  parallel  to  the  axis,  the 
twisting  moment  shifts  one  of  those  points  laterally,  relatively  to 
the  other,  through  the  distance  r^ft.  Consequently  the  part  of 
the  layer  which  lies  between  those  points  is  in  a  oondition  of 
distortion,  in  a  plane  perpendicular  to  the  radius  r ;  and  the  dis- 
tortion is  expressed  by  the  ratio 

di 

'-'Tx 0.) 

which  varies  proportumaUy  to  the  distance  from  the  cuda.  There  is 
therefore  a  sheading  sbre»s  at  each  point  of  the  cross  section  C, 
whose  direction  is  perpendicular  to  the  radius  drawn  from  the 
axis  to  that  point,  and  whose  intensity  is  proportional  to  that  radius^ 
being  represented  by 

?  =  C'  =  Cr-^ (2.) 

The  STRENGTH  of  the  axle  is  determined  in  the  following 
manner : — Let  /  be  the  limit  of  the  shearing  stress  to  which 
the  material  is  to  be  exposed,  being  the  vUinuUe  resistance  to 
wrenching  if  it  is  to  be  broken,  the  proof  resistance  if  it  is  to 
be  tested,  and  the  working  resistance  if  the  working  moment  of 
torsion  is  to  be  determined.  Let  9*1  be  the  external  radius  of  the 
axle.  Then  /  is  the  value  of  q  at  the  distance  rj  from  the  axis  ; 
and  at  any  other  distance  r,  the  intensity  of  the  shearing  stress  is 

^=-? • <^) 

Conceive  the  cross  section  S  to  be  divided  into  narrow  concentric 
rings,  each  of  the  breadth  dr.  Let  r  be  the  mean  radius  of  one  of 
these  rings.  Then  its  area  is  2  «■  rdr;  the  intensity  of  the  sheai^ 
ing  stress  on  it  is  that  given  by  equation  3,  and  the  leverage  of  that 
stress  relatively  to  the  axis  of  the  cylinder  is  r;  consequently,  the 
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moment  of  the  shearing  stress  of  the  ring  in  question,  being  the 
product  of  those  three  quantities,  is 

which  being  integrated  for  all  the  rings  from  the  centre  to  the 
circumferenoe  of  the  cross  section  S,  gives  for  the  moment  of 
torsion,  and  of  resistance  to  torsion^ 


M  = 


2»/  r'i«8^^_*/^ 


iy^^-'{- (^o 

(1=1.5708). 

If  the  axle  is  hollow,  Tq  being  the  radius  of  the  hollow,  the  integral 
is  to  be  taken  from  r  =  ro  to  r  =  r^ ;  and  the  moment  of  torsion 
becomes 


M 


=  ^JV./r=^!l^^^^  (5.) 


It  ifl  in  general  more  convenient  to  express  the  strength  of  an 
axle  in  terms  of  the  diameter  than  in  terms  of  the  radius.  Let  A, 
be  the  external  diameter  of  the  axle,  and  Ao  its  internal  diameter, 
if  hollow  j  then 


(6.) 


Pot  a  aolia  caae,  M  =  -vg-  =  -g  .^  > 

For  a  hollow  aode,  M= j^-^ — ""'^TAj 

If  these  formtd»  be  compared  with  those  applicable  to  solid  and 
hollow  cylindrical  beams  in  Article  295,  it  will  be  seen  that  they 
differ  only  in  the  numerical  fiwjtor,  which,  for  the  moment  of 

«•         1  J*         '         ^  -^   ^ 

flexure,  is  .     =  -— ,  and  for  the  moment  of  torsion,  jg  -  ^' 

Hence  we  have  this  useftil  principle,  that  for  equal  valves  of  the 
limiting  sireas  f,  the  regista/tice  of  a  cylinder^  solid  or  hollow,  to 
wrenching,  is  double  of  its  resistance  to  breaking  across. 

Values  of  the  co-efficient  of  ultimate  resistance  to  shearing  for 
cast  and  wrought  iron,  are  given  in  a  table  which  has  already  been 
referred  to.  The  co-efficient  for  cast  iron  is  somewhat  doubtful, 
because  the  experiments  give  varying  results.     That  given  in  the 
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table,  viz.,  27,700,  is  adopted  on  the  authority  of  Mr.  Hodgkin- 
son's  work  On  Cast  Iran,  as  the  mean  of  the  experiments  oonadered 
by  him  the  most  trustworthy;  but  some  experiments  give  a  value 
as  low  as  24,000,  and  others  a  value  as  high  as  30,000. 

With  respect  to  the  workmg  values  of  the  limiting  strefls^  the 
following  are  those  adopted  by  Tredgold  in  his  practical  rules : — 

For  cast  iron, 7,650  lb&  per  square  inch. 

For  wrought  iron, 8,570       „  „ 

This  amounts  to  allowing  a  factor  of  safety  of  about  4  for  cast 
iron  and  6  for  wrought  Practical  experience  of  the  strength  of 
wrought  iron  axles  confirms  the  co-efficient  given  above  for  wrought 
iron  very  closely,  it  having  been  found  that  such  axles  bear  a  wtnrk- 
ing  stress  of  9,000  lbs.  per  square  inch  for  any  length  of  time,  if 
well  manufactured  of  good  material  The  co-efficient  for  cast  iron 
appears  to  leave  too  small  a  £Bu:tor  of  safety  for  any  motion  except 
one  that  is  very  smooth  and  steady,  and  it  may  be  considesed  that 
5,000  Ibe.  x>er  square  inch  is  a  aafer  co-efficient  for  general  use. 
Hence  we  may  put,  as  the  limit  of  working  stress  in  shaftsy 

For  cast  iron, ./=  5,000  lbs.  per  square  inch. 

For  wrought  iron, /=  9,000        „  „ 

322.  Aagie  •f  T«niMi  •f  «  CTiiMdrfcai  Axle. — Suppose  a  pair  of 
diameters,  originally  parallel,  to  be  drawn  across  £he  two  drcolar 
ends,  A  and  B,  of  a  cylindrical  axle,  solid  or  hollow ;  it  is  proposed 
to  find  the  angle  which  the  directions  of  those  liiies  make  with 
each  other  when  the  axle  is  twisted,  either  by  the  working  moment 
of  torsion,  or  by  any  other  moment 

This  question  is  solved  by  means  of  equation  2  of  Article  321, 
which  gives  for  the  cmgle  qf  torsion  per  unit  o/ length, 

di        q 
dx  "  Qr 

The  condition  of  the  axle  being  uniform  at  all  points  of  its  lengyi, 
the  above  quantity  is  constant ;  and  if  a;  be  the  length  of  the  i^Je, 
and  i  the  angle  of  torsi(ML  sought,  expressed  in  length  of  arc  to 

radius  1,  we  have  —  =  -j-j  and  therefore, 
*  X     dx 

'=S^ <>■> 

L  Let  the  moment  of  torsion  be  the  loorking  moment,  for  which 

r    r, 
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Then  the  angle  of  torsion  is 

/a?     2/aj 


%  = 


Cn^'CAi 


.(2.) 


mnd  IB  the  same  whether  the  axle  is  solid  or  hollow. 

A  value  of  C,  the  oo-effident  of  transverse  elasticity  for  cast  iron, 
is  given  in  the  table ;  bnt  it  is  uncertain,  as  experiments  are  dis- 
cordant. For  wrought  iron,  that  constant  has  been  found  with 
more  precision,  its  mean  value  being  about  9,000,000  lbs.  per 
square  incL  Hence,  for  the  working  tordon  of  wrought  iron 
shafts,  we  may  make 

c^^poo ^^'^ 

TL  Let  the  moment  of  torsion  have  any  amount  M  consistent 

with  safety.    Then  for  ~>  we  have  to  put  the  equal  ratio  deduced 

from  the  equations  4  and  5  of  Article  321,  by  substituting  q 
for  /  in  the  numerators  and  r  for  r^  in  the  denominators ;  that  is 
to  say, 

Far^ida^,  i  =  ^;  and 


._ga?    2Ma;_32Ma?  Ma? 

^        2M  , 

For  hollow  axles,  -  =  —}-. — -t\  ;  and 

qx  2Ma?  32Ma:         ,^.^     Ma: 

^  —  =10'2 


(4.) 


323.  The  BcnOiMica  •r  «  efUmMgUmi  Axle  is  the  product  of  one- 
half  of  the  greatest  moment  of  torsion  into  the  corresponding  angle 
of  torsion ;  and  it  is  given  by  the  following  equation : — 


Mi    f^Kx^  ,.j   ,   ^ 

--—  =  •^    ,  ^s,  for  a  soud  shaft :  or 

2      .    5-\Chl 


(1.) 
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324.  AziM  n«c  circniar  la  Scciimk — When  the  crosB  section  of  a 

shaft  is  not  circular,  it  is  certain  that  the  ratio  -  of  the  shearing 

stress  at  a  given  point  to  the  distance  of  that  point  from  the  axis 
of  the  shaft,  is  not  a  constant  quantity  at  different  points  of  the 
cross  section,  and  that  in  many  cases  it  is  not  even  approximately 
constant ;  so  that  formulae  founded  on  the  assumption  of  its  being 
constant  are  erroneous.  The  mathematical  investigations  of  M.  de 
St  Yenant  have  shown  how  the  iutensitj  of  the  diearing  stress  is 
distributed  in  certain  cases. 

The  most  important  case  in  practice  to  which  M.  de  St.  Yenanfs 
method  has  been  applied  is  that  of  a  square  shaft ;  and  it  appears 
that  its  moment  of  torsion  is  given  by  ^e  formula 

M  =  0-281 /A»  nearly. 


325.  BendlliiffaBdi  T wlallBg  cMibtaed }  Cnudc  aadi  Axle. — ^A  shaft 

is  often  acted  upon  by  a  bending  load  and  a  pair  of  twisting  conpl^ 
at  the  same  time.  In  that  case,  the  greatest  direct  stress  due  to 
the  bending  load,  and  the  greatest  shearing  stress  due  to  the  moment 
of  torsion,  are  to  be  combined  in  the  manner  already  illustrated  for 
beams,  in  Article  310. 

That  is  to  say,  let  p  be  the  greatest  stress  due  to  bending,  and  q 
that  due  to  twisting  j  letpi  be  the  intensity  of  the  greatest  result- 
ant stress,  and  i  the  angle  which  its  direction  makes  with  the  axis 
of  the  shaft.     Then 


^-V{hAM 


tan2t  =  ii; 
P 


(1-) 


J 


One  of  the  most  important  examples  of  this  is  illustrated  in 

fig.  148,  which  represents  a  shaft  having  a  crank 
at  one  end.  At  the  centre  of  the  crank-pin, 
P,  is  applied  the  pressure  of  the  connecting 
rod ;  and  at  the  baring,  S,  acts  the  equal  and 
opposite  resistance  of  that  bearing.  Eepresent- 
ing  the  common  magnitude  of  those  forces  by  P, 
they  form  a  couple  whose  moment  is 

M=PSP. 

Pj    148.  Draw  P N  perpendicular  te  SN,  the  axis  of  the 

shaft;  and  let  the  angle  PSN  =/     Then  the 
couple  M  may  be  resolved  into 


CRANK  AKD  AXLE — ^TEETH  OF  WHEELS.  359 

A  bending  couple  P  •  N  S  =  M  cos^ ;  and 
A  twisting  couple  P  •  N  P  =  M  sin  / 

Squal  and  opposite  couples  act  on  the  farther  end  of  the  shaifb. 
Jjet  A  be  its  diameter. 

Hy  the  formiiUe  of  Article  295,  the  greatest  stress  produced  at  S 
by  tike  bending  couple  is 


P 


10-2  M  cost'  .a\ 

¥—' : <'•> 


and  that  pxxluoed  by  the  twisting  couple,  according  to  Article 
321,  is 

g-lMsinj     ytanj\  , 

^  -  p         -  ~2~"  ' ^  ^^ 

consequently,  by  the  equations  1  of  this  Article,  the  resultant 
greatest  stress  at  S,  and  its  inclination  to  the  axis  of  the  shaft,  are 


Pi  =  |(sec^  +  1)  =— ^  (1  +  oosj)  ; 


J 
ft  =  —  * 

2' 


(4.) 


and  by  making  p^  =/,  the  proper  diameter  can  be  determined. 

These  results  may  be  represented  graphically  as  follows : — Draw 
S  Q  bisecting  the  angle  N  S  P,  and  P  Q  perpendicular  to  S  Q.  S  Q 
will  be  the  direction  of  the  r^ultant  greatest  stress  at  S,  and  the 
intensity  of  that  stress  will  be  the  same  as  if  it  were  caused  by  the 
bending  action  of  a  force  equal  to  P  and  applied  at  Q,  on  an  oblique 
section  of  the  shaft  perpencUcular  to  P  Q  ;  and  also  the  same  as  the 
greatest  intensity  of  the  stress  which  woidd  be  produced  at  S  by 
the  direct  bending  action  of  a  force  equal  to  P  applied  at  M  in  the 
axis  of  the  shaft,  with  the  leverage 

FM  =  Spi+ieL?=?L+Il (6.) 

326.  The  Teeth  •r  wheela  are  made  sufficiently  strong,  to  provide 
against  an  action  analogous  to  combined  twisting  and  bending, 
which  may  arise  from  the  whole  force  transmitted  by  a  pair  of 
wheels  happening  to  act  on  one  comer  of  one  tooth,  such  as  G 
or  D,  fig.  149. 

In  fig.  150,  let  the  shaded  part  represent  a  portion  of  a  cross 
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V^ 


section  of  the  lim  of  the  wheel  A  of  fig.  149,  and  let  £ HK  P 

be  the  &oe  of  a  tooth,  on 
one  comer  of  which,  P,  acts 
the  force  represented  by 
that  letter.  Oonc^ve  anj 
sectional  plane  £F  to  in- 
tersect the  tooth  from  the 
side  EF  to  the  crest  PK, 

and  let  PG  be  perpendicular  to  that  pbme. 

Let  h  be  the  thickness  of  the  tooth,  and  let 

EP  ==  6,  PG  =  Z. 

Then  the  moment  of  flexure  at  the  aection 
EF  is  P^,  and  the  greatest  stress  produced  by  that  moment  of 
flexure  at  that  section  is 


Fig.  149. 


JP  = 


6P? 


2  9 


•W  '-    . 


which  is  a  maximum  when  .^ PE P  =  45*,  and  6  =  2^  having 
then  the  value, 

3P 


/= 


7*^' 


Consequently,  the  proper  thickness  for  the  tooth  is  given  by  the 
equation  

A=\/^ (»•) 

This  formula  is  Tredgold's ;  according  to  whonx  the  proper  value 
for  the  greatest  working  stress  /is  4,500  lbs.  per  square  inch,  when 
the  tee&  are  of  cast  iron. 


^ 


Section  8. — On  CfUfUmug  hy  Bending. 


327. 


imrodnctoiy  RMnaiin. — ^Pillars  and  struts  whose  lengths 
exceed  their  diameters  in  considerable  proportions  (as  is 
abnost  always  the  case  with  those  of  timber  and  metal), 
give  way  not  by  direct  crushing,  but  by  bending  sideways 
and  br^iking  across,  being  crushed  at  one  side,  as  at.  A, 
fig.  151,  and  torn  asunder  at  the  other,  as  at  R 

There  does  not  yet  exist  any  complete  theoiy  of  this 
phenomenon.  The  formulsB  which  have  been  provision- 
ally adopted  are  founded  on  a  mode  of  investigation 
partly  theoretical  and  partly  empirical  Those  which 
will  first  be  explained  are  of  a  form  proposed  by  Tredgold  on  theo- 
retical grounds.     Having  fisdlen  for  a  time  into  disuse,  they  were 
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Fig.  151. 
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revived  by  Mr.  Lewis  Gordon,  who  determined  the  values  of  the 
oonstantB  contained  in  them  by  a  comparison  of  them  with  Mr. 
Hodgldnson's  experiments.  Then  will  be  given  Mr.  Hodgkinson's 
own  empirical  formidn  for  the  ultimate  strength  of  cast  iron  pillars. 
328.  mtrmmtph9fmrmmmamwmm»d9trmtm* — f^t  P  be  the  load  which 

acts  on  a  long  pillar  or  stmt,  and  S  its  sectional  area.  Then  one 
purt  of  the  intensity  of  the  greatest  stress  on  the  material  is  simply 
the  intensity  due  to  the  uniform  distribution  of  the  load  over  the 
section,  and  may  be  represented  thus  : — 

P 

8' 

Another  part  of  the  greatest  stress  is  that  which  arises  from  the 
lateral  bending,  which  will  take  place  in  that  direction  in  which 
the  pillar  is  most  flexible  j  that  is,  in  the  direction  of  its  least  dia- 
meter, if  the  diameters  are  unequal.  Let  h  be  that  diameter,  and 
h  the  diameter  perpendicular  to  it ;  let  ^  be  the  length  of  the  pillar, 
and  let  V  be  the  greatest  deflection  of  the  axis  of  the  piUar  irom  its 
original  straight  position.  Then,  as  in  the  case  of  a  spring,  Article 
319,  the  greatest  moment  of  flexure  is  P  t; ;  and  the  greatest  stress 
prodnoed  by  that  moment  (which  will  be  denoted  by  p")  is  directly 
as  the  moment,  and  inversely  as  the  breadth  and  square  of  the 
thickness  of  the  pillar  (Article  295) ;  that  is, 

P« 

But  the  greatest  deflection  consistent  with  safety  is  directly  as  the 
square  of  the  length,  and  inversely  as  the  thickness  (Article  300) ; 
that  is, 

P 

also,  the  product  6A'  is  proportional  to  the  sectional  area  S  and  to 
the  thi<^mee8  /•.     Consequently  we  have  the  proportional  equation 

that  is,  the  euidUtonal  stress  dtie  to  bending  is  to  the  stress  due  to 
direct  pressure,  in  a  rcUio  which  increases  as  the  square  of  the  propor- 
tion in  which  the  length  of  the  pHlar  exceeds  tJie  least  diameter. 

The  whole  intensity  of  the  greatest  stress  on  the  material  of  the 
pillar,  being  made  equal  to  a  co-efficient  of  strength^  is  expressed 
by  tho  following  equation  : — 


/=p'  +  p'  =  |(i  +  «-^.); (1-) 
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in  wliich  a  is  a  constant  oo-efficient,  to  be  determined  by  expcri- 
ment.     Hence  the  following  is  the  strength  of  a  long  pillar : — 


P  = 


/S 


1  +  a 


P 
F 


(2.) 


The  following  are  the  values  of /and  a  for  the  ultimate  etrengA^ 
as  computed  by  Mr.  Gordon  from  Mr.  Hodgkinson's  expeiimenti 
on  pillars  fixed  at  the  ends,  by  having  flat  capitals  and  baaea^ 
as  in  fig.  152  : — 

y;  lbs.  per  Inch.        & 


Wrought  iron,  solid  rectangular  section^  36,000 
Coat  iron,  hollow  cylinder, : 80,000 


1 


3,000" 
400' 


A  pillar  rounded  at  both  ends,  as  in  fig.  154,  is  as  flexible  as 
a  pillar  of  the  same  diameter,  fixed  at  both  ends,  and  of  double  the 

length;  and  its  strength  mi^t  there- 

I  I        I  fore  be  expected  to  be  the  same;  a 

y-^  (\      conclusion  verified  by  the  experimcmtB 

of  Mr.  Hodgkinson.    Hence,  for  such 
pillars, 

•^^  (3) 


il 


u 


p  = 


1  A  P 

l  +  4a^, 


Mr.  Hodgkinson  found  the  strength 
of  A-pliaTyJixedcUotie  end  and  rounded 

Tie  162       Fte  168      "Fut  164    ^  ^  ^^^^  ^^^  1^3),  to  be  a  mean 

between  the  strengths  of  two  pillars  of 
the  same  length  and  diameter,  one  fixed  at  both  ends,  and  the  otiier 
rounded  at  both  ends. 

Taking  the  proof  load  as  one-half  of  the  breaking  load  for  wrought 
iron,  and  one-third  for  cast  iron,  and  the  working  load  as  from  one- 
foui:th  to  one-sixth  of  the  breaking  load  for  both  materials,  the 
following  are  the  values  to  be  assigned  to  the  limit  of  stress/*  irndw 
diflerent  circumstances : — 


Load — Breakiog. 

Wrought  iron,' 36,000 

Cast  iron, 80,000 


Froot  WoiUng: 

18,000  6,000  to    9,000 

26,700        13,300  to  20,000 
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In  using  the  formulse  2  and  3,  the  ratio  7  is  generally  fixed  before- 

hand,  to  a  d^ree  of  approximation  sufficient  for  the  purposes  of  the 
calculation. 

329.  c«MM0ctteg  lUdu  of  engines  are  to  be  considered  as  in  the 
condition  of  struts  rounded  at  both  ends ;  Piston  Rodib  as  in  the 
conditdon  of  struts  fixed  at  one  end  and  rounded  at  the  other. 

330.  c«HipMriMa  •€  Caai  aad  WM«0iit  !■«■. — ^When  the  ultimate 
strength  per  square  inch  of  section  of  pillars  of  cast  and  wrought 
iron  respectiyelj,  and  having  various  proportions  of  length  to 
diameter,  is  computed  by  means  of  equation  2  of  Article  328,  it 
appears  that  for  the  smaller  proportions  of  length  to  diameter,  cast 
iron  is  the  stronger  material;  but  that  its  strength  dimininhes  as 
the  proportion  of  length  to  diameter  increases,  &LSter  than  that  of 
wrought  iron;  so  that  for  the  proportion 


i  :  A  ::  ^  695  :  1  ::  26^  :  1  nearly, 

those  materials  are  equally  strong,  and  beyond  that  proportion 
wrought  iron  is  the  stronger.  This  result  was  first  pointed  out  by 
Mr.  Gordon.     The  following  table  illustrates  it : — 


h 

Breaking  load, 
lbs.  per  square 

inch,  =  -^>... 


r  Wrought^ 


Cast, 


10 


34,840 


64,000 


20 


31,765 


40,000 


26-4 


30 


29,230  27,700 


29,230 


24,620 


40 
23,480 

16,000 


331.  Mrs  B[«€lgkiaami'a  Wmtrmwdm  f<mr  the  ITIttaMUe  Screafftli  •£  Cast 

as  deduced  by  that  author  from  his  own  experiments, 
are  as  follows  : — 
I.  When  the  length  is  not  less  than  thirty  times  the  diameter. 
For  solid  cylindncal  pillars,  h  being  the  diameter,  in  inches,  and 
L  the  length  in  feet, 

h^ 


P  =  A 


U^ 


(1.) 


For  hollow  cylindrical  pillars,  ^i  being  the  external,  and  Aq  ^^ 
internal  diameter,  in  vn^ies,  and  L  the  length  infeet^ 


P  =  A 
The  values*  of  the  co-efficient  A  are  as  follows  :-^ 


.(2.) 
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1.)  For  solid  pillars  witli  rounded  ends, i4'9 

2.)  „  „  flat  ends, 44*1^ 

3.)  For  hollow  pillars  with  rounded  ends, 13*0 

4.)  „  „  flat  ends, 44*3 


11.  When  the  length  is  less  than  thirty  times  the  diameter. 

Let  b  denote  the  breaking  load  of  the  pillar,  as  computed  by  tlie 
precodiDg  formulre.  Let  c  denote  the  crushing  load  of  a  short  bloek 
of  the  same  sectional  area  8,  as  computed  by  the  formula 


c  =  49  tons  X  S  in  square  inches. 
Then  the  correct  crushing  load  of  the  pillar  is 

he 


(3.) 


P  = 


6  +  -r 


(4) 


lozD 


332.  In  Wwvmgkt  iwm  FnuMewMfc.  the  bars  which  act  as  struts, 
in  order  that  they  may  have  sufficient  stifl&iess,  are  made  of  various 

figures  in  cross  section, 
of  which  some  examples 
n        are  given  in  figs.  155 
' — '' — ■  (angle  iron),  156  (chan- 
_  _  nel  iron),  157  (a  cross- 

Fig.  156.        Fig.  156.        rig.  167.      Fig.  168.    shaped  section,  used  in 

half  lattice  girders),  and  158  (T-iron).  In  some  large  lattice  girders, 
the  struts  are  composed  of  a  pair  of  parallel  T-iron  bars,  such 
as  ^g,  158,  with  their  middle  ribs  turned  towards  each  other, 
and  connected  together  by  a  lattice  work  of  small  diagonal  bars. 
In  applying  to  wrought-iron  struts  the  formula  of  Article  328, 

pages  361,  362,  for  7^  there  is  to  be  substituted  rK-jl  ^  being  the 

leaet  momeiU  of  inertia  of  the  section  (Article  95,  pages  77-83)l 
333.  Wraagiit  iwmn  c^iii  are  rectangular  tubes  ^nerally  square) 

composed  of  four  plate  iron  sides,  rivetted  to  angle  iron  ban  at  the 

corners,  as  shown  in  the  section,  fig.  159.  This 
mode  of  construction  was  designed  by  Mr.  Fair- 
bairn,  to  resist  a  thrust  along  the  axis  of  the  tube. 
The  uUimate  resistcmce  of  a  single  square  oeU  to 
crushing  by  the  buckling  or  bending  of  its  sides, 
when  the  thickness  of  the  plates  is  not  leas  than 
one-thirtieth  of  the  diameter  of  the  cell,  as  determined 
by  Mr.  Fairbaim  and  Mr.  Hodgkinson,  is 

27,000  lbs.  per  square  inch  section  of  iron  ; 


Fig.  160. 


i 
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bnt  'when  a  number  of  cells  exist  side  by  side  in  one  girder^  their 
stifihess  is  increased,  and  their  ultimate  resistance  to  a  thrust  maj 
be  taken  at 

33,000  to  36,000  lbs.  per  square  inch  section  of  iron. 

The  latter  co-efficients  apply  also  to  cylindrical  cells. 

334.  The  nidM  or  Pfadc  itmi  oirden  are  subjected  to  a  diagonal 
thrust  arising  from  the  shearing  stress,  and  are  usually 
stiffened  by  means  of  T-iron  ribs,  in  the  manner  shown 
in  fig.  160.     The  entire  depth  across  the  ribs  may  be 
taken  to  represent  h  in  the  formulae  of  Article  328. 

33d.    TlHber  Pmis   aadi   fluntts. — The  following  for-   , 
mula  is  given  on  the  authority  of  Mr.  Hodgkinson's 
experiments,  for  the  vUimaJte  resistance  of  posts  of  oak 
and  redpin$  to  crushing  by  bending  : — 

A' 
^  =  ■^^®' ^'^         Fig.  160. 

S  being  the  sectional  area  in  square  inches,  h  :  I  the  ratio  of  the 
least  diameter  to  the  length,  and  A  =  3,000,000  lbs.  per  square 
inch. 

The  factor  of  safely  for  the  working  load  of  timber  being  10,  A 
is  to  be  made  ==  300,000  only,  if  P  is  the  working  load. 

For  square  posts  and  struts,  the  formula  becomes 

P  =  A^* (2.) 

If  the  strength  of  a  timber  post  be  computed  both  by  this  formula 
and  by  the  formula  for  direct  crushing,  viz. : — 

P=/S, (3.) 

the  lesaer  value  should  be  adopted  as  the  true  strength.  Thus  the 
ultimate  strength  per  square  inch  for  direct  crushing  is 

A 
For  oak, ./=  10,000  lbs.  =  ^ ; 

A 

For  red  pine, „      6,000  lbs.  =  ^; 

10  that  equation  1  or  equation  3  should  be  used  according  as  -r 

is  greater  or  less  than  a  limit,  which  is,  for  oak,  pj  300  =  17*32; 
for  led  pine,  ^lOO  =  2^'ZQ. 
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The  resistance  of  timber  to  crushing,  while  green,  is  about  on^ 
half  of  its  resistance  after  having  been  dried. 

^    SEcnoK  9. — On  Compound  Oirden,  Frames,  and  Bridget, 


336.  CMMpMiiUi  CMvdcn  tat  OcacraL — A  compound  girder  is  a 
structure  which,  as  a  whole,  acts  as  a  beam,  resisting  bending  and 
breaking  by  a  transverse  load ;  but  whose  parts  are  subjected  to 
a  variety  of  stresses  of  different  kinds,  requiring  to  be  aeparatelj 
considered;  such  as  the  Warren  girder  of  Articles  162  and  163, 
and  the  Lattice  girder  of  Articles  164  and  165. 

In  Part  II.,  Chapter  II.,  Section  1,  it  has  already  been  shown 
how  to  determine  the  total  stresses  which  act  on  the  several  pieces 
of  a  frame ;  in  section  6  of  the  present  chapter,  it  has  been  shown 
how  the  stress  is  distributed  in  a  continuous  beam ;  and  in  tiiat  and 
other  sections,  the  resistanoe  of  materials  to  the  various  kinds  oi 
stress  has  been  considered.  The  principal  object  of  the  present 
section  is  to  indicate,  by  referring  back  to  previous  Articles,  where 
the  data  and  formulse  for  determining  the  strength  of  the  different 
parts  of  certain  compound  structures  are  to  be  found. 

A  girder  consists  of  three  principal  parts :  a  lower  rib,  to  resist 
tension ;  an  upper  rib,  to  resist  thrust ;  and  a  vertical  web  or  Jrame, 
to  resist  shearing  force. 

337.  Plate  iroB  Girden  are  treated  of  in  this  section  rather  than 
in  section  6,  because  the  slender  proportions  of  the  parts  subjected 
to  a  thrust  sometimes  render  it  necessary  to  compute  their  strength 

acpording  to  the  laws  of  resistance  to 
crushing  by  bending,  explained  in  Ar- 
ticle 328.  Some  of  iSte  forms  of  cross  sec- 
tion employed  in  such  beams  are  shown 
in  figs.  161,  162,  163,  164,  and  165.  Fig. 
161  is  a  plain  I-shaped  beam,  rolled  in 
one  piece.  In  fig.  162,  the  upper  and 
lower  ribs  consist  each  of  a  flat  bar  or 
narrow  plate  rivetted  to  a  pair  of  angle 
irons,  the  two  pairs  of  angle  irons  being 
rivetted  to  the  upper  and  lower  edges  of 
the  vertical  web.  In  fig.  163  the  con- 
struction is  the  same,  except  that  the 
Fig.  164.  vertical  web  is  double  :  this  is  the  "  boa> 
^^^'  ^^^'  beam"  long  employed  in  tiie  platforms  of 

>  blast  furnaces,  and  first  used  in  a  nulway  bridge  by  Andrew  Thom- 
son about  1832,  on  the  Pollok  and  Govan  Bail  way.  In  fig.  164, 
the  upper  and  lower  ribs  ai'e  each  built  of  several  layers  of  narrow 
plates  or  flat  bars,  rivetted  to  each  other  and  to   a  pair  of  angle 


c: 


IT 


rig.lCl.  Fig.162. 
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ironB ;  the  upper  and  lower  pairs  of  angle  11*009  are  rivetted  to  the 
upper  and  lower  edges  of  tibie  vertical  web,  and  the  plates  of  the 
vertical  web  ai-e  connected  and  stiffened  at  each  of  &eir  vertical 
joiniB  by  a  pair  of  T-irons,  in  the  manner  of  which  a  horizontal 
section  has  been  already  given  in  fig.  160,  Article  334.  The  object 
of  building  the  laiger  sizes  of  horizontal  ribs  in  layers,  instead  of 
making  them  in  one  piece,  is  to  make  them  of  those  sizes  of  iron 
which  can  easily  be  rolled  of  good  quality,  and  which  are  usually 
found  in  the  market.  Beams  resembling  fig.  164  are  sometimes 
made  with  a  double  vertical  web,  for  the  sake  of  lateral  stiflEness. 

Fig.  165  represents  the  general  form  of  the  cross  section  of  great 
tvindovr  or  cdluUvr  girders^  characterized  by  Mr. 
Stephenson's  principle,  of  carrying  the  railway 
through  the  interior  of  the  beam,  and  by  Mr. 
Faixbaim's  principle,  of  giving  stifiness  by  means 
of  cells,  already  describ^  in  Article  333.  The 
joints  of  the  cells  are  connected  and  stiffened  by 
covering  plates  outside  as  well  as  angle  irons 
ioaide ;  and  the  plates  of  the  two  sides,  which  form 
a  double  vertical  web,  are  stiffened  and  connected 
by  T-irons,  like  those  of  fig.  164. 

Smaller  cellular  girders  are  sometimes  used,  in    |  |    |    |    |    } 
which  the  top  alone  consists  of  one  or  two  lines  ^.    ... 

of  cells,  the  girder  in  oi^er  respects  being  similar  *^' 

to  fig.  164,  with  either  a  single  or  a  double  vertical  web. 

In  all  plate  iron  girders,  the  joints  exposed  to  tension  should  have 
covering  plates,  double  rivetted  if  the  stress  is  great  enough  to 
require  it,  which  is  almost  always  the  case  in  the  lower  rib  (see 
Article  280).  The  joints  exposed  to  thrust  should  be  exactly  plane, 
exactly  perpendicular  to  the  direction  of  the  thrust,  accurately 
fitted,  and  peifectly  close,  that  the  surfaces  may  abut  equally  over 
their  whole  extent  Should  open  or  irregular  abutting  joints  be 
discovered  after  the  girder  has  been  put  together,  they  should  be 
filed  out,  and  a  flat  plate  of  steel  driven  tight  into  each  opening. 
The  plates  or  bars  of  which  built  ribs  are  composed  should  break 
joint  in  a  manner  similar  to  the  bond  of  brickwork. 

In  plate  iron  girders  generally,  it  is  suf^ciently  accurate  for  prac- 
tical purposes  to  consider  the  whole  bending  moment  M  at  any 
verti<»l  section  as  borne  by  the  upper  and  lower  ribs,  and  the  whole 
ahearing  stress  F  by  the  vertical  web ;  and  also  to  consider  the 
resistance  of  each  of  the  horizontal  ribs  as  concentrated  at  the 
centre  of  gravity  of  its  sectioiL  Let  h  be  the  vertical  depth  between 
the  centres  of  gravity  of  the  sections  of  the  upper  and  lower  ribs ; 
then  the  common  value  of  the  thrust  along  the  compressed  rib,  and 
the  tension  along  the  stretched  rib,  is 
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Let  Si  be  the  sectional  area  of  the  compressed  rib,yi  its  resistanee 
to  crashing  per  square  inch,  S,  the  sectional  area  of  the  stretched 
rib,^  its  resistance  to  tearing  per  square  inch;  then 

The  values  of  the  tenacity /t  have  already  been  considered  in  sec- 
tion 3.  For  plate  beams  with  double-rivetted  covering  plates,  its 
tdtimate  value  may  be  taken  at  about  45,000  lbs.  per  square  indi 
of  section  of  lib.  The  ultimate  resistance  to  crushing,  f^y  may  be 
taken  at  its  full  value  of  36,000  lbs.  per  square  inch  in  great  tobalar 
girders ;  but  when  the  compressed  rib  is  narrow  as  compared  with 
its  length,  the  tendency  to  lateral  bending  may  be  allowed  for  by 
means  of  the  following  empirical  formula,  of  the  kind  already  ex- 
plained in  section  8,  Article  328 : — 

/i=— ^3 (3.) 

1+a-^r. 

where/ ==  36,000,  a  =  Fqaq*  ^  =  ^^  breadth  of  the  compresadd 

rib,  and  V  ==  the  span  of  the  girder,  if  it  is  not  laterally  stiffened 
by  framing.  In  cases  in  which  parallel  beams  are  stiffened  by  hori- 
zontal diagonal  braces,  V  may  be  taken  to  denote  the  distance  along 
the  rib  between  a  pair  of  the  points  to  which  braces  are  attached. 

Let  t  be  the  thickness  of  the  vertical  web  if  single,  or  the  sum 
of  the  thicknesses  if  double.  Then  its  sectional  area  is  A^  nearly ; 
consequently,  if  ^  be  its  resistance  per  unit  of  section  to  the  shear- 
ing  force, 

Ae=|,and««^^; (4.) 

and  as  the  shearing  stress  is  equivalent  to  a  pull  and  a  throat  in 
directions  perpendicular  to  each  other,  and  at  angles  of  45^  to  the 
horizon,/  should  be  the  resistance  of  the  vertical  web  to  crashing, 
as  determined  by  equation  2  of  Article  328,  page  362,  in  whidi, 

for  T  is  to  be  substituted  ^^  h  being  the  depth  of  the  web,  as  befors, 

and  A"  the  width  across  the  flanges  of  the  stiffening  ribs. 

The  shearing  force  F  at  each  cross  section  is  to  be  computed  as 
for  a  parUal  load,  extending  over  the  greater  of  the  two  segments 
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into  wbich  the  section  divides  the  beam,  as  explained  in  Article 
313.  The  weight  of  the  beam  itself  may  be  allowed  for,  either 
hj  the  method  of  Article  314,  or  by  the  approximate  method  of 
Artide  315. 

Owing  probably  to  the  yielding  of  the  joints,  it  is  found  that  in 
compating  the  deflection  of  plate  girders,  when  first  loaded  (Articles 
300  to  303),  a  smaller  modulus  of  elasticity  ought  to  be  taken  than 
for  continuous  iron  bars.  Its  value  in  lbs.  per  square  inch  is  about 
two-thirds  of  the  value  for  a  continuous  bar,  so  that  the  deflection 
IS  about  one-half  greater.  But  the  part  of  that  deflection  due  to 
the  yielding  of  the  joints  is  permanent;  so  that  after  the  joints 
have  ''come  to  their  bearing **  the  modulus  of  elasticity  becomes  the  . 
same  as  for  a  continnous  bar.  7^ 

338.  For  llalAI<«ttiee  Bmwm  aaA  I<Mtlce  Bewns,  the  methods  of 

determining  the  total  stresses  have  been  fully  considered  in  Articles 
162,  163,  164,  and  165;  and  it  has  only  to  be  added  here,  that 
the  shearing  force  should  be  computed  for  a  partial  load,  as 
in  Article  315.  The  ultimate  tenacity  of  the  ties  may  be 
taken  at  /^  =  from  50,000  to  60,000  lbs.  per  square  inch.  The 
resistanoe  of  the  struts  is  to  be  computed  as  in  Article  328.  The 
figure  of  the  strut  diagonals  has  been  considered  in  Article  332. 
The  compressed  rib  may  be  a  T-bar  in  small  beams,  and  in  larger 
beams  a  built  rib  or  a  celL  The  remarks  made  in  the  last  Article 
on  abutting  joints  and  on  deflection  are  equally  applicable  in  the 
present  case.  In  designing  those  joints  which  are  connected  by 
means  of  bolts,  rivets,  or  keys,  the  principles  of  Article  280  should 
be  observed. 

339.  A  WmwmHmig  Qlrdcr  consists  of  an  arched  rib  resisting 
thrust  ;  a  horizontal  tie  resisting  tension,  and  holding  together  the 
ends  of  the  arched  rib;  a  series  of  vertical  suspending  bars,  by 


Fig.  16S. 

which  the  platform  is  hung  from  the  arched  rib,  and  a  series  of 
diagonal  braces  between  the  suspending  bars.  Such  girders  are 
executed  in  timber  and  in  iron;  sometimes  the  arched  rib  is  made 
of  cast  iron,  as  being  stronger  against  crushing  than  wrought  iron, 
and  the  remainder  of  the  structure  of  wrought  iron. 

The  arched  rib  may  be  treated  as  uniformly  loaded.     Accord- 
ing to  Article  178,  its  condition  is  like  that  of  an  uniformlv- 

2b 
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loaded  chain  inverted,  and  its  proper  form  a  poflrabcia;  and  tlie 
thrust  along  it  at  each  point  is  to  be  found  by  the  formube  of 
Article  169.  The  tension  along  the  horizontal  tie  is  equal  to 
the  uniform  horizontal  component  of  the  thrust  along  the  arched 
rib. 

The  tension  on  each  vertical  suspending  bar  is  the  weight  of  those 
portions  of  the  platform  and  of  the  tie  rod  which  hang  fix>m  itw 
To  give  lateral  stability  to  the  girder,  the  suspending  bais  are 
usu^y  made  of  considerable  breadth,  and  of  a  form  of  horizontal 
section  resembling  figs.  160  and  161,  and  are  firmly  bolted  to  the 
cross  beams  of  timber  or  of  wrought  iron  which  carry  the  roadway. 

When  the  beam  is  imiformly  loaded,  the  arched  rib  is  equilibrated, 
and  there  is  no  stress  on  the  dictgoncds.  The  strength  of  tiie  two 
diagonals  which  cross  each  other  at  a  given  plane  of  section  S  S',  is 
to  be  adapted  to  sustain  the  excess  of  the  greaUr  shea/ring  force  due 
to  a  partial  load  ahove  that  due  to  an  uniform  load,  as  given  by  the 
formulsd  of  Article  313. 

340.  8iiflreB«d  SmpcBsicB  Sridgw. — ^The  suspension  bridge  is  iliat 
which  requires  the  least  quantity  of  material  to  support  a  g^ven 
load.  But  wben  it  consists,  as  in  Article  169,  solely  of  cables  or 
chains,  suspending  rods,  and  platform,  it  alters  its  figure  with  every 
alteration  of  the  distribution  of  the  load  j  so  that  a  moving  load 
causes  it  to  oscillate  in  a  manner  which,  if  the  load  is  heavy  and 
the  speed  great,  or  even  if  the  application  of  a  small  load  takes 
place  by  repeated  shocks,  may  endanger  the  bridge.  To  diininish 
this  evil,  it  has  long  been  the  practice  partially  to  stiffen  suspension 
bridges  by  means  of  framework  at  the  sides  resembling  a  lattice 
girder. 

It  was  formerly  supposed  that,  to  make  a  suspension  bridge  as 
stiff  as  a  girder  bridge,  we  should  use  lattice  girders  sufficiently 
strong  to  bear  the  load  of  themselves,  and  that,  such  being  the  cane, 
there  would  be  no  use  for  the  suspending  chains.  But  Mr.  P.  W. 
Barlow,  having  made  some  experiments  upon  models,  finds  that 
very  light  girders,  in  comparison  with  what  were  supposed  to  be 
necessary,  are  sufficient  to  stiffen  a  suspension  bridge.  If  mathe- 
maticians had  directed  their  attention  to  the  subject^  th^  might 
have  anticipated  this  result 

The  present  is  believed  to  be  the  first  investigation  of  its  theory 
which  has  appeared  in  print. 

The  weight  of  the  chain  itself,  being  always  distributed  in  the 
same  manner,  resists  alteration  of  the  figure  of  the  bridge.  By 
leaving  it  out  of  account,  therefore,  an  error  will  be  made  on  the 
safe  side  as  to  the  stiffiiess  of  the  bridge,  and  the  calculation  will  be 
simplified. 

Let  fig.  167  represent  one  side  of  a  suspension  bridge,  in  which  a 
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gilder  k  used  to  stifil 
eifecloally,  any  partial 


Fig;  167. 


means  of  the  girder,  be  trans- 
mitted to  the  chain  in  sach 
a  Tfianner  as  to  be  uniformly 
distributed  on  the  chain. 

The  girder  must  have  its 
ends  80  fixed  to  the  piers  as 
to  be  incapable  of  rising  or 
fiilling.  Then  the  forces 
which  act  upon  it  may  be 
thus  classed  : — dovjmboflrdy 
the  load  as  applied ;  dawnr 


Fig.  168. 


Fig.  169. 


c 
-I- 


Flg.  170. 


voaird  cr  upward,  the  resistances  of  the  festenings  of  the  ends  to 
their  vertical  displacement  j  upvxvrdy  the  uniformly  distributed 
tension,  acting  through  the  suspension  rods,  between  the  girder 
and  the  chain. 

The  girder  will  be  supposed  to  be  of  uniform  section  throughout 
its  length. 

Two  cases  will  be  considered : — ^first,  that  in  which  a  given  load 
is  concentrated  in  the  middle  of  the  girder;  and  secondly,  that  in 
which  a  given  portion  of  the  length  of  that  girder  is  uniformly 
loaded,  and  the  remainder  unloaded,  like  the  partially  loaded  beam 
of  Article  313.     The  second  case  is  the  most  important  in  practice. 

In  each  case,  the  half-apan  of  the  bridge  will  be  denoted  by  c, 
and  the  horizontal  distance  of  any  point  from  the  middle  of  the 
bridge  by  x. 

Case  I.  A  single  load  W,  applied  at  the  centre  of  the  girder,  tends 
to  depress  the  chain  in  the  middle,  and  consequently  to  raise  it  at 
the  sides,  and  along  with  it  to  raise  the  beam  near  the  ends;  but 
the  beam  being,  by  its  attachment  to  the  piers,  prevented  from 
rising  at  the  ends,  takes  a  form  like  that  represented  by  fig.  168  : 
d^iressed  in  the  middle  at  A,  and  concave  upwards;  elevated,  and 
convex  upwards  at  C,  C ;  having  points  of  contrary  flexure  at  B,  B ; 
and  again  depressed  at  D,  D,  the  points  of  attachment  to  the  piers. 
Now  this  curved  figui*e  is  the  effect  of  three  downward  forces, 
applied  at  D,  A,  D,  respectively,  and  of  an  uniformly  distributed 
upward  force,  acting  on  the  whole  length  of  the  girder.     Each  half 
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of  the  girder,  therefore,  is  in  the  condition  of  the  beam  desctibed  in 
Article  308,  inverted;  Uiat  is  to  baj,  the  half-girder  firom  A  to  I>, 
if  inverted,  becomes  a  beam  supported  at  D,  supported  and  fiaood 
horizontal  at  A,  and  loaded  nniformlj  between  A  and  D;  and 
hence  (referring  to  the  formnls  of  Article  307,  case  3,  and  of 
Article  308)  we  have  the  following  proportions  amongst  1^  lengths 
of  the  parts  into  which  the  half-^rder  is  divided  by  the  hi^est 
point  0,  and  the  point  of  contrary  flexure  B, 

AC 


BC  =  CD  =  =^=0-577x  AC; (1.) 

and  consequently,  malring  A  C,  the  distance  between  the  lowest 
and  highest  points,  =  </,  we  have 

1  =  £g  =  ^  ,0-634 (2.) 

c     AD     1577  ^   ^ 

In  order  to  determine  the  greatest  moment  of  flexure,  and  the 

deflection,  of  the  stiflening  girder,  AC  ^  cf  ia  to  be  taken  as  the 
half-span  of  a  girder  like  that  considered  in  Article  307,  case  3, 
fixed  at  both  ends,  and  loaded  with  an  unifonn  load  of  the  intensity 

"^  ""  2  </  "  1-268  c ^^-^ 

The  greatest  moment  of  flexure,  as  thus  determined  by  the  for- 
mul88  of  Article  307,  case  3,  is  at  the  point  A,  and  has  the  following 
value  : — 

M.  =  "^  =^  =r  0-1057  c  W; (4.) 

and  to  that  moment  of  flexure  must  the  strength  of  the  sti^ning 
girder  be  adapted. 

The  proof  deflection  may  be  measured  in  two  ways  :  either 
between  the  highest  and  lowest  points,  C  and  A,  or  between  the 
ends  and  the  lowest  point,  D  and  A.  The  first  may  be  oalled  Vc, 
and  the  second  Vj^     Now  by  Article  307,  case  3,  we  have 

The  points  of  support  D  are  at  the  same  level  with  the  points 
of  contrary  flexure  B,  being,  in  fact,  points  of  no  curvature  them- 
selves ;  and  from  this  it  is  Easily  found  that 

'"'  =  r'  =  iV-ft'  =  <'-«223x^ (a) 


/ 

STIFTENBD  SUSPENHION  BRIDOE.  37S 

Cask  2.  The  girder  pairtiaUy  loaded.  Let  E  £,  in  either  of  the 
figs.  169,  170,  represent  the  length  of  the  loaded  part  of  the 
stiffening  girder,  and  £D  that  of  the  unloaded  part;  let  w  be 
the  nnifoim  intensity  of  the  load,  and  x  the  distance  of  the  point 
where  the  load  terminates  from  the  middle  of  the  beam ;  x  being 
conflidexed  as  a  positiye  quantity  when  the  loaded  part  is  the 
longer,  as  in  fig.  169,  and  as  a  negative  quantity  when  the  loaded 
part  is  the  shorter,  as  in  fig.  170. 

The  ends  E  and  D  of  the  beam  being  fikstened  so  as  to  be  in- 
capable of  vertical  displacement,  the  loaded  s^;ment  E£  is  convex 
dcnvnwards,  and  the  unloaded  segment  £  D  convex  upwards :  the 
loaded  s^;ment  is  in  the  condition  of  a  beam  supported  at  E  and 
B,  and  tmifoxmly  loaded  with  the  excess  of  the  weight  sustained 
above  the  force  exerted  between  the  girder  and  the  chain ;  and  the 
unloaded  segment  is  in  the  condition  of  a  beam  hdd  down  at  B  and 
D,  and  loaded  with  an  uniformly  distributed  upwcurd  force,  being 
that  exerted  between  the  girder  and  chain.  The  greatest  moment 
of  flexure  of  each  segment  is  at  its  middle  point,  being  A  for  the 
loaded  part,  and  C  for  the  unloaded  part 

The  length  of  the  loaded  segment  being 

WBs^e  +  Xy 

its  gross  load  is 

W  =  ti?(c+a?); 

and  the  intensity  of  the  force  exerted  between  the  girder  and 
i^iain^ 

«/=^^> (1.) 

This  is  the  intensity  of  the  vpujard  load  on  the  s^pnent  B  D, 
whose  length  is  B  D  =£  c  -  » ;  and  consequently,  ao<3ording  to 
Artides  290  and  291,  the  greatest  moment  of  flexure  of  that  seg- 
ment, at  C,  is 

^        ufje-xy      w(e  +  x){C"Xy  .^. 

The  amount  of  the  upward  force  exerted  between  the  chain  and 
BDis 


W'  =  ti/(c.a:)  =  *?ife^; (3.) 


2e 

and  this  also  is  the  amount  of  the  nei  load  on  EB,  being  the  excess 
of  tiie  gross  load  above  the  part  borne  by  the  chain.  The  half 
of  this  quantity, 
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»=I==^ w 

is  the  value  at  once  of  the  sapportmg  force  exerted  hj  the  pier 
against  the  girder  at  E,  of  the  shearing  force  between  the  two 
divisions  of  the  girder  at  £,  and  of  the  doini-ward  force  hy  whidi 
the  end  D  of  the  girder  is  held  at  its  point  of  attadiment  to  the 
pier. 

The  intensity  of  the  net  load  on  E  B  is 

.       wOs-x)  -^. 

vf-v/  =  — ^27"* ' ^^^ 

and  the  length  of  that  segment  being  c  +  a?9  its  greatest  moment  oi 
flexure^  at  A,  according  to  Articles  290  and  291,  is 

^   _(to-t(0(c  +  a?)«_to  {o  +  xy-ie-x) 

B7  the  usual  process  of  finding  mayima  and  minima,  it  is  easQj 
ascertained,  that  the  greatest  moment  of  flexure  of  the  loaded 

division  of  the  girder  occurs  when  a;  :=  ^ ;  or  when  tuxhthirdt  cf 

the  beam  wn  loaded;  and  that  the  greatest  moment  of  flexure  of  the 

I* 
wtdoad&d  division  of  the  girder  occurs  when  x  =  —  <^,  or  when 

tuxh&mdi  of  the  beam  are  wdoaded;  and  further,  that  those  two 
greatest  moments  are  of  equal  magnitude  though  opposite  in 
direction,  viz. : — 

max.  M^  :=  —max.  Mo  =    ^     ; (7.) 

and  the  stiflening  girder  must  be  made  sufficiently  strong  to  bear 
this  bending  moment  safely  in  either  direction.  Kow,  the  greatest 
moment  of  flexure  which  would  arise  from  an  uniform  load  of  the 
given  intensify  w  over  the  whole  beam  unsupported  by  the  diain  is 

therefore  the  transveree  strength  of  (he  it^enmg  girder  akoukl  be 
four  twentf/seventh  parts  of  thai  of  a  simple  girder  of  the  same  span 
sudted  to  bear  an  uniform  had  of  the  same  intensity. 

The  greatest  value  of  the  shearing  force  F  in  equation  4  occurs 
when  onehalfoi  the  girder  is  loaded,  or  a;  =  0,  and  its  amount  is 
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max.  F  =  — (8.) 

When  two-ibiids  of  the  beam  are  loaded,  the  proof  deflection  of 
A  below  a  straight  line  joining  E  and  £,  according  to  Article 
300,18 

^       12    E       4y  9    12    Ey""27    Ey'"^^^ 

orfaur-nwUhs  of  the  proof  deflection  of  a  beam  of  the  same  figure^ 
niuformly  loaded,  of  the  span  2  c,  unsupported  by  a  chain.  At  the 
ame  time,  the  elevation  of  C  above  a  straight  line  joining  B  and 
Difl 

^       12    E       4y     ""9    12    Ey""108    Ey-^^"-' 

The  proof  depression,  of  the  lowest  point  of  the  beam,  A,  below 
the  highest,  0,  is  given  by  the  equation 

,       _5    ^    /(f  _  25    /(* 
^'a  -M'o  —  9  •  12  '  E y  —  108  '  E^' ^^^'> 

^fiv&-fUfUhs  of  the  proof  deflection  of  an  xmiformly  loaded  beam.  * 

*  In  the  preoedii^  aohitioQ  of  Case  2,  whieh*appeared  in  the  fint  edition  of  this  woriL, 
tte  effect  or  the  resistsnoe  of  the  chain  to  disfignrament  npon  the  figare  of  the  anzilisij 
prig  is  ncfflected ;  and  hence  the  resnlt  is  in  ahnost  every  case  an  approximation  onlj; 
DOt  it  em  M  shown  that  the  error  is  always  on  the  safe  side,  fbor  twenty-serenths  of 
the  stnngth  of  a  simple  girder  hdng  $ommohai  more  than  soffident  for  the  strength  of 
the  stiffeoing  girder.  In  order  to  make  the  eolation  exact,  the  extenability  m  the 
cbam  shooVTbe  so  great  as  to  make  its  mw^eeniral  depreaum  nearly  eqnal  to  the 
frw^ d^betion  cf  the  stifiening  girder;  bat  in  practice  the  proof  depression  «f  the 
diam  b  always  mneh  less. 

The  first  aolntion  in  which  the  action  of  the  chain  jnst  referred  to  is  taken  into 
seeoont  appealed  in  an  editorial  artide  of  the  Ciml  Eii^eer  and  ArehiUciC*  Jowmal 
ftr  Noreoober  and  December,  1S60 ;  and  this  is  done  by  mtrodadng  into  the  conditions 
of  the  problem  an  eqoation,  expressing  that  onder  all  the  alterations  of  the  figare 
of  the  chain  prodneed  by  the  bending  of  the  stifiening  girder,  the  span  continnes 
eonstant. 

Having  apptied  the  principle  jnst  stated  to  the  problem  of  Case  2^  the  author  of  this 
work  has  amved  at  the  following  resolts,  snpposing  the  chain  to  be  tneztainMe. 

The  greatest  bending  moment  of  the  stress  on  toe  stifiiniing  girder  takes  place  when 
(H17,  or  aboat  fire-twelfths,  of  the  spsn  of  the  bridge  are  loaded,  and  0*68d,  or  about 
Wfen-twelfths,  unloaded. 

That  moment  is  0*188  of  the  bending  moment  which  would  be  produced  by  sn  uniform 
load  of  the  same  intenmty  on  a  girder  supported  at  the  ends  only. 

fioice  it  appears  that  if  the  chain  be  supposed  inextensible,  the  proportion 
borne  Vf  the  strength  of  the  stiffianing  girder  to  that  of  a  simple  girder 
of  the  same  span,  suited  to  bear  an  uniform  load  of  the  same  intensity 
with  the  trardliog  load,  ought  to  be. 0*188: 1; 

while  if  the  chain  is  supposed  very  extensible,  as  in  the  approximate  solu- 
tion, that  proportioQ  is  found  to  be  4 :  27,  or 0*148 : 1 ; 

so  that  in  the  intermediate  cases  that  occur  in  practice  no  material  error  will 

be  committed  if  that  proportion  be  made  1 : 7,  or 0*148 :  L 
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341.  Bibbed  JLvchM. — Bridges  are  frequently  constracted  wboee 
arches  consist  of  iron  or  timber  ribs  springing  from  stone  abutments, 

as  in  fig.  171.  In  sadi 
cases  it  ought  to  be 
considered,  that  each 
rib  fulfils  at  once  the 
frmctions  of  an  equir 
libratsd  cvreh,  sustain- 

fig.  171.  '  ^^  ^^  nnifbrm  load 

of  a  certain  intensatj, 
and  having  a  certain  thrust  along  it,  to  be  computed  by  the  principlea 
of  Articles  169  and  178,  and  i^ose  of  a  sti^enxng  girder^  suited  to 
produce  an  \miform  distribution  of  a  partial  load,  according  to  the 
principles  of  Article  340.  Therefore,  in  designing  the  cross  sectioo 
of  a  rib  for  such  a  bridge,  a  provisional  cross  section  ought  first  to 
be  designed,  suitable  to  bear  a  bending  moment,  upward  or  down- 
ward, of  fawr  twerUy-9ev&rdhs  of  that  which  an  uniform  load  of  the 
given  intensity  would  produce  on  a  straight  girder  of  the  same 
span ;  and  in  the  second  place,  it  should  be  determined  in  what 
proportion  the  thrust  along  the  rib,  considered  as  an  equilibrated 
arch,  will  increase  the  int^isity  of  the  greatest  stress  on  the  pro- 
visional section  already  designed,  and  the  breadths  of  that  section 
should  be  increased  in  that  proportion,  to  obtain  the  final  qtosb 
section. 

Section  10. — Miscdlcmeoiue  Rtmofrks  on  Strength  and  Stiffness. 


342.  Birecta  of  Tcnpenunw. — At  a  temperature  of  600^  Fahren- 
heit, the  tenacity  of  iron  was  found  by  Mr.  Fairbaim  not  to  be 
diminished.  That  of  copper  and  brass,  at  the  same  temperature, 
is  reduced  to  about  two-thirds  of  its  ordinary  magnitude;  Sadden 
cooling  from  a  high  temperature  tends  to  make  most  sabstanoes 
hard,  stiff,  and  brittle ;  gradual  cooling  tends  to  make  them  soft 
and  tough ;  and  if  often  repeated  or  performed  slowly  from  a  very 
high  temperature,  to  weaken  them.  Various  effects  of  temperature 
on  the  elasticity  of  solids  have  been  ascertained  by  Dr.  Joule,  Dr. 
Thomson,  and  Professor  Kupfer ;  but  they  are  more  important  to 
the  science  of  molecular  physics  tiian  to  the  art  of  construction. 

343.  The  Bflfects  «r  Bep««ted  ndtiHgs  mm  Caat  ivmi  have  been 
ascertained  by  Mr.  Fairbaim.  Up  to  and  beyond  the  fourteenth 
melting  the  resistance  to  crushing  increases ;  but  the  resistance  to 
cross-breaking  reaches  its  maximum  about  the  twelfth  melting,  and 
afterwards  diminishes,  from  the  metal  becoming  brittle  and  ciys- 
talline. 

344.  The  mmtam  ot  nrntuutr  on  strength  form  the  subject  of  a 
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pftper  hy  Professor  James  Thomson  in  the  Cambridge  and  DvhUn 

MathemaHcal  Jawmai,     That  author  shows,  that  a  bent  bar  or  a 

twisted  rod  of  a  ductile  material,  by  being  slowly  and  gradually 

strained,  may  be  brought  into  such  a  condition  as  to  have  nearly 

the  whole  of  its  cross  section  in  the  condition  of  proof  or  limiting 

stress   instead  of  the  outer  layers  only,  and  may  thus  have  its 

strength  increased  much  beyond  that  given  by  the  ordinary  formulae. 

345.  latcnMl  FaictiMi  is  a  term  which  may  be  used  until  a  better 

shall  be  devised  to  express  a  phenomenon  recently  observed  by  Dr. 

William  Thomson  in  the  extension  of  copper  wire  by  a  direct  pulL 

The  tension  of  the  wire  is  increased,  step  by  step,  by  successive 

augmentations  of  the  load  within  the  limits  of  permanent  elasticity, 

and  the  elongation  is  observed  at  each  step.     Then  by  successive 

diminutions  of  the  load,  the  tension  is  diminished  by  the  same 

series  of  steps  in  the  reverse  order,  and  the  elongation  observed. 

When  the  load  is  completely  removed,  the  wire  recovers  its  original 

length  without  ''set**  or  permanent  elongation,  but  for  each  degree 

(^  tension  the  elongation  is  greater  during  the  shortening  of  the 

wire  than  during  the  lengthening ;  as  if  there  were  some  molecular 

force  analogous  to  friction,  in  so  fEtr  as  it  impedes  motion  both  ways, 

mttVing  the  elongation  less  than  it  would  otherwise  be  while  tiie 

wire  is  being  elongated,  and  greater  than  it  would  otherwise  be 

while  the  wire  is  returning  to  its  original  lengtL     It  appears  also 

that  the  force  in  question  must  depend  in  some  way  on  the  stress, 

from  its  disappearing  when  the  tension  is  removed. 

346.  It  must  be  obvious  that  much  of  the  subject  of  strength  and 
stiffiiesB  is  in  a  provisional  state,  both  as  to  mathematical  theory 
and  as  to  experimental  data.  Considerable  improvement  in  both 
these  respects  may  be  anticipated  from  researches  now  in  progress. 

COHDKNSED  SUVMABT  OF  £xPKRIME3rrS  BT  MSSSBS.  ROBRBT  NaPIER 

AND  Sons  on  the  Tknacttt  of  Ibon  and  Steel. 

{For  dOaHtj  «M  DrtauaetioM  o/the  InHkutUm  qfEngiMtn  m  ScoOand,  1868-69.) 


Timadtj  In  Dw.  per 

aquuwlneli. 

MroBgwt        Waakwk 

QMlttjr.  QuUltr. 

Steel, 183,909  9S,01fi 

Bliitend8toel(oiieqium7  ,^^ 

onhr) 104^396 

-  (do.)     ..  111,400 

89.784 

62,799 

90,075 
96,715 
99,609 
9S,n9 
47,959 
49,594 
59.430 

44^756 


HomofreDeoiis  Metal,  ....  9<^947 
Pnddtod  Steel,   71,486 

Iiox  Buhl 

Toriublre.    9M99 

SUffordablre, 93,391 

Unarkahln, 94,795 

LencaiUra...... 90,110 

•vedtah,  49.233 

ItiiSIT  99,809 

Hammered  Scnvh 55,878 

Cni  out  of  large  tor««*_.^ 
47,163 


SxBBL  Flatks. 

CaatSteel,   95,299 

HomogeDeons Metal,  ....  99,715 
Paddled  Steel,   99,979 


iBOa  FtARS. 


TwiacHy  to  Bn^  pw 

■quantooh. 

BtrODjrat        WMkkert 

QoiUby.         <)ulttgr. 


73,339 
72.9M 
73,869 


49,838 


Torkditre,  96,739 

Durham  (one  qoaUtr  only)  48,979 

Stalfoidablre, 54,138  46,584 

Lanarkablre,  51,849         41,748 


Iiiov  Snuvs,  Ae. 
Yarloiiadiatricta,  9Sk987 


41.889 


Ite  iticogCh  o(  each  qoallty  !■  the  mean  of  at  leaat  tNV  ezperlmenti,  and  ioiiietlnM  of  eight. 


PART  III. 

'L£S  OF  CINEMATICS^  OB  THE  COMPABISON  OF 

MOTIONS. 

mrtaimm  •T  the  0ai«icct« — ^The  sdence  of  cinematics,  and 

idamental  notdons  of  rest  and  motion  to  which  it  relates^ 

already  been  defined  in  the  Introduction,  Articles  8,  9,  10, 

remains  to  be  stated,  that  the  principles  of  cinematics,  or  the 

)n  of  motions,  will  be  divided  and  arranged  in  the  present 

this  treatiBe  in  the  following  manner : — 

L  Motions  of  Point& 

IL       Bigid  Bodies  or  Systems. 

HL       Pliable  Bodies  and  Fluida 

lY Connected  Bodie& 


OHAPTEBL 


M OnOHS  OF  PODITS. 


SBcnoK  1. — Afotiian  of  a  Fair  of  Points, 

848.  Flzedl  md  Ncnlr  Ffaccdl  iNmcdMM. — From  the  definition 
^notion  given  in  Article  9,  it  follows^  that  in  order  to  determine 
relative  motion  of  a  pair  of  points,  which  consists  in  the  change 
length  and  direction  of  the  straight  line  joining  them,  that  line 
be  compared,  at  the  beginning  and  end  of  the  motion  con- 
with  some  fixed  or  standard  length,  and  with  at  least  two 
directions.      Standard  lengths  have  already  been  considered 
in  Article  7. 

An  absoluidyfiaoed  direeUon  may  be  ascertained  by  means  whose 
I  principles  cannot  be  demonstrated  nntil  the  subject  of  dynamics  is 
considered.  For  the  present  it  is  sufficient  to  state,  that  when  a 
nlid  body  rotates  free  from  the  influence  of  any  external  force 
tendmg  to  change  its  rotation,  there  is  an  absolutely  fixed  direction 
eftUed  that  of  the  aoeis  of  angular  momeniv/inf  which  bears  certain 
relations  to  the  successive  positions  of  the  body. 
A  nearly  Jixed  direction  is  that  of  a  straight  line  joining  a  pair 
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A  subordinate  unit  is  the  second,  being  the  time  of  one  swing  of 
a  pendulum^  so  adjusted  as  to  make  86,400  oscillationB  in  1 0027379 1 
of  a  sidereal  day ;  so  that  a  sidereal  day  is  8616409  seconds. 

The  length  of  a  solar  day  is  vaiiable ;  but  the  mecm  solar  day^ 
being  the  exact  mean  of  all  its  different  lengths,  is  the  period 
ah^ady  mentioned  of  100273791  of  a  sidereal  day,  or  86,400 
seconds.  The  divisions  of  the  mean  solar  day  into  24  hooiB^  of 
each  hour  into  60  minutes,  and  of  each  minute  into  60  secondfly  axe 
familiar  to  all 

Fractions  of  a  second  are  measured  by  the  oscillations  of  small 
pendulums,  or  of  springs,  or  by  the  rotations  of  bodies  so  contrived 
as  to  rotate  through  equal  angles  in  equal  times. 

353.  Tei«»eiiT  is  the  ratio  of  the  number  of  units  of  length, 
described  by  a  point  in  its  motion  relatively  to  another  point,  to 
the  number  of  luiits  of  time  in  the  interval  occupied  in  describing 
the  length  in  question ;  and  if  that  ratio  is  the  same,  whether  it  be 
computed  for  a  longer  or  a  shorter,  an  earlier  or  a  later,  part  of  the 
motion,  the  velocity  is  said  to  be  uinFoBM.  Velocity  is  expressed 
in  irnUs  o/distcmce  per  umt  of  time.  For  different  purposes,  there 
are  employed  various  units  of  velocity,  some  of  whid^  toother  with 
their  proportions  to  each  other,  are  given  in  the  following  table  : — 

Comparison  of  Different  Measures  of  VelqcUy, 

Miles  Feet  Feet  Feet 

per  hoar.  per  seoondL        per  ininiite.        per  hoar. 

I        .        =  1-46        =88         =  5280- 
o-68i8.      =:  I       .       =     60         =  3600 
o-oii36.^  =  o-oi6    .  :=       I       .  =       60 
0*0001893  =  0*00027  =      o*oi6  =         I 
1  nautical  mile  ^ 

per  hour,  or  >=  1*1507        =  1*6877     =  101*262  =  607574 

"knot," j 

In  treating  of  the  general  principles  of  mechanics,  €kefoot  per  eeoond 
is  the  unit  of  velocity  commonly  employed  in  Britain.  Hie  units 
of  time  being  the  same  in  all  civilized  countries,  the  proportions 
amongst  their  units  of  velocity  are  the  same  with  those  amongst 
their  linear  measures. 

Component  cmd  resultant  velocities  are  the  velocities  of  component 
and  resultant  motions,  and  are  related  to  each  other  in  the  same 
way  with  those  motions,  which  have  already  been  treated  of  in 
Article  351. 

354.  iTBiAnni  nett«M  consists  in  the  combination  of  nniibrm 
velocity  with  uniform  direction  j  that  is,  with  motion  along  a 
straight  line  whose  direction  is  fixed. 
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SicnoH  2. — Umform  Motion  of  Several  Fomis, 


355.  M«tiMi  mt  Thne  p^iata — ^Theobek.    The  rdotive  motUma 
of  three  points  in  a  given  interval  ofivme 
asre  repreaenied  in  direction  and  moffni-  "^ 

liufe  by  the  three  aides  of  a  triangle.  Let 
O,  Ay  By  denote  the  tluee  point&  Any 
ooe  of  them  may  be  taken  as  a  fixed 
point;  let  O  be  SO  chosen;  and  let  OX^ 
OT,  OZy  fig.  176,  be  axes  traversing 
it  in  fixed  directiona  Let  Ai  and  !l^ 
be  the  positions  of  A  and  B  relatively  ^^'  ^^^ 

to  O  at  the  beginning  of  the  given  interval  of  time,  and  A,  and  Bj 
their  positions  at  the  end  of  that  interval  Then  Aj  A^  and  Bi  B, 
are  the  respective  motions  of  A  and  B  relatively  to  O.     Complete 

the  parallelogram  A|  Bi  5  A, ;  then  because  A^  5  is  parallel  and 
equal  to  A]  £^,  5  is  the  position  which  B  would  have  at  the  end  of 
the  interval,  if  it  hadno  motion  relatively  to  A ;  but  B,  is  the  actual 

position  of  B  at  the  end  of  the  interval ;  therefore,  5Bs  is  the  motion 
of  B  relatively  to  A.     Then  in  the  triangle  B^  5  B„ 


Bi  5  =  Ai  A]  is  the  motion  of  A  relatively  to  O, 
6  B|  is  the  motion  of  B  relatively  to  A, 

Bi  Bs  is  the  motion  of  B  relatively  to  O ; 

80  that  those  three  motions  are  represented  by  the  three  sides  of  a 
triangle.— Q.  K  D. 

Tlus  Theorem  might  be  otherwise  expressed  by  saying,  that  if 
three  tnoving  points  be  conaidered  in  any  onler,  the  motion  of  the  third 
reUstivdy  to  thefirat  ia  the  reaultant  of  the  motion  of  the  third  rdativdy 
to  the  aecond,  a/nd  of  the  motion  of  the  second  rdativdy  to  thefirai; 
the  word  ^^reayJUaM^  being  understood  as  already  explained  in 
Article  351. 

356.  ai«ciMH  mt  a  8cHm  mt  Pcteis. — CoBOLLABT.  If  a  aeriea  of 
po^fUa  be  considered  in  any  order,  and  the  motion  of  each  point  deter- 
mined rdativdy  to  that  which  preoedea  it  in  the  aeriea,  and  ^  the 
relfltive  motion  of  the  laat  point  and  the  frat  point  be  alao  determmed, 
then  will  thoae  motions  be  repreaented  by  the  aides  of  a  doaed  polygon. 
Let  O  be  the  first  point,  A,  B,  0,  &c,  successive  points  following 
it,  M  the  last  point  but  one,  and  N  the  last  point;  and,  for  brevity's 
sake,  let  the  relative  motion  of  two  points,  such  as  B  and  C,  be 
denoted  thus  (B,  C).  Then  by  the  Theorem  of  Article  355  (O,  A), 
(A,  B),  and  (O,  B)  are  the  three  sides  of  a  triangle ;  also  (O,  B), 
(B,  G)y  and  (O,  C),  are  the  three  sides  of  a  triangle;  therefore 
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(O,  A),  (A,  B),  (B,  C),  and  (O,  C),  are  tiie  four  sides  of  a  quadri- 
lateral ;  and  by  continuing  the  same  process,  it  is  shown,  that  hoir 
great  soever  i^e  number  of  points^  (O,  N),  is  the  dosing  side  of  a 
polygon,  of  which  (O,  A),  (A,  B),  (B,  G),  (C,  D),  &a,  (M,  N)  are 
the  other  sides. — Q.  E.  D.  In  other  words,  the  moUon  qftks  laM 
point  rdatwdy  to  thefirsA  is  the  reavUofnJt  of  the  moiiona  ofea/dk  poia/U 
of  the  seriee  rdaiivdy  to  that  preceding  it. 

This  proposition  is  exactly  analogous  to  that  of  the  '<  polygon  of 
couples.    Article  37. 

357.  The  PanUclcpipeA  •f  nmUmmm  is  a  case  of  the  polygon  of 
motions,  analogous  to  the  parallelopiped  of  forces  in  Article  54.    In 

fig.  177,  let  there  be  four  points^  O,  A,  B^  G» 
of  which  one,  O,  is  assumed  as  fixed,  and 
is  traversed  by  three  axes  in  fixed  direc- 
tions, O  X,  O  Y,  O  Z.    In  a  given  interval 

of  time,  let  A  have  the  motion  A,  A, 
along  or  parallel  to  OX ;  let  B  have,  in  the 

same  interval^  the  motion  h  Bj  parallel  to 

O  Y,  and  relatively  to  A;  then  B^  Bj^  the 

diagonal  of  the  parallelogram  ^n^ose  adea 

Fig.  177.  are  B^  =  A,  A,  and  6B^  is  the  motion  of 

B  relatively  to  O.     Let  G  have,  relatively  to  B,  the  motion  e  Qt 

parallel  to  O  Z;  then  C^  Oj,  the  diagonal  of  the  parallelopiped 

whose  edges  are  Aj  A«,  b  Bj,  and  c  Ci,  is  the  motion  of  C  relativdy 
to  O,  being  the  resultant  of  the  motions  represented  by  those  three 
edges.  This  is  a  Tnechcmical  explanation  of  the  composition  of 
motions,  leading  to  results  corresponding  with  the  geomObrioal 
explanation  of  Article  351. 

358.  emmprnxmatn  si#ti«B  is  the  relation  which  exists  between 
the  simultaneous  motions  of  two  points  relatively  to  a  third,  which 
is  assumed  as  fixed.  The  comparative  motion  of  two  points  is  ex- 
pressed, in  the  most  general  case,  by  means  c^  four  qnantitieB, 
viz.  : — 

(1.)  The  vdocity  niHoy*  or  the  proportion  whidi  their  velocities 
bear  to  eaoh  other. 

(2.)  (3.)  (4.^  The  directumal  reUuion,*  which  requires,  for  its  com- 
plete expression,  three  angle&  Those  three  angles  may  be  measured 
in  difierent  ways,  and  one  of  those  ways  is  the  following  : — 

(2.)  The  angle  made  by  the  directions  of  ihe  compared  motions 
with  each  other. 

(3.)  The  angle  made  by  a  plane  parallel  to  those  two  directions 
with  a  fixed  plana 

^  These  terms  are  adopted  from  Mr.  Willi8*8  work  oa  Meobaolan. 
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(4.)  The  angle  made  by  the  intersection  of  those  two  planes  with 
a  fixed  direction  in  the  fixed  plane. 

Thus,  the  comparative  motion  of  two  points  relatively  to  a  third 
is  expwased  by  means  of  one  of  those  groups  of  four  elements  which 
Sir  William  Rowan  Hamilton  has  called  ^^quatermons"  In  most  of 
the  practical  applications  of  cinematics,  the  motions  to  be  compared 
are  limited  by  conditions  which  render  the  comparison  more  simple 
than  it  is  in  the  general  case  just  described.  In  machines,  for 
example,  the  motion  of  each  point  is  limited  to  two  directions, 
forward  or  backward  in  a  fiixed  path;  so  that  the  comparative 
motion  of  two  points  is  sufficiently  expressed  by  means  of  the 
velocity  ratio,  together  with  a  directional  relation  expressed  by  +  or 
— ,  according  as  the  motions  at  the  instant  in  question  are  similar 
or  oontraiy. 

SEcnoK  3. — Varied  Motion  qf  Points, 


359.  YclMitf  mmA  SlMciioM  of  T«He«  Hiatimb — The  motion  of 
one  point  relatively  to  another  may  be 
varied,  either  by  diange  of  velocity,  or 
by  change  of  direction,  or  by  both 
combined,  which  last  case  will  now  be 
considered,  as  being  the  most  general. 

In  fig.  178,  let  O  represent  a  point 
assumed  as  fixed,  OX,  O  Y,  OZ,  fixed 
directions,  and  A  B  part  of  the  path  or 
orbit  traced  by  a  second  point  in  its 
varied  motion  relatively  to  O.     At  the  ^'  ^^^* 

instant  when  the  second  point  reaches  a  given  position,  such  as  P, 

in  its  path,  the  direction  of  its  motion  is  obviously  that  of  P  T,  a 
tangent  to  the  path  at  P. 

To  find  the  velocity  at  the  instant  of  passing  P,  let  At  denote  an 
interval  of  time  which  includes  that  instant,  and  ^  8  the  distance 
txaoed  in  that  interval     Then 

A8 

Ti 

is  an  approximation  to  the  velocity  at  the  instant  in  question,  which 
will  approach  continually  nearer  and  nearer  to  the  exact  velocity  as 
the  interval  a  t  and  the  distance  a  a  are  made  shorter  and  shorter ; 

and  the  Umii  towards  which  —  convenes,  as  a  5  and  ^t  are  inde- 

At 

finitely  diminished,  and  which  is  denoted  by 

-'r;- •« 

2c 
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is  the  emet  Telocity  at  the  instant  of  passing  P.  This  is  the  piocess 
called  '^  differerUiation,** 

Should  the  velocity  at  each  instant  of  time  be  known,  then  the 
distance  8^  —  ^o*  described  during  an  interval  of  time  ^  —  (q^  is  found 
by  irUegraiion  (see  Article  81),  as  follows  : — 

8,-8o  =  P^d  t ..(2.) 

360.  €omp«MMits  of  Faried  niotton. — All  the  propositions  of  the 
two  preceding  sections,  respecting  the  composition  and  resolution 
of  motions,  are  applicable  to  the  velocities  of  varied  motions  at  a 
given  instant,  each  such  velocity  being  represented  hy  a  line,  such 

as  P  T,  in  the  direction  of  the  tangent  to  the  path  of  the  point 
which  moves  with  that  velocity,  at  the  instant  in  question.  For 
example,  if  the  axes  OX,  O T,  O Z,  are  at  right  angles  to  each 

other,  and  if  the  tangent  P  T  makes  with  their  directions  respec- 
tively the  angles  »,  fi,  y,  then  the  three  rectangular  components  of 
the  velocity  of  the  point  parallel  to  those  three  axes  are 

V  cos  «;  V  cos  fi;  i;  cos  y. 

Let  X,  y,  Zy  be  the  co-ordinates  of  any  point,  such  as  P,  in  the  path 

A  P  B,  as  referred  to  the  three  given  axes.     Then  it  is  well  known 

that 

d  X  d  y  d  z 

cos  »  =  ^-  ;  cos  /8  =  -r^  ;  cos  y  =  -r-  : 
ds  da  da 

and  consequently  the  three  components  of  the  velocity  v  are 

dx  d  y  d  z  .« . 

t?cos»=-j-;  t7cosi8  =  --^;  vcosy  =  -j-; (3.) 

d  t  do  dm 

and  these  are  related  to  their  resultant  by  the  equation 

m^^m^m'-- « 

361.  iToifmrmiy-Taried  Teiocitr* — Let  the  velocity  of  a  point 
either  increase  or  diminish  at  an  xmiform  rate;  so  that  if  t  repre- 
sents the  time  elapsed  from  a  fixed  instant  when  the  velocity  was 
Vq,  the  velocity  at  the  end  of  that  time  shall  be 

v-v^  +  at', (1.) 

a  being  a  constant  quantity,  which  is  the  raie  ofvturicvtion  of  the 
velocity,  and  is  called  cuxderation  when  positive,  and  reUvrdatiffih 
when  negative.     Then  the  mean  velocity  during  the  time  t  is 

«rt  +  t?  at  ,a^ 

V'^o-'a"' <^> 


i 
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and  the  distaaoe  described  is 

»  =  ''.«  +  ^ (3.) 

To  find  the  yelociiy  of  a  pointy  whose  velocity  is  uniformly  varied, 
at  a  given  instant^  and  the  rate  of  variation  of  that  velocity^  let 
the  distances,  A^,^  A^s,  described  in  two  equal  intervals  of  tune, 
each  equal  to  A^,  before  and  after  the  instant  in  question,  be 
observed.  Then  tiie  velocity  at  the  instant  between  those  inter- 
vals is 

A  «,  +  A  Ai  ,j . 

"=      2At     <*•) 

and  its  rate  of  variation  is 

At>__A^-A^  .^v 

362.  TmtML  mmtm  of  TaviatioB  of  Telocity. — When  the  velodty 
of  a  point  is'  neither  constant  nor  uniformly-varied,  its  rate  of 
Tariatlon  may  still  be  found  by  applying  to  ihe  velocity  the  same 
operation  of  dijffhrentiaiian,  which,  in  Article  359,  was  applied  to 
the  distance  described  in  order  to  find  the  velocity.  The  result  of 
this  operation  is  expressed  by  the  symbols^ 

dv  _  d*8 

Tt'  de* 

and  is  the  limit  to  which  the  quantity  obtained  by  means  of  the 
formula  5  of  Article  361  continually  approximates,  as  the  interval 
denoted  by  A  ^  is  indefinitely  diminished. 

363.  iTaMwM  poHmH—  is  the  change  of  motion  of  a  point  which 
moves  with  uniform  velociiy  in  a  cireular 
patL     The  raie  at  which  uniform  deviation 
takes  place  is  determined  in  the  following 
manner. 

Let  C,  fig.  179,  be  the  centre  of  the  cir- 
cnlar  path  described  by  a  point  A  with  an 

uniform  velocity  v,  and  let  the  radius  G  A  be 
denoted  by  r.  At  the  beginning  and  end  of 
an  interval  of  time  a  t,  let  A|  and  A^  be  the 
positions  of  the  moving  point     Then 

the aroA|At  =  vA^;  and 

Av     1.  ^  A    A  J   chord  Fig.  179. 

the  chord  A.  A.  =  vAt' 

arc  * 

The  velocitieB  at  Ai  and  At  are  represented  by  the  equal  lines 


388  PBINCIPIES  OF  CINEICATIC8. 

A|  V|  =  Aj  Vg  =  Vf  toucliing  the  circle  at  Ai  and  A^  respeo- 
tivelj.  From  A,  draw  A^v  equal  and  parallel  to  A|  V,,  and  join 
y\v.  Then  the  velocity  A.  V,  ;may  be  considered  as  compooxided 
of  57^  and  rV, ;  so  that  v  V,  is  the  efmo^um  of  the  motion  dur- 
ing the  interval  ^t ;  and  because  the  isosceles  triangles  A|0  V^, 
G  A|  A«  are  similar : — 

-=       ATTi  '  375^  _  gjjAJ  ^  chord  , 
■  CA  r  arc   ' 

and  the  approximate  rate  of  that  deyiadon  is 

«•    chord 
•^  •  -  ^ 

r       arc 

but  the  deviation  does  not  take  place  by  instantaneons  changes  of 
velocity,  but  by  insensible  degrees ;  so  that  the  true  rate  of  deviation 
is  to  be  found  by  finding  the  limit  to  which  the  approximate  late 
continually  approaches  as  the  interval  At  is  diminished  indefinitelT; 

Now  the  hjotOT  ~  remains  unaltered  by  that  diminution ;  and  the 

r 

ratio  of  the  chord  to  the  arc  approximates  continually  to  equality  ; 

so  that  the  limit  in  question,  or  true  rate  0/ deviation,  is  expressed  by 

r- a.) 

364.  Taryliv  DeviMiOTu — When  a  point  moves  with  a  vaiying 
velocity,  or  in  a  curve  not  circular,  or  has  both  these  variations*  of 
motion  combined,  the  rate  of  deviation  at  a  given  instant  is  still 
represented  by  equation  1  of  Article  363,  provided  v  be  taken  to 
denote  the  velocity,  and  r  the  radius  of  curvature  of  the  path,  of 
the  point  at  the  instant  in  question. 

365.  The  Bcmliwit  Bate  •£  TwiatiMi  of  the  motion  of  a  point 
is  found  by  considering  the  rate  of  variation  of  velocity  and  the 
rate  of  deviation  as  represented  by  two  lines,  the  former  in  the 
direction  of  a  tangent  to  the  path  of  the  point,  and  the  latter  in 
the  direction  of  the  radius  of  curvature  at  the  instant  in  question^ 
and  taking  the  diagonal  of  the  rectangle  of  which  those  two  lines 
are  the  sides,  which  has  the  following  -^ue : — 

VW^^V{©)'+p(?J}-<>) 

366.  The  Wtmtmm  •fTariatlMt  of  fb«  CmapmieBt  VelocMc*  of  a  point 

parallel  to  three  rectangular  axes,  are  represented  as  follows : — 
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d^x     d^y     d^z  .-  . 

'df'lf'  d^' ^^'^ 

and  if  a  rectangular  parallelopiped  be  constmcted,  of  which  the 
edges  represent  tiiese  quantities^  its  diagonal^  whose  length  is 

v{(ff)'+(S)'+(f?y} « 

will  represent  the  restdlant  rate  of  varicUion,  already  given  in 
another  form  in  equation  1  of  Article  365. 

367.  The  CmapwrteMi  •£  fbe  Turfed  nmOmum  of  a  pair  of  points 

relatively  to  a  third  point  assumed  as  fixed^  is  made  by  finding  the 
ratio  of  their  velocities,  and  the  directional  relation  of  the  tangents 
of  their  paths,  at  the  same  instant,  in  the  manner  already  described 
in  Article  358  as  applied  to  uniform  motions.  It  is  evident  that 
the  oomparative  motions  of  a  pair  of  points  may  be  so  regulated  as 
to  be  constant,  although  the  motion  of  each  point  is  varied,  pro- 
vided the  variations  teSsLe  place  for  both  points  at  the  same  instant, 
and  at  rates  proportional  to  their  veloddes. 
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CHAPTER  IL 

MOnONB  OF  RIGID  BODIEBL 

Section  1. — Bigid  Bodies,  cmd  tkeHir  TrafM^ation. 

368.  The  teim  BigM  Body  is  to  be  undeistood  to  denote  a  bodj, 
or  an  assemblage  of  bodies,  or  a  system  of  points,  whose  figure 
undergoes  no  alteration  during  the  motion  which  is  under  oon- 
sideration. 

369.  Trasdatimi  or  BiitiHug  is  the  motion  of  a  rigid  body  rela- 
tively to  a  fixed  point,  when  the  points  of  the  rigid  body  have  no 
motion  relatively  to  each  other ;  that  is  to  say,  when  they  all  move 
with  the  same  velocity  and  in  the  same  direction  at  the  same 
instant,  so  that  no  line  in  the  rigid  body  changes  its  direction. 

It  is  obvious  that  if  three  points  in  the  rigid  body,  not  in  the 
same  straight  line,  move  in  paiallel  directions  with  equal  velocitiea 
at  each  instant,  the  body  must  have  a  motion  of  translatioiL 

The  paths  of  the  different  points  of  the  body,  provided  th^  are 
all  equal  and  similar,  and  at  each  instant  parallel,  may  have  any 
figure  whatsoever. 

Section  2. — Simple  Botation, 

370.  WLmfaMmm  or  TanUBg  is  the  motion  of  a  rigid  body  when 
lines  in  it  change  their  direction.  Any  point  in  or  rigidly  attadied 
to  the  body  may  be  assumed  as  a  fixed  point  to  which  to  refer  the 
motions  of  the  other  points.   Such  a  point  is  called  om^  ^roto^uMk 

371.  Azto  of  itottutoB. — ^Thbobem.  In  every  passible  ^anffe  of 
position  of  a  rigid  body,  rdativefg/  to  ajixed  centre,  there  is  a  Une 

trcwersing  that  centre  tchose  direo- 
tion  is  not  changed  In  fig.  180, 
let  O  be  the  centre  of  rotation,  and 
let  A  and  B  denote  any  two  otiier 
points  in  the  body,  whose  situa- 
tions relatively  to  O  are,  before 
the  turning,  A„  B^,  and  after  the 

turning,    A^  B..      Join    Ai  A^ 

^'  B,  Bf,  forming  the  iaosceles  trian- 

gles O  Ai  At,  O  Bi  Bs.     Bisect  the  bases  of  those  trianglesin  C  and 
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D  respectiTely,  and  throngli  the  points  of  bisection  draw  two  planes 
perpendicular  to  the  respective  l^es,  intersecting  each  other  in  the 

straight  line  O  £,  which  most  traverse  O.  Let  E  be  any  point  in 
the  line  OE;  then  EAiA^  and  EBjBi,  are  isosceles  triangles; 
and  E  is  at  the  same  distance  from  O^  A^  and  B^  before  and  after 
the  taming;  therefore  E  is  one  and  liie  same  point  in  the  body, 
whose  place  is  unchanged  by  the  turning;  and  this  demonstration 

applies  to  every  point  in  the  straight  line  O  E;  therefore  that  line 
is  unchanged  in  direction. — Q.  EL  D. 

GoHOLLABY.  It  is  evident  that  every  line  in  the  body,  parallel 
to  the  axis,  has  its  direction  unchanged. 

372.  The  piuw  •r  wtmmu&u  is  any  plane  perpendicular  to  the 
axis.  The  Aafie  of  BotasioM,  or  angular  motion,  is  the  angle  made 
by  the  two  directions,  before  and  after  the  turning,  of  a  line  per- 
pendicular to  the  axis. 

373.  The  Aagidar  T«locitr  of  a  turning  body  is  the  ratio  of  the 
angle  of  rotation,  expressed  in  terms  of  radius,  to  the  number  of 
imits  of  time  in  the  interval  of  time  occupied  by  the  angular  motion. 
Speed  of  taming  is  sometimes  expressed  also  by  the  number  of 
tarns  or  fractions  of  a  turn  in  a  given  time.  The  relation  between 
these  two  modes  of  expression  is  the  following : — Let  a  be  the 
angalar  velocity,  as  above  defined,  and  T  the  turns  in  the  same  unit 
•f  time;  then 

T-— • 

a  =  2»T; 
(2  «•  =  6-2831852> 

374.  VaMwM  wtmnaMmm  consists  in  uniformity  of  the  angular  velo- 
city of  the  turning  body,  and  constancy  of  the  direction  of  its  axis 
of  rotation. 

375.  BolatlMi  tmtummm  ••  all  Paris  of  Body* — Since  the  angular 

motion  of  rotation  consists  in  the  change  of  direction  of  a  line  in 
a  plane  of  rotation,  and  since  that  change  of  direction  is  the  same 
how  short  soever  the  line  may  be,  it  is  evident  that  the  condition 
of  rotation,  like  that  of  translation,  is  common  to  every  particle, 
how  small  soever,  of  the  turning  rigid  body,  and  that  the  angular 
velocity  of  turning  of  each  particle,  how  small  soever,  is  the  same 
with  that  of  the  entire  body.  This  is  otherwise  evident  by  oon- 
sidering^  that  each  part  into  which  a  rigid  body  can  be  divided 
turns  completely  about  in  the  same  time  with  every  other  part,  and 
with  the  entire  body. 

376.  Bl«h«  aadi  i«cA-Vaaded  BMatlMu — ^The  dvrection  of  rotation 
round  a  given  axis  is  distinguished  in  an  arbitrary  manner  into 
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right-handed  and  Hsfi^handed  One  end  of  the  axis  is  chosen,  as 
that  from  which  an  observer  is  supposed  to  look  along  the  directioii. 
of  the  axis  towards  the  rotating  body.  Then  if  the  body  eeems  to 
the  observer  to  turn  in  the  same  direction  in  which  the  son  seems 
to  revolve  to  an  observer  north  of  the  tropics,  the  rotation  ia  said 
to  be  right-handed;  if  in  the  contrary  diiection,  left-handed :  and 
it  is  usual  to  consider  the  angular  velocity  of  right-handed  rotation 
to  be  positive,  and  that  of  left-handed  rotation  to  be  n^ative  ; 
but  this  is  a  matter  of  convenience.  It  is  obvious  that  the 
same  rotation  which  seems  right-handed  when  looked  at  from. 
one  end  of  the  axis,  seems  left-handed  when  looked  at  from  the 
other  end. 

377.   IteliUlTeni«ti*M*faPalr*fP«lMtsta«B«ttUlBgB«dT< — ^Let 

O  and  A  denote  any  two  points  in  a  rotating  body ;  and  consider- 
ing O  as  £xed,  let  it  be  required  to  determine  the  motion  of  A 
relatively  to  an  axis  of  rotation  drawn  through  O.  On  that  axis 
let  fall  a  perpendicular  from  A ;  let  r  be  the  length  of  that  perpen- 
dicular. Then  the  motion  of  A  relatively  to  the  axis  traversing  O 
is  one  of  revoltUion,  or  trandation  in  a  circular  path  of  the  radius 
r ;  the  centre  of  that  circular  path  beiug  at  the  point  where  the 
perpendicular  from  A  meets  the  axis.  If  a  be  the  angular  velocity 
of  the  body,  then  the  velocity  of  A  relatively  to  the  axis  travearcdng 
Ois 

V  =  ar  j (1.) 

and  the  direction  of  that  velocity  is  at  each  instant  perpendicular 
to  the  plane  drawn  through  A  and  the  axis.  The  rale  i^demaUim 
of  A  in  its  motion  relatively  to  the  given  axis  is 

f  =  «''-J (2.) 

in  which  the  first  expression  is  that  already  found  in  Article  363, 
and  the  second  is  deduced  from  the  first  by  the  aid  of  equation  1  of 
this  Article.  It  is  evident  that  for  a  given  rotation  the  motion  of 
O  relatively  to  an  axis  of  rotation  traversing  A  is  exactly  the  same 
with  that  of  A  relatively  to  a  parallel  axis  traversing  O ;  for  it 
depends  solely  on  the  angular  velocity  a,  the  perpendiciSar  distance 
r  of  the  moving  point  from  the  axis,  and  the  diroction  of  the  ftyi» ; 
all  which  are  the  same  in  either  case. 
r  is  called  the  radvue-vector  of  the  moving  point. 

y     378.   CyUMlrlcal  SarflMe  mt  E«iud  TctocHlca. — If  a  cylindrical 

surface  of  circular  cross  section  be  described  about  an  axis  of  rota- 
tion, all  the  points  in  that  surface  have  equal  velocitiea  relatively 
to  the  axis,  and  the  direction  of  motion  of  each  point  in  the  cylin- 


r  ~ 
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drical  sor&oe  relatiyely  to  the  axis  is  a  tangent  to  the  surface  in  a 
plane  perpendicular  to  the  axis. 

379.  Csaipwatlffe  Mmti^mm  of  Two  Potats  retaulTclr  to  on  Asia. — 

let  O,  A,  B,  denote  three  points  in  a  rotating  rigid  body ;  let  O  be 
considered  as  fixed,  and  let  an  axis  of  rotation  be  drawn  through 
it  Then  the  eompcnraUve  motions  of  A  and  B  relatively  to  that 
axis  are  expressed  as  follows  i^the  velocUf^atio  is  that  of  the  radiir 
tedores  of  the  points,  and  the  directional  rdoHon  consists  m  the 
angle  between  Aeir  directions  of  motion  being  the  same  with  thai 
between  their  radii^oectores.  Or  symbolically :  Let  r„  rj,  be  the  per- 
pendicular distances  of  A  and  B  from  i^e  axis  traversing  O,  and 
Vi  and  9j  their  velocities ;  then 

r,      r,  A  A 

Vi      ri 

380.  CoHpoMMo  of  Teloettr  of  a  Potet  la  a  BotMii^p  Bodf. — The 

component  parallel  to  an  axis  of  rotation,  of  the  velocity  of  a  point 
in  a  rotating  body  relatively  to  that  axis, 
is  nulL  That  velocity  may  be  resolved 
into  components  in  the  plane  of  rotation. 
Thus  let  O,  in  fig.  181,  represent  an  axis 
of  rotation  of  a  body  whose  plane  of  rota- 
tion is  that  of  the  figure ;  and  let  A  be 
any  point  in  the  body  whose  radius-vector 
is  0  A  =  r.  The  velocity  of  that  point 
being  u  =  ar,  let  that  velocity  be  repre- 
sented by  the  line  A  Y  perpendicular  to 
0  A  Let  B  A  be  any  direction  in  the  plane  of  rotation,  along 
which  it  is  desired  to  find  the  component  of  the  velocity  of  A ;  and 
let  .^  V  A  U  =  ^  be  the  angle  made  by  that  line  with  A  V.  From 
V  let  &11  VTJ  perpendicular  to  BA;  then  AU  represents  the 
component  in  question ,  and  denoting  it  by  u, 

u  =  v  '  cos  ^  =  ar  •  cos  i (1.) 

From  O  let  fall  O B  perpendicular  to  B  A-  Then  .^AOB  = 
^^Y ATI  =  ^ ;  and  the  right-angled  triangles  O B  A  and  A  U  Y 
are  similar ;  so  that 

AY  :  AU  :  :  OA  :  OB  =  r  cos  i (2.) 

Now  the  entire  velociiy  of  B  relatively  to  the  axis  O  is 

ar  cos  ^  =  u, , (3.) 

80  that  the  component,  along  a  given  straight  line  in  the  plane  of 
rotalion,  of  the  vetodJty  of  amy  point  in  that  line,  is  equal  to  tfie  vela- 
^y  of  ihe  point  where  a  perpendicidarfrom  the  axis  meets  that  line. 
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Section  3. — (7am5tn6i  i^oto^um^  ari^  IVan«2a^n& 

381.  Prapcrtf  •£  all  H«CtoM  •flUsId  B«dUca. — ^The  forgoing  ptO- 

posiidon  may  be  r^arded  as  a  particular  case  of  the  following^  whi^ 
is  true  of  all  motions  of  a  rigid  body. 

Tfis  components,  along  a  given  straight  lime  in  a  rigid  hody^  of  the 
veheUies  o/the  points  in  that  Une  tdaivody  to  any  point,  vohether  m  or 
attached  to  the  body  or  otherwise,  are  cM  equal  to  each  other;  for 
otherwise,  the  distances  between  points  in  the  given  straight  line 
must  alter,  which  is  inoonsiBtent  with  the  idea  of  rigidity. 

382.  Vciicai  aiffiiMu — Rotation  is  the  only  movement  which  a 
rigid  body  as  a  whole  can  have  relatively  to  a  point  belonging  to 
it  or  attached  to  it  But  if  the  motion  of  the  body  be  determmed 
relatively  to  a  point  not  attached  to  it,  a  translation  may  be  com- 
bined with  the  rotation.  When  that  translation  takes  place  in 
the  direction  of  the  axis  of  rotation,  the  motion  of  the  rigid  body  is 
said  to  be  hdioal,  or  screw4ilce,  because  each  point  in  the  rigid  body 
describes  a  helix  or  screw,  or  a  part  of  a  helu:  or  screw. 

Let  Vi  denote  the  velocity  of  translation,  parallel  to  the  axis  of 
rotation,  which  is  common  to  all  points  of  the  body ;  this  is  called 
the  velocity  of  advance.  The  advance  during  one  complete  torn  of 
the  rotating  body  is  the  pitch  of  each  of  the  helical  or  screw-like 
paths  described  by  its  particles ;  that  is,  the  distance,  in  a  direc- 
tion parallel  to  the  axis,  between  one  turn  of  each  sncdi  helix  and 

2«' 

the  next;  and  a  being  the  angular  velocity,  so  that  —  is  the  time 

of  one  turn,  the  value  of  the  pitch  is 

2xt7,                          ap  „  . 

^  =  -^>  whence  vi  =  2^ (1.) 

Let  r,  as  before,  be  the  radius- vector  of  any  point  in  the  body,  and 
let 

Vi  =  or (2.) 

denote  its  velocity  of  refookUion,  or  velocity  relatively  to  the  axis, 
due  to  the  rotation  alone.  Then  the  resuUant  velocity  of  ^^^^ 
point  is 

«=^/i^^+^  =  a•\/{^  +  f'} (3.) 

The  ifuliTuUion  of  the  helix  described  by  that  point  to  the  plane  of 
rotation  is  given  by  the  equation 

Vi                           p 
i  =  arc  *  tan  •  -  =  arc  •  tan  •  —-— : (^\ 
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the  tangent  of  that  angle  being  the  ratio  of  the  pitch  to  the  circnm- 
ferenoe  of  the  circle  described  by  the  point  relatively  to  the  axis  of 
TOtation. 

383.   PrOBLSIC.     T*  Vladl  the  M^timm  •€  a  BIgM  BmIj  fr«i 

liet  A,  B,  C,  fig.  182,  be  three 
points  in  a  rigid  body,  and  at  a 
given  instant  let  them  have  mo- 
tions relatively  to  a  point  indepen- 
dent of  the  body,  which  motions 
«re  represented  in  velocity  and 

direction  by  the  three  lines  A  V., 
BV^Cy^  It  is  reqnired  to  find 
the  motion  of  the  entire  rigid 
body  relatively  to  the  same  fixed 
point. 

Thnmgh  any  point  o,  fig.  163, 
draw  three  lines  o  a,  o  5,  o  c,  equal 
and  parallel  to  the  three  Imes 


Fig.  182. 


A  T^  B  Vj,  C  V^  Throngb  a,  6,  and  c,  draw  a 
plane  a  5  c,  on  which  let  fall  a  perpendicular  on 
from  o.  Then  o  n  represents  a  component,  which 
is  common  to  the  velocities  of  aU  the  three  points 
A9  B,  C,  and  must  therefore  be  common  to  all  the 
points  in  the  body;  that  is,  it  is  a  velocity  of 
tfxjmdcuian. 


Fig.  188. 


From  the  points  V^  V»,  V«  draw  lines  V.  V^  V,U»,  V.U« 
equal  and  parallel  to  o  n,  but  opposite  in  direction  to  it ;  and  join 
A.  U«,  B  U^  0  XJ«,  which  will  all  be  parallel  to  the  same  plane ; 
that  is,  to  the  plane  a  be.  The  last  three  lines  will  represent  the 
component  velocities  which,  along  with  the  common  velocity  of 
txanslation  parallel  to  0  »,  niake  up  the  resultant  velocities  of  the 
three  point&  Through  any  two  of  the  points  A,  B,  draw  planes 
perpendicular  to  the  respective  components  of  their  motions  which 
are  parallel  to  a  he.  These  two  planes  will  intersect  each  other  in 
a  line  ODE,  which  will  be  parallel  to  on.  The  perpendicular 
distances  of  that  line  from  the  points  A,  B,  being  unchanged  by  the 
motion,  it  represents  one  and  the  same  line  in  or  attached  to  the 
rigid  body,  and  it  is  therefore  the  axis  of  rotation.    A  plane  drawn 

through  the  third  point  C,  perpendicular  to  0  JJ„  will  cut  the  other 
two  planes  in  the  same  axis :  the  three  revolving  component 
velocities 


AU.,BU»,  CU, 


396 


PRINCIPLES  OF  CnfElCATICS. 


will  be  respectively  proportional  to  the  perpendicalar  distmceBy  or 
racUirvectoreB, 

AD,  BE,  CF, 

of  the  three  points  from  that  axis ;  and  the  angalar  velocitj 
will  be  equal  to  each  of  the  three  quotients  made  by  dlTiding  the 
revolving  component  velocities  of  the  points  hj  their  reqwcttve 
radii-vectore&  This  rotation,  combined  with  a  tcanslatian  parallel 
to  the  axis,  with  a  velocity  represented  by  o  n^  constitutes  a  keUoal 
motion,  being  the  required  motion  of  the  rigid  body. — Q.  £.  L 

384.  Speeiai  CaMs  of  the  preceding  problem  occur,  in  whidi 
either  a  more  simple  method  of  solution  is  sufficient,  or  the  general 
method  fails,  and  a  special  method  has  to  be  employed. 

L  When  the  moHons  of  the  poinia  of 
the  body  are  knoum  to  be  aU  paraUei  to 
one  plane,  it  is  sufficient  to  know  the 
motions  of  two  points,  such  as  A,  B^  fig. 
184.  Let  A  O,  B  O,  be  two  planes  trar 
versing  A  and  B,  and  perpendicular  to 
^  the  respective  directions  of  the  siinnl- 
taneous  velocities  of  those  points ;  if  those 
planes  cut  each  other,  the  entire  motioD 
is  a  rotation;  the  line  of  intersection  of 
the  planes  O,  being  the  axis  of  rotation, 
and  the  angular  velocity,  are  foimd  as  in  the  last  Article.  If  the 
two  planes  are  parallel,  the  motion  is  a  translation. 

IL  If  three  points,  not  in  the  same  plane,  have  parallel  moiians, 
or  tf  three  pointa  in  the  same  plane  haoe  paraUd  motionB  obiique  to 
the  plane,  the  motion  is  a  translation. 

III.  If  three  points  in  the  same  plane  move  perpmdioularfy  to  the 
flam,  as  A  B  C,  fig.  184  a,  then  if  their  velocities  are  equal,  the 


Fig.  184. 


Fig.  184  a 


motion  is  a  translation;  and  if  their  velocities  are  unequal,  tlie 
motion  is  a  rotation  about  the  axis  which  is  the  intersection  of  the 
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plane  of  the  three  points  with  the  plane  drawn  through  the  extre- 
mities V^  Vj,  V„  of  the  three  lines  which  represent  their  veloci- 
ties ;  the  angular  velocity  being  found  as  in  Article  383. 

If  the  plane  of  rotation  is  known,  then  the  simultaneous  veloci- 
ties of  two  points^  as  A  and  B  in  fig&  184  b  and  184  c^  are  sufficient 
-to  determine  the  axis  O. 

385.    V««BiiMi  CmmMmm^  with  Tnnalati^M  la  tiw  Suae  Pteae. — 

I^et  a  body  rotate  about  an  axis  0  (fig.  185), 
£xed  relatively  to  the  body,  with  an  angular 
velocity  a,  and  at  the  same  time  let  that  axis 
have  a  motion  of  translation  in  a  straight  path 
perpendicular  to  the  direction  of  the  axis,  with 
the  velocity  «,  represented  by  the  line  C  XJ.  It 
is  required  to  find  the  velocity  and  direction  of 
motion  of  any  point  in  the  body.      From  the  „.        - 

moving  axis  draw  a  straight  line  C  T  perpendi- 
cular to  that  axis  and  to  CU,  and  in  that  direction  into  which  the 
rotation  (as  represented  by  the  feathered  arrow)  tends  to  turn  0  U, 
and  make 

CT=J (1.) 

Then  the  point  T  has,  in  virtue  of  translation  along  with  the  axis 
Cy  a  fonoofrd  motion  with  the  velocity  u ;  and  in  virtue  of  rota- 
iion  about  that  axis,  it  has  a  backaxvrd  motion  with  the  velocity 

Sual  and  opposite  to  the  former ;  and  its  resultant  velocity  is  0. 
ence  every  point  in  the  body,  which  comes  in  succession  into  the 

poflitiofn  T,  situated  at  the  distance  —  from  the  axis  C  in  the  direc- 

a 

tion  above  described,  is  at  rest  at  the  instoffU  of  its  a/rriving  at  thai 
position;  that  is,  it  has  just  ceased  to  move  in  one  direction,  and 
is  about  to  move  in  another  direction ;  and  this  is  true  of  every 
point  which  arrives  at  a  line  traversing  T  paraUd  to  C.  Conse- 
quently the  resultant  motion  of  the  body,  at  any  given  instant,  is 
the  same  as  if  it  were  rotating  about  the  line  which  at  the  instant 
in  question  occupies  the  position  T,  parallel  to  C,  at  the  distance 

-  :  and  that  line  is  called  the  iKSXAiVTAinBOUS  axis.  To  find  the 
a 

motion  of  any  point  A  in  the  body  at  a  given  instant,  let  faU  the 

perpendicular  AT  from  that  point  on  the  instantaneous  axis;  tlien 
the  motion  of  A  is  in  the  direction  A  Y  perpendicular  to  the  plane 
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of  the  instantaneous  axis  and  of  tlie  imkmUxndtma  radiuB^veelor 
AT,  and  the  velocity  of  that  motion  is 


«  =  aAT (2.) 

386.  B«iite«  cjUm&ati  Tf«ch«i4. — Eveiy  straight  line  pacalld 
to  the  moving  axis  C,  in  a  cylindrical  sar£iBU»  described  alwut  C 

with  the  radius  -,  becomes  in  turn  the  instantaneons  axi&    Henoe 

a 

the  motion  of  the  body  is  the  same  with  that  produced  by  the  roll- 
ing of  such  a  cylindrical  sur&oe  on  a  plane  FTP  parallel  to  C  and 

to  C  U,  at  the  distance  -. 
'  a 

The  path  described  by  any  point  in  the  body,  sach  as  A,  which 

is  not  in  the  moving  axis  C,  is  a  curve  well  known  by  the  name  of 

trochoid.     The  particular  form  of  trochoid  called  iJie  eyoloidy  is 

described  by  each  of  the  points  in  the  rolling  cylindrical  surfiica 

387.  Pteae  B«llte«  •■  Cylinder  |  BpinU  Paalu< — ^Another  mode 

of  representing  the  combination  of  rota- 
tion with  translation  in  the  same  plane 
is  as  follows : — ^Let  O  be  an  axis  lumvMiA 
as  fixed,  about  which  let  the  plane  O  C 
(containing  the  axis  O)  rotate  (rig^t- 
handedly,  in  the  %ure),  with  the  anga- 
lar  velocity  a.  Let  a  rigid  body  have, 
rdaJtivdy  to  the  rotoHng  pLane^  and  in  a 
direction  perpendicular  to  it,  a  traD8la> 
tion  with  the  velodiy  u.  In  the  plane 
O  G,  and  at  right  angles  to  the  axis  O, 


Fig.  18«. 


take  O  T  =:  ~,  in  such  a  direction  that 
a 


the  velocity 
«=:a*OT, 


which  tiie  point  T  in  the  ratating  plame  has  at  a  given  instant,  al^f^ll 
be  in  the  contrary  direction  to  the  equal  velocity  of  translation 
Uy  which  the  rigid  body  has  relatively  to  the  rotating  plana  Then 
each  point  m  the  rigid  body  which  arrives  at  the  position  T,  or  at 
any  position  in  a  line  traversing  T  parallel  to  the  fixed  axis  O,  is 
at  rest  ai  the  instxvrU  of  its  occupying  that  position ;  therefore  the 
line  traversing  T  parallel  to  the  fixed  axis  O  is  ^  itigtamUmeoua 
aa^;  the  motion  at  a  given  instant  of  any  point  in  the  rigid  body 
such  as  A,  is  at  right  angles  to  the  radius-vector  A  T  drawn  per^ 
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pendicular  to  the  instantaneous  axis;  and  the  velocity  of  that 
motion  is  given  hj  the  equation 

All  the  lines  in  the  rigid  body  which  successiyelj  occupy  the 
position  of  instantaneous  axis  are  situated  in  a  plane  of  that  body, 
P  T  Py  perpendicular  to  O  0 ;  and  all  the  positions  of  the  instan- 
taneousaxis  are  situated  in  a  cylinder  described  about  O  with  the 
radios  O  T ;  so  that  the  motion  of  the  rigid  body  is  such  as  is  pro- 
duced by  the  rolling  qf  the  plane  TF  onthe  cylmder  whose  radius  is 

tt 

O  T  =  -.     Each  point  in  the  rigid  body,  such  as  A,  describes  a 

plane  sprral  about  the  fixed  axis  O.  For  each  point  in  the  rolling 
jploTiey  P  P,  that  spiral  is  the  involute  of  the  circle  whose  radius  is 
O  T.  For  each  point  whose  path  of  motion  traverses  the  iaxod  axis 
O,  that  is^y  for  each  point  in  a  plane  of  the  rigid  body  traversing  O 
parallel  to  P  P,  the  spiral  is  Archimedean,  hisLving  a  radius-vector 
increasing  by  the  length  u  for  each  angle  a  through  which  it 
rotate& 

388.  €««MMd  PwaUd  ii#ttutoB»r— In  figs.  187,  188,  and  189, 


fig.  188. 

let  O  be  an  axis  assamed  as  fibbed,  and  O  G  a  plane  traversing  that 
axis,  and  rotating  about  it  with  the  angnlar  velocity  a.  Let  0  be 
an  axis  in  that  plane,  parallel  to  the  &ed  axis  O ;  and  about  the 
moving  axis  G  let  a  rigid  body  rotate  with  the  angular  velocily  b 
rdadvdy  to  the  pUme  O  U ;  and  let  the  directions  of  the  rotations  a 
and  b  be  distingnished  by  positive  and  negative  8ign&  The  body  is 
said  to  have  the  rotations  about  the  parallel  fixes  O  and  G  cofnbined 
or  oompovohdedy  and  it  is  required  to  find  the  result  of  that  com- 
bination of  parallel  rotations. 

Fig.  187  represents  the  case  in  which  a  and  b  are  similar  in 
direction ;  fig.  188,  that  in  which  a  and  b  are  in  opposite  direc- 
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tions,  and  b  is  tbe  greater ;  and  fig.  189,  that  in  which  a  and  b  aare 
in  opposite  directions,  and  a  is  the  greater. 

Let  a  common  perpendicular  O  C  to  the  fixed  and  moYing  axes 
be  intersected  in  T  by  a  straiirht  line  parallel  to  both  those  axes,  in 
such  a  maimer  that  the  di^ces  of  ^from  the  fixed  and  m^ 
axes  respectively  shall  be  inversely  proportional  to  the  angular 
velocities  of  the  component  rotations  about  them,  as  is  expressed 
by  the  following  proportion : — 

a  :  6  : :  CT  :  OT (1.) 

When  a  and  b  are  similar  in  direction,  let  T  fall  between  O  and  C, 
as  in  fig.  187  ;  when  they  are  contrary,  beyond,  as  in  fig&  188  and 
189.  Then  the  velocity  of  the  line  T  o/thejiane  O  C  is  a  -  OT  ; 
and  the  velocity  of  the  line  T  of  the  rigid  body,  rdaiivdy  to  ths 
plane  O  C,  is  &  *  C  T,  equal  in  amount  and  contraiy  in  direction  to 
the  former ;  therefore  each  line  of  the  rigid  body  which  anives  at 
the  position  T  is  at  rest  at  the  instant  of  its  occupying  that  posi- 
tion, and  is  then  the  instcmtaneous  axis.  The  resuUani  anguiar 
velocity  is  given  by  the  equation 

c  =  a  +  6; (2.) 

regard  being  had  to  the  directions  or  signs  of  a  and  b ;  that  is  to 
say,  if  we  now  take  a  and  b  to  represent  aaithmetical  magnitades. 
and  affix  explicit  signs  to  denote  their  directions,  the  directioii  of 
c  will  be  the  same  with  that  of  the  greater ;  the  case  of  fig.  187 
will  be  represented  by  the  equation  2^  already  given ;  and  those  of 
figs.  188  and  189  respectively  by 

e'=^b—a\  c=^a  —  b (^^) 

The  relative  proportions  of  a,  6,  and  e,  and  of  the  distances 
between  the  fixed,  moving,  and  instantaneous  axes,  are  given  by 

the  equation  

a:6:c::CT:0T:0  C (3.) 

The  motion  of  any  point,  such  as  A,  in  the  rigid  body,  is  at  each 
instant  at  right  angles  to  the  radius-vector  ATT  drawn  from,  the 
point  perpendicular  to  the  instantaneous  axis ;  and  the  velocity  of 
that  motion  is 


«  =  c-AT (4.) 

389.    C^Uad«ir  Bonii^^  mk  Cyltadwi  SpilMch«Mh — All  the  lines 

in  the  rigid  body  which  successively  occupy  the  position  of  instan- 
taneous axis  are  situated  in  a  cylindrical  surface  described  about  C 
with  the  radius  CT ;  and  all  the  positions  of  the  instantaneous 
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Axis  are  contained  in  a  cylindrical  sor&ce  described  about  O  with 

the  radius  O  T ;  therefore  the  resultant  motion  of  the  rigid  body 
is  that  which  is  produced  by  rolling  ^the  former  cylinder^  attached 
to  the  body,  on  the  latter  cylinder,  considered  as  fixed. 

In  fig.  187,  a  oonvez  cylinder  rolls  on  a  convex  cylinder ;  in  ^g. 
188,  a  smaller  convex  cylinder  roUs  in  a  larger  concave  cylinder ; 
in  fig.  189,  a  laiger  concave  cylinder  rolls  on  a  smaller  convex 
cylinder. 

£ach  point  in  the  rolling  rigid  body  traces,  relatively  to  the 
fixed  axis,  a  curve  of  the  kind  called  epUrochoids.  The  epitrochoid 
traced  by  a  point  in  the  surface  of  ihe  rolling  cylinder  is  an  epi- 
cydoid. 

In  certain  cases,  the  epitrochoids  become  curves  of  a  more  simple 
claa&  For  example,  each  point  in  the  moving  axis  C  traces  a 
circle. 

When  a  cylinder,  as  in  fig.  188,  rolls  within  a  concave  cylinder 
<^  dcfMe  ii8  radku,  each  point  in  ihe  surface  of  the  rolling  cylinder 
moves  backwards  and  forwards  in  a  straight  line,  being  a  diisuneter 
of  the  fixed  cylinder;  each  point  in  the  axis  of  the  rolling  cylinder 
traces  a  circle  of  the  same  radius  with  that  cylinder,  and  each  other 
point  in  or  attached  to  the  rolling  cylinder  traces  an  ellipse  of 
greater  or  less  eccentricity,  having  its  centre  in  the  fixed  axis  O. 
This  principle  has  been  made  available  in  instruments  for  drawing 
and  turning  ellipses. 

390.  rwiMiwii  •r  BpUMck^Mk' — ^The  following  being  given : — 


the  radius  of  the  fixed  cylinder,  O  T  =  r, ; 

the  radius  of  the  rolling  cylinder,  CT  =  r^ ; 

the  instantaneous  radius-vector  of  a  tracing-point  A,  A  T  =  r ; 

the  angle  made  by  that  radius-vector  with  the  rotating  plane, 

^CTA  =  tf; 

it  is  required  to  find  the  radius  of  curvature,  p,  of  the  path  of  the 
tracing-point  A,  at  the  instant  under  consideration. 

The  radius  of  a  convex  cylinder  is  to  be  considered  as  positive, 
and  that  of  a  concave  cylinder  as  negative ;  and  regard  is  to  be 

paid  to  the  principle,  that  cos  ^  is  <  ^^^4.-^e  (  according  as  ^  i 

{acute  ) 
obtuse  j  * 

Let  dt  he  slu  indefinitely  short  interval  of  time;  then  during 
that  interval  the  tracing-point  A  moves  through  the  distance  crdL 
Let  the  direction  of  the  radius-vector  r,  which  is  perpendicular  to 
the  path  traced  by  A,  alter  in  the  same  time  by  the  angle  du 
Then  the  radius  of  curvature  of  the  path  of  A  is 

2d 
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line 

lered,  t' 
cylMder  is  c,  wbiob  ^ves 
the  given  Hitervi 
val,  a  new  ZtTt^^mes  to 
distant  finom  the 


on  di  of  the  iadiiis-v<»:tor,  it  lias  to 
lute  an^^ular  velocity'  ol  the  rolling 
hat  cylinder  an  angular  motion,  edt^viL 
so  that,  in  the  course  of  the  same  inter- 
P7  the  position  of  instantaueous  axis, 
by  the  length  5  r.  (^  <,  in  a  direction 


opposite  to  that  of  the  rotation  of  the  rolling  cylinder.  The  efiect 
of  this  shifting  of  the  instantaneous  axis  is,  to  turn  the  angular 
position  of  the  radius-vector  r,  in  a  neffcUive  direction  relativelj  to 
the  rolling  cylinder^  through  the  angle 

hrtCOsS'dt 


which  being  combiued  with  the  stngnUr  motion  of  the  cjlindery 
cdt,  gives  as  the  resultant  angular  motion  of  the  radius-vector, 


di=(cJ-Ii^dti 


which  being  substituted  in  equation  1^  gives  for  the  radius  of  cur- 
vature of  the  path  traced  by  A, 


cr 


P  = 


Now, 


6r.co6^ 
c = 

r 

b 
c 


6raCos# 


.(2.) 


1- 


cr 


n+^a' 


(attention  being  paid  to  the  implicit  signs  of  r^  and  r.) ;  and  oon- 
sequently, 

p  =  r- ^^L±^i (3.) 


The  sign  of  tlus  result,  when  <  P^^^^®  I  ^  shows  that  the  curve 

traced  by  A  is  <  ^^^Tf  f  towards  T.     The  following  are  some 

limited  cases : — 

L   When  the  tracing-point  is  Vie  surface  of  the  rotting  cylinder, 
r  =  2  r, cos  /;  and  therefore. 
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p  =  2r.cos*-|i±^^; (4.) 

which  is  the  radius  of  enrvature  of  an  epicj/cloid. 

TL   When  a  cylinder  roUa  on  a  plane,  9*1  becomes  infinitely  great 
as  compared  with  r„  and  thus  reduces  equation  3  to 

^        -     rgcos^ 

r 

which  is  the  radius  of  curvature  of  a  trochoid, 

HL   When  a  cylinder  rolls  on  a  plane,  and  the  tradng-point  is 
in  the  aurface  of  (he  cylinder,  r  =  2  r,  cos  #,  and 

p  =  2r=:4raOOS^^ (6.) 

which  is  the  radius  of  curvature  of  a  cycloid. 

lY .  When  a  piUme  rolls  on  a  cylinder,  r,  becomes  infinitely  great 
as  compared  with  ri  and  r;  and  equation  3  becomes 

^=^     r^cos;^ ^^'^  ^' 

r 

which  is  the  radius  of  curvature  of  a  spiral  of  the  class  mentioned 
in  Article  387. 

Y.  When  apianeroUs  on  a  cylinder,  and  the  tradng-point  is  m 
the  plane,  cos  /  =  0 ;  and  equation  7  becomes 

P  =  rf (8) 

which  is  the  radius  of  curvature  of  the  involtUe  of  a  cvrde. 

YL   When  a  plane  roUs  on  a  cylinder,  and  the  tracing-point  is 
at  the  distance  ri  from  the  plane  on  the  side  next  the  cylinder, 

QOSt:=z  — ^ ;  and  equation  7  takes  the  following  form : — 

which  is  the  radius  of  curvature  of  an  Archimedean  spiraL  Let  II 
be  the  distance  of  a  point  in  that  spiral  from  the  fixed  axis  O  j  then 
r'zsR'  +  j^,  and 


(RMit^ (9  A.) 


As  to  rolling  curves  in  general,  see  Professor  Clerk  Maxwell's  paper 
in  the  Transactions  of  the  Hoyal  Society  of  Edinburgh,  voL  xvL 
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391.  B«wil  aad  Oy»o>Hc  Panllcl  Biftl—t  C— MtWI. — ^Let  a 

plane  O  0  rotate  with  an  angular  velocity  a  about  an  axis  O  con- 
tained in  the  plane,  and  let  a  rigid  body  rotate  about  the  axis  C 
in  that  plane  parallel  to  O,  with  an  ^ngnl^r  velocity -a,  equal  and 
opposite  to  that  of  the  plane.  Then  the  angular  velocity  of  the 
rigid  body  is  nothing ;  that  is,  its  motion  is  one  of  irandaUon  only, 

all  its  points  moving  in  equal  circles  of  the  radius  0*0,  with  the 

velocity  a  *  O  C.     This  case  is  not  capable  of  being  represented  by 
a  rolling  action. 
392. 


Fig.  190. 


fig.  190, 
let  O  A  be  an  axis  assumed  as 
fixed ;  and  about  it  let  the  plane 
A  O  C  rotate  with  the  angular 
velodiy  a.  Let  O  G  be  an  axis 
in  the  rotating  plaae ;  and  about 
that  axis  let  a  rigid  body  rotate 
with  the  angular  velodly  b  re- 
latively to  the  rotating  plane. 
Because  the  point  O  in  the 


rigid  body  is  fixed,  the  instantaneous  axis  must  traverse  that  point. 
The  direction  of  that  axis  is  determined,  as  before,  by  oonaidmng 
that  each  point  which  arrives  at  that  line  must  have,  in  virtue  <^ 
the  rotation  about  O  C,  a  velocity  relatively  to  the  rotating  plane, 
equal  and  directly  opposed  to  that  which  the  coincident  point  of 
the  rotating  plane  has.  Henoe  it  follows,  that  the  ratio  of  the  per- 
pendicular diistances  of  each  point  in  the  instantaneous  axis  from 
the  fixed  and  moving  axes  respectively — ^that  is,  the  ratio  of  the 
sines  of  the  angles  which  the  instantaneous  axis  makes  with  the 
fixed  and  moving  axes — ^must  be  the  reciprocal  of  the  ratio  of  the 
component  angular  velocities  about  those  axes ;  or  symbolically,  if 
O  T  be  the  instantaneous  axis, 

^AOT  :^COT  :ih:a (1.) 

This  determines  the  direction  of  the  instantaneous  axis,  which  may 
also  be  found  by  graphic  construction  as  follows  : — On  O  A  take 

O  a  proportional  to  a ;  and  on  O  0  take  O  b  proportional  to  6.  Let 
those  lines  be  taken  in  such  directions,  that  to  an  observer  looking 
from  their  extremities  towards  O,  the  component  rotations  seem 
both  right-handed.  Complete  the  parallelogram  Obea;  the  dia- 
gonal O  c  will  be  the  instantaneous  axis. 

The  resultant  angular  velocity  about  this  instantaneous  axis  is 
found  by  considering,  that  if  C  be  any  point  in  the  moving  axis, 
the  linear  velocity  of  that  point  must  be  the  same,  whether  com- 
puted from  the  angular  velocity  a  of  the  rotating  plane  about  the 


BOLLIKO  00NE8 — ^ANALOGY  OF  BOTATIOKS  AND  FOBCES.         405 

fixed  axis  O  A,  or  from  the  resaltant  angular  velocity  c  of  the  rigid 
body  about  the  instantaaeous  axis.  That  is  to  say,  let  CD,  C E, 
be  perpendicalars  from  C  upon  O  A,  O  T,  respectiyely ;  then 

a-CI)  =  c-CB; 

but  C^  :CE  ::8in.^A0C  isin^^COT;  and  therefore 

sin^^OOT  :sin.^AO0  :  :o  :c; 

and,  combining  this  proportion  with  that  given  in  equation  1,  we 
obtain  the  following  proportional  equation  : — 


sin^COT 


sin^AOT 
06 


sin 


:  :  Oa 

that  is  to  say,  the  angular  vdodJtiiea  of  the  component  and  rem/Uami 
rotations  are  e(tdiproportionai  to  the  sine  of  the  angle  between  the  aooes 
of  the  other  two  ;  and  the  diagonal  of  ^parallelogram  O  b  ca  repre- 
aenta  both  the  direction  of  the  inetantaffieoue  axie  and  the  angular  velo- 
city about  that  axis. 

393.  Bttiui^  CMm. — ^All  the  lines  which  successively  come  into 
the  position  of  instantaneous  axis  are  situated  in  the  surface  of  a 
oone  described  by  the  revolution  of  O  T  about  O  C ;  and  all  the 
positions  of  the  instantaneous  axis  lie  in  the  sui&ce  of  a  cone 
described  by  the  revolution  of  OT  about  OA.  Therefore  the 
motion  of  the  rigid  body  is  such  as  would  be  produced  by  the  roll- 
ing of  the  former  of  those  cones  upon  the  latter. 

It  is  to  be  understood,  l^t  either  of  the  cones  may  become  a 
flat  disc,  or  may  be  hollow,  and  touched  internally  by  the  other. 
For  example,  should  .^  A  O  T  become  a  right  angle,  the  fixed  cone 
would  become  a  fiat  disc;  and  should  .^AOT  become  obtuse, 
that  cone  would  be  hollow,  and  would  be  touched  internally  by  the 
rolling  cone ;  and  similar  changes  may  be  made  in  the  rolling  cone. 

The  path  described  by  apoint  in  or  attached  to  the  rolling  cone 
is  a  spherical  qntrochoid;  but  for  the  purposes  of  the  present  trea- 
tise, it  is  unnecessary  to  enter  into  details  respecting  the  properties 

of  that  class  of  curves. 

394.  AMlo«T«fB«tBitoMiaii«fliii^FOTcw.— If  the  proportional 

equation  3  of  Article  388,  which  shows  the  relations  between  the 
component  angular'  velocities  of  rotation  about  a  pair  of  parallel 
axes,  the  resultant  angular  velodiy,  and  the  position  of  the  inston- 
taneous  axis,  be  compared  with  th^  proportional  equation  of  Article 
39,  hy  means  of  which,  as  explained  in  Article  40,  the  magnitude 
and  position  of  the  resullant  of  a  pair  of  parallel  forces  are  found, 
it  will  be  evident  that  those  equations  are  exactly  analogous. 
The  result  of  the  combination  of  a  rotation  with  a  translation  in 
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the  same  plane^  in  producing  a  rotation  of  equal  angular  velocity 
about  an  instantaneous  axis  at  a  certain  distance  to  one  side  of  the 
moving  axis,  as  explained  in  Article  385,  is  exactly  analogous  to 
the  result  of  the  combination  of  a  single  force  with  a  couple  in  pro- 
ducing an  equal  single  force  ti-ansferred  laterally  to  a  certain  dis- 
tance, as  explained  in  Article  41. 

The  result  of  the  combination  of  two  equal  and  opposite  rotations 
about  parallel  axes,  in  producing  a  translation  with  a  velodt^ 
which  is  the  product  of  the  angular  velocity  into  the  distance 
between  the  axes^  as  explained  in  Article  391,  is  exactly  analogous 
to  the  production  of  a  couple  by  means  of  a  pair  of  equal  and  oppo- 
site forces,  as  explained  in  Article  25. 

The  result  of  the  combination  of  two  rotations  about  intersecting 
axes,  as  explained  in  Article  392,  is  exactly  analogous  to  the  result 
of  the  combination  of  a  pair  of  inclined  forces  acting  throng  one 
point,  as  explained  in  Article  51. 

The  combination  of  a  rotation  about  a  given  axis  with  a  transla- 
tion parallel  to  the  same  axis,  as  explained  in  Article  382,  is  exactly 
analogous  to  the  combination  of  a  force  acting  in  a  given  line  witi 
a  couple  whose  axis  is  parallel  to  the  same  line,  as  explained  in 
Article  60,  cases  4  and  5. 

It  thus  appearef,  that  just  as  the  composition  and  resolution  of 
translations  are  exactly  analogous  to  the  composition  and  resolntian 
of  couples,  so  the  composition  and  resolution  of  rotations  are  exactly 
analogous  to  the  composition  and  resolution  of  single  forces;  that  is 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of  rotation, 
and  in  length  the  angular  velocities  of  rotation  about  each  axes,  all 
mathematical  theorems  which  are  true  of  lines  representing  single 
forces  are  true  of  such  lines  representing  rotations :  and  if  with  this 
be  combined  the  principle,  that  all  mathematical  theorems  whidi 
are  true  of  lines  representing  in  direction  the  axes  and  in  length  the 
moments  of  couples  are  true  also  of  lines  representing  the  velocities 
and  directions  of  translations,  all  problems  of  the  resolution  and 
composition  of  motions  may  be  solved  by  referring  to  the  solutions 
of  analogous  problems  of  statics. 

395.  C^nyuatlTe  WLmO^mm  la  C<iywi<  WUttOimn. — ^The  velocitf- 
ratio  of  two  points  in  a  rotating  rigid  body  at  any  instant  is  that  cf 
their  perpendicular  distances  from  its  instantaneous  axis  j  and  the 
angle  between  the  directions  of  motion  of  the  two  points  is  equal 
to  that  between  the  two  planes  which  traverse  the  points  and  the 
instantaneous  axia 

Seohon  4. — Variea  EoUUioru 

396.  Tariati«M  •f  Avsnlar  Tci«elt7  is  measured  like  vBziation  d 
linear  velocity,  by  comparing  the  change  which  takes  place  in  the 
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^f^°^r!S°^  "^^  rotating  body,  Aa,  during  a  given  interval  «f 
^e,  with  the  length  of  that  inter^,  a^  and  the,lfeo/^SS^ 
the  value  toward8  which  the  latio  of  the  cknge  of  anguli^^^ 

the  interval  of  time,  ^,  converges,  as  the  length  of  the  interval  is 
ittdefinitelj  diminished ;  being  represented  by 

da 

and  found  by  the  operation  of  differentiation. 

397.   Chmm^  m€  tfce  AxSm  m€  WmtmHmm  has  been  alreadv  oonffldemL 

ao  tar  as  It  is  consistent  with  tmifonn  angular  velocitv  ^^e  nm! 

ce^  action.  AJl  the  propositions  of  that  section  ^  applicable 
dto  to  cases  m  which  the  an^^u^^ 

^Srt^t         ^^       component  angukr  velocities,  such  aJ  a  :  6,  is 

When  that  ratio  varies,  the  propositions  are  true  also  provided 

oaaeg,  spoken  of  in  section  3,  are  simply  the  osculcuifui  «i/i«/inr«  and 

S»  ^^^ '  ^"  *^*  '■^'  »>.  "^  ^l*  «««,  represent  the  values  of 
«»e  vanable  radu  of  curvature  of  non-circu^i  cvlLdera  at  their 
lines  of  contact,  and  --^rAOT.  ^clCOT  twl  ^"^^T^      ,  ^ 

,j,i-     -J r  J.V  >  T^      y    5        v^  V  X,  the  variable  antdes  of 

Sga^--^*  osculating  circular  cones  rf  non-ciicular  o^ 


in  most  cases,  of  expressing  the  mode  S*  v^??- ^^''T^^^TS^ 

:^it*°  ^'^^F^-'ft''  atisrt^tinr^^ 

once  the  resultant  angular  velocity,  knd  t W 1?^^  "^h  t  JLf 
taneons  axis.  For^Lnple,  let  i  «^  a.,  L^':^"^  SL^m' 
ponente  of  the  angular  v5o<;i,y  ofl  ^K^f^,  f^S^' 

rotation  about  x  finom  v  tn^i>*^    •. 

about «  m 
being  considered  as  positive ;  then 


and  about  z  from  x  tr^x^ 


«=^(«'+«J+a^ 

is  the  resultant  angular  velocity,  and 


a,      .  _ .,     o. 


cos.  =  --;  oos^=--  ooa.^^«.. (2.) 

•re  the  cosines  of  the  angles  which  the    •  * 

^th  the  axes  of  x,  y  and  «,  respectivelv  ^^^^tantaneous  axu  omJasft 
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the  same  plane,  in  producing  a  rotation  of  equal  angular  velocity 
about  an  instantaneous  axis  at  a  certain  distance  to  one  side  of  the 
moving  axis,  as  explained  in  Article  385,  is  exactly  analogous  to 
the  result  of  the  combination  of  a  single  force  with  a  couple  in  pro- 
dudng  an  equal  single  force  transferred  laterallj  to  a  oeitaia  dis- 
tance, as  explained  in  Article  41. 

The  result  of  the  combination  of  two  equal  and  opposite  rotations 
about  parallel  axes,  in  producing  a  translation  wit^  a  velocily 
which  is  the  product  of  the  angular  yelodty  into  the  distance 
between  the  axes^  as  explained  in  Article  391,  is  exactly  analogous 
to  the  production  of  a  couple  by  means  of  a  pair  of  equal  and  oppa- 
site  forces,  as  explained  in  Article  25. 

The  result  of  the  combination  of  two  rotations  about  intersecting 
axes,  as  explained  in  Article  392,  is  exactly  analogous  to  the  result 
of  the  combination  of  a  pair  of  inclined  forces  acting  through  one 
point,  as  explained  in  Article  51, 

The  combination  of  a  rotation  about  a  given  axis  with  a  transla- 
tion parallel  to  the  same  axis,  as  explained  in  Article  382,  is  exactly 
analogous  to  the  combination  of  a  force  acting  in  a  given  line  with 
a  couple  whose  axis  is  parallel  to  the  same  line,  as  explained  in 
Article  60,  cases  4  and  5. 

It  thus  appears,  that  just  as  the  composition  and  resolution  of 
translations  are  exactly  analogous  to  the  composition  and  resolution 
of  couples,  so  the  composition  and  resolution  of  rotations  are  exactly 
analogous  to  the  composition  and  resolution  of  single  forces;  that  Is 
to  say,  if  lines  be  taken,  representing  in  direction  axes  of  rotation, 
and  in  length  the  angular  velocities  of  rotation  about  such  axes,  all 
mathematical  theorems  which  are  true  of  lines  represaiting  single 
forces  are  true  of  such  lines  representing  rotations :  and  if  with  this 
be  combined  the  principle,  that  all  mathematical  theorems  which 
are  true  of  lines  representing  in  direction  the  axes  and  in  length  the 
moments  of  couples  are  true  also  of  lines  representing  the  velocities 
and  directions  of  translations,  all  problems  of  the  resolution  and 
composition  of  motions  may  be  solved  by  referring  to  the  solutions 
of  analogous  problems  of  statics. 

395.  C^nyuatlTe  BIod^Bs  la  C»iyro<  WUtmOmm, — ^The  velocity- 
ratio  of  two  points  in  a  rotating  rigid  body  at  any  instant  is  that  of 
their  perpendicular  distances  from  its  instantaneous  axis ;  and  the 
angle  between  the  directions  of  motion  of  the  two  points  is  equal 
to  that  between  the  two  planes  which  tmverse  the  points  and  the 
instantaneous  axis. 

Section  4. — Varied  BottxUoru 

396.  TariatiOTi  •f  Avgnlar  Tdaeity  is  measured  like  variation  of 
-*r  velocity,  by  comparing  the  change  which  takes  place  in  the 
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angular  velocity  of  a  rotating  body,  a  a,  during  a  given  interval  of 
Gme,  with  the  length  of  that  interval,  a  t,  and  l£e  rate  ofvaricUum  is 
the  value  towardB  which  the  ratio  of  the  change  of  angular  velocity  to 

the  interval  of  time^  — ,  converges,  as  the  length  of  the  interval  is 
indefinitely  diminished ;  being  represented  by 

da 

de 

and  foimd  by  the  operation  of  differentiation. 

397*  Ckaaga  m€  tke  Axis  •f  b«uui«m  has  been  already  considered, 
80  far  as  it  is  consistent  with  nniform  angular  velocity,  in  the  pre- 
ceding section.  All  the  propositions  of  that  section  are  applicable 
also  to  cases  in  which  the  anguUvr  vdocUy  is  vcmed,  so  long  as  the 
ratio  of  each  pair  of  component  angular  velocities,  such  as  a  :  6^  is 
constant. 

When  that  ratio  varies,  the  propositions  are  true  also,  provided 
it  be  understood,  that  the  rolling  cylinders  and  cones  with  circiUar 
hasn,  spoken  of  in  section  3,  are  simply  the  osculating  cylinders  and 
cones  at  the  lines  of  contact  of  rolling  cylinders  and  cones  with  bases 
not  circular ;  and  that  r^,  r^,  in  each  case,  represent  the  values  of 
the  variable  radii  of  curvature  of  non-circular  cylinders  at  their 
lines  of  contact,  and  ..^  A  O  T,  .^^  C  O  T,  the  variable  angles  of 
obliquity  of  the  osculating  circular  cones  of  non-circular  cones. 

398.  CMMFMMBts  •fWmrMt  MmmOmm, — ^The  most  convenient  way, 
in  most  cases^  of  expressing  the  mode  of  variation  of  a  rotatory 
motion,  is  to  resolve  the  angular  velocity  at  each  instant  into  three 
component  angular  velocities  about  three  rectangular  axes  fixed  in 
direction.  The  values  of  those  components,  at  any  instant,  show  at 
once  the  resultant  angular  velocity,  and  the  direction  of  the  instan- 
taneouB  axis.  For  example,  let  a^  a^  a„  be  the  rectangular  com- 
ponents of  the  ftTignlftr  velocity  of  a  rigid  body  at  a  given  instant. 

rotation  about  x  finom  y  towards  z, 

about  y  from  z  towards  x, 

and  about  z  from  x  towards  y, 

being  considered  as  positive ;  then 

a=V(al+aJ  +  a;) (1.) 

is  the  resultant  angular  velocity,  and 

cos«  =  -^:  cos/8  =  -i:  coey  =  - ; (2.) 

a  a  a 

are  the  cosines  of  the  angles  which  the  instantaneous  axis  makes 
with  the  axes  of  x,  y  and  z,  respectively. 
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CHAPTER  HL 

1I0TI0N8  OF  PLIABLE  BODIES,  AND  OF  FLTTIDe. 

399.  iMrlaiMi  of  the  Sniiiect. — ^Tke  subject  of  thd  preaent  diaptar, 
BO  £eu:  as  it  comprdiends  the  zelative  motions  of  the  points  of 
pliable  solids,  has  been  already  treated  of  in  those  portions  of  the 
Third  Chapter  d  Part  IL  which  relate  to  straina  There  remain 
now  to  be  considered  the  following  branches  : — 

I.  The  Motions  of  Flexible  Cords. 
II.  The  Motions  of  Flnids  not  altei-ing  in  Volume. 
III.  The  Motions  of  Fluids  altering  in  Yoluma 

Section  1. — Motions  of  Flexible  Cords. 

400.  CtaHcna  PiteelplM. — As  those  relative  motions  of  the  points 
of  a  cord  which  may  arise  from  its  extensibility,  belong  to  the  sub- 
ject  of  resistance  to  tension,  which  is  a  branch  of  that  of  strength 
and  sti&ess,  the  present  section  is  confined  to  those  motions  of 
which  a  flexible  cord  is  capable  when  the  length,  not  merely  of  the 
whole  cord,  but  of  each  part  lying  between  two  points  fixed  in  the 
cord,  is  invariable,  or  sensibly  invariable. 

In  order  that  the  figure  and  motions  of  a  flexible  cord  may  be 
determined  from  cinematical  considerations  alone,  independently  of 
the  magnitude  and  distribution  offerees  acting  on  the  cotcI,  its  weight 
must  be  insensible  compared  with  the  tension  on  it,  and  it  must 
everywhere  be  tight ;  and  when  that  is  the  case,  each  part  of  the 
cord  which  ia  not  straight  is  maintained  in  a  curved  figure  by  pass- 
ing over  a  convex  sur&ce.  The  line  in  which  a  tight  cord  lies  on  a 
convex  surface  is  the  shortest  Une  which  it  is  possible  to  draw  on 
that  surface  between  each  pair  of  points  in  the  course  of  the  cord. 
(It  is  a  well  known  principle  of  the  geometry  of  curved  sur&cesy 
that  the  oscuIcUing  plane  at  each  point  of  such  a  line  is  perpendi- 
cular to  the  curved  suiface.) 

Hence  it  appears,  that  the  motions  of  a  tight  flexible  cord  of 
invariable  length  and  insensible  weight  are  regulated  by  the  follow- 
ing principles : — 

I.  The  length  hetvoeen  eachpoM'  of  points  in  the  eord  is  eonskmt 

II.  That  length  is  the  shortest  line  which  can  be  drawn  between  its 
extremities  over  the  surfaces  by  which  the  cord  is  guided. 
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401.  MtiwM  CtlMMBj, — The  motionB  of  a  cord  are  of  two  kinds — 
L  TraTelling  of  a  cord  along  a  track  of  inyariable  form ;  in 

which  case  the  velocities  of  all  points  of  the  cord  are  equal. 

II.  Alteration  of  the  figure  of  the  track  by  the  motion  of  the 
guiding  surfaoea 

Those  two  kinds  of  motion  may  be  combined. 

The  most  usual  problems  in  practice  respecting  the  motions  of 
cords  are  those  in  which  cords  are  the  means  of  transmitting  mo- 
tion between  two  pieces  in  a  train  of  mechanism.  Such  problems 
will  be  considered  in  Part  IV .  of  this  treatise. 

Next  in  point  of  frequency  in  practice  are  the  problems  to  be 
considered  in  the  ensuing  Artida 

402.  Cm^t  Chrided  hj  flnrlbeM  •T  MmwmUaimm. — ^Let  a  cord  in  some 
portions  of  its  course  be  straight^  and  in  others  guided  by  the  sur- 
&ces  of  circular  drums  or  pidleys,  over  each  of  which  its  track  is 
a  circular  arc  in  a  plane  perpendicular  to  the  axis  of  the  guiding 
sor&ce.  Let  r  be  l^e  radius  of  any  one  of  the  guiding  surfaces, 
%  the  angle  of  inclination  which  the  two  straight  portions  of  the 
oord  contiguous  to  that  surface  make  with  each  other,  expressed  in 
length  of  arc  to  radius  unity.  Then  the  length  of  the  portion  of 
the  oord  which  lies  on  that  sur&ce  is  r  t ;  and  if  «  be  the  length  of 
any  straight  portion  of  the  cord,  the  total  length  between  two  given 
points  fixed  in  tibe  cord  may  be  expressed  thus  : — 

L  =  s  •  «  +  3  •  ri (1.) 

Let  €  be  the  distance  betweoi  the  centres  of  a  given  adjacent  pair 
of  guiding  surfaces,  8  the  l^dgth  of  the  straight  portion  of  cord 
iirhich  lies  between  them,  and  r,  /,  their  respective  radii ;  then 
evidently 


.  =  J<»-(rz±ity (2.) 

the  <  ,.^  I  of  the  radii  being  employed,  according  as  the  ooi-d 

{I . >  the  line  of  centres  c. 
does  not  cross  f 

Now  let  a  given  point  in  the  cord,  A,  be  considered  as  fixed^  and 

let  L  be  the  constant  length  of  cord  between  A  and  another  point 

in  the  cord,  B.     Let  one  of  the  guiding  surfaces  between  A  and  B 

be  moved  through  an  indefinitely  short  distance,  dx,m&  direction 

which  makes  angles,  j,f,  with  the  two  contiguous  straight  divisions 

of  the  cord  respectively.     Then,  in  order  to  keep  the  cord  tight,  B 

muirt  be  drawn  longitudinally  through  the  distance, 

dx  •  (cos ^'  + cos/); (3.) 

and  consequently,  if  u  represent  the  velocity  of  translation  of  the 
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guiding  surface  in  the  given  direction^  and  v  the  longitudinal  velo- 
diy  of  the  point  B  in  the  cord, 

v  =  u{cosj+cosf) ; (4.) 

and  if  any  number  of  guiding  surfaces  between  A  and  B  be  tnuos- 
lated,  each  in  its  own  direction, 

t;  =  3  •«(co8/  +  cos/) • (5.) 

The  case  most  common  in  practice  is  that  in  which  the  pUeg^  or 
straight  parts  of  the  cord,  are  all  parallel  to  each  other ;  so  that  t 
=  ISC'*  in  each  case,  while  a  certain  number,  n,  of  the  guiding 
bodies  or  pulleys  all  move  simultaneously  in  a  direction  parallel  to 
the  plies  of  the  cord  with  the  same  velocity,  u.  Then  cos /= cos/ 
=  1;  and 

v  =  2nu (6.) 

Section  2. — Motums  of  Fluids  o/Constcmt  Density. 

403.  Tciocitf  aai  Fi«w« — The  density  of  a  moving  fluid  mass 
may  be  either  exactly  invariable,  from  the  constancy  or  the  adjust- 
ment of  its  temperature  and  pressure,  or  sensibly  invariable,  £rom 
the  smallness  of  the  alterations  of  volume  which  the  actual  alterar 
tions  of  pressure  and  temperature  are  capable  of  producing.  The 
latter  is  the  case  in  most  problems  of  practical  mechanics  affecting 
liquids. 

Conceive  an  ideal  surface  of  any  figure,  and  of  the  area  A,  to  be 
situated  within  a  flui4  mass,  the  parts  of  which  have  motion  rela- 
tively to  that  surface ;  and  let  u  denote,  as  the  case  may  be,  the  uni- 
form velocity,  or  the  mecm  value  of  the  varying  velocity,  resolved 
in  a  direction  perpendicular  to  A,  with  which  the  particles  of  the 
fluid  pass  A     Then 

Q  =  ttA (1.) 

is  the  volume  of  fluid  which  passes  from  one  side  to  the  otiier  of 
the  surface  A  in  an  unit  of  time,  and  is  called  the^/^otc,  or  rats  of 
4(nv,  through  A. 

When  the  particles  of  fluid  move  obliquely  to  A,  let  ^  denote 
the  angle  which  the  direction  of  motion  of  any  particle  passing  A 
makes  with  a  normal  to  A,  and  v  the  velocity  of  that  particle ; 
then 

«t  =  f;  •  cos  ^ (2.) 

When  the  velocity  normal  to  A  varies  at  different  points,  either 
from  the  variation  of  v,  or  of  6,  or  of  both,  the  flow  may  also  be 
expressed  as  follows :— Let  A  be  divided  into  indefinitely  gmftll 
'ements,  each  of  whidi  is  represented  hjdA;  then 


MOTIONS  OF  FLUmS  OF  CONSTAUT  DISSSITY.  411 

Q  =  J  udA  =  f  VCOB0'  dA; (3.) 

and  if  we  now  distingaish  the  mean  normal  vdocUy  from  the 
Yelodtj  at  any  particular  point  by  the  symbol  u^  we  have^ 

O        \udA 

■^=1=}^ <*•> 

404.  Priadpie  •r  CMMiaaitT*-— Axiox.  When  the  motion  of  a  fluid 
t^congUMt  density  ie  coruidered  rdativdy  to  cm  enclosed  apace  of 
tnmmahle  vcHwme  which  is  altvays  filled  with  the  fluid,  the  flow  into 
ike  space  and  the  flow  out  of  it,  in  any  one  given  interval  of  time, 
mast  he  equal — a  principle  expressed  symbolically  by 

2-Q  =  0 (5.) 

The  preceding  self-evident  principle  regulates  all  the  motions  of 
fluids  of  constant  density,  when  considered  in  a  purely  cinematical 
maimer.  The  ensuing  aurticles  of  this  section  contain  its  most 
usual  applications. 

405.  wUfw  la  a  sucwB^— A  stream  is  a  moving  fluid  mass,  in- 
definitely extended  in  length,  and  limited  transversely,  and  having 
a  continuous  longitudinal  motion.  At  any  given  instant,  let  A,  A', 
be  the  areas  of  any  two  of  its  transverse  sections,  considered  as 
fixed ;  u,  ^,  the  mean  normal  velocities  through  them ;  Q,  Q',  the 
rates  of  flow  through  them ;  then  in  order  that  the  principle  of  oon- 
tinoify  may  be  fuL&lled,  those  rates  of  flow  must  be  equal ;  that  is, 

u  A  =  u' A'  =  Q  =  Of  =:  constant  for  all  cross 

sections  of  the  channel  at  the  given  instant; (1.) 

oanseqnently, 

^  =  ^; (2.) 

u       A 

or,  the  normal  vdoeitiee  at  a  given  instcmt  at  twoflaxd  cross  sections 
aire  inversely  as  the  areas  of  these  sections. 

406.  FipM»  Chaiuicl^  Cmnrent^  and  Jcta. — When  a  stream  of 
fluid  completely  fills  a  pipe  or  tube,  the  area  of  each  cross  section 
is  given  by  the  figure  and  dimensions  of  the  pipe,  and  for  similar 
forms  of  section  varies  as  the  square  of  the  diameter.  Hence  the 
mean  normal  velocities  of  a  stream  flowing  in  a  full  pipe,  at  difier- 
ent  cross  sections  of  the  pipe,  are  inversely  as  the  squares  of  the 
diameters  of  those  sectiona 

A  channel  partially  encloses  the  stream  flowing  in  it,  leaving  the 
upper  sur&ce  free ;  and  this  description  appUes  not  only  to  chan- 
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nelfl  oommoidy  so  called,  bat  to  pipes  partiallj  filled.  In  this  case 
the  area  of  a  cross  section  of  the  stream  depends  not  only  on  the 
figuie  and  dimensions  of  the  channel,  but  on  the  figoie  and  eleTa- 
tion  of  the  free  upp^  sor&ce  of  the  stream. 

A  cu/rrent  is  a  stream  bounded  by  other  portions  of  fluid  whoee 
motions  are  different. 

A  jet  \a  9,  stream  whose  sur&oe  is  either  free  all  round,  or  is 
touched  by  a  solid  body  in  a  small  portion  of  its  extent  only. 

407.  A  F-f*-**-g  Cwrcat  is  a  part  of  a  stream  which  moves 
towards  or  from  an  axis.  It  is  evident  that  such  a  stPRBin  cannot 
extend  to  the  axis  itself  but  must  turn  aside  into  a  different  course 
at  some  finite  distance  from  the  axia  Conceive  a  radiating  cur- 
rent to  be  cut  by  a  cylindrical  surface  of  the  radius  r  described 
about  the  axis,  and  let  h  be  the  depth,  parallel  to  the  axis,  of  the 
portion  of  that  sur£Eice  which  is  traversed  by  the  current ;  then 
the  mecm,  radial  compcmeniy  u,  of  the  velocity  of  the  current  at 
that  sur&ce  has  the  value^ 

—  ^ <^) 

408.  A  Wmnmxf  Bdd7»  «r  WhM,  is  a  Stream  which  either  returns 
into  itself,  or  moves  in  a  spiral  course  towards  or  from  an  axis.  In 
the  latter  case  two  or  more  successive  turns  of  the  same  vortex  may 
touch  each  other  laterallv  without  the  intervention  of  any  solid 
partition. 

409.  mtmmitr  ni«tiMi  of  a  fluid  relatively  to  a  given  epaoe  consideied 
as  fixed  is  that  in  which  the  velocity  and  direction  of  the  motion  of 
the  fluid  at  eaxik  fixed  paiaU  is  uniform  at  every  instant  of  the  time 
under  consideration ;  bo  that  although  the  velocity  and  direction  of 
the  motion  of  a  given  particle  of  the  fluid  may  vary  while  it  is 
transferred  from  one  point  to  another,  that  particle  assumes,  at  each 
fixed  point  at  whidi  it  arrives,  a  certain  definit<9  velocily  and 
direction  depending  on  the  position  of  that  point  alone ;  whidi 
velocity  and  direction  are  successively  assumed  by  each  partide 
which  successively  arrives  at  the  same  fixed  point. 

The  steady  motion  of  a  stream  is  expressed  by  the  two  conditionsi 
that  the  area  of  each  fixed  cross  section  is  constant,  and  that  ihe 
flow  through  each  cross  section  is  constant ;  that  is  to  say, 

c?A        .  dQ  „  V 

W  =  0'dT=o <*•> 

If  u  represents  the  normal  velodty  of  a  fluid  moving  steadily,  €U 
a  given  fiaed  point,  then 

rf?  =  0' (2.) 
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expresBes  the  condition  of  steady  motion.  Next,  let  u  represent  the 
normal  velocity,  not  at  a  given  fixed  pomt,  but  of  a  given  idenHcal 
particle  officii;  then  the  variation  nndergone  by  u  in  an  indefi- 
nitely small  interval  of  time,  dt,  ib  that  arising  from  its  being 
transferred  from  one  cross  section  to  another,  whose  distance  down 
the  stream  from  the  former  isd  esz^w  dt     Hence,  denoting  by 

-J-  'dsy  the  indefinitely  small  variation  of  velocity  which  takes 
as 

d  *  4£ 

place  from  this  cause,  and  by  -jj-,  the  rate  at  which  that  variation 
takes  place,  we  have 

d  'u_du    ds  _       du 
dt  "Ti'dt"^'  'di ^^'' 

Most  of  the  problems  respecting  streams  which  occur  in  practice 
bave  reference  to  steady  motion. 

410.  In  'VmmitmtT  Oi^ttoa,  the  velocity  at  each  fiaoed  point  varies, 

at  a  rate  denoted  by  -r-  ;  and  the  total  rate  of  variation  of  the 

^  dt  ' 

velocity  of  an  individual  particle  in  a  stream,  being  found  by  adding 

together  the  rates  of  variation  due  to  lapse  of  time  and  to  change  of 

position,  is  expressed  by 

d'u  __du  .du    ^^  ^^J^i         ^^  /|  V 

'dT'-'di'^'d8'Ji''dt'^'^'  7i ^^'^ 


411.  Bfti—  •f  PiitMttL — Let  a  mass  of  fluid  of  invariable 
volume  be  enclosed  in  a  vessel,  two  portions  of  the  boimdary  of 
which  (called  pistom)  are  moveable  iawards  and  outwards,  the  rest 
of  the  boundary  being  fixed.  Then,  if  motion  be  trsmsmitted 
between  the  pistons  by  moving  one  inwards  and  the  other  outwards, 
it  follows,  from  the  invariability  of  the  volume  of  the  enclosed  fluid, 
that  the  velocities  of  the  two  pistons  at  each  instant  will  be  to  each 
other  in  the  inverse  ratio  of  tiie  areas  of  the  respective  projections 
of  the  pistons  on  planes  normal  to  their  directions  of  motion.  This 
is  the  principle  of  the  transmission  of  motion  in  the  hj^raulic  press 
vad  hyclratdic  onme. 

The  flow  product  by  a  piston  whose  velocity  is  u,  and  the  area 
of  whose  projection  on  a  plane  perpendicular  to  the  direction  of  its 
motion  is  A,  is  given,  as  in  other  cases,  by  the  equation 

Q  =  «A. (1.) 


412.    GMMigal  IMffcrarttei  B^iMtlMM  •T  CMtirndtf. — ^When  the 
motions  of  a  fluid  of  invariable  density  are  considered  in  the  most 
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general  waj,  the  principle  of  continuity  stated  in  Article  404  is 
expressed  symbolically  in  the  foUowing  manner.  The  space  as- 
sumed as  fixed,  to  which  the  motion  of  the  fluid  is  referred,  is  ocm- 
oeived  to  be  divided  into  indefinitely  small  rectangular  elementaiy 
spaces,  each  having  for  its  linear  dimensions,  dx,  dy,  dz,  and  for 
the  Bxeaa  of  ii»  three  "po^  of  faces,  dydz,  dzdx,  dxdy.    Let 

X,  X  -h  dXyhe  the  co-ordinates  of  the  pair  of  faces,  dy  dz  ; 
y^y-^dy,  „  „  „  „  dzdx\ 

z,z-\-dz,  „  „  „  „  dxdy. 

Let  the  velodiy  of  the  particles  of  water  at  any  point  be  resolved 
into  three  rectangular  components,  v,  v,  U7,  parallel  respectively  to 
Xj  y,  z,  with  proper  algebraical  signs.  Let  outward  flow  be  posi- 
tive, and  inward  flow  negative.  The  values  of  the  flow  for  the  six 
faces  are  as  follows : — 

Through  the  first  face  c7yc7 12^  ^wdydz; 

„        „    secondif&Qedydz,  (y, -¥ -^ds^dydzi 


n         99 


99  99 


£x8t  fsuoe  d z d X,  --v'dzdx; 

second  face  dzdx,  {v  +  -j—dy)dzdx; 


99  99 


Bist  face  d X d y,  ^wdxdy; 
I,        „    second  &ce  dxdy,  {to  +  -7-  dz)  dxdy. 

Adding  those  six  parts  of  the  flow  together,  and  equating  the 
result,  in  virtue  of  the  principle  of  continuity,  to  nothing,  we  find 
the  following  equation  : — 

(du      dv      dto\  J    J    J        t\ 
-J-  +  -7—  +  -y— I  dxdydz  =  Q; 
dx      dy       dz)  ^ 

and,  striking  out  the  common  factor, 

du      dv      dv) . 

dx      dy      dz  ^    ^  '' 

This  is  the  general  differential  equation  of  wnimmiy  in  a  fluid  of 
invariable  volume. 

413.  Oenena  DiSTcremial  E^aiitloas  •£  Stead  r  ]II«liev.  —  If  each 

particle  which  arrives  successively  at  a  given  point  assumes  a  velo- 
city and  direction  of  motion  depending  on  the  position  of  the  point 
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alone,  and  not  on  the  lapse  of  time,  that  state  of  steady  motion  is 
xepresented  bj  the  equations, 

du     ^    dv     ^    dtv    ^  „  V 

^=0;  ^=0;  ^  =  0; (1.) 

dt        '  dt         '  dt        '  ^   ^ 

where  Uj  v,  w,  are  the  componerU  vdocities  at  a  fixed  point.  Kext, 
instead  of  the  Telodties  at  a  fixed  point,  let  Uy  t?,  V3y  be  the  compo- 
nerU  vdocities  of  an  individual  pa/rtide;  then  in  the  indefinitely 
short  interval  dt,  the  co-ordinates  of  that  particle  alter  bj  the 
lengths  dx=zudt,  dy=ivdt,  dz  =  wdt;  and  it  assumes  the 
component  Telocities  proper  to  its  new  position,  difiering  from  its 
original  Telocities  bj  quantities,  which,  being  divided  hy  dt,  give 
the  rates  of  variation  of  the  component  velocities  of  an  individual 
paHitie,  -viz. : — 


u         du  ,      du  ,       du 


dt  dx  dy  dz 

I  ''*i    '      dv  .       d V  ,       dv 


dt  dx  dy  dz 

d'w         dw  ,       dw  ,      dw 
=w-5 — \-v'-T-  -rw 


(2.) 


dt  dx  dy  dz' 

414.  CtoBcnl  DMTcvraitlal  SqwttiwBs  mi  Vwtmetkdj  mottoa* — ^When 

the  motion  is  not  steady,  each  of  the  thi-ee  rates  of  variation  in  the 
equations  2  of  Article  413  requires  the  addition  of  a  term  represent- 
ing the  rate  of  variation  of  velocity  due  to  lapse  of  time  indqpenr 
dmUy  ofchtmge  of  position,  as  follows : — 

d'u      du  ,       du  .      du  ,       du 
dt       dt  dx         dy  dz  ^   ' 

d '  V        d '  w 
and  similar  equations  for  -jT  ^^^  ~Tr  '  ^^^  presence  of  the  dot 

denoting  that  the  velocities  are  those  of  an  individual  particle,  and 
its  absence,  that  they  are  those  at  a  fixed  point 

415.  B«Mitio«s  mf  Dtoi^iaccmcvt. — In  all  the  preceding  Articles, 
Xf  y,  and  z,  denote  the  co-ordinates  of  a  real  or  ideal  fixed  point  in 
the  space  to  which  the  motions  of  the  fluid  are  referred;  and  the 

difierentials  -7-,  &Cy  refer  to  the  difierences  amongst  the  condi- 
d  X 

tions  of  the  fluid  at  different  points  in  that  space.     Let  £,  n,  ^y 

represent  the  co-onliLaUs  of  an  individual  particle;  then  the  three 

components  of  the  velocity  of  that  particle  have  the  values 

d£  d^  d^  ,_. 
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and  the  three  components  of  the  rate  qfvaricUum  of  its  motion,  a5 
defined  in  Article  366,  are 

1^"   dt'  'de~  dt'  d^~   dt  ' ^^> 

the  values  of  —7—,  —7—.  and  — ttj  beinir  taken  from  Article  413  for 

dt     dt  dt      ,  ^ 

steady  motion,  and  from  Article  414  for  misteadj  motion. 

416.  A  Wave  is  a  state  of  imsteadj  motion  of  a  mass,  whether 
solid  or  fluid,  such,  that  the  state  of  motion  which  at  a  given  instant 
of  time  takes  place  amongst  the  particles  occupying  a  oertain  spaoe, 
is  transmitted  to  other  particles  occupying  a  certain  other  space, 
along  a  continuous  course,  it  may  be  undumged,  or  it  may  be  witii 
modifications  which  still  leave  a  certain  similarity  between  the 
motions  of  the  particles  originally  affected,  and  of  those  afiTected  in 
succession. 

For  example,  let  a  given  fixed  point  O  b6  taken  as  the  oiigm, 
and  let  the  particle  which  is  at  that  point,  at  an  instant  of  time 
denoted  by  0,  have  a  certain  velocity  and  direction  of  motion. 
After  the  lapse  of  the  time  t,  let  another  particle  which  is  at  a  point 
A,  distant  from  O  by  the  length  as,  have  either  the  same  velocity 
and  direction  of  motion,  or  a  velocity  and  direction  bearing  a 
definite  relation  to  those  of  the  original  particle;  the  motion  so 
communicated  having  been  transmitted  in  suooession  to  all  the 
particles  between  O  and  A. 

The  vdocUy  of  tranamission  or  propagation  of  a  wave,  when  con- 
stant, is  the  ratio,  •-,  of  the  distance  between  two  points  to  the  time 

which  elapses  between  the  instants  when  the  motions  at  those 
points  are  similar.  Let  a  denote  that  velocity ;  then  the  conditioa 
of  motion  at  any  point  whose  distance  from  the  origin  is  x,  at  the 
instant  t,  depevids  upon,  or  is  aJuruAion  ofyat  —  x;  which  quantity, 
or  a  quantity  bearing  some  definite  proportion  to  it,  is  called  ^e 
phase  of  the  wave  motion.  Wave  motion  in  fluids  of  invariable 
density  is  regulated  by  the  principle  of  continuity  already  stated. 

417.  OMOiatioB  in  a  fluid,  is  a  motion  in  which  each  individual 
particle  of  the  fluid  returns  over  and  over  again  to  the  same  posi- 
tion, and  repeats  over  and.  over  again  the  same  motion&  The 
period  of  an  oscillation  is  the  interval  of  time  which  elapses 
between  the  commencement  of  a  series  of  movements,  and  the 
commencement  of  the  repetition  of  the  same  movements^  The 
most  usual  kind  of  oscillation  in  a  fluid  is  that  of  a  series  of  oacU- 
latory  wamSy  in  which  a  certain  state  of  motion  is  transmitted 
onward  from  particle  to  particle,  that  motion  being  osdllatoiy. 
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SBcmoN  3. — MoHona  of  Fluids  of  Varying  Benmly. 

418.  vtow  •#  T«iMMe  watA  vum  mt  iHua. — In  the  case  of  a  fluid 
of  yaiying  densiiy,  the  vcivmey  which  in  an  unit  of  time  flows 
tliiou^  a  .given  area  A^  with  a  normal  velodtj  u,  is  still  repre- 
sented, as  for  a  fluid  of  constant  density^  hj 

Q  =  Aw; (1.) 

bat  the  absoluie  qwvniUy,  or  moM  of  fluid  which  so  flows,  bears  no 
longer  a  constant  proportion  to  that  volume,  but  is  proportional 
to  tke  volume  multiplied  bj  the  density.  The  density  may  be 
expressed,  either  in  units  of  weight  per  unit  of  volume,  or  in 
arbitrary  units  suited  to  the  particular  case.  Let  ^  be  the  density; 
thoQL  ihejlcw  o/masa  may  be  thus  expressed  : — 

^Q  =  eAw (2.) 

419.  The  PriHcipie  9fCmm»immUjf  as  applied  to  fluids  of  varying 
density,  takes  the  following  form  : — the  flow  ItUo  or  ovi  of  any  fixed 
space  ofccnstami  volume  is  thai  due  to  the  variation  of  density  aioTie, 

To  express  this  symbolically,  let  there  be  a  fixed  space  of  the 

constant  volume  Y,  and  in  a  given  interval  of  time  let  the  density 

of  the  fluid  in  it,  which  in  the  first  place  may  be  supposed  uniform 

at  each  instant,  change  from  ^i  to  ^     Then  the  mass  of  fluid  which 

at  the  beginning  of  the  interval  occupied  the  volume  Y,  occupies 

Yft 
at  the  end  of  the  interval  the  volimie  — -  ;  and  the  diflerence  of 

those  volumes  is  the  volume  which  flows  through  the  surface 
bounding  the  space,  oiUuxmi  if  (t  is  less  than  (»  vnwwrd  if  es  is 
greater  then  ^i*  Let  ^^  —  <i  be  the  length  of  the  interval  of  time ; 
then  the  rate  of  flow  of  volume  .is  expressed  as  follows  : — 


v(?!-i) 


.-.        ^'-^ 

If  the  rate  of  flow  is  variable  during  the  instant  in  question,  the 
above  equation  gives  its  mean  value;  and  in  that  case  the  exact 
rate  oiflow  of  volume  at  a  given  instant  is  the  value  towards  which 
the  result  of  eqjoation  1  converges  as  the  interval  of  time  is  inde- 
finitely diminished,  viz. : — 

«-^' « 

The  flow  of  mass  at  the  same  instant  is 

«.-^' -f^) 

2e 
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and  the  three  components  of  the  rate  o^"j  ^  tiie  flmd  vwrws  at 
defined  in  Article  366,  are  . '  f  ^  nght-hand  ade    of 

'iit  the  meoKi  dmsUy  throughmU 
cPi  d'u  (Pn  ^j2jle  on  the  left-hand  ade,  e  must 
'cT?  ~  "3T '  ^  ,asUy  at  the  surface  through  which  the 

.^ice  be  divided  into  parts,  over  each  of 
XI  1  f  ^"^  ^'^  ^rfia  given  instant;  let  Qf  represent  the 
tlie  values  oi    ^^  ,   ^^  ,  y^hich.  takes  place  through  one  of  those 

steady  motion,  and  £r   j/tke  density  of  the  fluid  so  flowing,  so  that 
416.  A  Ware  is  '    .^/ifofmass  which  takes  place  through  the  part 
solid  or  fluid,  suc^    \ffdoR;  then  for  equation  3  is  to  be  substitated 
oftimetakespl  : '^^                          Yd^  ». 

is  transmitted^'  2-^^'=  — ^ (4^) 

*  od^cati'      y^'-To  apply  the  preceding  principles  to  a  giream  of 

t'  nfi        !^^^^^J9  ^^^  ^^®  ^^^  ^^  ^^  stream  be  a  line,  strai^t 

"^oc^'      -f'^Aich  traverses  the  centres  of  gravity  of  all  the  crass 

For     ^^/^^  stream  made  at  right  angles  to  that  axis,  and  let 

J  •     'i^fiom  a  fixed  point  in  that  axis,  measured  downretroam,  be 

1  y^by  8,  and  the  area  of  any  cross  section  by  A.     Let  «|,  ^  be 

Af    /^tions  of  two  cross  sections  of  the  stream  whose  distance 

A     /f  along  the  axis  is  ^  —  «i;  then  the  volume  of  the  ^paoe 

^ieen  those  cross  sections  is 

Y=  f'^Ada (1.) 

l^t  Qi  be  the  rate  of  flow  of  volume  through  the  first  cross  section; 

^  that  through  the  second;  ««„  te^,  the  corresponding  mean  velo* 
cities  normal  to  the  respective  cress  sections;  ^  the  mean  density  of 
the  fluid  in  the  space  Y ;  ^i  the  mean  density  at  the  first  cross  section, 
and  ea  that  at  the  second.     Then  equation  4  of  Article  419  becomes 

Q.*.-Q.c  =  ^'=-^./;-Ad. (2.) 

The  rate  at  which  the^^cn^  of  mass  varies,  in  passing  from  one  Gross 
section  of  the  stream  to  another,  is  the  limit  to  which  the  ratio 

converges  as  the  distance  Si  —  s^ia  indefinitely  dix^inished;  that  is 
to  say, 

ds    ~^   ds**  ds~        dt  ^^f 

The  mean  normal  vdocUy  at  a  given  cross  section  of  a  stream 
having  the  value  «  =  j^ ,  is  subject  to  the  eouation 
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^«i  =  _Ml (4.) 


da  dt 

•^In  the  case  of  steady  motion  in  a  fluid  of 

e  density,  velocity,  and  direction  of  motion  at 

f  the  space  to  which  the  motion  is  referred,  are 

are  assumed  successively  by  each  particle  which  arrives 

D  point.     Hence  in  this  case,  equation  4  of  Article  419 

2'Q'«'=0 (1.) 

rhe  case  of  a  stream  is  expressed  by  the  forms  assumed  by  equations 
3  and  4  of  Article  420,  viz. : — 

da  da  ' **^   -^ 

that  is  to  say,  theflofw  ofmaaa  ia  tmifbrm/or  aU  croaa  aectiona  qfths 
stream;  and  being  also  constant  for  all  instants  of  time,  is  therefore 
absolutely  constant 

422.  PiaiMw  mmA  c^Uadcn. — Let  a  mass  of  fluid  of  variable 
density  be  enclosed  in  a  space  whose  volume  is  capable  of  being 
varied  by  the  motion  of  one  or  more  pistons.  Let  A  be  the  area 
of  the  projection  of  a  piston  on  a  plane  perpendicular  to  its  direction 
of  motion;  u  its  nonnal  velocity,  positive  if  outward,  negative  if 
inward ;  /  the  density  of  the  fluid  in  contact  with  it;  Y  the  whole 
volume  of  fluid  enclosed;  c  its  mean  density.  Then  equation  4 
becomes 

^     .       ,        Yd.       dY  ... 

the  last  expression  being  introduced  becaiise  ;  V  =  the  mass  en- 
closed, is  constant     If  the  density  is  nniform,  then 

3-A«=-^, (1  A.) 

as  is  otherwise  evident 

If  the  space  is  not  completely  enclosed,  but  has  an  opening  whose 
cross  section  is  A",  and  at  which  the  mean  normal  velodiy  of  the 
stream  is  u"  (positive  outward),  and  the  density  ^y  then  the  flow  of 
mass  through  that  opening,  A"  vP  ^'',  is  to  be  included  in  the  sum- 
mation at  the  left  side  of  equation  1. 

423.  General  i^MTereMtal  Bqvattona. — As  in  Article  412  and  the 
subsequent  Articles,  let  u,  v,  and  w,  be  the  rectangular  components 
of  the  velocity  of  the  fluid  at  any  given  fixed  point  in  the  space  to 
which  the  motion  is  referred,  and  dxydy^dz,  the  dimensions  of  an 
indefinitely  small  fixed  rectangular  portion  of  that  space.  Then 
considering  the  pair  of  faces  of  that  space  whose  common  area  is 
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dydz,  tlieflowof  ma8sinatthefirstfisu>ei8-t*e*rfyrf2J,  and  the 
flowof  BMWS  out  at  the  second  face  is  (tte  +  —^--^(;?a5)rfyrf«;  the 

resultant  of  which  pair  of  flows  is 

d'u 


dx 


^  .dxdydz. 


Taking  the  corresponding  resultant  for  the  other  two  pairs  of  fiioes, 
adding  the  three  quantities  thus  found  together,  observing  that 
Yz=zdxdydz,  and  dividing hy  that  common  factor,  the  equation 
4  of  Article  419,  which  expresses  the  principle  of  oontinuilT, 
becomes  the  following : — 

IhT^lf^  dz  -    dt' ^^-^ 

which  is  the  eqwxtion  of  coniirvuiiJty        a  fiuid  of  wunpng  dengiUf, 
This  equation  may  be  otherwise  expressed  as  follows : — 


fdu  ,  dv  .  dw\    ,/     d  _.       d    .        ^    .    d\        a/o\ 

or  dividing  by  e, 

du    dv     dw     (     d         d  d      d\-        ,  rv  /«      x 

dx    dy    dz     \   dx       dy       dz    dt/  ■'^     »  *         ^        ' 

The  first  three  terms  of  the  last  equation  are  identical  with  the 
three  terms  of  the  equation  of  continuity  for  a  fluid  of  uniform 
density. 

The  conditions  of  steady  motion  are  the  following  : — 

du      ^    dv      ^    dw      ^    dt 

I7  =  «'di^  =  «'57  =  ^'dl=0' (3-) 

which  conditions  apply  to  a  fixed  point  in  spaoe,  and  not  to  an 
individual  particle  of  fluid.  The  rates  of  variation  of  the  component 
velocities  and  of  the  density  of  an  individual  particle  of  fluid  axe 
expressed  as  follows  : — 

d'u      du  ,      du  ,     du  .       du 

-dr=d7+«5^+*'di^+«'d^' (^) 

and  similar  eqxiations  for  — r-»  — ; — ^  and  — r-^. 

dt      dt  dt 

424.  The  m^timatm  mt  c^vnected  B«diM  form  the  Subject  of  the 

Theory  of  Mechanism,  to  which  the  Fourth  Part  of  this  treatLae 

relates. 


(. 


PART  IV, 

THEORY  OF  MECHANIS&L 


J  CHAPTER  L 

DEFDnnOKS  AND  GSNZBAL  FRINCIFLEa 


425.  ThMTf  Af  Pnw  McchMMi—  i»eftMdL — McuMne8  are  bodies, 
or  assemblages  of  bodies,  which  transmit  and  modify  motion  and 
foroa  The  word  '^  machine,"  in  its  widest  sense,  may  be  applied 
to  every  material  substance  and  efystem,  and  to  the  material  uni- 
Terse  itself;  but  it  is  usually  restricted  to  works  of  human  art,  and 
in  that  restricted  sense  it  is  employed  in  this  treatise.  A  machine 
transmits  and  modifies  motion  when  it  is  the  means  of  making  one 
motion  cause  another ;  as  when  the  mechanism  of  a  clock  is  the 
means  of  making  the  descent  of  the  weight  cause  the  rotation  of 
the  hands.  A  machine  transmits  and  modifies  force  when  it  is  the 
means  of  making  a  given  kind  of  physical  energy  perform  a  given 
kind  of  work  ;  as  when  the  furnace,  boiler,  water,  and  mechanism 
of  a  marine  steam  engine  are  the  means  of  making  the  energy  of 
the  chemical  combination  of  fuel  with  oxygen  perform  the  work  of 
overcoming  the  resistance  of  water  to  the  motion  of  a  ship.  The 
acts  of  transmitting  and  modifying  motion,  and  of  transmitting  and 
modifying  force,  teLke  place  together,  and  are  connected  by  a  cer- 
tain law ;  and  until  lately,  they  were  always  considered  together 
in  treatises  on  mechanics ;  but  recently  great  advantage  in  point 
of  clearness  has  been  gained  by  first  considering  separately  the  act 
of  transmitting  and  modifying  motion.  The  principles  which  re- 
gulate this  function  of  mac^iines  constitute  a  branch  of  Cinematics, 
called  the  theory  ofpwre  mechamMm.  The  principles  of  the  theory 
of  pure  mechanism  having  been  first  established  and  understood, 
those  of  the  thaory  of  the  work  of  machines j  which  regulate  the  act 
of  transmitting  and  modifying  force,  are  much  more  readily  de- 
monstrated and  apprehended  than  when  the  two  departments  of 
the  theory  of  machines  are  mingled.  The  establishment  of  the 
theoiy  of  pure  mechanism  as  an  independent  subject  has  been 
mainly  accomplished  by  the  labours  of  Mr.  WilUs,  whose  no- 
menoiatnie  and  methods  are,  to  a  great  extent,  followed  in  this 
treatise. 
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426.  Th«  o«Mna  PMbi^i  of  the  theory  of  pore  mechanian 
may  be  stated  as  follows : — Given  the  mode  qfcormecUon  of  two  or 
fnore  moveable  points  or  bodies  tmth  each  other ,  and  mth  certaxnfiaoed 
bodies;  required  the  comparative  motions  of  the  moveable  points  or 
bodies :  and  conversely,  tolien  the  comparaHve  motions  of  two  or 
more  moveable  poiiUs  are  given,  to  find  their  proper  mode  ofcofnawc- 
Hoti, 

The  term  '' comparative  motion"  is  to  be  understood  as  in 
Articles  358,  367,  379,  and  395.  In  those  Articles,  the  compam- 
tive  motions  of  points  belonging  to  one  body  have  already  been 
considered.  In  order  to  constitute  me(hanism,  two  or  more  bodies 
must  be  so  connected  that  their  motions  depend  on  each  other 
through  cinematical  principles  alone. 

427.  Frame  $  BEwHiic  Pieces  $  Cennecten. — ^The  frame  of  a  ma- 
chine is  a  structure  which  supports  the  moving  pieces,  and  r^ulates 
the  path  or  kind  of  motion  of  most  of  them  directly.  In  consider- 
ing the  movements  of  machines  mathematically,  the  frame  is  con- 
sidered as  fixed,  and  the  motions  of  the  moving  pieces  are  referred 
to  it.  The  frame  itself  may  have  (as  in  the  case  of  a  ship  or  of  a 
locomotive  engine)  a  motion  relatively  to  the  earth,  and  in  that 
case  the  motions  of  the  moving  pieces  relatively  to  the  earth  are 
the  resultants  of  their  motions  relatively  to  the  frame,  and  of  the 
motion  of  the  frame  relatively  to  the  earth ;  but  in  all  problems  of 
pure  mechanism,  and  in  many  problems  of  the  work  of  machines, 
the  motion  of  the  frame  relatively  to  the  earth  does  not  require  to 
be  considered. 

The  moving  pieces  may  be  distinguished  into  primary  and  seoond- 
a/ry;  the  former  being  those  which  are  directly  carried  by  the 
frume,  and  the  latter  those  which  are  carried  by  other  moving 
pieces.  The  motion  of  a  secondary  moving  piece  relatively  to  the 
frame  is  the  resultant  of  its  motion  relatively  to  the  primary  piece 
which  carries  it,  and  of  the  motion  of  that  primary  piece  relatively 
to  the  fiume. 

Con/nectors  are  those  secondary  moving  pieces,  such  as  links,  belta^ 
cords,  and  chains,  which  transmit  motion  from  one  moving  piece 
to  another,  when  that  transmission  is  not  effected  by  immediate 
contact. 

428.  Bearings  are  the  8ur£a.ces  of  contact  of  primary  moving 
pieces  with  the  frame,  and  of  secondary  moving  pieces  with  the 
pieces  which  carry  them.  Bearings  guide  the  motions  of  the  pieoea 
which  they  support,  and  their  figures  depend  on  the  nature  of  those 
motions.  The  bearings  of  a  piece  which  has  a  motion  of  ttanslar 
tion  in  a  straight  line,  must  have  plane  or  cylindrical  surfisioes, 
exactly  straight  in  the  direction  of  motion     The  bearings  of  rotat- 

pieces  must  have  surfaces  accurately  turned  ix)  figures  of  revolts 


BEARINGS — MOVnrO  PIECES — ^ELEMENTABY  COMBINATION.      423 

ticn,  such  as  cylinders,  spheres,  conoids,  and  flat  discs.  The  bearing 
oi  a  piece  whose  motion  is  helical,  must  be  an  exact  screw,  of  a 
pitch  equal  to  that  of  the  helical  motion  (Article  382).  Those 
parts  of  moving  pieoes  which  touch  the  bearings,  should  have 
surfaces  accurately  fitting  those  of  the  bearings.  They  may  be 
distinguished  into  dideSy  for  pieces  which  move  in  straight  Hues, 
gudgeons,  joumcUs,  hushes,  and  pivots,  for  those  which  rotate,  and 
screws  for  those  which  move  helically. 

The  accurate  formation  and  fitting  of  bearing  surfaces  is  of  primary 
importance  to  the  correct  and  efficient  working  of  machinea  Sur- 
faces of  revolution  are  the  most  easy  to  form  accurately,  screws  are 
more  difficult,  and  planes  the  most  difficult  of  alL  The  success  of 
Mr.  Whitworth  in  making  true  planes,  is  regarded  as  one  of  the 
greatest  achievements  in  the  construction  of  machinery.  ^ 

429.  Th«  Mti—  mi  PrisMiy  JHwrioc  Pieces  are  limited  by  the 
fiust,  that  in  order  that  diffisrent  portions  of  a  pair  of  bearing  su]> 
&oes  may  accurately  fit  each  other  during  their  relative  motion, 
those  suriaces  must  be  either  straight,  circular,  or  helical;  from 
which  it  follows,  that  the  motions  in  question  can  be  of  three  kinds 
only,  viz : — 

L  Straight  translation,  or  shifting,  which  is  necessarily  of  limited 
extent,  and  which,  if  the  motion  of  the  machine  is  of  indefinite 
duration,  must  be  reciprocating ;  that  is  to  say,  must  take  place 
altematdy  in  opposite  directions.  (See  Fart  III.,  Chapter  II., 
Section  1.) 

XL  Simple  roUxtvon,  or  turning  about  a  fixed  axis,  which  motion 
may  be  either  continuous  or  reciprocating,  being  called  in  the 
latter  case  osciUatian,     (See  Part  IIL,  Chapter  XL,  Section  2.) 

IXI.  Hdiad  or  screw-like  motion,  to  which  the  same  remarks 
af^ly  as  to  straight  translation.  (See  Part  IIL,  Chapter  XL, 
Section  3,  Article  382.) 

430.  Tk«  ]IIoii*«s  mt  flecwadarr  Herlac  Pieces  relatively  to  the 

pieces  which  carry  them,  are  limited  by  the  same  principles  which 
apply  to  the  motions  of  primary  pieces  relatively  to  the  frame.  But 
the  motions  of  secondary  moving  pieces  relatively  to  the  firame  may 
be  any  motions  which  can  be  compounded  of  straight  translations 
and  simple  rotations  according  to  the  principles  already  explained 
in  Part  XXL,  Chapter  XL,  Section  3. 

431.  An  Bieaieniarsr  CJeaiMaatieii  in  mechanism  consists  of  a 
pair  of  primary  Tnoving  pieces,  so  connected  that  one  transmits 
motion  to  the  other. 

The  piece  whose  motion  is  the  cause  is  called  the  driver ;  that 
whose  motion  is  the  effect,  the  /oUower,  The  eanneetion  between 
the  driver  and  the  follower  may  be — 

L  By  rolling  contact  of  their  sur&oes,  as  in  toothless  wheels. 
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IL  By  diding  contact  of  their  sax&ces,  as  in  toathad  ^ekceU, 
gcreuje,  wedgesy  oam»y  and  eacapemenJta. 

IIL  By  hcmdi  ot  forappmg  comn&ian^  sach  as  Mte,  cordB^  and 
gcauring-chams, 

lY.  By  linh-worky  such  as  cormediing  rods^  vmc0nal  jainig,  and 
eiieks. 

Y.  By  redupUeaiion  o/cords,  as  in  the  case  of  ropes  and  polkya. 

YI.  By  an  intervemng  JUud,  transmitting  motion  between  two 
pistons. 

The  Tarions  oases  of  the  transmission  of  motion  from  a  dnver  to 
a  follower  are  further  classified^  according  as  the  relation  between 
their  dvrecbUme  of  moUon  is  constant  or  diangeable,  and  aocordiiig 
as  the  ratio  of  their  vdocitiea  is  constant  or  variable.  This  latter 
principle  of  classification  is  employed  by  Mr.  Willis  as  the  founda- 
tion of  a  primary  division  of  the  subject  of  elementary  combinations 
in  mechuiism  into  dasses,  which  are  subdivided  according  to  the 
mode  of  connection  of  the  pieces.  In  the  present  treatise,  elemen- 
tary combinations  will  be  classed  primarily  according  to  the  mode 
of  connection. 

432.  lAmm  9f  CmmmttfOmm — ^In  every  class  of  elementary  comlnna- 
tionsy  except  those  in  which  the  connection  is  made  l^  reduplica- 
tion of  cords,  or  by  an  intervening  fluid,  there  is  at  each  instant 
a  certain  straight  Ime,  called  the  line  of  connection,  or  line  qfmutmal 
action  of  the  driver  and  follower.  In  the  case  of  rolling  contact, 
tins  is  any  straight  line  whatsoever  traversing  the  point  of  contact 
of  the  sur&oes  of  the  pieces ;  in  the  case  of  sliding  contact,  it  is  a 
line  perpendicular  to  those  surfiBuaes  at  their  point  of  contact ;  in 
the  case  of  wrapping  connectors,  it  is  the  centre  line  of  that  pari 
of  the  connector  by  whose  tension  the  motion  is  transmitted  ;  in 
the  case  of  link-work,  it  is  the  straight  line  passing  through  the 
points  of  attachment  of  the  link  to  the  driver  and  foUower. 

433.  PHHoipto  mf  €«mMctiMk — The  line  of  oonneotion  of  the 
driver  and  follower  at  any  instant  being  known,  their  comparative 
velocities  are  determined  by  the  following  principle  : — The  reepeo- 
tive  Imea/r  vdocities  of  a  point  in  the  driver,  and  a  point  in  the  Jbl- 
lower,  each  eiifuated  (myu^iere  in  the  line  ^connection,  are  to  eac4 
other  inoeredy  as  the  coemea  of  the  reepeabiee  angiee  made  hy  HAs  paiike 
of  the  points  with  the  line  of  connection.  This  principle  mi^t  be 
otherwise  stated  as  follows : — The  components,  dong  de  line  qf  con- 
nection, of  the  velocitiea  of  any  two  points  aiiuated  in  thai  line,  are 
eqval, 

434.  AJjwf  wif  Af  a»eaJ« — ^The  velodty-iatio  of  a  driver  and 
its  follower  is  sometimes  made  capable  of  being  changed  at  will,  by 
means  of  apparatus  for  varying  the  position  of  their  line  of  conneo- 
tion;  as  when  a  pair  of  rotating  cones  are  embraced  by  a  belt 
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which  can  be  shifted  so  as  to  oonnect  portions  of  their  surfEhoes  of 
different  diametem 

435.  A  VniB  •#  MiiiifcBMi—  oonaists  of  a  series  of  moving  pieces, 
each  of  which  is  follower  to  that  which  drives  it,  and  driver  to  that 
which  follows  it. 

436.  AOTNfBte  CmmMamidmmm  in  mechanism  are  those  bj  which 
componnd  motions  are  given  to  secondary  piece& 
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Section  1. — Rolling  Gantaet. 

437.  Piteh  SnikcM  are  those  sui&ces  of  a  pair  of  moving  pieoefl, 
which  touch  each  other  when  motion  is  communicated  by  rolliiig 
contact  The  line  of  oontact  is  that  line  which  at  each  instant 
traverses  all  the  pairs  of  points  of  the  pair  of  pitch  sur&oes  which 
are  in  contact. 

438.  8HMlk  Wkeds,  Ballon.  BrnmrntM  Badu^— Of  a  pair  of  pii- 

maiy  moving  pieces  in  rolling  contact,  both  maj  rotate,  or  one 
may  rotate  and  the  other  have  a  motion  of  sliding,  or  straight 
translation.  A  rotating  piece,  in  rolling  contact,  is  csJled  a  smooth 
wheel,  and  sometimes  a  roller;  a  sliding  piece  may  be  called  a 
emoothrack, 

439.  CleMral  €«BditiMu  mi  ll«Ilte«  CmmtmtL — ^The  whole  of  the 
principles  which  regulate  the  motions  of  a  pair  of  pieces  in  rolling 
contact  follow  from  the  single  principle,  that  eachpcti^  o/pomts  in  the 
pitch  eitrfaceSf  tohich  are  in  oontact  at  a  given  instant,  mtul  ait  that 
instamt  he  moving  in  the  wane  direction  with  the  same  velocity. 

The  direction  of  motion  of  a  point  in  a  rotating  body  being  per^ 
pendicular  to  a  plane  passing  through  its  axis,  the  condition,  that 
each  pair  of  points  in  contact  with  each  other  must  move  in  the 
same  direction  leads  to  the  following  consequences : — 

I.  That  when  both  pieces  rotate,  their  axes,  and  all  their  points 
of  contact,  lie  in  the  same  plane. 

IL  That  when  one  piece  rotates  and  the  other  slides,  the  axis  of 
the  rotating  piece,  and  all  the  points  of  contact,  lie  in  a  plane  per- 
pendicular to  the  direction  of  motion  of  the  sliding  piece. 

The  condition,  that  the  velocities  of  each  pair  of  points  of  con- 
tact must  be  equal,  leads  to  the  following  consequences : — 

in.  That  the  angular  velocities  of  a  pair  of  wheels,  in  rolling 
contact,  must  be  inversely  as  the  perpendicular  distances  of  any 
pair  of  points  of  contact  from  the  respective  axes. 

rv.  That  the  linear  velocity  of  a  smooth  rack  in  rolling  contact 
with  a  wheel,  is  equal  to  the  product  of  the  angular  velocity  of  the 
wheel  by  the  perpendicular  distance  from  its  axis  to  a  pair  of  points 
of  contact  * 
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Respecting  the  line  of  contact,  the  above  principles  IIL  and  lY. 
lead  to  the  following  conclusions  : — 

Y.  That  for  a  pair  of  wheels  with  parallel  axes,  and  for  a  wheel 
and  rack,  the  line  of  contact  is  straight,  and  parallel  to  the  axes  or 
axis ;  and  hence  that  the  pitch  surfaces  are  either  plane  or  cylin- 
drical (the  term  "cylindrical?  including  all  sur£Bu;es  generated  by 
the  motion  of  a  straight  line  parallel  to  itself). 

YI.  That  for  a  pair  of  wheels,  with  intersecting  axes,  the  line  of 
contact  is  also  straight,  and  traverses  the  point  of  intersection  of 
the  axes ;  and  hence  that  the  rolling  surfaces  are  conical,  with  a 
common  apex  (the  term  ''  conical"  including  all  sur&ces  generated 
bj  the  motion  of  a  straight  line  which  traverses  a  fixed  point). 

440.  Circaiar  CjUnOacitmi  Wheels  are  employed  when  an  uniform 
velocity-ratio  is  to  be  communicated  between  parallel  axes.  Figs. 
187,  188,  and  189,  of  Article  388,  may  be  taken  to  represent  pairs 
of  sach  wheels ;  G  and  O,  in  each  figure,  being  the  parallel  axes  of 
Uie  wheels,  and  T  a  point  in  their  line  of  contact  In  fig.  187, 
both  pitch  surfaces  are  convex,  the  wheels  are  said  to  be  in  ovJtside 
geanvrug^  and  their  directions  of  rotation  are  contrary.  In  figs.  188 
and  189,  the  pitch  surface  of  the  larger  wheel  is  concave,  and  that 
of  the  smaller  convex ;  they  are  said  to  be  in  inside  gearing,  and 
their  directions  of  rotation  are  the  same. 

To  represent  the  comparative  motions  of  such  pairs  of  wheels 
symbolically,  let 

OT  =  rpOT=r2, 

be  their  radii  :  let  O  C ^c  be  the  line  of  centreSy  or  perpendicular 
distance  between  the  axes,  so  that  for 

outside )         .                   .  /I  X 

inside   }geanng.c=r,=i=r, (1.) 

Let  Oi,  ap  be  the  angular  velocities  of  the  wheels,  and  v  the  common 
linear  velocity  of  their  pitch  surfaces ;  then 


eirj^ir^iictz 


^^2^  I («.) 

,      .  1  .      X    f  outside ) 

the  sign  =±=  applying  to  |  ^^^^^  |  geanng, 

441.  A  Staickt  Back  Mid  Cireakw  Wheels  which  are  used  when 
an  uniform  velocity-ratio  is  to  be  communicated  between  a  sliding 
piece  and  a  turning  piece,  may  be  represented  by  fig.  185  of  Article 
385,  C  being  the  axis  of  the  wheel,  P  T  P  the  plane  surface  of  the 
rack,  and  T  a  point  in  their  line  of  contact  Let  r  be  the  radius  of 
the  wheel,  a  its  angular  velocity,  and  v  the  linear  velocity  of  the 
rack;  tlien 


vz^ra,  '  ' 


jt 


r 


r 


i28 


1^ 


THEOBT  GS  HECHABISIL 


ft: 


443.  Atfvd.'VllMcli*  whose  pitch  soT&oes  axe  frastis  of  rogolar 
^oattes,  ^re  tised  to  transmit  an  uniform  angnlar  yelocily-Tafcio 
between  a 'pair  of  axes  which  intersect  each  other.  Fig.  190  of 
Article  392  will  serve  to  illustrate  this  case;  O  A  and  O  C  being 
the  pair  of  axes,  intersecting  each  other  in  O,  O  T  the  line  of  oon- 
tacty  and  the  cones  described  by  the  revolntion  of  O  T  about  O  A 
and  O  C  respectively  being  the  pitch  surfiEbces,  of  which  narrow  aones 
or  firastra  are  used  in  practice. 

Let  Oj,  Oa,  be  the  angular  Telodties  about  the  two  axes  respec^ 
tively;  and  let  ii  =  .^  A  O  T,  e,  =  .^  0  O  T,  be  the  angles  made 
by  those  axes  respectiyely  with  the  line  of  contact ;  then  from 
the  principle  IIL  of  Article  439  it  follows,  that  the  angular  velocity- 
ratio  is 

O]      sin  i, 


»  t 


m 


,  0) 

Oi      smt,' 

Which  equation  serves  to  find  the  angular  velodty-iatio  when  the 
axes  and  the  line  of  contact  are  given. 

Conversely,  let  the  angle  between  the  axes, 

be  given,  and  also  the  ratio  •--;   then  the  position  of  the  line  of 
contact  is  given  by  eithei*  of  the  two  following  equations  : — 

^   •'.    ;    X'/f\*'""V(a!  +  «l  +  2a,a,cosj)' 

^  ".   -aa*.-  ^(^.  +  ai  +  2«,a.«)8i)'  , 

S  Giaphically,  the  same  problem  is  solved  as  follows  : — On  the  two 
siXes"'  respectively,  take  lengths  to  represent  the  angnlar  velocities 
of  their  respective  wheels.     Complete  the  parallelogram  of  whicii 

those  lengths  are  the  sides,  and  its  diagonal  will  be 
the  line  of  contact.  As  in  the  case  of  the  rolling 
cones  of  Article  393,  one  of  a  pair  of  bevel  wheels 
may  be  a'  flat  disc,  or  a  concave  cone. 

443.  Br«B-€3te€«iBr  Wheel*  are  used  to  transmit  a 
variable  velocity-ratio  between  a  pair  of  paiallel 
axes.  In  fig.  191,  let  Ci,  Cg,  represent  the  axes  of 
such  a  pair  of  wheels;  T„  T»  a  pair  of  points  which 
at  a  given  instant  touch  each  other  in  the  line  of 
contact  (which  line  is  parallel  to  the  axes  and  in 
the  same  plane  with  them) ;  and  Ui,  U»  another 
pair  of  points,  which  touch  each  other  at  another 
instant  of  the  motion;  and  let  the  four  points,  T}^ 


c 


Fig.  191. 
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^»  ^i9  ^t9  ^  ^  one  plane  perpendicular  to  the  two  axes,  and  to 
the  line  of  contact  Tlien  for  every  such  set  of  four  points^  the 
two  following  equations  must  be  fulfilled  :— 


arc  Ti  Ui  =  arc  Tg  XT,;  J  ^  *^ 

and  those  equations  show  the  geometrical  relations  which  must 
exist  between  a  pair  of  rotating  sur£ax;es  in  order  that  they  may 
move  in  rolling  contact  round  fixed  axes. 

The  same  conditions  are  expressed  differentially  in  the  following 
manner  : — ^Let  ri,  r,,  be  the  radii  vectored  of  a  pair  of  points  which 
touch  each  other;  dsi,  ds^A  pair  of  elementary  arcs  of  the  cross 
sections  Tj  XJ]^  T,  TJg,  of  the  pitch  surfitces,  and  c  the  line  of  centres 
or  distance  between  the  axes.     Then 


ri  +  r^  =  €;    \ 

Ifi dsi    > 

Iri  "      dr^'  ) 


dst^^d^} (^O 

dri  "      dr^ 

If  one  of  the  wheels  be  fixed  and  the  other  be  rolled  upon  it,  a 
point  in  the  axis  of  the  rolling  wheel  describes  a  circle  of  the  radius 
c  round  the  axis  of  the  fixed  wheel 

The  equations  1  and  2  are  made  applicable  to  inside  gearing  by 
putting  —  instead  of  +  and  +  instead  of  - . 

The  angular  velocity-ratio  at  a  given  instant  has  the  value 

??-^> (3.) 

As  examples  of  non-circular  wheels,  the  following  may  be 
mentioned : — 

L  An  ellipse  rotating  about  one  focus  rolls  completely  round  in 
outside  gearing  with  an  equal  and  similar  ellipse  also  rotating  about 
one  focus,  the  distance  between  the  axes  of  rotation  being  equal  to 
the  major  axis  of  the  ellipses,  and  the  velocity-ratio  varying  from 

1  —  excentricity  .    1  +  excentridty 
1  +  excentridty       1  -  excentricity* 

IL  A  hyperbola  rotating  about  its  farther  focus,  rolls  in  inside 
gearing,  through  a  limited  arc,  with  an  equal  and  similar  hyperbola 
it>tating  about  its  nearer  focus,  the  distance  between  the  axes  of 
I'otation  being  equal  to  the  axis  of  the  hyperbolas,  and  the  velodty- 
ntio  varying  between 


excentncity  +1       _ 

.  .  ./_ — r  and  unity. 

excentncity  —  1  "^ 
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III.  Two  logarithmic  spirals  of  equal  obliqxiity  rotate  in  rolling 
contact  with  each  other  tliough  an  indefinite  angle.  (For  fiirth^' 
examples  of  non-drcular  wheels,  see  Professor  Clerk  Maxwell's 
paper  on  Rolling  Cnrves,  TrofiM.  Roy.  Soc  Edm.^  voL  xvL,  and 
Professor  Willis's  work  on  Mechanism.) 

Section  2. — Sliding  CorUacL 

444.  flkew^Berel  Wheeia  are  employed  to  transmit  an  nnifonn 
velocity-ratio  between  two  axes  which  are  neither  parallel  nor 


Fig.  194. 


Fig.  193. 

intersecting.  The  pitch  snr&oe  of  a 
skew-bevel  wheel  is  a  frostrom  or 
zone  of  a  hyperboloid  of  rwoluUon. 
In  fig.  192,  a  pair  of  large  portions  of 
such  hyperboloids  are  shown,  rota^ 
./  ing  about  axes  A£,  C D.  In  fig.  193 
^  are  shown  a  pair  of  narrow  zones  of 
the  same  figures,  such  as  are  employed 
in  practice. 

A  hyperboloid  of  revolution  is  a 
surface  resembling  a  sheaf  or  a  dice 


box,  generated  by  the  rotation  of  a  straight  line  round  an  axis  finxm. 
which  it  is  at  a  constant  distance,  and  to  which  it  is  inclined  at  a 
constant  angle.  If  two  such  hyperboloids,  equal  or  unequal,  be 
placed  in  the  closest  possible  contact,  as  in  fig.  192,  they  will  touch 
each  other  along  one  of  the  generating  straight  lines  of  each,  which 
will  form  their  line  of  contact,  and  will  be  inclined  to  the  axes 
A  £,  C  D,  in  opposite  directions.  The  axes  will  neither  be  paiaUd, 
nor  will  ijiey  intersect  each  other. 

The  motion  of  two  such  hyperboloids,  rotating  in  contact  with 
each  other,  has  sometimes  been  classed  amongst  cases  of  rolling 
contact;  but  that  classification  is  not  strictly  correct;  for  although 
the  component  velocities  of  a  pair  of  points  of  contact  in  a  direction 
at  right  angles  to  the  line  of  contact  are  equal,  still,  as  the  axes  are 
neither  parallel  to  each  other  nor  to  the  line  of  contact,  the  velodties 
of  a  pair  of  points  of  contact  have  components  along  the  line  of 
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contact,  which  are  xmequal,  and  their  difference  constitutes  a  kUeral 
diding. 

The  directions  and  positions  of  the  axes  being  given,  and  the 

required  angular  yelocity-ratio,  — ,  it  is  required  to  find  the  Mir 

On 

quiUea  of  the  generating  line  to  the  two  axes,  and  its  radii  vectored, 
or  least  perpendicular  distances  from  these  axes. 

In  fig.  194,  let  A  B,  C  D,  be  the  two  axes,  and  G  K  their  common 
perpenucular. 

On  any  plane  normal  to  the  common  perpendicular  G'Kh,  draw 
a  &  II  A  B,  c  c^  II  C  D,  in  which  take  lengths  in  the  following  pro- 
portions : — 

0^:0^::  hp  :  hq; 

complete  the  parallelogram  hpeq,  and  draw  its  diagonal  e  hf\  the 
line  of  contact  E  H  F  will  be  pi^allel  to  that  diagonal 

From  p  let  fidl  p  m  perpendicular  io  he.  Then  divide  the 
common  perpendicular  G  K  in  the  ratio  given  by  the  proportional 
equation 

he:  em:  mJ  :  :  GK  :  GH  :  KH; 

then  the  two  s^ments  thus  found  will  be  the  least  distances  of 
the  line  of  contact  from  the  axes. 

The  first  pitch  surface  is  generated  by  the  rotation  of  the  line 

£  H  F  about  the  axis  A  B  with  the  radius  vector  G  H  =  T]  ;  the 
second,  by  the  rotation  of  the  same  line  about  the  axis  0  D  with 

the  radius  vector  H  K  =  r,. 

To  draw  the  hyperbola  which  is  the  longitudinal  section  of  a 
skew-bevel  wheel  whose  generating  line  has  a  given  radius  vector 
and  obliquity,  let  A  G  B,  fig.  195,  re- . 
present  the  axis,  G  H  X  A  G  B,  the 
radius  vector  of  the  generating  line, 
and  let  the  straight  line  E  G  F  make 
with  the  axis  an  angle  equal  to  the 
obliquity  of  the  generating  line.  H 
will  be  the  vertex,  and  E  G  F  one  of  ^- 1^5. 

the  a^mptotes,  of  the  required  hyperbola.  To  find  any  ntunber  of 
points  in  that  hyperbola,  proceed  as  follows : — Draw  X  W  Y  parallel 

to  G  H,  cutting  G  E  in  W,  and  make  XY  =  J  (GH*  +  XW»> 
Then  will  Y  be  a  point  in  the  hyperbola. 

445.  On^red  Wheel*. — To  increase  the  fi-iction'or  adhesion 
between  a  pair  of  wheels,  which  is  the  means  of  transmitting  force 
and  motion  from  one  to  the  other,  their  surfaces  of  contact  are 
sometimes  formed  into  alternate  circular  ridges  and  grooves,  con- 
stituting what  is  called  /rictiorud  gearing.     Fig.   196  is  a  cross 


Fig.  196. 
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Bection  illustrating  the  kind  of  Motional  gearing  invented  by  Mr. 
Bobertson.  Tlie  comparative  motion  of  a  pair  of  wheeb  tiius 
I  I  ridged  and  grooved  is  nearly  the  same  with  that 

I  I  of  a  pair  of  smooth  wheels  in  rolling  contact^ 

\  Pi^  P\^  ^  /\  having  cylindrical  or  conical  pitch  sor&ces  lying 

midway  between  the  tops  of  the  ridges  and  bottoms 
of  the  grooves. 

The  relative  motion  of  the  faces  of  contact  of 
the  edges  and  grooves  is  a  rotatory  sliding,  about 
the  line  of  contact  of  the  ideal  pitch  surfaces  as  an  instantaneous 
axis. 

The  angle  between  the  sides  of  each  groove  is  about  40° ;  and  it 
is  stated  that  the  mutual  friction  of  the  wheels  is  about  once  and 
a-half  the  force  with  which  their  axes  are  pressed  towards  each  other. 

446.  Veeih  •f  Wheels. — The  most  usual  method  of  communi- 
cating motion  between  a  pair  of  wheels,  or  a  wheel  and  a  rack, 
and  the  only  method  which,  by  preventing  the  possibility  of  the 
rotation  of  one  wheel  unless  accompanied  by  the  other,  insures  the 
preservation-  of  a  given  velocity-ratio  exactly,  is  by  means  of  the 
projections  called  teeth. 

The  pitch  surface  of  a  wheel  is  an  ideal  smooth  sniface,  inters 
mediate  between  the  crests  of  the  teeth,  and  the  bottoms  of  the 
spaces  between  them,  which,  by  rolling  contact  with  the  pitch  sur- 
&ice  of  another  wheel,  would  communicate  the  same  velocdty-ratio 
that  the  teeth  communicate  by  their  sliding  contact  In  designing 
wheels,  the  forms  of  the  ideal  pitch  surfaces  are  first  determined, 
and  from  them  are  deduced  the  forms  of  the  teeth. 

Wheels  with  cylindrical  pitch  sur&ces  are  called  spur  toheds; 
those  with  conical  pitch  surfaces,  bevd  toheds;  and  those  with 
hyperboloidal  pitch  surfaces,  skew-bevel  wheels. 

The  pitch  line  of  a  wheel,  or,  in  circular  wheels,  the  pit^  circle, 
is  a  transverse  section  of  the  pitch  sur&ce  made  by  a  sur&oe  per- 
pendicular to  it  and  to  the  axis ;  that  is,  in  spur  wheels,  by  a  plane 
perpendicular  to  the  axis ;  in  bevel  wheels,  by  a  sphere  described 
about  the  apex  of  the  conical  pitch  sur&ce;  and  in  skew-bevel 
wheels,  by  any  oblate  spheroid  generated  by  the  rotation  of  an 
ellipse  whose  foci  are  the  same  with  those  of  the  hyperbola  that 
generates  the  pitch  surface. 

The  pitch  paint  of  a  pair  of  wheels  is  the  point  of  contact  of  their 
pitch  lines ;  .that  is,  the  transverse  section  of  the  line  of  contact  of 
the  pitch  sur&ces. 

Similar  terms  are  applied  to  racks. 

That  part  of  the  acting  surface  of  a  tooth  which  projects  beyond 
the  pitch  surface  is  called  the  /<ice;  that  which  lies  within  the 
pitch  surfiice,  the^o^i^ 
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The  radius  of  the  pitch  circle  of  a  circular  wheel  is  called  the 
geometrical  rckdius  ;  that  of  a  circle  touching  the  crests  of  the  teeth 
is  called  the  real  radius;  and  the  difference  between  those  radii,    / 
the  (iddendum, 

447.  PMch  and  Nnaber  mi  Teethe — The  distance,  measured  along 
the  pitch  line,  from  the  face  of  one  tooth  to  the  face  of  the  ne^^t,  is 
called  the  pitch. 

The  pitch,  and  the  number  of  teeth  in  circular  wheels,  are  regu- 
lated by  the  following  principles  : — 

I.  In  wheels  which  rotate  continuously  for  one  revolution  or 
more,  it  is  obviously  necessary  that  the  pUch  aJwuld  be  an  aliqiwt 
part  of  the  circum/eren^ce. 

In  wheels  which  reciprocate  without  performing  a  complete  re- 
volution, this  condition  is  not  necessary.  Such  wheels  are  called 
aedors. 

IL  In  order  that  a  pair  of  wheels,  or  a  wheel  and  a  rack,  may 
work  correctly  together,  it  is  in  all  cases  essential  tluU  the  pitcit 
should  be  tJie  same  in  each. 

III.  Hence,  in  any  pair  of  circular  wheels  which  work  together, 
the  numbers  of  teeth  in  a  complete  circumference  are  directly  as 
the  radii,  and  inversely  as  the  angular  velocities. 

IV.  Hence  also,  in  any  pair  of  circular  wheels  which  rotate 
continuously  for  one  revolution  or  more,  the  ratio  of  the  numbers 
of  teeth,  and  its  reciprocal,  the  angular  velocity-ratio,  must  be  ex- 
pressible in  whole  numbers. 

V. .  Let  71,  N,  be  the  respective  numbers  of  teeth  in  a  i)air  of 
wheels,  N  being  the  greater.  Let  <,  T,  be  a  pair  of  teeth  in  the 
smaller  and  larger  wheel  respectively,  which  at  a  particular  instant 
work  together.  It  is  required  to  find,  first,  how  many  pairs  of 
teeth  must  pass  the  line  of  contact  of  the  pitch  surfaces  befoi'e  t 
and  T  work  together  again  (let  this  number  be  called  a);  secondly, 
with  how  many  different  teeth  of  the  larger  wheel  the  tooth  t  will 
work  at  difierent  times  (let  this  number  be  called  &)  ;  and  thirdly, 
with  how  many  different  teeth  of  the  smaller  wheel  the  tooth  T 
will  work  at  difierent  times  (let  this  be  called  c). 

Case  1.  If  n  is  a  divisor  of  N, 

a=N;  6=-;  c=l (1.) 

n 

Case  2.  If  the  greatest  common  divisor  of  N  and  nhe  d,  a.  num- 
ber less  than  n,  so  that  n  =  md,l^  =  'Mdy  then 

a  =  wN  =  M»  =  Mmc?;  6  =  M;  c  =  rn, (2.)  • 

Case  3.  If  N  and  n  be  prime  to  each  other, 

2f 
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a  =  Nn;  6  =  N;  c  =  n, (3.) 

It  is  considered  desirable  by  miUwrights,  with  a  view  to  the 
preservation  of  iihe  uniformity  of  shape  of  iihe  teeth  of  a  pair  of 
wheels,  that  each  given  tooth  in  one  wheel  should  work  with  as 
many  different  teeth  in  the  other  wheel  as  possible.  They,  tiiere- 
fore,  study  to  make  the  numbers  of  teeth  in  eaxsh  pair  of  wheels 
which  work  together  such  as  to  be  either  prime  to  each  other,  or  to 
have  their  greatest  common  divisor  as  small  as  is  possible  con- 
sifltently  with  the  purposes  of  the  machine. 

VL  The  smallest  number  of  teeth  which  it  is  practicable  to  give 
to  a  pinion  (that  is,  a  small  wheel),  is  regulated  by  the  piinciple, 
that  in  order  that  the  communication  of  motion  from  one  wheel  to 
another  may  be  continuous,  at  least  one  pair  of  teeth  should  always 
be  in  action ;  and  that  in  order  to  provide  for  the  oonting^cy  of  a 
tooth  breakhig,  a  second  pair,  at  least,  should  be  in  action  also. 
For  reasons  which  will  appear  when  the  forms  of  teeth  are  ood- 
sidered,  this  principle  gives  the  following  as  the  least  numbers  of 
teeth  which  can  be  usuaUy  employed  in  pinions  having  teeth  of  the 
three  classes  of  figures  named  below,  whose  properties  will  be  ex- 
plained in  the  sequel : — 

I.  Involute  teeth, 25, 

11.  Epicycloidal  teeth, 12. 

IIL  Cylindrical  teeth,  or  «tot?eff, 6. 

448.  BiimttBg  Cos. — ^When  the  ratio  of  the  angular  velocitieB  of 
two  wheels,  being  reduced  to  its  least  terms,  is  expressed  by  aniaU 
numbers,  less  than  those  which  can  be  given  to  wheels  in  practiee, 
and  it  becomes  necessary  to  employ  multiples  of  those  numbers  by 
a  common  multiplier,  which  becomes  a  common  divisor  of  tbe 
numbers  of  teeth  in  the  wheels,  millwrights  and  engine-maken 
avoid  the  evil  of  frequent  contact  between  the  same  pairs  of  teeth, 
by  giving  one  additional  tooth,  called  a  kurUing  cog,  to  the  lai^ger 
of  tiie  two  wheels.  This  expedient  causes  the  velocity-ratio  to  be 
not  exactly  but  only  approximately  equal  to  that  which  was  at  first 
contemplated ;  and  therefore  it  cannot  be  used  where  the  exactness 
of  certain  velocity-ratios  amongst  the  wheels  is  of  importance^  as 
in  clockwork. 

449.  A  Train  of  wiicoiwork  cousists  of  a  series  of  axes,  each 
having  upon  it  two  wheels,  one  of  which  is  driven  by  a  wheel  on 
the  preceding  axis,  while  the  other  drives  a  wheel  on  the  fiDllowing 
axis.  If  the  wheels  are  all  in  outside  gearing,  the  direction  ci 
rotation  of  each  axis  is  contrary  to  that  of  the  adjoining  axes.  In 
some  cases,  a  single  wheel  upon  one  axis  answers  the  purpose  both 
of  receiving  motion  from  a  wheel  on  the  preceding  axis  and  giving 
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motion  to  a  "wheel  on  the  following  axis.  Such  a  wheel  is  called 
an  uUe  tohed :  it  affects  the  direction  of  rotation  only^  and  not  the 
▼elocity-ratia 

Let  the  series  of  axes  be  distinguished  by  numbers  1,  2,  S, 
Ac  •  • . .  m ;  let  the  numbers  of  teeth  in  the  driving  wlieds  be 
denoted  by  N*8,  each  with  the  number  of  its  axis  affixed  ^  thus, 
Ni9  Nj,  &a  •  • . .  N«.i ;  and  let  the  numbers  of  teeth  in  the  driven 
or  following  wheels  be  denoted  by  n's,  each  with  the  number  of  its 
axis  affixed ;  thus,  %,  n,,  ^  .  .  .  .  n«.  Theu  the  ratio  of  the 
angnlar  velocity  a.  of  the  m^  axis  to  the  angular  velocity  ax  of  the 
fiirt  axis  is  the  product  of  the  m— 1  velocity-ratios  of  the  succes- 
sive elementary  combinations,  viz. : — 

o^  _  Ni '  y>  -  Ac.  ■  "  *  y«-i .  /, 

Oi  ~     n^'tis'&c. w,     ' ^  '' 

that  is  to  say,  the  velocity-ratio  of  the  last  and  first  axes  is  the 
xatio  of  the  product  of  the  numbers  of  teeth  in  the  drivers  to  the 
product  of  the  numbers  of  teeth  in  the  followers;  and  it  is  obvious, 
that  so  long  as  the  same  drivers  and  followers  constitute  the  train, 
the  order  in  which  they  succeed  each  other  does  not  affect  the 
resultant  velocity-ratio. 

Supposing  all  the  wheels  to  be  in  outside  gearing,  then  as  each 
elementkiy  combination  reverses  the  direction  of  rotation,  and  as 
the  number  of  elementary  combinations,  m  -  1,  is  one  less  than 
the  number  of  axes,  m,  it  is  evident  that  if  m  is  odd,  the  direction 
of  rotation  is  preserved,  and  if  even,  reversed. 

It  is  often  a  question  of  importance  to  determine  the  numbers  of 
teeth  in  a  train  of  wheels  best  suited  for  giving  a  deteiminate 
velocity-ratio  to  two  axes.  It  was  shown  by  Young,  that  to  do 
this  with  the  hast  total  nwmber  oftedh,  the  velocity-ratio  of  each 
elementary  combination  should  approximate  as  nearly  as  possible 
3-59.  This  would  in  many  cases  give  too  many  axes;  and  as  a 
ueefnl  practical  rule  it  may  be  laid  down,  that  fix>m  3  to  6  ought 
to  be  the  limit  of  the  velocity-ratio  of  an  elementaiy  combination 
in  wheelwork. 

Let  =r  be  the  velocity-ratio  required,  reduced  to  its  least  terms, 

and  let  B  be  greater  than  C. 

If  ^  is  not  greater  than  6,  and  C  lies  between  the  prescribed 

minimum  number  of  teeth  (which  may  be  called  t\  and  its  double 
2 1,  then  one  pair  of  wheels  will  answer  the  purpose,  and  B  and  C 
will  themselves  be  the  numbers  required.  Should  B  and  C  be 
inconveniently  large,  th#>y  are  if  possible  to  be  resolved  into  feustors^ 


\.» 
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and  those  factors,  or  if  they  are  too  small,  multiples  <^  them,  need 
for  the  numbers  of  teeth.    Should  B  or  C,  or  both,  be  at  once  icoon- 

veniently  large,  and  prime,  then  instead  of  the  exact  ratio  — ,  some 

ratio  approximating  to  that  ratio,  and  capable  of  resolution  into  con- 
yenient  factors,  is  to  be  foimd  by  the  method  of  continued  fractions. 

Should  -^  be  greater  than  6,  the  best  number  of  elementary 

combinations,  m  —  1,  will  lie  between 

log  B  -  log  C         log  B  -  log  C 

Then,  if  possible,  B  and  C  themselves  are  to  be  resolved  each 
into  m  —  1  factors  (counting  1  as  a  fex^r),  which  factors,  or 
multiples  of  them,  shall  be  not  less  than  t,  nor  greater  than  6  ^;  or 
if  B  and  C  contain  inconveniently  lai^  prime  Actors,  an  approxi- 
mate velocity-ratio,  foimd  by  the  mel£od  of  continued  fractions,  is 

to  be  substituted  for  ^  as  before. 

So  far  as  the  resultant  velocity-ratio  is  concerned,  the  order  of 
the  drivers  N  and  of  the  followers  n  is  immaterial;  but  to  secure 
equable  wear  of  the  teeth,  as  explained  in  Article  447,  Principle  V., 
the  wheels  ought  to  be  so  arranged  that  for  each  elementary  com- 
bination the  greatest  common  divisor  of  N  and  n  shall  be  either 
1,  or  as  small  as  possible. 

450.  Principle  Af  fUUUag  t^ntact. — The  line  qfactum,  or  qfcon- 
Tiectiony  in  tho  case  of  sliding  contact  of  two  moving  pieces,  is  the 
common  perpendicular  to  their  surfaces  at  the  point  who^e  thej 
touch ;  and  the  principle  of  their  comparative  motion  is,  that  tie 
co7np<ment8,  al<mg  that  perpendicula/r,  of  the  veUkdUes  of  any  tuto 
points  traversed  by  U,  are  eqtud. 

Case  1.  Tioo  shifting  pieces,  in  sliding  contact,  have  linear  velo- 
cities proportional  to  the  secants  of  the  angles  which  their  directions 
of  motion  make  with  their  line  of  action. 

Case  2.  Tixx)  rotating  pieces,  in  sliding  contact,  have  angular 
velocities  inversely  proportional  to  the  perpendicular  distancea 
from  their  axes  of  rotation  to  their  line  of  action,  each  multipiied 
by  the  sine  of  the  angle  which  the  line  of  action  makes  with  the 
particular  axis  on  which  the  perpendicular  is  let  fall 

In  fig.  197,  let  Ci,  (J,,  represent  the  axes  of  rotation  of  the  two 

pieces;   A.i,  A,,  two  portions  of  their  respective  smfaces;  and  T„ 

T«,  a  pair  of  points  in  those  surfaces,  which,  at  the  instant  under 

consideration,  are  in  contact  with  each  other.     Let  Pj  P,  be  the 

'^mmon  perpendicular  of  the  surfeces  at  the  pair  of  points  T^,  T,; 
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that  is,  the  line  of  action;  aud  let  Oi  P|,  C,  Fg,  be  the  common  per* 
pendicnlars  of  the  line  of  action  and  of  the  two  axes  respectively. 
Then  at  the  given  instant,  the  components 
along  the  line  P,  Fj  of  the  velocities  of  the 
points  F],  Ps,  are  equal  Let  t„  i^,  be  the 
angles  which  that  line  makes  with  the  direc- 
tions of  the  axes  respectively.  Let  Oi,  a^,  be 
the  respective  angnlar  velocities  of  the  moving 
pieces;  then 


Oi  •  Cj  Pi  •  sin  i,  =  a,  •  Ca  Pa  •  sin  t,; 
consequently, 


u.C  l^ 


Oi      CPjsint,' ^   ^ 


which  is  the  principle  stated  above. 

When  the  line  of  action  is  perpendicular  in  direction  to  both 
axesy  then  sin  ti  =  sin  it  =  1  j  s^d  equation  1  becomes 


a^ 


c,p; 


.(1    A.) 


WTien  the  <»xe8  are  parcUlsl,  ii  =  i^  Let  I  be  the  point  where 
the  line  of  action  cuts  the  plane  of  the  two  axes ;  then  the  triangles 
Pi  Oi  I,  Pa  Ca  I,  are  similar  j  so  that  equation  1  a  is  equivalent  to 
the  following : — 


a, 


(1    B.) 


Case  3.  A  rotating  piece  and  a  skifiing  piece,  in  sliding  contact, 
have  their  comparative  motion  r^fulated  by  the  following  prin-'' 

ciple  : — ^Let  C  P  denote  the  perpendicular' distance  from  the  axis  of 
the  rotating  piece  to  the  line  of  action;  i  the  angle  which  the  direc- 
tion of  the  line  of  action  makes  with  that  axis;  a  the  angular,, 
velocity  of  the  rotating  piece;  v  the  linear  velocity  of  the  sliding 
piece;  ^  the  angle  which  its  direction  of  motion  makes  with  the 
line  of  action;  then 

t7  =  a  'CP  'sint  'secy (2.) 

When  the  line  of  action  is  perpendicular  in  direction  to  the  axis 
of  the  rotating  piece,  sin  t  =  1 ;  and 

v  =  a-CPsec'y=»rO; (2  a.) 

where  I C  denotes  the  distance  from  the  axis  of  the  rotating  piece 


n/» 
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to  the  point  where  the  line  of  action  cats  a  perpendicular  ficom.  thai 
axis  on  the  direction  of  motion  of  the  shifting  piece. 

451.  Tedk  •€  Spu^WlMseli  mi4  Backs.    ChMMtal  Pfftedple. — The 

figures  of  the  teeth  of  wheels  are  regulated  bj  the  principle,  ikal 
the  teeth  of  a  pair  ofwKdda  shall  give  the  soume  vdodty-ratio  hy  ihmr 
sliding  contact,  which  the  ideal  smooth  pitch  surfctces  uxndd  ghe  hy 
their  roUing  coTdaH.  Let  B,^  Bi,  in  fig.  197,  be  parts  of  the  pitc^ 
lines  (that  is,  of  cross  sections  of  the  pitch  sur&oes)  of  a  pair  of 
wheels  with  parallel  axes,  and  I  the  pitch  point  (that  is,  a  section 
of  the  line  of  contact).  Then  the  angular  velocities  which  would  be 
given  to  the  wheels  by  the  rolling  contact  of  those  pitch  lines  an 

inversely  as  the  segments  I  Ci,  I  €«,  of  the  line  of  centres;  and  this 
also  is  iJie  proportion  of  the  angular  velocities  given  bj  a  pair  of 
surfaces  in  sliding  contact  whose  line  of  action  traverses  the  point 
I  (Article  450,  case  2,  equation  1  £).  Hence  the  conditioai  of 
correct  working  for  the  teeth  of  wheels  with  paiaUel  axes  is,  AtA 
the  line  of  action  of  the  teeth  ehaU  at  every  vnxUml  trofverm  the  Urns 
of  contact  of  the  pitch  surfaces;  and  the  same  condition  obviouaty 
applies  to  a  rack  sliding  in  a  direction  perpendicular  to  that  of  tin 
axis  of  the  wheel  with  which  it  works. 

452.  Teeih  iHsscribedi  br  B«iiteg  CavTM. — ^From  the  principle  of 
the  preceding  Article  it  follows,  that  at  every  instant^  tiie  positioii 
of  the  point  of  contact  T^  in  the  cross  section  of  the  acting  sor&os 
of  a  tooth  (such  as  the  line  Ai  Tj  in  fig.  197^,  and  the  oorrespondi]^ 
position  of  the  pitch  point  I  in  the  pitch  line  I  Bi  of  the  wheel  to 
which  that  tooth  belongs,  are  so  related,  that  the  line  I  Ti  wbidi 
joins  them  is  normal  to  the  outline  of  the  tooth  Ai  T|  at  the  point 
Tj.  Now  this  is  the  relation  which  exists  between  the  traeing- 
point  T],  and  the  instantaneous  axis  or  Hfie  of  contact  I,  in  a  rolling 
curve  of  such  a  figure,  that  being  rolled  upon  the  pitch  soi&oe  B|, 
its  tracing-point  Ti  traces  the  outline  of  the  tooth.  (As  to  roUiDg 
curves,  see  Articles  386,  387,  389,  390, 393,  396,  397,  and  Proloaor 
Clerk  Maxwell's  paper  there  referred  to). 

In  order  that  a  pair  of  teeth  may  work  correctly  together,  it  is 
necessary  and  sufficient  that  the  instcmtaneotu  radii  vectores  from 
the  pitch  point  to  the  points  of  contact  of  the  two  teeth  should 
coincide  at  each  instant,  as  expressed  by  the  equation 


IT,  =  IT,; (1.) 

and  this  condition  is  fulfilled,  if  the  outlines  of  tlis  two  teeth  be  traced 
by  the  motion  of  the  same  tracing-point,  in  rolling  the  same  roQimg 
curve  on  tfie  same  side  of  the  pitch  surfaces  of  the  respective  toheeU, 

The  Jkmk  of  a  tooth  is  traced  while  the  rolling  curve  rolls  innde 
of  the  pitch  line;  the  face,  while  it  rolls  outside,     Henoe  it  is 
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evident  that  the  JUsmks  of  the  teeth  of  the  driving  wheel  drive  the 
fikoe%  of  the  teeth  of  the  driven  wheel;  and  that  \k\fy  faces  of  the 
teeth  of  the  driving  wheel  drive  the  Jlamka  of  the  teeth  of  the 
driven  wheel  The  former  takes  place  while  the  point  of  contact 
of  the  teeth  is  approaching  the  pitdi  point,  as  in  fig.  197,  supposing 
the  motion  to  be  from  P^  towards  F,;  the  latter,  after  the  point  of 
contact  has  passed,  and  while  it  is  receding  from,  the  pitch  points 
The  pitch  point  divides  the  path  of  the  point  of  contact  of  the  teeth 
into  two  parts,  called  the  piuh  of  approach  and  the  path  of  recess; 
and  the  lengths  of  those  paths  must  be  so  adjusted,  that  two  pairs 
of  teeth  at  least  shall  be  in  action  at  each  instant. 

It  is  evidently  necessary  that  the  surfaces  of  contact  of  a  pair  of 
teeth  .should  either  be  both  convex,  or  that  if  one  is  convex  and  the 
oiher  concave,  the  concave  sui&ce  ^ould  have  the  flatter  curvature. 

The  equations  of  Article  390  give  the  relations  which  exist 
between  the  radius  of  curvature  of  a  pitch  line  at  the  pitch  point 
(ri)y  the  radius  of  curvature  of  the  rolling  curve  at  the  same  point 
(rj),  the  radius  vector  of  the  tracing-point  (r  =  I T),  the  angle  made 
by  that  line  with  the  line  of  centres  of  the  fixed  and  rolling  curves 
{$  s  ^^1  TIG),  and  the  radius  of  curvature  of  the  curve  traced  by 
the  point  T  (^),  all  at  a  given  instant. 

When  a  pair  of  tooth  surfiaces  are  both  convex  absolutely,  that 
which  is  a  face  is  concave^  and  that  which  is  a  flank  is  convex, 
towards  the  pitch  point;  and  this  is  indicated  by  the  values  of  e 
having  contraiy  signs  for  the  two  teeth,  being  positive  for  the  £Bice 
and  negative  for  ^e  flauk  The  face  of  a  tooth  is  always  convex 
absolutely,  and  concave  towards  the  pitch  pointy  ^  being  positive; 
so  that  if  it  works  with  a  concave  flank,  the  value  of  ^  for  tnat  flank 
18  positive  also,  and  greater  than  for  the  face  with  which  it  works. 

453.  The  SIMlag  •€  m  Pair  •€  Teeth  •■  Each  Olher,  that  is,  their 

relative  motion  in  a  direction  perpendicular  to  their  line  of  action, 
is  £rand  by  supposing  one  of  the  wheels,  such  as  1,  to  be  fixed,  the 
line  of  centres  Gi  Cj  to  rotate  backwards  round  Ci  with  the  angular 
velocity  O],  and  the  wheel  2  to  rotate  round  Ct  as  before  with  the 
MfigiiU-r  velocity  a,  relatively  to  the  line  of  centres  Ci  C^  so  as  to 
have  the  same  motion  as  if  its  pitch  surface  rolled  on  the  pitch 
8orfiu»  of  the  first  wheel  Thus  the  reloHve  motion  of  the  wheels 
is  unchanged;  but  1  is  considered  as  fixed,  and  2  has  the  resultant 
motion  given  by  the  principles  of  Article  389 ;  that  is,  a  rotation 
about  the  instantaneous  axis  I  with  the  angular  velocity  ai  +  a» 
Hence  the  velocity  of  sliding  is  that  due  to  this  rotation  about  I, 

with  the  radius  IT  =  r;  that  is  to  say,  its  value  is 

r  (oi  +  a,); (1) 

so  that  it  is  gieater,  the  farther  the  point  of  contact  is  from  the 
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line  of  centres ;  and  at  the  instant  when  that  point,  passing  the  line  of 
centres,  coincides  with  the  pUch  pointy  the  velocity  of  sliding  is  null, 
and  the  action  of  the  teeth  is,  for  the  instant,  that  of  rolling  contact. 
The  roots  of  the  teeth  slide  towards  each  other  during  the  ap- 
proach, and  from  each  other  during  the  recess.  To  find  the  amtmrU 
or  total  dtstmice  through  which  the  sliding  takes  place,  let  ^  be  the 
time  occupied  by  the  approach,  and  ^  that  occupied  by  tibe  reoeas  ; 
then  the  distance  of  sliding  is 

«==  rV(eh  +  (i,)c?«  +  rV(a,  +  a,)(f<; (2.) 

or  in  another  form,  ildi  denote  an  element  of  the  change  of  angu- 
lar position  of  one  wheel  relatively  to  the  other,  t|  the  amount  of 
that  change  during  the  approach,  and  4  during  the  recess^  then 

(a,  +  aa)rf<  =  ci?t;  and 

8=  [""rdi+prdi (3.) 

(See  also  Article  455.) 

454.  The  Am  •€  Contact  •■  tiM  Pitch  WAmm  IB  the  length  of  that 

portion  of  the  pitch  lines  which  passes  the  pitch  point  during  the 
action  of  one  pair  of  teeth ;  and  in  order  that  two  pairs  of  teeth  at 
least  may  be  in  action  at  each  instant,  its  length  should  be  at  least 
double  of  the  pitch.  It  is  divided  into  two  parts,  the  are  of  ap- 
proach and  the  arc  of,  recess.  In  order  that  the  teeth  may  be  of 
length  sufficient  to  give  the  required  duration  of  contact,  the  dis- 
tance moved  over  by  the  point  I  upon  the  pitch  line  during  the 
rolling  of  a  rolling  curve  to  describe  the  face  and  flank  of  a  tooth, 
must  be  in  all  equal  to  the  length  of  the  required  arc  of  contact 
It  is  usual  to  make  the  arcs  of  approach  and  recess  equal 

455.  The  ijcngth  of  m  Tooth  may  be  divided  into  two  parts, 
that  of  the  face  and  that  of  the  flank.  For  teeth  in  the  dnving 
wheel,  the  length  of  the  flank  depends  on  the  arc  of  approach, — that 
of  the  face,  on  the  arc  of  recess ;  for  those  in  the  following  wheel, 
the  length  of  the  flank  depends  on  the  arc  of  recess, — ^that  of  the 
&ce,  on  the  arc  of  approach. 

Let  qx  be  the  arc  of  approach,  q^  that  of  recess ;  li  the  length  of 
the  flank,  H^  the  length  of  the  £ace  of  a  tooth  in  the  driving  wheel 
Let  Ti  be  the  radius  of  curvature  of  the  pitch  line,  Tq  that  of  the  rolling 
curve,  r  the  radius  vector  of  the  tracing-point,  at  any  instant.  The 
angular  velocity  of  the  rolling  curve  relatively  to  the  wheel  is 

d 
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the  positive  sign  applying  to  rolling  outside,  or  describing  the  fJEuse, 
and  the  negative  sign  to  rolling  inside,  or  describing  the  flank. 
Hence  the  velocity  of  the  tracing-point  at  a  given  instant  is 


dq/r^ 


dt 


and  consequently 


&*o^ 


(1) 


For  the  following  wheel,  gi  and  qa  have  to  be  interchanged, 
if  ra  be  the  radius  of  that  wheel. 


^2.) 


The  equations  2  and  3  evidently  give  the  means  of  finding  the  dis- 
tance of  sliding  between  a  pair  of  teeth,  in  a  different  form  from 
that  given  in  Article  453 ;  for  that  distance  is 


456.  To  Mmaid9  cteutog  all  the  preceding  principles  apply,  ob- 
serving that  the  radius  of  the  greater,  or  concave  pitch  enuface,  is 
to  be  considered  as  negative,  and  that  in  Article  453,  the  difference 
of  the  angular  velocities  is  to  be  taken  instead  of  their  sum. 

457.  IiiT«bite  Teecii  tmr  CIrcidar  Wlwels»  being  the  first  of  the 

three  kinds  mentioned  in  Article  447,  are  of  the  form  of  the  in- 
volute of  a  circle,  of  a  radius  less  than  the  pitch  circle  in  a 
ratio  which  may  be  expressed  by  the  sine  of  a  certain  angle  /, 
and  may  be  traced  by  the  pole  of  a  logarithmic  spiral  rolling  on 
the  pitdi  circle,  the  angle  made  by  that  spiral  at  each  point  with 
its  own  radius  rector  being  the  complement  of  the  given  angle  0, 
But  this  mode  of  describing  involutes  of  cirdes,  being  more  com- 
]4ex  than  the  ordinary  method,  is  mentioned  merely  to  show  that 
they  fall  under  the  general  description  of  curves  described  by 
rolling. 
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In  fig.  198y  let  Ci,  C,,  be  the  centres  of  two  circular  wlieelfl; 
wbose  pitch  circles  are  B ,  B*.  Through  the  pitch  point  I  draw 
the  intended  line  of  action  Fi  Ft,  making  the  angle  C I F  =  #  with 
the  line  of  centres.     From  C,^  C„  draw  « 


Ci  Fi  =  I  C|  '  sin  ^, ) 
C^,  =  IC,  •  sin  ^,  J 


.(1.) 


perpendicular  to  Fj  Fg,  with  which  two  perpendiculars  as 
describe  circles  (called  base  circles)  D|,  D.. 

Suppose  the  base  circles  to  be  a  pair  of 
drculs^  pulleys,  connected  hy  means  of  a 
cord  whose  course  from  pulley  to  puUey  is 
Fi  I  Ft.  As  the  line  of  connection  of  those 
pulleys  is  the  same  with  that  of  the  propoaed 
teeth,  they  will  rotate  with  the  required 
velocity-ratio.  Now  suppose  a  tracing-point 
T  to  be  fixed  to  the  coid,  so  as  to  be  carried 
along  the  path  of  contact  F^  I  F^  That 
point  will  trace,  on  a  plane  rotating  along 
with  the  wheel  1,  part  of  the  involate  of 
the  base  circle  Di,  and  on  a  plane  rotating 
along  with  the  wheel  2,  part  of  the  involute 
of  the  base  circle  D„  and  the  two  corves  so 
traced  will  always  touch  each  other  in  the 
required  point  of  contact  T,  and  will  therefore  fulfil  the  condition 
required  by  Article  451. 

All  involute  teeth  of  the  same  pitch  work  smoothly  together. 
To  find  the  length  of  the  path  of  contact  on  either  side  of  the 
pitch  point  I,  it  is  to  be  observed  that  the  distance  between  tiie 
fronts  of  two  successive  teeth  as  measured  along  F]  I F^,  is  less 
than  the  pitch  in  the  ratio  sin  ^  :  1,  and  consequentiy  that  if  dis- 
tances not  less  than  the  pitch  x  sin  ^  be  marked  off  either  way  from 
I  towards  Fi  and  Fg  respectively,  as  the  extremities  of  the  path  of 
contact,  and  if  the  addendum  circles  be  described  through  tiie 
points  BO  found,  there  will  always  be  at  least  two  pairs  of  teeth  in 
action  at  once.  In  practice,  it  is  usual  to  make  the  path  of  contact 
somewhat  longer,  viz.,  about  %f  times  the  pitch ;  and  with  this 
length  of  path  and  the  value  of  ^  which  is  usual  in  practice,  viz., 
75i%  the  addendum  is  about  -^  of  the  pitch 

.  The  teeth  of  a  rack,  to  work  correctiy  with  wheels  having  invo- 
lute teeth,  should  have  plane  sur&ces,  perpendicular  to  the  line  of 
connection,  and  consequently  making,  with  the  direction  of  motion 
of  the  rack,  angles  equal  to  the  before-mentioned  angle  $. 
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458.  nidtas  •f  MmwtMmtm  Tcdlk — The  distance  through  which  a 
pair  of  involute  teeth  slide  on  each  other,  is  found  by  observing 
that  the  distance  from  the  point  of  contact  of  the  teeth  to  the  pitch 
point  JB  giyen  by  the  equation 

r  =  q'-^==q^sm^ ; (1.) 

which  reduces  equation  3  of  Article  455  to  the  following  : — 

-s.4)-^"' w 

This  distance  may  also  be  expressed  in  terms  of  the  extreme  dis- 
tances of  the  point  of  contact  from  the  pitch  point.  Let  these  be 
denoted  hj  t^t^l  ^^'^^ 

(1       1  \     f*  +  6 
-  +  r)  •  Y^^-i^^) 

For  indde  gecmng,  the  difference  of  the  reciprocals  of  the  radii  of 

the  wheeb  is  to  be  taken  inntead  of  thehr  sum. 

The  preceding  formulae,  which  are  exact  for  involute  teeth,  are 

approximately  correct  for  all  teeth,  if  ^  be  taken  to  represent  the 

mean  value  c^  the  angle  C I P  between  the  line  of  centres  and  the 

line  of  action* 

31 
The  usual  value  of  #  being  75^°,  sin  #  =  -^  nearly. 

459.  The  A^^Lmmawnm  mt  iBTviace  Teeth,  that  is,  their  projection 
beyond  the  pitch  circle,  is  found  by  considering,  that  for  one  of  the 
wheels  in  fig.  198,  such  as  the  wheel  1,  the  real  radius,  or  radius 
of  the  addendum  circle,  is  the  hypothenuse  of  a  right-angled  tri- 
angle, of  which  one  side  is  the  radius  of  the  base  circle  C  P,  and  the 
other  is  PIE  +  the  portion  of  the  path  of  contact  beyond  L     Now 

C^  =  Tj  •  sin  ^ ;  WJ=ri .  cos  ^,  Let  ^  be  the  portion  of  the  path 
of  contact  above  mentioned  (  =  gs  *  sin  ^,  and  d^  the  addendum  of 
the  wheel  1 ;  then 

(r,  +  rf,)»=rj  •  sm«  0-h{r^  cos  ^  +  <,)"; (1.) 

and  for  the  wheel  2  the  suffixes  1  and  2  are  to  be  interchanged. 

31  1 

The  usual  value  of  sin  ^  is  about  -^  and  that  of  cos  ^  about  j. 

The  same  formula  apply  to  teeth  of  any  figure,  if  ^  be  taken  to 
represent  the  extreme  -value  of  the  angle  C I  P.  7^ 

460.  The  HianfJ  Plalmi  with  iBvelMe  Teeth  of  a  given  pitch  p, 
has  its  size  fixed  by  the  consideration  that  the  path  of  contact  of 
^e  fianks  of  its  teeth,  which  must  not  be  less  than  jp  *  sin  i,  cannot 
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be  greater  than  the  distance  along  the  line  of  action  from  the  pitch 
point  to  the  base  circle,  I P  =  r  *  cos  tf.     Hence  the  least  radins  is 

r  :=:p  tan  $; (1.) 

which,  for  ^  =  75^°,  gives  for  the  radius^  r  =  3*867  p,  and  for  the 
circumference  of  the  pitch  circle,  p  x  3-867  x  2  x  =24-3/>;  to 
which  the  next  greater  int^er  multiple  of  j9  ia  25  p;  and  th^efore 
ttoenty-fioe,  as  formerly  stated,  in  Article  447,  is  i^e  least  number 
of  involtUe  teeth  to  be  employed  in  a  pinion. 

461.  Bpicyctoidia  Teeth. — For  tracing  the  figures  of  teeth,  the 
most  convenient  rolling  curve  is  the  circle,  ^e  path  of  contact 
which  a  point  in  its  circumference  traces  is  identical  with  the  cirde 
itself;  the  flanks  of  the  teeth  are  internal,  and  their  fitces  estemal 
epi<^cloids,  for  wheels;  and  both  flanks  and  &ce8  are  cycloids  for 
a  rack. 

Wheels  of  the  same  pitch,  with  epicydoidal  teeth  traced  by  the 
same  rolling  circle,  all  work  correctly  with  each  other,  whatsoever 
may  be  the  numbers  of  their  teeth ;  and  they  are  said  to  belong  to 
the  same  set. 

For  a  pitch  circle  of  twice  the  radius  of  the  rolling  or  desertbif^ 
circle  (as  it  is  called),  the  internal  epicycloid  is  a  straight  line,  being 
in  fact  a  diameter  of  the  pitch  circle ;  so  that  the  flanks  of  the  teeth 
for  such  a  pitch  circle  are  planes  radiating  from  the  axis.  For  a 
smaller  pitch  circle,  the  flsjiks  would  be  convex,  and  incurved  or 
under-ciU,  which  would  be  inconvenient ;  therefore  the  smallest 
wheel  of  a  set  should  have  its  pitch  circle  of  twice  the  radius  of  the 
describing  circle,  so  that  the  flanks  may  be  either  straight  or  concave^ 
In  fig.  199,  let  B  be  part  of  the  pitch  circle  of  a  wheel,  0  C  the 

line  of  centres,  I  the  pitch-point, 
B  the  internal,  and  B!  the  equal 
external  describing  circles,  so  placed 
^  to  touch  the  pitch  circle  and  each 
other  at  I;  let  DID'  be  the  path 
of  contact,  consisting  of  the  patii  of 
approach  D  I,  and  the  path  of  re- 
cess I D'.  In  order  that  there  may 
always  be  at  least  two  pairs  of  teeth 
in  action,  each  of  those  arcs  should 
be  equal  to  the  pitch. 

The  angle  ^,  on  passilig  the  line  of 

centres,  is  90°;  the  least  value  of  that 

anglei3tf=^-::CID=^s::CriD'. 

It  appears  firom  experience  that 

^'^'  ^^^'  *^®  ^®^*  ^^^^  ^^  ^  should  be  about 

60**;  therefore  the  arcs  D I  =  I  D*  should  each  be  one-sixth  of  a  dr- 
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eninference;  therefore  the  drcmnferenoe  of  the  describing  circle 
should  be  six  times  the  pitch. 

It  follows  that  the  smaUest  pinion  of  a  set^  in  which  pinion  the 
fianka  are  straight,  should  have  twdve  teeth,  as  has  almtdy  been 
stated  in  Article  447. 

462.   The  AdMendHm  §mt  Eplcyctoidal  Teeth   is   found  from   the 

formula  already  given  in  Article  459,  equation  1,  hj  putting  for 

I  the  angle  C I D,  and  for  ^  the  chord  I D'  =  2  ro  *  cos  ^,  r©  being 
tlie  radius  of  the  rolling  circle.     Hence 

(*•!  +  *)•  =  ri  8in«tf  +  (ri+2ro)»-cos»tf (1.) 

3  1 

For  the  usual  value  of  6,  60®,  sin*  ^  =  -r,  and  cos*  ^  =  7  ;  whence 

4  4 

(r,  +  (/i)"  =  i  +  r»ro  +  rJ (2.) 

462  A.  The  SlMiai^  of  Bpicycuuud  Teeth  is  deduced  from  equation 
3  of  Article  455,  by  observing,  that  the  radius  vector  of  the  point 
of  contact  is 

^=2 To -sin  2^, (1.) 

and  that  the  extreme  values  of  q  are  the  arcs  of  approach  and 
recess. 


q  =s-.  =  2r„(|  -  »), (2.) 


whence  we  have 

8 


=  8(l-8mO«^(i  +  pJ; (3.) 

which,  for  9  =  60°,  has  the  value 

.=  107  ^(14) (3  a.) 


463.  AppMziHaie  BpicTctoMal  Teeth. — Mr.  Willis  has  shown 
how  to  approximate  to  the  figure  of  an  epicydoidal  tooth  by  means 
of  two  circular  arcs,  one  concave,  for  the  ^scnk,  the  other  convex,  for 
the  face,  and  each  having  for  its  radius,  the  TMcm  radius  of  curva- 
ture of  the  epicydoidal  arc  Mr.  Willis's  formulsB  are  deduced  in 
his  own  work  from  certain  propositions  respecting  the  transmission 
of  niotion  by  linkwork.  In  the  present  treatise  they  will  be 
deduced  from  the  values  already  given  for  the  radii  of  curvature  of 
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epicycloids  in  Article  390^  case  1,  equation  4 :  viz.,  let  r,  be  the 
radius  of  the  pitch  circle,  Tq  that  of  the  rolling  circle,  ^  the  mdius 
of  curyatore  required;  then 

tf  =  2ro-cos^^i=^  =  4ro-oos^-^^=iP^> (1.) 

the  sign  +  applying  to  an  external  ephcycUnd^  that  is,  to  the  face  of 
a  tooth,  and  the  sign  —  to  an  irUemcd  epict/doid,  that  is,  to  the 
Jlank  of  a  tootL 

To  find  the  distances  of  the  centres  of  cnrvatore  of  the  giYen 
point  in  an  epicycloid  from  the  point  of  contact  I  of  the  pitch  drde 
and  rolling  circle,  there  is  to  be  subtracted  from  the  radius  of  cur- 
vature,  the  instantaneous  radius  vector,  r  =  2  ro  oos  ^;  that  is  to  aaj, 

^  -  r  =  2ro0os^'     ^       (2.) 

The  value  to  be  assumed  for  ^  is  its  mean  value,  that  is,  751^;  and 

1 
cos  ^  =  ~  nearly :  rois  nearly  equal  to  the  pitch,p;  and  if  n  be  the 

number  of  teeth  in  the  wheel,* 

6  :  n  :  :  To  :  r» 

Therefore,  for  the  proportions  approved  of  by  Hr.  Willis,  equatioiL 
2  becomes 

+  being  used  for  the  &oe,  and  —  for  the  flank ;  also 

r  =^  nearly ^(4.) 

Hence  the  following  con- 
struction. In  fig.  200,  let 
B  C  be  part  of  the  pitdi 
circle,  A  the  point  where  a 
tooth  is  to  cross  it.     Set  off 

-<»'AB  =  AC  =  |.  Drawradii 

^     ^^  r.^^'T:  of  the  pitch  cirele,DB,Ea 

Draw  F  B^  0  G,  making  angles  of  75^°  with  those  radii,  in  which 
take 

BP=^.  — ^?_.  CO-?    -2 fK\ 
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Bound  F,  with  the  radius  F  A,  draw  the  circular  arc  A  H ;  this 
will  be  ihe  &oe  of  the  tooth.  Hound  G,  with  the  radius  G  A, 
draw  the  circular  arc  G  K ;  this  will  be  the  flank  of  the  tooth 

To  fiunlitate  the  application  of  this  rule,  Mr.  Willis  has  published 
tables  of  the  values  of  c  ~  r,  and  invented  an  instrument  called  the 

464  Teeth  ef  Wheel  mmA  Tniadlle. — A  trundle,  as  in  fig.  201, 
has  cylindrical  pins  called  8tav€8  for  teeth  The  fJEU^e  of  the  teeth 
of  a  wheel  suitable  for  driving  it,  in  outside  gearing,  are  described 
by  first  tracing  external  epicycloids  by  rolling  the  pitch  circle  B^  of 
the  trundle  on  the  pitch  circle  Bi  of  the  dnving  wheel,  wi^  the 


Fig.  201.  Fig.  202. 

centre  of  a  stave  for  a  tracing-point,  as  shown  by  the  dotted  lines, 
and  then  drawing  curves  pajradlel  to  and  within  the  epicycloids,  at 
a  distance  from  them  equal  to  the  radius  of  a  stave.  Trundles 
having  only  six  staves  will  work  with  lai^e  wheels. 

To  drive  a  trundle  in  inside  gearing,  the  outlines  of  the  teeth  of 
the  wheel  should  be  curves  parallel  to  internal  epicycloids.  A 
peculiar  case  of  this  is  represented  in  fig.  202,  where  the  radius  of 
the  pitch  circle  of  the  trundle  is  exactly  one-half  of  that  of  the 
pitch  circle  of  the  wheel ;  the  trundle  has  three  equi-distant  staves ; 
and  the  internal  epicycloids  described  by  their  centres  while  the 
pitch  circle  of  the  trundle  is  roUing  within  that  of  the  wheel,  are 
three  straight  lines,  diameters  of  the  wheel,  making  angles  of  60° 
with  each  other.  Hence  the  surfaces  of  the  teeth  of  the  wheel 
form  three  straight  grooves  intersecting  each  other  at  the  centre, 
each  being  of  a  breadth  equal  to  the  diameter  of  a  stave  of  the 
trandl& 

465.  iMBwel— ■  mi  Teeih. — ^Toothed  wheels  being  in  general 
intended  to  rotate  either  way,  the  hcicks  of  the  teeth  are  made 
similar  to  the  fi^nts.  The  apcuse  between  two  teeth,  measured  on 
the  pitch  circle,  is  made  about  one-fifth  part  wider  than  the  thick- 
of  the  tooth  on  the  pitch  circle;  that  ia  to  say^ 

thickness  of  tooth  =  -—  pitch. 
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width  of  spaoe  =  j4  pitch. 

1 

The  difference  of  r-r  of  the  pitch  is  called  the  back4(is/L 

The  clearance  allowed  between  the  points  of  teeth  and  the  bottoms 
of  the  spaces  between  the  teeth  of  the  other  wheel,  is  about  oae^ 
tenth  of  the  pitch. 

The  thickness  of  a  tooth  is  fixed  according  to  the  principles  already 
stated  in  Article  326;  and  the  breadth  is  so  adjusted,  that  when 
multiplied  by  the  pitch,  the  product  shall  contain  one  square  inch 
for  each  160  lbs.  of  force  transmitted  by  the  teeth. 

466.  Mr.  Sanv's  Pmcms. — ^Mr.  Sang  has  published  an  elaborate 
work  on  the  teeth  of  wheels,  in  which  a  process  is  followed  differing 
in  some  respects  from  any  of  those  before  described.  A  form  is 
selected  for  the  path  of  the  point  of  contact  of  the  teeth,  and  from 
that  form  the  figures  of  the  teeth  are  deduced.  For  details,  the 
reader  is  referred  to  Mr.  Sang's  work. 

467.  The  Tcoiii  •r  B  BcTei-Wkeei  have  acting  suT&oes  of  the 
conical  kind,  generated  by  the  motion  of  a  line  traversing  the  apex 
of  the  conical  pitch  surface,  while  a  point  in  it  is  carried  round  the 
outlines  of  the  cross  section  of  the  teeth  made  by  a  sphere  described 
about  that  apex. 

The  operations  of  describing  the  exact  figures  of  the  teeth  of 
bevel-wheels,  whether  by  involutes  or  by  rolling  curves,  are  in  every 
respect  analogous  to  those  for  describing  the  figures  of  the  teeth  of 
spur-wheels,  except  that  in  the  case  of  bevel-wheels,  all  those 
operations  are  to  be  performed  on  the  surface  of  a  sphere  described 
about  the  apex,  instead  of  on  a  plane,  substituting  poles  for  cetUrm, 
and  great  circles  for  straight  lines. 

In  consideration  of  the  practical  difficulty,  especially  in  the  case 
of  large  wheels,  of  obtaining  an  accurate  spherical  surfoce,  and  of 
drawing  upon  it  when  obtained,  the  following  approxvmaie  method, 
proposed  originally  by  Tredgold,  is  generally  used  : — Let  O,  fig. 

203,  be  the  apex,  and  O  G  the  axis  of  the 
pitch  cone  of  a  bevel-wheel;  and  let  the 
largest  pitch  circle  be  that  whose  radius  is 

C  B.  Perpendicular  to  O  B  draw  B  A  cutr 
ting  the  axis  produced  in  A,  let  the  outer 
rim  of  the  pattern  and  of  the  wheel  be  made 
a  portion  of  the  surface  of  the  cone  whose 
apex  is  A  and  side  A  B.  The  narrow  zone 
of  that  cone  thus  employed  will  approach 
'^*       *  sufficiently  near  to  a  zone  of  the  sphere 

described  about  O  with  the  radius  O  B,  to  be  used  in  its  stead.    On 
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ft  plane  sarfaoe,  with  the  radius  A  B,  draw  a  circular  arc  B  D ;  a 
sector  of  that  circle  will  represent  a  portion  of  the  surface  of  the 
cone  ABC  developed,  or  spread  out  fiaJL  Describe  the  figures  of 
teeth  of  the  required  pitch,  suited  to  the  pitch  circle  B  D^  as  if  it 
were  that  of  a  spur-wheel  of  the  radius  A  B ;  those  figures  will  be 
the  required  cross  sections  of  the  teeth  of  the  bevel-wheeli  made  bj 
the  conical  zone  whose  apex  is  A. 

468.  Teeth  ef  flkewBerel  wiMcla. — ^The  cross  sections  of  the  teeth 
of  a  akew-bevel  wheel  at  a  given  pitch  circle  are  similar  to  those  of 
a  bevel  wheel  whose  pitch  sur£Bu»  is  a  cone  touching  the  hyperbo- 
loidal  pitch  surface  of  the  skew-bevel  wheel  at  the  given  pitch 
circle;  and  the  surfaces  of  the  teeth  of  the  skew-bevel  wheel 
are  generated  b^  a  straight  line  which  moves  round  the  outlines 
of  the  cross  section  and  at  the  same  time  is  kept  always  in  the 
podUon  of  the  generating  line  of  a  hyperboloidal  suiface  similar  to 
the  pitch-suT&ce  (see  Article  444,  pages  430,  431). 

469.  Tke  Teeth  •f  ife»4)iK«faur  Wheels  are  described  by  rolling 
circles  or  other  curves  on  the  pitch  surfaces,  like  the  teelii  of  dr- 
colar  wheels;  and  when  they  are  small  compared  with  the  wheels 
to  which  they  belong,  each  tooth  is  nearly  similar  to  the  tooth  of  a 
ciicolar  wheel  having  the  same  radius  of  curvature  with  the  pitch 
siuface  of  the  actual  wheel  at  the  point  where  the  tooth  is  situated. 

470.  A  c«ai  or  Wiper  IS  a  single  tooth,  either  rotating  continu- 
ously or  oscillating,  and  driving  a  sliding  or  turning  piece,  either 
constantly  or  at  intervals.  AH  the  principles  which  have  been 
stated  in  Article  450,  as  being  applicable  to  sliding  contact,  are 
applicable  to  cams ;  but  in  designing  cams,  it  is  not  usual  to  deter- 
mine or  take  into  consideration  the  fonn  of  the  ideal  pitch  surface 
which  would  give  the  same  comparative  motion  by  rolling  contact 
that  the  cam  gives  by  sliding  contact. 

471.  Scfewa.  Pitch. — ^The  figure  of  a  screw  is  that  of  a  convex 
or  concave  cylinder  with  one  or  more  helical  projections  called 
HnnadB  winding  round  it.  Convex  and  concave  screws  are  dis- 
tingnished  technically  by  the  respective  names  of  male  And/emcUey 
or  external  and  internal;  a  short  internal  screw  is  called  a  nut;  and 
when  a  screw  is  not  otherwise  specified,  external  is  understoocL 

The  relation  between  the  adwinoe  and  the  rotationy  which  com- 
pose the  motion  of  a  screw  working  in  contact  with  a  fixed  nut  or 
helical  guide,  has  already  been  demonstrated  in  Article  382,  equa- 
tion 1 ;  and  the  same  relation  exists  between  the  rotation  of  a 
screw  %\xmt  an  axis  fixed  longitudinally  i^elatively  to  the  frame- 
work, and  the  advance  of  a  nut  in  which  that  screw  rotates,  the 
nut  being  free  to  shift  longitudinally,  but  not  to  turn.  The  advance 
of  the  nut  in  the  latter  case  is  in  the  direction  opposite  to  that  of 
the  advance  of  the  screw  in  the  former  case. 

2o 
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A  8crew  is  called  rigltt-handed  or  left-handed,  aooording  as   its 

advance  in  a  fixed  nnt  is  accomi      '   * 


bj  right-handed  or  lefb-handed  rotation, 

when  viewed  by  an  obeerreryTiofii  whom 

*f  the  advance  takes  place;     Kg.  204  re- 

;.  presents  a  right-handed  screw,  and  fig. 

;     205  a  left-handed  screw. 

^-'/^       i       I        "Sri.      The  jpitch  of  a  screw  of  one  thread, 

and  the  total  pitch  of  a  screw  of  any 

number  of  thieads,  is  the  pitch  of  the 

vitr  9tiA.        VI    OAK        helical  motion  of  that  screw,  as  ex- 
*ig.  ^U4.       ifig.  206.       pia^g^  ^  Article  382,  and  is  the  d». 

tance  (marked  p  in  figs.  204  and  205)  measured  parallel  to  the  axis 
of  the  screw,  between  the  corresponding  points  in  two  consecutive 
turns  qfihe  same  thread. 

In  a  screw  of  two  or  more  threads,  the  distance  measured  paraTId 
to  the  axis,  between  the  corresponding  points  in  two  adjaosnL 
ihreadsy  may  be  called  the  divided  pUch. 

472.   N«rauil  aad  CiMalar  Pitch. — ^When  the  pitch  of  a  SCrew  18 

not  otherwise  specified,  it  is  always  understood  to  be  measaied 
parallel  to  the  axis.  But  it  is  sometimes  convenient  for  paxticiilar 
purposes  to  measure  it  in  other  directions;  and  for  that  poipoae  a 
cylindrical  pitch  etirface  is  to  be  conceived  as  described  about  the 
axis  of  the  screw,  intermediate  between  the  crests  of  the  tlireads 
and  the  bottoms  of  the  grooves  between  them. 

If  a  helix  be  now  described  upon  the  pitch  cylinder,  so  as  to 
cross  each  turn  of  each  thread  at  right  angles,  the  distance  between 
two  corresponding  points  on  two  successive  turns  of  the  same 
thread,  measured  along  this  ruyrmdl  helix,  may  be  called  the  normal 
pitch;  and  when  the  screw  has  more  tdian  one  thread,  the  normal 
pitch  from  thread  to  thread  may  be  called  the  normal  divided  pi^k. 

The  distance  from  thread  to  thread  measured  on  a  circle  desoibed 
on  the  pitch  cylinder,  and  called  the  pitch  circle,  may  be  called  the 
circular  pitch;  for  a  screw  of  one  thread  it  is  one  drcomferenoe  ; 
for  a  screw  of  n  threads 

one  circumference 
n 

The  following  set  of  formulse  show  the  relations  amongst  the  differ- 
ent modes  of  measuring  the  pitch  of  a  screw.  The  pitch,  properiy 
speaking,  as  originally  defined,  is  distinguished  as  the  eucud  piUh^ 
and  is  the  same  for  all  parts  of  the  same  screw :  the  normal  and 
circular  pitch  depend  on  the  radius  of  the  pitch  cylinder. 

Let  r  denote  the  radius  of  the  pitch  cylinder ; 

n,  the  number  of  threads  ; 
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t,  the  obliqttity  of  the  threads  to  the  pitch  circles,  and  jof  the 
normal  helix  to  the  axis ;  ■        .     ' 

the  axial  ^  §  •  •  j  '  *    . .  t.    i  C  . 

"""^      "^   I  divided  pitch  J.-  ^:      J 


^=PA  *^«°"™^  {S5d^  pitch; 


p^  the  eixcular  pitch ;      >, 
Then                               ^ 

1—  - 

* 

Pt^  Pm'  cotan  %  = 

1            • 

p^  •  eosec  t  = 

2vr 

Pm=Pn'eeC%^p, 

'tani 

2irr 

1 

*tan» 
n        ' 

n    =z  n*  tan  i  =  n 

*  noRft 

2irr 

'oni 

n 


473.  Screw  Ctootef^ — ^A  pair  of  convex  screws,  each  rotating 
about  its  axis,  are  used  as  an  elementary  combination,  to  transmit 
motion  by  the  sliding  contact  of  their  threads.  Such  screws  are 
commonly  called  endless  screws.  At  the  point  of  contact  of  the 
screws,  their  threads  must  be  parallel ;  and  their  line  of  connection 
is  the  common  perpendicular  to  the  acting  surfaces  of  the  threads 
at  their  point  of  contact.     Hence  the  following  principles : — 

L  If  the  screws  are  both  right-handed  or  both  left-handed,  the 
angle  between  the  directions  of  their  axes  is  the  som  of  their  obli- 
quilies : — ^if  one  is  right-handed  and  the  other  left-handed,  that 
angle  is  the  difference  of  their  obliquities. 

XL  The  normal  pitch,  for  a  screw  of  one  thread,  and  the  normal 
divided  pitch,  for  a  screw  of  more  than  one  thread,  must  be  the 
same  in  each  screw. 

TTT,  The  angular  velocities  of  the  screws  are  inversely  as  their 
number  of  thr^uis. 

474.  ^••ke'te  Ocartef  is  a  case  of  screw  gearing,  in  which  the 
axes  of  the  screws  are  parallel,  one  screw  being  rightrhanded  and 
the  other  lefb-handed,  and  in  which,  from  the  ^ortness  and  great 
diameter  of  the  screws,  and  their  large  num* 
her  of  threads,  they  are  in  fact  wheds,  with 
teeth  whose  crests,  instead  of  being  parallel 
to  the  line  of  contact  of  the  pitch  cylinders, 
cross  it  obliquely,  so  as  to  be  of  a  screw-like  '  p.  jog. 
or  helical  form.  In  wheelwork  of  this  kind, 
the  contact  of  each  pair  of  teeth  commences  at  the  foremost  end  of 
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the  helical  front  and  terminates  at  the  afteimost  end;  and  the 
helix  is  of  such  a  pitch  that  the  contact  of  one  pair  of  teeth  does 
not  terminate  until  that  of  the  next  pair  has  commenced.     The 
object  of  this  is  to  increase  the  smoothness  of  motion. 
With  the  same  object,  Dr.  Hooke  invented  the  making  of  the 

fronts  of  teeth  in  a  series  of  steps.  A 
wheel  thus  formed  resembles  in  shape  a 
series  of  equal  and  similar  toothed  discs 
placed  side  bj  side,  with  the  teeth  of 
each  a  little  behind  those  of  the  preced- 
ing disa  In  such  a  wheel,  let  j9  be  the 
^^'  ^^^'  circular  pitch,  and  n  the  number  of  stepa 

Then  the  arc  of  contact,  the  addendum,  and  the  extent  of  ali^iing^ 

are  those  due  to  the  smaller  pitch  —,  while  the  strength  of  the  teeth 

n 

is  that  due  to  the  thickness  corresponding  to  the  entire  pitch  p',ao 
that  the  smooth  action  of  small  teeth  and  the  strength  of  hurge 
teeth  are  combined.  Stepped  teeth  being  more  expensiye  and 
difficult  to  execute  than  common  teeth,  are  used  for  special  pur- 
poses onlj. 

475.  The  Wheel  aad  8cf«w  is  an  elementaiy  oombinatioa  of  two 
screws,  whose  axes  are  at  right  angles  to  esbch  other,  both  being 
rijght-handed  or  both  left-handed.  As  the  usual  object  of  this  com- 
bination is  to  produce  a  change  of  angular  Telocity  in  a  ratio 
greater  than  <»n  be  obtained  by  any  single  pair  of  ordinaiy  wheds, 
one  of  the  screws  is  commonly  wheel-like,  being  of  large  diameter 
and  many-threaded,  while  the  other  is  short  and  of  few  threads; 
and  the  angular  velocities  are  inversely  as  the  numbw  of  tiireada. 


Fig.  208. 


F]g.  209. 


Fig.  208  represents  a  side  view  of  this  combination,  and  fig.  309 
a  cross  section  at  right  angles  to  the  axis  of  the  smaller  screw.  It 
has  been  shown  by  Mr.  Willis,  that  if  each  section  of  both  screws 
be  made  by  a  plane  perpendici:dar  to  the  axis  of  the  large  screw  or 
wheel,  the  outlines  of  the  threads  of  the  larger  and  smaller  screw 
should  be  those  of  the  teeth  of  a  wheel  and  rack  respectively:  B^^ 


BLIDINO  or  SCREWS — OLDHAU'a  COUPLIHa  453 

in  fig.  208,  for  ex&mple,  being  the  pitcli  circle  of  the  wheel,  and 
BfBt  the  pitch  line  of  the  nek. 

The  periphery  and  teeth  of  the  wheel  ue  usually  hollowed  to 
fit  the  screw,  as  shown  at  T,  %  209. 

To  make  the  teeth  or  threads  of  a  pair  of  screws  fit  correctly  and 
work  smoothly,  a  hardened  steel  screw  is  made  of  the  £gtire  of  the 
smaller  screw,  with  its  thread  or  threads  notched  so  s«  to  form  a 
cutting  tool ;  the  larger  screw,  or  wheel,  is  cast  api^ozimately  of 
the  required  figure ;  the  lai^r  screw  and  the  steel  screw  are  fitted 
up  in  their  proper  relative  position,  and  made  to  rotate  in  contact 
with  each  other  by  turning  the  steel  screw,  which  cuts  the  threads 
4^  the  larger  screw  to  their  true  figure. 

476.    Tbe  BekHn  BlMlag  t  m  Pair  »t  Bcrvfn  at  their  JMint  Of 

contact  is  found  thus.-— Let  r„  r,,  be  the  radii  of  their  pitch  cylin- 
ders, and  t[,  it,  the  obliquities  of  their  threads  to  their  pitch  circles, 
one  of  which  is  to  be  considered  as  n^ative  if  the  screws  are  con- 
tmry-handed.  Let  u  be  the  common  component  of  the  velocities 
of  a  pair  of  points  of  contact  along  a  line  touching  the  pitch  sur- 
fitces  and  perpendicular  to  the  thieaihi,  at  the  'pitoh  point,  and  « 
the  vieiodtf  of  sliding  of  the  threads  over  each  other.     Then 

=  a,r, 'sinti  =  Ojri-sin^ 
so  that 


u  =  a,r, 'Binti  =  a)ri-suit,;\ 
Oi  =  ; — !-;  0,  =  ; — r-,/ 


P-) 

r,  •  sin  t, '  "'  ~  r,  ■  sin  1, ' 
and 

r  =  a,r,'cost,  +  Ojf-,-costj  =  M(cotanti  +  cotanij) (2.) 

When  the  screws  ate  contrary-handed,  the  difference  instead  of  the 
Bum  of  the  terms  in  equation  2  is  to  be  taken. 

477.  •MhDM^  C!— ^iM»i — A  omtjMng  is  a  mode  of  connecting  a 
pair  of  shafts  so  that  they  shall  rotate  in 
the  same  direction,  with  tbe  same  mean 
angular  velocity.  If  the  axes  of  the  shafts 
are  in  the  same  straight  line,  the  coupling 
consists  in  bo  connecting  their  contiguous 
ends  that  they  shall  rotate  as  one  piece; 
but  if  tbe  axes  are  not  in  the  same  straight 
line,  combinations  of  mechanism  are  re-  j 
quired.  A.  coupling  for  parallel  shafbi 
which  acts  by  dtdivg  etmlael  was  invented  ^    ^^^ 

by  Oldham,  and  is  represented  in  fig.  210. 

Cy  Ce,  are  the  axes  of  the  two  pamllel  shafts ;  Dj,  D^,  two  cross- 
heads,  facing  each  other,  fixed  on  the  ends  of  the  two  shafts  re- 
■pectivelyj  E^  Ej,  a  bar,  sliding  in  a  diametral  groove  in  the  face  of 
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D^;  Eg,  Eg,  a  bar,  sliding  in  a  diametral gi'ooyein  tbe  &oe  of  D,; 
those  bars  are  fixed  together  at  A,  so  as  to  form  a  rigid  croas.  The 
angular  velocities  of  the  two  shafts  and  of  the  cross  are  all  equal  at 
eveiy  instant  The  middle  point  of  the  cross,  at  A,  revolves  in 
the  dotted  circle  described  upon  the  line  of  centres  C.  Cj,  as  a 
diameter,  twice  for  each  turn  of  the  shafts  and  cross;  the  instan- 
taneous axis  of  rotation  of  the  cross,  at  any  instant^  ia  at  I,  tbe 
point  in  the  circle  C^  C^,  diametrically  opposite  to  A« 

Oldham's  coupling  may  be  used  with  advantage  where  ihe  axes 
of  the  shafts  are  intended  to  be  as  nearly  in  the  same  straight  line 
as  is  possible,  but  where  there  is  some  doubt  as  to  the  pcactioa- 
biliiy  or  permanency  of  their  exact  continuity. 

Section  3. — Connection  by  Bands. 

478.  B««4a  ciasMd. — Bands,  or  wrapping  connectors,  for  com- 
municating motion  between  pulleys  or  drums  rotating  about  fixed 
axes,  or  between  rotating  pulleys  and  drums  and  abifting  pieces, 
may  be  thus  classed  : — 

I.  Belts,  which  are  made  of  leather  or  of  gutta  percha,  aie  flat 
and  thin,  and  require  nearly  cylindrical  pulleys.  A  belt  tends  to 
move  towards  that  part  of  a  pulley  whose  radius  is  greatest ;  pulleys 
for  belts,  therefore,  are  slightly  sweUed  in  the  middle,  in  order 
that  the  belt  may  remain  on  the  puUey  imless  forcibly  shifted.  A 
belt  when  in  motion  is  shifted  off  a  pulley,  or  from  one  pulley  on 
to  another  of  equal  size  alongside  of  it,  by  pressing  against  that 
part  of  the  belt  which  is  moving  touxxrds  the  pulley. 

II.  Cords,  made  of  catgut,  hempen  or  other  fibres,  or  wire,  are 
nearly  cylindrical  in  section,  and  require  either  drums  with  ledges^ 
or  grooved  pulleys. 

III.  Chains,  which  are  composed  of  links  or  bars  jointed  together, 
require  pulleys  or  drums,  grooved,  notched,  and  toothed,  so  as  to 
fit  the  links  of  the  chains. 

Bands  for  communicating  continuous  motion  are  endless. 

Bands  for  communicating  reciprocating  motion  have  usually  their 
ends  made  fast  to  the  pulleys  or  drums  which  they  connect,  and 
which  in  this  case  may  be  sectors. 

479.  PiiHcipte  m€  CrnmmmcOmm  hj  b«b4s. — The  line  of  conmeoHm 
of  a  pair  of  pulleys  or  drums  connected  by  means  of  a  band,  is  the 
central  line  or  axis  of  that  part  of  the  band  whose  tension  transmits 
the  motion.  The  principle  of  Article  433  being  applied  to  this 
case,  leads  to  the  following  consequences  : — 

L  For  a  pair  of  rotating  pieces,  let  r^,  r„  be  the  perpendiculars 
let  fall  from  their  axes  on  the  centre  line  of  the  band,  Oj,  a^  their 
•ingular  velocities,  and  tj,  4,  the  angles  which  the  centre  line  of  the 
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bftud  makes  with  the  two  axes  respectively.  Then  the  loBgitudi- 
xud  velocity  of  the  band,  that  is,  its  component  velocity  in  the 
direction  of  its  own  centre  line,  is 

usrjOi  sinti  =  raaa  sinia; (1.) 

whence  the  angcdar  velocity-ratio  is 

'^^•i^ (2.) 

Oi      r.  Sin  la  ^   ' 

When  the  aooea  aare  pa/raUd  (which  is  almost  always  the  case),  ii  =  i^ 
and 

^=5 (3.) 

The  same  equation  holds  when  both  axes,  whether  parallel  or  not, 
are  perpendicular  in  direction  to  that  part  of  the  band  which  trans- 
mits the  motion ;  for  then  sin  ii  =  sin  t,  =  1. 

11.  For  a  rotaimg  piece  cmd  a  sliding  piecey  let  r  be  the  perpendi- 
cular from  the  axis  of  the  rotating  piece  on  the  centre  Hne  of  the 
band,  a  the  angular  velocity,  i  the  angle  between  the  directions  of 
the  band  and  axis,  u  the  longitudinal  velocity  of  the  band,  j  the 
angle  between  the  direction  of  the  centre  line  of  the  band  and  that 
of  the  motion  of  the  sliding  piece,  and  v  the  velocity  of  the  sliding 
piece;  then 

tt  =  ra  sin  i  =  v  cos  J;  and (4.) 

rasini  ,-v 

V  = r- (0.) 

COBJ 

When  the  centre  line  of  the  band  is  parallel  to  the  direction  of 
motion  of  the  sliding  piece,  and  perpendicular  to  the  direction  of 
the  ajds  of  the  rotating  piece,  sin  i  =  cos^  =  1,  and 

v=zu=zra (6.) 

480.  The    PUch  SaHlMe  •r  m  Pidley  •r  Dm    is   a    BUr£BU»   to 

which  the  line  of  connection  is  always  a  tangent ;  that  is  to  say, 
it  is  a  surface  parallel  to  the  acting  surface  of  the  pulley  or  drum, 
and  distant  from  it  by  half  the  thickness  of  the  band. 

481.  Cfrcalar  VmUmju  wid  itanuM  are  used  to  communicate  a 

Fig.  211.  Fig.  212. 

constant  velocity-ratio.     In  each  of  them^  the  length  denoted  by  r 
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fS€ 


in  the  equations  of  Arfcicle  479  is  constant,  and  is  called  the  ^ 
iive  radius,  being  equal  to  the  real  radios  of  the  pulley  or  drom 
added  to  half  the  thickness  of  the  band. 

A  crossed  hdt  connecting  a  pair  of  circular  pulleys,  as  in  fig.  211, 
reverses  the  direction  of  rotation ;  an  open  hdt,  as  in  fig.  212,  pre- 
serves that  direction. 

482.  Tke  liciistii  •twm  BHdicM  Belt,  connecting  a  pair  of  paUeys 


whose  effective  radii  are  C^  T^  =  r^,  C,  T,  =  r^,  with  parallel  axes 

whose  distance  apart  is  O^  Cj  =:  c,  is  given  by  formulie  founded  on 
equation  1  of  Article  402,  viz., — L  =  2  • «  +  2  •  r  «.  Each  of  the  two 
equal  straight  parts  of  the  belt  is  evidently  of  the  length 

s  =  J(?  —  (r J  +  r j)*  for  a  crossed  belt ,  ^ 


'; 


9  =  fj(^  —  (^x  —  r,)*  for  an  open  belt 

Ti  being  the  greater  radius,  and  r^  the  less.  Let  t|  be  the  aanc  to 
radius  unity  of  the  greater  pulley,  and  1^  that  of  ^e  less  pollej, 
with  which  the  belt  is  in  contact ;  then  for  a  crossed  belt 

fi  =  i,=  (x+2arc  •sin-i ?J  j 

and  for  an  open  belt,  I  (2.) 

t^=  f  flr  +  2  arc  .  sinlLZ_!«j  ;  t2=  («•  — 3  arc  •  sin**' "~ 

and  the  introduction  of  those  values  into  equation  1  of  Article  402 
gives  the  following  results  : — 
For  a  crossed  belt, 


'-^)- 


arc  *sm  * 


L  =  2^c«-(r,  +  r,)«  +  (r,  +  r,)-(»  +  2 
and  for  an  open  belt, 
L  =  2^c*-(ri-rg)*  +  «'(ri  +  rj)  +  2(ri-rg)  *arc*8in 


.  ^-^. 


(3.) 


As  the  last  of  these  equations  would  be  troublesome  to  employ  in 
a  practical  application  to  be  mentioned  in  the  next  Article,  an 
approximation  to  it,  sufficiently  close  for  practical  purposes,  is 
obtained  by  considering,  that  if  r  —  r,  is  small  compsured  with  c, 

J<?  —  {ti  - r,)'  =  c  —  ^-~ — ?^  nearly,  and  ™  •  ~-  •   *""'*' 


2c 


arc  •  sm  •  -= — '  = 


»"i-n 


nearly  j  whence,  for  an  open  belt, 

Lnearly=2c4.a-(ri  +  r2)  +  ^^^-=^' (3  a.) 


SPEED-OOREB. 


457 


48a 


(figs.  213,  214,  215,  216)  are  a  oontriTance  for 


Fig.  21& 


Fig.  214. 


Fig.  215.  Fig.  216. 


▼arying  and  adjusting  the  Yelodty-ratio  communicated  between  a 
pair  of  parallel  shafts  by  means  of  a  belt,  and  may  be  eitiier  conti- 
nuous cones  or  conoids,  as  in  fig&  213,  214,  whose  velocity-ratio 
can  be  varied  gradually  while  they  are  in  motion  by  shifting  the 
belt ;  or  sets  of  puUeys  whose  radii  vary  by  steps,  as  in  figs.  215, 
316,  in  which  case  the  velocity-ratio  can  be  changed  by  shifting 
the  belt  from  one  pair  of  pulleys  to  another. 

In  order  that  Uie  belt  may  be  equally  tight  in  every  possible 
position  on  a  pair  of  speed-cones,  the  quantity  L  in  the  equations 
of  Article  482  must  be  constant. 

For  a  crossed  belt,  as  in  figs.  213  and  215,  L  depends  solely  on 
e  and  on  rj  +  r^.  Now  c  is  constant^  because  the  axes  are  parallel, 
therefore  ike  sum  of  (he  radii  of  the  pitch  circles  connected  in  every 
position  of  the  belt  is  to  be  constant  That  condition  is  fulfilled 
by  a  pair  of  continuous  cones  generated  by  the  revolution  of  two 
straight  lines  inclined  opposite  ways  to  tiieir  respective  axes  at 
equal  angles,  and  by  a  set  of  pairs  of  puUeys  in  which  the  sum  of 
the  radii  is  the  same  for  each  pair. 

For  an  open  belt,  the  following  practical  rule  is  deduced  from  the 
^iproximate  equation  3  A  of  Article  482  : — 

liet  the  speed-cones  be  equal  and  similar  conoids,  as  in  fig.  214, 
but  with  their  large  and  sinall  ends  turned  opposite  ways.  Let  r^ 
be  the  radius  of  the  large  end  of  each,  r,  that  of  the  small  end,  r^ 
that  of  the  middle ;  and  let  y  be  the  sagiUa^  measured  perpendi- 
cular to  the  axis,  of  the  arc  bv  whose  revolution  each  of  the  conoids 
is  generated,  or,  in  other  words,  the  btdging  of  the  conoids  in  the 
middle  of  their  length ;  then 


y  =  ro- 


r,+ 


r,  _  (n  -  r,)» 


.(1.) 


2  s-  =  6*2832 ;  but  6  may  be  used  in  most  practical  cases  without 
sensible  error. 
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Vi  :t?g  ::KT,  :KT,, 


(1.) 


Should  K  be  inconvenientlj  far  ofi^  draw  any  triangle  "witli  its 
sides  respectively  parallel  to  Ci  T„  CgT.,  and  T^  T,;  the  ratio  ci 
the  two  sides  first  mentioiied  will  be  the  velocity-ratio  required. 
For  example,  draw  C,  A  parallel  to  Cj  T„  cutting  TjT,  in  A;  then 


«,  :vm  ::  C,A  :CgTj 


(2.) 


Fig.  217. 


Fig.  218. 


EaxtmpU  II.  EoUUmg  Piece  and  Sliding  Piece  (fig.  218). — ^Let 
Ot  be  the  axis  of  a  rotating  piece,  and  Tj  II  the  straight  line  along 
which  a  sliding  piece  moves.     Let  Ti,  T^  be  the  connected  points, 

CgTg  the  crank  arm  of  the  rotating  piece,  and  T^  T,  the  link  or 
connecting  rod.  The  points  Ti,  T„  and  the  line  Tj  B,  are  snppoaed 
to  be  in  one  plane,  perpendicular  to  the  axis  C.  Draw  T|  K  per- 
pendicular to  Ti  B,  intersecting  Cg  Tg  in  K ;  K  is  the  instantaneous 
axis  of  the  link ;  and  the  rest  of  the  solution,  is  the  same  as  in 
Example  L 

489.  An  Sccoiiiic  ^fig.  219)  being  a  circular  disc  keyed  on  a 

shait,  witii  whose  axis  its  centre  does  not  co- 
incide, and  used  to  give  a  reciprocatiiig  inoticm 
to  a  rod,  is  equivalent  to  a  crank  whose  con- 
nected point  is  T,  the  centre  of  the  eccentnc 

disc,  and  whose  crank  arm  is  C  T,  the  distance 
of  t^t  point  firom  the  axis  of  the  shafts  called 
the  eccerUricitf/, 

An  eccentric  may  be  made  capable  of  having  its  eccentricity 
altered  by  means  of  an  adjusting  screw,  so  as  to  vary  the  extent 
of  the  reciprocating  motion  which  it  communicates,  and  which  is 
called  the  throw,  or  travel,  or  length  qf^oke. 

490.  The  K^erngth  •€  Stroke  of  a  point  in  a  reciprocating  piece  is 
the  distance  between  the  two  ends  of  the  path  in  which  that  point 
«.^^^      When  it  is  connected  by  a  link  with  a  point  in  a  con- 


Fig.  219. 


moves. 


looslyl^ta^iig  ^iece,  the  ends  of  the  stroke  of  the  ronprocating 
-"'point  (Mrrespond  with  the  dead  points  of  the  coutinuoualf  reTolving 
piece  (Article  486). 

Let  S  be  the  length  of  stroke  of  the  reciprocatiug  piece,  L  the  "^ 
length  of  the  line  of  connectiou,  and  R  the  cmnk  arm  of  the  con-  ' 
tinnonsly  turning  piece.  Then  if  the  two  ends  of  the  stroke  be  in  r'j  ' 
one  straight  line  with  the  axis  of  the  crank,  ^ 

8  =  2B; (1.)     rt     ^ 

and  if  their  ends  be  not  in  one  straight  line  with  that  axis,  then/'       ■ 
S,  L  —  R,  and  L  +  E,  are  the  three  sides  of  a  triangle,  having  the  >       "^ 
angle  opposite  S  at  that  axis ;  so  that  if  J  be  the  supplement  of  the 
arc  between  the  dead  points,  >- 

S'=2(L'  +  B')-2(L'-B')cos*n  ^, 


> (2.) 


.       2L'+2R'-a 

491.  BHka^  CaiTemi  Mmint  (fig.  230)  is  a  contrivance  for  conp- 
ling  shafts  whose  axes  intellect  each  other  in  a  poinL 

Let  O  be  the  point  of  intersection 
of  the  axes  0  C„  O  C„  and  t  their 
ai^le  of  inclination  to  each  other,  i 
The  pair  of  shafls  C|,  Ci,  terminate 
in  a  pair  of  forks  P„  Y„  in  bearings 
at  the  extremities  of  which  turn  the 
gudgeons  at  the  ends  of  the  arms  of 
a  rectangular  cross  having  its  centre 
at  O.  This  cross  is  the  link ;  the 
connected  points  are  the  centres  of  p,    j^^ 

the  bearings  Fi,  F..   At  each  instant 

each  of  those  points  moves  at  right  angles  to  the  central  plane  of 
its  shaft  and  fork,  therefore  the  line  of  intersection  of  the  central 
planes  of  the  two  forks,  at  an;  instant,  b  the  instantaneous  axis  of 
the  cross,  and  the  vdodty-ralio  of  Uie  points  Fi,  F,  (which,  as  the 
forks  are  equal,  is  also  the  angidar  vdociiyreitu)  of  the  sha^),  ia 
equal  to  the  ratio  of  the  distances  of  those  points  from  that  instan- 
taneous axis.  The  mean  value  of  that  velocity- ratio  ia  that  of 
equality ;  for  each  successive  pia/rter  turn  is  made  by  both  Bhafta  in 
the  same  time ;  but  its  actual  value  fluctuates  between  the  limits, 


..0) 

i  when  Fi  is  in  that  plan& 


1- 


<* 


Its  value  at  intermediate  instants,  as  well  as  t}ie  mation  between 
the  positions  of  the  shafts,  are  given  by  the  following  eqnatioos: — 
Let  ^1,  ^g,  be  the  angles  respectively  made  by  the  oential  plfibes  <iify\i 
the  forks  and  shafts  with  the  plane  of  the  two  axes  at  a  g^ven 
instant ;  then    C^  ^'  z  /zu.  (p/  ^f  #1.  /•  V 

'    T  tan  ^1 '  tan  ^«  =  cos  t ;  \       (o,  — --^^ 

t^  Oa d0g  ___  tan  ^1  +  cotan  ^i  )- (2.)      * 

^  Ui  c?  ^1 "~  tan  ^,  +  ootan  ^  J  ^     . 

I     492.  The  nmmWm  K««ke'«  #«tat  (fig.  221)  is  used  to  obviate  4he  | 
yibratoiy  and  imsteady  motion  caused  by  the  flactuation  of  the  ' 

velocity-ratio  indicated  in  the  equa-  ^\ 
tions  of  Article  491.  Between  the 
two  shafts  to  be  connected,  C|,  Q^ 
there  is  introduced  a  short  interme- 
diate shaft  Cf,  making  equal  angles 
with  Ci  and  C^  connected  with  each 
^-  ^^^'  of  them  by  a  Hooke's  joint,  and 

having  both  its  own  forks  in  the  same  plana 

Let  t  be  the  angle  of  inclination  of  Oj  and  0^,  and  also  that  of 
Ct  and  C^  Let  ^1,  0%,  0^  be  the  angles  made  at  a  given  instant  by 
the  planes  of  the  forks  of  the  three  shafts  with  the  plane  of  their 
axes,  and  let  Oi,  o^,  Og,  be  their  angular  velocities.     Then 

tan  ^s '  tan  ^,  =  cos  %  =  tan  ^  *  tan  ^; 

whence  tan^stan^i;  andas=:ai; 

so  that  the  angular  velocities  of  the  first  and  third  shafts  are  equal 
to  each  other  at  every  instant. 

493.  A  cnick,  being  a  reciprocating  bar,  acting  upon  a  ratchet 
wheel  or  rack,  which  it  pushes  or  pulls  through  a  certain  arc  at 
each  forward  stroke,  and  leaves  at  rest  at  each  backward  stroke,  is 
an  example  of  intermittent  linkwork.  During  the  forward  stroke, 
the  action  of  the  click  is  governed  by  the  principles  of  linkwoik; 
during  the  backward  stroke,  that,  action  ceases.  A  catch  or  paS^ 
turning  on  a  fixed  axis,  prevents  the  ratchet  wheel  or  rack  fitnn 
...reversing  its  motion. 

Sectiok  5. — RedupUcaiiion  of  Cords. 

^      J.        494.  JDeflaittoBs. — The  combination  of  pieces  connected  by  the 

^rl     several  plies  of  a  cord  or  rope  consists  of  a  pair  of  cases  or  frames 

Jcalled  blocks,  each  containing  one  or  more  pulleys  called  ^leavet. 

One  of  the  blocks  called  the  faUMock,  B„  is  fixed;  the  other,  or 


rtmMMy-Woci,  B„  is  moveable  to  or  from  the  fell-Hock,  widi  *hicli 

it  is  ooimocted  by  means  of  &  rope  of  irhidi  one  end  is  attached 

cddker  to  the  fiill-bloct  or  to 

4h«  nmning-block,  while  the 

otiier  end,  T„  caUed  the  /all, 

or  taetUjail,  is  freej  while  ^ 

tbe  intermediato  portion  of 

the  rope    passes   alt«mat«l7 

round  the  pulleyB  in  the  fidl- 

blo<^  and  running-block.  The 

iriiole  combination  is  called  a  ' 

fooUeor  putv/uue. 

496.  Thevctocttr^lMtoohief- 
l^conmdered  in  a  tackle  is  that 
between  the  velocities  of  the 
mnninK-block,  «,  and  of  the 
tackle-feu,  «.  That  ratio  is 
given  ity  equation  6  of  Article 
402  (which  see),  viz,  :—  fl^  W2.  Kg.  S8B. 

«=««; (1-) 

^ere  n  is  the  nvml«r  o/plitg  of  rope  by  which  the  lunning-block 
is  connected  with  the  fall-block.  Thus,  in  fiir.  222  »  =  7 ;  and  in 
%  223,  n  =  6. 

496.  The  rdMUr  m€  Amj  pIj  of  the  rope  is  fonnd  in  the  follow- 


L  For  a  ply  on  the  side  of  the  fell-block  next  the  tackle-fell, 
mdi  as  2,  4,  6,  fig.  222,  and  3,  G,  fig.  223,  it  is  to  be  considered 
what  would  be  the  velocily  of  that  ply  if  it  were  itself  the  tackle- 
&U.  Iiet  that  veloci^  be  denoted  by  tf,  and  let  n'  be  the  number 
of  plies  between  the  ply  in  question  and  the  {Mint  of  attachment  by 
which  the  first  ply  (marked  1  in  the  figures)  is  fixed  to  one  or  other 
Uock.     Then 

'^  =  «'« (1) 

IL  For  a  ply  on  the  side  of  the  fell-block  ferthest  from  the 
tackle-fell,  the  velocity  is  equal  and  contrary  to  that  of  the  next 
succeeding  ply,  with  which  it  is  directly  connected  over  one  of  the 
sheaves  of  tlte  fall-block. 

ni  If  the  first  ply,  as  in  fig.  223,  is  attached  to  the  feU-block, 
hs  velocity  is  nothing;  if  to  the  running-block,  its  velocity  is  equal 
to  fltat  of  the  block. 

497.  WhUa's  Tackle. — The  sheaves  in  a  block  are  nsnally  made 
all  of  the  same  diameter,  and  turn  on  a  fixed  pin;  and  they  have, 
coaseqneutly,  different  angular  velocities.     But  by  making  tbe 
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X  of  each  sheave  proportional  to  t 
fc,  of  the  ply  of  rope  which  i*  ^  ^  r' 
f  the  sheaves  in  one  hlock  may  oe 


'♦ 


}H' 


aves  may  be  made  all  in  one  pi^^ij  / 
r  in  fixed  bearings.    ThisiscaUea 
>r,  and  is  represented  in  figs.  22-6  » 

SBcnoisr  Q.—HydmJk  C^ 

.   The  0«a«na  Vrtvclyle  of  tiie     ^         ^^ 
m  two  pistons  by  means  of  an  ira-'*^^ 
Y  has  abeady  been  stated  in  Arti^^-*^  -^  j' 
af  the  pistons  are  inversely  as  thei-*^ 
1  to  their  directions  of  motion.  I 

uld  the  density  of  the  fluid  vary,  tl*  *^ ,. . 
6  mechanism ;  because  in  that  case,     "^^ 
ion  from  one  piston  to  the  other,  itf-^ 
or  other^  or  both  pistons,  due  to  tt^-^ 

.  TalT«s  are  used  to  regulate  the    ^^^ 
;h  a  fluid,  by  opening  and  shutting 
id  flows ;  for  example,  a  cylinder  ni-«*  ^ 
shall  cause  the  fluid  to  flow  in    ^    j 
trough  another.     Of  this  use  of  -*r*^ 
pushed. 

Vhen  ths  piston  moves  the  fluid,  ttB-*^  ^ 
self-cubing;  that  is,  moved  by  th^" 
^  into  ^e  cylinder,  one  provide  *^* 
is,  and  the  other  with  a  valve    ^'1 
;  the  outward  stroke  of  the  piston  t>J  *' 
le  latter  shut  by  the  inward  pressui'*  * 
3ugh  the  former  passage;  and  duri  ^  ' 
ston,  the  former  valve  is  shut  and     ^ 
rd  pressure  of  the  fluid,  which  flov^'f 
e.     This  combination  of  cylinder,  p^ 
I  pump. 

When  the  fluid  moves  the  piston,  tli ' 
Lut  by  mechanism,  or  by  hand.  In  t 
:ing  cylinder, 

.  In  the  HrdrBviio  Preaa,  the  rapid 
imip  causes  the  slow  motion  of  ah:  ' 
er.     The  pump  draws  water  firom  :• 
le  working  cylinder ;  during  the  out  v 
,  the  piston  of  the  working  cylinder 
I  stroke  of  the  pump  piston,  the   ; 


««i 
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(1) 


..(2.) 


(3) 

ocit^  of  the  body,  and  the 
le  initial  velocity  and  the 
he  initial  and  final  velo- 
lultiplied  \»y  V  —  Vo  =s  g  I, 
tion  3 ;  giving  the  follow- 


[ (*■) 

fo  is  to  be  made  =  0 ;  80 

'f. <^> 

i  the  height  or  fall  due  to 
he  velocity  due  to  the  height 

I  vertically  upwards,  the 
!.  To  find  the  height  to 
ion  and  beginning  to  fall, 
lations  4j  t^en 


..(6.) 


itial  velocity  n^ 
>jectile  to  whose  motion 
}tion  compounded  of  the 
he  horizontal  motion  due 
ity  of  projection.  In  fig. 
the  projectile  ia  original^ 
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diameter  of  each  sheave  proportional  to  the  velocity,  reUUiody  to 
the  block,  of  the  ply  of  rope  which  it  is  to  .carry,  the  angular  velo- 
cities of  the  sheaves  in  one  block  may  be  rendered  equal,  so  that 
the  sheaves  may  be  made  all  in  one  piece,  and  may  have  joumala 
turning  in  fixed  bearings.  This  is  called  Whitens  Tackle,  from  the 
inventor,  and  is  represented  in  figs.  222  and  223. 

Sbgtion  6. — Hydrcvulic  ConnecUon, 

498.  The  o«i«na  Vrincipie  of  the  communication  of  motioii 
between  two  pistons  by  means  of  an  intervening  fluid  of  constant 
density  has  already  been  stated  in  Article  411,  viz.,  that  the  velo- 
cities of  the  pistons  are  inversely  as  their  areas,  measured  on  planes 
normal  to  their  directions  of  motion. 

Should  the  density  of  the  fluid  vary,  the  problem  is  no  longer  one 
of  pure  mechanism;  because  in  that  case,  b^des  the  communication 
of  motion  from  one  piston  to  the  other,  there  is  an  additional  motion 
of  one  or  other,  or  both  pistons,  due  to  the  change  of  volume  of  the 
fluid 

499.  Talvvs  are  used  to  regulate  the  communication  of  motion 
through  a  fluid,  by  opening  and  shutting  passages  through  which 
the  fluid  flows ;  for  example,  a  cylinder  may  be  provided  with  valves 
which  shall  cause  the  fluid  to  flow  in  through  one  passage,  and 
out  through  another.  Of  this  use  of  valves,  two  cases  may  be 
distinguished. 

I.  When  the  piston  moves  the  fluid,  the  valves  may  be  what  is 
called  se^f-acting;  that  is,  moved  by  the  fluid.  If  there  be  two 
passages  into  the  cylinder,  one  provided  with  a  valve  opening 
inwards,  and  the  other  with  a  valve  opening  outwards;  then 
during  the  outward  stroke  of  the  piston  the  former  valve  is  opened 
and  the  latter  shut  by  the  inward  pressure  of  the  fluid,  which  flows 
in  through  the  former  passage;  and  during  the  inward  stanokeof 
the  piston,  the  former  valve  is  shut  and  the  latter  opened  by  the 
outward  pressure  of  the  fluid,  which  flows  out  through  the  Letter 
passage.  This  combination  of  cylinder,  piston,  and  valves,  ooxKsti- 
tutes  a  pump, 

II.  When  the  fluid  moves  the  piston,  the  valves  must  be  opened 
and  shut  by  mechanism,  or  by  hsuid  In  this  case  the  cylinder  is 
a  working  cylinder, 

500.  In  the  Hrdimniio  PreM,  the  rapid  motion  of  a  small  piston 
in  a  pump  causes  the  slow  motion  of  a  large  piston  in  a  working 
(jylinder.  The  pump  draws  water  from  a  reservoir,  and  forces  it 
into  the  working  cylinder;  during  the  outward  stroke  of  the  pump 
piston,  the  piston  of  the  working  cylinder  stands  still ;  during  the 
inward  stroke  of  the  pump  piston,  the  piston  of  liie  working 
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cylinder  moTes  outward  with  a  velocity  as  much  less  than  that  of 
the  pump  piston  as  its  area  is  greater.  When  the  piston  of  the 
working  cylinder  has  finished  its  outward  stroke,  which  may  be  of 
any  length,  it  is  permitted  to  be  moved  inwards  again  by  opening 
a  valve  by  hand  and  allowing  the  water  to  escape. 

501.  In  the  WLjdMeamhm  K«iat,  the  slow  inward  motion  of  a  large 
piston  drives  water  from  a  large  cylinder  into  a  smaller  cylinder, 
and  causes  a  more  rapid  outward  motion  of  the  piston  of  the  smaller 
cylinder.  "When  the  latter  piston  is  to  be  moved  inward,  a  valve 
between  the  two  cylinders  is  closed,  and  the  valve  of  an  outlet  from 
the  smaller  cylinder  opened,  by  hand,  so  as  to  allow  the  water  to 
escape  from  the  smaller  cylinder.  The  larger  cylinder  is  filled  and 
its  piston  moved  outward,  when  required,  by  means  of  a  pump,  in 
a  manner  resembling  the  action  of  a  hydraulic  press. 

SscnoN  7. — Trains  ofMediomam. 

502.  TiateB  9€  BlcaMBttuy  €)mmbimmM§9mM  have  been  defined  in 
Article  435,  and  illustrated  in  the  case  of  wheelwork,  in  Article 
449,  and  in  the  case  of  a  double  Hooke's  joint,  in  Article  492.  The 
general  principle  of  their  action  is  that  the  comparative  motion  of 
the  first  driver  and  last  follower  is  expressed  by  a  ratio,  which  is 
found  by  multiplying  together  the  several  velocity-ratios  of  the 
aericB  of  elementary  combinations  of  which  the  train  consists,  each 
with  the  s^  denoting  the  directional  relation. 

Two  or  more  trains  of  mechanism  may  con/verge  into  one ;  as  when 
the  two  pistons  of  a  pair  of  steam  engines,  each  through  its  own 
connecting  rod,  act  upon  one  crank  shaft.  One  train  of  mechanism 
m^Y diverge  into  two  or  more;  as  when  a  single  shaft,  driven  by  a 
prime  mover,  carries  several  pulle3rs,  each  of  which  drives  a  different 
madiine.  The  principles  of  comparative  motion  in  such  converging 
and  diverging  trains  are  the  same  as  in  simple  trains. 
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CHAPTER  ni. 


ON  AGGBBGATE  OOMBIVATIOira. 


503.  The  Ctaacni  PitedpiM  of  aggregate  oomlniiatioiis  liave 
already  been  given  in  Part  III.,  Chapter  II.,  Section  S.  The 
problems  to  which  those  principles  are  to  be  applied  may  be  divided 
into  two  classes. 

L  Where  a  secondary  moving  piece  is  connected  at  three^  or  at 
two  points,  as  the  case  may  be,  with  three  or  with  two  other  pieces 
whose  motions  are  given ;  so  that  the  problem  iajjrom  ike  moUont 
ofthrm(n'oftux>pomi8intheaeoondairypiece,  to  find  ila  motion  a»  a 
whole,  and  the  motion  of  any  point  in  it.  The  solution  of  this  pano> 
blem  is  given  in  Articles  383  and  384. 

IL  Where  a  secondary  piece,  C,  is  carried  by  another  piece,  B ; 
and  denoting  the  frame  of  the  machine  by  A,  there  are  given  two 
out  of  the  three  motions  of  A,  B,  and  C,  relatively  to  each  other, 
and  the  third  is  required.  The  motion  of  C  relatively  to  A  is  the 
resultant  of  the  motion  of  C  relatively  to  B,  and  of  B  rdatively  to 
A ;  and  the  problem  is  solved  by  the  methods  already  explained  in 
Articles  385  to  395,  indnsive. 

Mr.  Willis  distinguishes  the  effects  of  aggregate  combinaiioiu 
into  aggregcOe  vdodtiesy  whether  linear  or  angular,  produced  in 
secondary  pieces  by  the  combined  action  of  different  drivers^  and 

aggregate  paihs,  being  the  curves,  sodi 
as  cycloids  and  trochoids,  epicycloids 
and  epitrochoids,  described  by  given 
points  in  such  secondary  pieces. 

The  following  Articles  give  examples 
of  the  more  ordinaiy  and  useful  aggre- 
gate combinations. 

504.  PMrwrnBHrt  WI»itoM — In  fig. 
224,  the  axis  A|  carries  two  barrels  of 
different  radii,  Vi  being  the  greater,  and 
r,  the  less.  A  running  block  containing 
a  single  pulley  is  hung  by  a  rope  whid 
passes  below  the  pulley,  and  has  one 
end  wound  round  the  hunger  barrel,  and 
the  other  wound  the  contrary  way  round 
the  smaller  barrel    When  the  two  banels  rotate  together  with  the 
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common  sngiikr  mdociiy  a,  the  division  of  the  zope  which  hangs 
from  the  larger  barrel  moves  with  the  velocity  ar,,  and  the  divi- 
sion which  hangs  from  the  smaller  barrel  moves  in  the  contraiy 
direction  with  tiie  velocity  —arg  (whose  direction  is  denoted  by 
the  negative  sign).  These  are  also  the  velocities  of  the  two  points 
at  opposite  ez^^remities  of  a  diameter  of  the  pulley,  where  it  is 
toiujied  by  the  two  vertical  divisions  of  the  rope.  The  velocity  of 
the  centre  of  the  pnlley  is  a  mean  between  those  two  velocities ; 
that  isy  their  half-difference,  because  their  signs  are  opposite ;  or 
denoting  it  by  v, 

«=^^ (1.) 

The  tTuiantaneous  axis  of  the  pulley  may  be  found  by  the  method 
of  Article  384,  as  follows :— In  fig.  184  c,  let  A  and  B  be  the  two 
ends  of  the  horizontal  diameter  of  the  pulley,  and  let  A  Y.  =  a  rj, 

and  BV^  =  a  r^  represent  their  velocities ;  join  Y«  Y»  cutting  A  B 
in  O ;  this  is  the  instantaneous  axis,  and  its  distance  from  the 
centre  or  moving  axis  of  the  pulley  is  obviously 


AB'^,'":', (2.) 

2(r,  +  r,)  ^  ^ 

The  motion  of  the  centre  of  the  pulley  is  the  same  with  that  of  a 


•2 


The  use  of 


point  in  a  rope  wound  on  a  barrel  of  the  radius 

the  contrivance  is  to  obtain  a  slow  motion  of  the  pulley  without 
using  a  small,  and  therefore  a  weak,  barrel 

505.   €«HiF«HMi  Screws. — (Fig.  225.)     On  the  same  axis  let 
there  be  two  screws  Si  S^  and  Si  S^,  of  the  respective  pitches 


#" 


Fig.  225. 


Pt  and  jE^  pi  being  the  greater,  and  let  the  screws  in  the  first  in- 
stance be  both  right-huided  or  both  left-handed  Let  Ki  and  Na 
be  two  nuts,  fitted  on  the  two  screws  respectively.  When  the 
compound  screw  rotates  with  the  angular  velocity  a,  the  nuts  ap- 
proach towards  or  recede  from  each  otiier  with  the  relative  velocity, 


(1.) 
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being  that  due  to  a  screw  whoee  pitch  is  the  d^erenoB  of  the  two 
pitches  of  the  oompomid  screw.  (See  Article  382,  equation  1.) 
The  object  of  this  contrivance  is  to  obtain  the  alow  advance  dne 
to  a  fine  pitch,  together  with  the  strength  of  large  threads. 

Fig.  226  represents  a  compound  screw  in  which  the  two  screws 
are  contrary-handed,  and  the  relative  velocity  of  the  nnts  19 1,  N» 
is  that  dne  to  the  swm,  of  the  two  pitches ;  or,  as  these  are  usually 
equal,  to  double  the  pitch  of  each  screw.  This  oombiDation  in  need 
in  coupling  railway  carriages. 

506.  liiak  oi«ti«a. — Let  C  be  the  axis  of  the  shaft  of  a  steam 
engine,  C  T  the  crank, /the  connected  point  (see  Article  489)  of  the 

forward  eooentric  (which  is 
suited  to  move  the  slide 
valve  when  the  engine  moves 
forwards),  h  the  connected 
point  of  the  ha/ckwaard  eooen- 
trie  (which  is  suited  to  move 
the  slide  valve  when  the 
engine  is  reversed)^  /¥  the 
]pig^  227.  forward  and  b  B  the  back- 

ward eccentric  rods,  FB  a 
piece  called  the  link,  jointed  to  those  two  rods  at  F  and  B,  8  a 
slider,  which  is  capable  of  being  slid  to  and  fixed  at  different 
positions  in  the  link,  and  to  which  the  slide  valve  rod  is  jointed. 
Let  the  arrow  represent  the  direction  of  forward  rotation  of  the 
shaft,  and  at  the*  instant  represented  in  the  figure,  let  the  piston 
be  at  one  end  of  its  stroke.  Let  L  L  be  a  line  showing  the  position 
in  which  the  crank  arm  of  an  eccentric  should  stand,  in  order  that 
the  middle  of  the  stroke  of  the  slide  valve  should  be  at  the  same 
instant  with  the  extremity  of  the  stroke  of  the  piston.  The  angle 
.K^  LOy  is  the  angular  lead  or  advance  of  the  forward  ecoentric, 
and  the  angle  .^.^  L  C  5  (usually  equal  to  the  former)  the  aatgular 
lead  or  advance  of  the  backward  eccentric. 

When  S  is  at  F,  the  engine  is  mfiiU  forward  gear ,  the  motion 
of  the  slide  valve  being  governed  by  the  forward  eccentric  alone. 

The  stroke  or  t?irow  of  the  slide  valve  is  2  Cf  and  its  lead  corre- 
sponds to  the  angle  ..^  L  Cf 

When  S  is  at  B,  the  engine  is  isifuU  backwa/rd  gear,  the  motion 
of  the  slide  valve  being  governed  by  the  backward  eccentric  alone. 

The  stroke  or  throw  of  the  slide  valve  is  2  06  (usually  =  2  C  A 
and  its  lead  corresponds  to  the  angle  .^.^  L  C  6  (usually  =  .^::r  L  Ofy 
When  8  is  at  A,  the  engine  is  in  mid  gear,  the  velocily  of  the 
valve  rod  at  each  instant  being  a  mean  between  those  which  it 
would  receive  fix)m  either  eccentric  separately. 
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The  lead  ooiresponds  to  9(f,  or  a  quarter  of  a  revolution.     The 

throw  is  nearly,  though  not  exactly,  =  2  C  a,  a  being  the  middle 
of  the  straight  line  fb. 

To  find  eooadly  the  motions  of  the  slide  valve  for  different  posi- 
tions of  the  slider  8,  it  is  best  to  draw  a  diagram  to  a  scale,  repre- 
sentrng  the  positions  of  the  eccentrics,  rods,  and  link,  for  a  series 
of  angular  positions  of  the  crank  (usually  dividing  a  revolution  into 
24  equal  angles) ;  and  the  corresponding  series  of  positions  of  S 
when  fixed  at  various  points  in  the  link.  Several  exsunples  of 
this  process  are  given  in  Mr.  D.  K.  Clark's  treatise  on  Bailway 
Machinery. 

A  useful  approodmoHon  to  the  motions  of  the  valve,  when  the 
rods  are  long  compared  with  the  link,  is  got  by  dividing  the  line 
/b  at  «  in  the  same  proportion  in  which  S  divides  F  B,  and  con- 
sidering the  motion  of  the  valve  as  produced  by  the  crank  0  8 ; 

so  that  the  throw  is  approximately  2  C  «,  and  the  lead  approxi- 
mately .^(^  L  C  «. 

507.  Pandid  H«ilmw  are  jointed  combinations  of  linkwork, 
designed  to  guide  the  motion  of  a  reciprocating  piece,  such  as  the 
piston  rod  of  a  steam  engine,  either  exactly  or  approximately  in  a 
straight  line,  in  order  to  avoid  the  Mction  which  attends  the  use 
of  straight  guides.  Four  kinds'  of  parallel  motion  will  now  be 
described: — 

L  An  Exact  Parallel  M»ti— ,  believed  to  have  been  first  proposed 
by  Mr.  Scott  Bussell,  is  represented  in  fig.  228.  The  same  parts 
of  the  mechanism  are  marked  with  the  ^ 

same  letters,  and  dififerent  successive        * 
positions  are  indicated  by  numerals 
affixed.     The  lever  OT  turns  about 
the  fixed  centre  C,  and  carries,  jointed  :^vc( 
to  its  other  end,  the  barer  link  P  T  Q, 

inwhichPf  =  TQ  =  CT.    The  point 

Q  is  jointed  to  a  slider  which  slides  in 

guides  along  the  straight  line  C  Q.       ^"^       „.       ^ 

From  Q  draw  QD  J- CQ,  cutting  CT  *i».  228. 

produced  in  D;  then  by  Article  488,  J)  is  the  instantaneous  axis 
of  the  link ;  and  because  D  P  ||  C  Q,  the  motion  of  P,  which  is 
-i-  D  P,  is  always  J.  0  Q;  that  i»  to  say,  the  point  P  moves  in  the 
straight  line  Pi  C  P,,  J-  0  Q.  In  a  steam  engine,  a  pair  of  the 
combinations  here  shown  are  used,  one  at  each  side  of  the  cylinder; 
and  the  pair  of  bars  P  Q  are  jointed  at  their  extremities  P  to  the 
head  of  the  piston  rod.     The  distance  through  which  Q  slides  at 

each  single  stroke  of  the  piston^  of  the  length  Pi  P^  =  S^  is  giv^i 
by  the  equation 
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2Q,Qj=:2{FQ-'y/p^_|,} 


a' a 


(1) 


and  is  amall  compared  ^th  the  length  of  stroke  of  the  piston. 

II.  An  AppMziHMCv  Pandid  ]ii«ii«a,  somewhat  resembling  the 
preceding,  is  obtained  by  guiding  the  link  P  Q  entirely  bj  means 
of  oscillating  levers,  instead  of  by  a  lever  and  a  slide.  To  find  the 
length  and  the  position  of  the  axis  of  one  of  those  levers,  e  ty  select 
any  convenient  pointy  t,  in  the  link  P  Q,  and  lay  down  on  a  drawing 
the  extreme  and  middle  positions,  t^^  tf,  t^  of  that  point,  corre- 
sponding to  the  extreme  and  middle  positions  of  the  link  P  Q.  The 
centre  c  of  a  cirele  traversing  those  three  points  will  be  the  required 
axis  of  the  lever,  and  e  t  will  be  its  length;  and  if  the  link  P  Q  is 
guided  by  two  such  levers,  the  extreme  and  middle  positions  of  P 
will  be  in  one  straight  line,  and  the  other  positions  of  that  point 
very  nearly  in  oiyb  straight  line. 

in.  Watt*.  AppNzteate  PwiJici  H^ciMk— In  fig.  229,  let  C  T, 
« <^  be  a  pair  of  levers,  connected  by  alink  T  ty  and  oflcillating  aboat 


>:^V^^-1^*-^* 


^^-r^*i-1 


)?*-^f 


Fig.  229. 

the  axes  C,  c,  between  the  positions  marked  1  and  3.  Let  the 
middle  positions  of  the  levers,  C  T2,  c  ^  be  parallel  to  each  otbtf. 
It  is  required  to  find  a  point  P  in  the  link  T  t,  such,  that  its  middle 
position  Pj,  and  its  extreme  positions  P^  Pf,  shall  be  in  the  same 
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tftraight  line  perpendicular  to  0  T^  e^  and  so  to  place  the  axes  0,  e, 
on  tibe  lines  C  Ti,  e^  that  the  path  of  P,  between  the  positions 
P]^  Piy  P«y  shall  be  as  near  as  possible  to  a  straight  lin& 

The  axes  C,  e,  are  to  be  so  placed,  that  the  middle  M  of  the 
yeraed  sine  Y  T^  and  the  middle  m  of  the  versed  sine  v  ^  of  the 

respectiTe  arcs  whose  equal  chords  Ti  Tg  =  ^  ^  represent  the  stroke, 
maj  each  be  in  the  line  of  stroke  M  m.  Then  T^  and  T^  will  be  as 
&r  to  one  side  of  that  line  as  Tj  is  to  the  other,  and  ti  and  ^  will 
be  as  £ur  to  the  latter  side  of  the  same  line  as  4  is  to  the  former; 
consequently,  the  two  extreme  positions  of  the  link,  Ti  ^  Ts  t^,  are 
parallel  to  each  other,  and  inclined  to  M  m  at  the  same  angle  in 
one  direction  that  the  middle  position  of  the  link  T,  ^  is  inclined 
to  that  line  in  the  other  direction;  and  the  three  intersections 
^1  ^9  ^9»  Are  at  the  same  point  on  the  link. 

The  position  of  the  point  P  on  the  link  is  found  by  the  following 
proportional  equation : — 


Tt:  PT:P« 


:  :TY  +  tv  :TV  :tv 


.(2.) 


:  :0M  +  cm:c4»  :0M  ^ 

The  positions  of  the  point  P  in  the  link,  intermediate  between  its 
middle  and  extreme  positions,  are  near  enough  to  a  straight  line 
fiar  practical  purposea     Wben  there  are  given,  the  axes  0,  c,  the 

line  of  stroke  Pi  P>  P»  the  length  of  stroke  Pi  P,  =  S,  and  the  per- 
pendicular distance  M  m  between  the  middle  positions  of  the  two 
levers,  the  following  equations  serve  to  compute  the  lengths  of  the 
levers  and  link : — 

T'eraed  sines,  '"'^  ^~ 


TV  = 


8CM' 


tv  = 


8c«i' 


Levers, 


Link, 


CT  =  CM  +  ^;  ^  =  c"S"+^' 


m>  + 


(TV  +  <t;)M 


.(3.) 


rV.  Watt's  Pwndid  nmiOmm  H«dMed  by  having  the  guided  point 
P  in  the  prolongation  of  the  link  T  t  beyond  its  connected  points, 
instead  of  between  those  points,  is  represented  by  fig.  230.  In  this 
case,  the  centres  of  the  two  levers  are  at  the  same  side  of  the  link, 
instead  of  at  opposite  sides,  the  shorter  lever  being  the  further  from 
the  guided  point  P;  and  the  equations  2  and  3  are  modified  as 
follows : — 
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Sqpmentsofthelink,         Yt:¥ll:Tt 

:  :<v  — TV  :TV  :tv 


.(4.) 


Yened  sines, 


:  :  C M  —  em  :em  :  CM.  . 


ff        —       S* 
;  tv=z 


TV=: 


80M 

TV 
2 


8cm 


CT  =  CM+=^;  et  =  cfn  +  ~; 


2 


•  ••■••••  \^*y 


Levers, 

Link,  T7=  Y^{m^+^^*'~^^}. 

This  parallel  motion  is  used  in  some  marine  engines,  in  a  poration 
inverted  with  respect  to  that  in  the  figure,  P  being  the  upper,  and 
t  the  lower  end  of  the  link. 


Fig.  281. 

When  Watt*s  parallel  motion  (IIL) 
is  applied  to  steam  engines  with  beams, 
it  is  more  usual  to  guide  the  air  pump 
rod  than  the  piston  rod  directly  bj 
means  of  the  point  P.  The  head  of 
the  piston  rod  is  guided  by  being  con- 
nected with  that  point  by  means  of  a 
pa/raUdogtwm  of  bajs,  shown  in  fig.  231. 
e  is  the  axis  of  motion  of  the  beam  of 
the  engine,  cl  A  one  arm  of  that  beam, 
C  T  a  lever  called  the  radiut  bar  or 
hndle  rod,  T  t  a  link  called  the  badk 
Unk.  QTyCt,  and  T  t,  form  the  com- 
bination already  described  (IIL),  and 
shown  in  fig.  229;  and  the  point  P,  found  as  ahready  shown,  is 
guided  in  a  vertical  line,  almost  exactly  straight.  The  total  length 
^f  the  beam  ann,  c  A,  is  fixed  by  the  proportion 


Fig.  280. 
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Pi  :  T?  :  :  Cl  :  CA; (6.) 

thatiSy  <  A  is  very  nearly  a  third  proportional  to  OT  and  c&  Draw 
A  B II  T  ^9  and  c  P  B  intersecting  it;  then  from  the  proportion  6  it 

follows  that  AB=:T^  ABis the  main  Imk,  by  the  lower  end 
of  which,  B,  the  head  of  the  piston  rod  is  guided.  BT=andpA 
is  the  paraUd  bar,  by  which  the  main  and  back  links  are  connected. 

cB      cA 
P  moves  sensibly  in  a  straight  line;  •==-  =  -=-  is  a  constant  ratio; 

cr       ct 

therefore  B  moves  sensibly  in  a  straight  line  parallel  to  that  in 

which  P  moves. 

A  paraUdogram  analogous  to  A  B  T  ^  may  also  be  combined  with 
the  parallel  motion  lY. 

508.  KpicTciie  TraiM. — ^The  term  qncydic  train  is  used  by  Mr. 
Willis  to  denote  a  train  of  wheels  carried  by  an  arm,  and  having 
certain  rotations  relatively  to  that  arm,  whicb  itself  rotates.  The 
arm  may  either  be  driven  by  the  wheels,  or  assist  in  driving  them. 
The  comparative  motions  of  the  wheels  and  of  the  arm  relatively  to 
each  other  and  to  the  frame,  and  the  aggregate  paths  traced  by 
points  in  the  wheels,  are  determined  by  the  principles  of  the  com- 
position of  rotations,  abready  explained  in  Articles  385  to  395. 


PART  V. 
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509.  WwMam  mt  the  8idd«eti^ — ^The  sdenoe  of  DyBamics,  which 
tareats  of  the  relatioiis  between  the  motionB  of  bodies  and  the  forces 
actiDg  amongst  them,  may  be  divided  into  two  primary  divisions, 
aoooiding  as  it  has  reference  to  balanced  forces  and  uniform  motions, 
or  to  mibalanced  forces  and  varying  motions.  A  secondary  mode 
of  dividing  the  sabject  is  fonnded  on  the  distinction  between  ques- 
tions respecting  the  motions  of  masses  which  are  either  insensibly 
small,  or  which,  being  of  sensible  magnitude,  have  motions  of  trans- 
lation only,— questions  respecting  the  motions  of  rigid  bodies  and 
rigidly  connected  systems  which  rotate, — and  questions  respecting 
the  motions  of  pliable  bodies  and  of  fluids.  The  dynamics  of  fluids 
has  received  the  spedal  name  of  Aj^c^ro^^r?^  It  is  a  branch  of 
mechanics  so  extensive  in  its  appUcations,  and  depending  so  much 
in  its  details  upon  spedal  experiments,  as  to  require  a  separate 
work  for  its  full  exposition ;  nevertheless,  in  the  present  treatise 
its  fundamental  principles  will  be  set  forth  in  their  proper 
place. 

The  dynamical  principles  of  the  motions  of  rotating  rigid  bodies, 
of  pliable  bodies,  and  of  fluids,  are  deduced  &om  those  of  l£e  motions 
of  rigid  bodies  having  motions  of  simple  translation,  by  conceiving 
the  bodies  under  consideration  to  be  divided  into  indefinitely  small 
molecules  or  particles,  so  that  the  laws  of  the  motion  of  each  mole- 
cule shall  differ  from  those  of  a  body  having  a  motion  of  simple 
translation  to  an  extent  less  than  any  given  difference.  It  is  to 
soch  indefinitely  small  molecules  that  the  term  phyaieai  pomty 
already  mentioned  in  Article  7,  is  applied. 

Hence  it  appears  that  the  laws  of  the  relations  between  the 
motions  of  a  so-called  physical  povni^  and  the  forces  acting  on  it^ 
are  the  foundation  of  the  science  of  dynamics ;  and  the  same  laws 
are  applicable  to  a  rigid  body  in  which  every  point  moves  in  the 
same  manner  at  the  same  instant;  that  is  to  say,  which  has  a 
motion  of  translation^  as  defined  in  Article  369. 
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The  subjectB  to  which  the  principles  of  dynamics  relate  will 
therefore  be  classed  in  the  following  manner : — 

I.  Uniform  Motion. 

IL  Varied  Translation  of  Points  and  Rigid  Bodies. 
IIL  Rotations  of  Bigid  Bodies. 
lY.  Motions  of  Pliable  Bodies. 

y.  Motions  of  Eluid& 


CHAPTER  L 

ON  UNIFOBM  MOTION  TTNDEB  BALANCED  F0BC3K 

510.  FtaM  Iaw  •€  ]iE«tl«B. — A  body  tmder  the  actum  of  mo  /orce, 
or  of  balanced  forces,  is  either  at  rest,  or  moves  vmfomdy.  (Unif<Mrm 
motion  has  been  defined  in  Article  354.) 

Such  is  the  first  law  of  motion  as  nsoally  stated ;  but  in  thai 
statement  is  implied  something  more  than  lie  literal  meaning  o£ 
the  words ;  for  it  is  understood,  that  the  rest  or  motMn  oflhs  body 
to  which  the  law  refers,  ia  its  rest  or  motion  rdaiivdy  to  anaiktr 
body  which  is  also  voider  the  action  of  no  force,  or  of  balanced  foFcee, 
Unless  this  implied  condition  be  fulfilled,  the  law  is  not  true. 
Therefore  the  complete  and  explicit  statement  of  the  first  law  of 
motion  is  as  follows : — 

If  a  pair  of  bodies  be  each  tmder  the  adiion  of  no  force,  or  <f 
balcmced  forces,  the  motion  of  each  of  those  bodies  rdativdy  to  the 
other  is  either  none  or  un^orm. 

The  first  law  of  motion  has  been  learned  by  experience  and 
observation :  not  directly,  for  the  circumstances  supposed  in  it 
never  occur ;  but  indirectly,  fix)m  the  feet  that  its  oonaequenoeB, 
when  it  is  taken  in  coiyunction  with  other  laws,  are  in  acoordaiioe 
with  all  the  phenomena  of  the  motions  of  bodie& 

The  first  law  of  motion  may  be  r^;arded  as  a  consequence  of  the 
definitions  of  force  and  of  baUmce  (Articles  12, 13) :  at  the  same 
time  it  is  to  be  observed,  that  the  framing  of  those  definitioiis  baa 
been  guided  by  experimental  knowledge. 

511.  Bffwtf  BMiMABcef  ijaiemi  F«ree. — Let  F  denote  a  force 
applied  to  a  moving  point,  and  i  the  single  made  by  the  directioa 
of  that  force  with  the  direction  of  the  motion  of  the  point  Then, 
by  the  principles  of  Article  57,  the  force  F  may  be  resolved  into 
two  rectangular  components,  one  along,  and  the  other  across^  the 
direction  of  motion  of  the  point,  via  : — 


}  r \^'j 
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The  direct  force,  F  cos  f. 
The  kUeral  force,  F  sin  #. 

A  direct  force  is  fniiher  distinguished,  according  as  it  acts  wUh  or 
agaifui  the  motion  of  the  point  (that  is,  accorcSng  as  ^  is  acute  or 
obtuse),  by  the  name  of  effi/rt^  or  of  Teststomce,  as  the  case  may  be. 
Hence  each  force  applied  to  a  moving  point  may  be  thus  decom- 
poeed: — 

J^or«,  P=:F  cos  ^,  if  ^  is  acute; 

ResigUmMy  B  =  F  cos  (s--.^)  if  ^iu  obtuse;  ^.....(1.) 

Lateral  force,  Q  =  F  sin  ^. 

513.  The  emmMAmm  9€  iJHir«n  ]iE«ami  of  a  pair  of  points  are, 
that  the  forces  applied  to  each  of  them  shall  balance  each  other ; 
that  is  to  say,  tkiA  the  lateral  forces  aipplied  to  each  point  shall 
balance  each  other,  and  that  the  ^orte  applied  to  each  point  thalZ 
baiance  the  resietancee. 

The  direction  of  a  force  being,  as  stated  in  Article  20,  that  of 
the  motion  which  it  tends  to  produce,  it  is  evident  that  the  balance 
of  lateral  forces  is  the  condition  of  uniformity  of  direction  of  motion, 
that  js,  of  motion  in  a  straight  line ;  and  that  the  balance  of  efforts 
and  resistances  ia  the  condition  of  tmiformiij/  of  velocity, 

513.  itotIk  consists  in  moving  against  resistance.  The  work  is 
said  to  be  performed,  and  the  resistance  overcome.  Work  is  mea- 
sured by  l^e  product  of  the  resistance  into  the  distance  through 
which  its  point  of  application  is  moved.  The  urwt  of  work  com- 
monly used  in  Britain  is  a  resistance  of  one  pound  overcome  through 
a  distance  of  one  foot,  and  is  called  B^foot-pownd. 

514.  Kmcrikt  means  capacity  for  performing  work.  The  energy  of 
an  effort,  or  potential  energy,  is  measured  by  the  product  of  the 
effort  into  the  distance  through  which  its  point  or  application  is 
capable  of  being  moved.  The  unit  of  eneigy  is  the  same  with  the 
unit  of  work. 

When  the  point  of  application  of  an  effort  has  been  moved  through 
a  given  distance,  energy  is  said  to  have  been  exerted  to  an  amount 
expressed  by  the  product  of  the  effort  into  the  distance  through 
which  its  point  of  application  has  been  moved. 

515.  KaorsT  «■«  itotIk  mi  Tarfiiig  v«nm« — If  an  effort  has  dif- 
ferent magnitudes  during  different  portions  of  the  motion  of  its 
point  of  application  through  a  given  distance,  let  each  different 
magnitude  of  the  effort  F  be  multiplied  by  the  length  a«  of  the 
corresponding  portion  of  the  path  of  the  point  of  application  ;  the 
sum 

2Pa« (1.) 

is  the  whole  energy  exerted      If  the  effort  varies  by  insensible 
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degteesy  the  energy  exerted  is  the  integral  or  limit  towards  whidi 
that  sum  approe^es  continuallj,  as  llie  divisions  of  the  path  aie 
made  smaller  and  more  numerous,  and  is  expressed  by 

Tds (2.) 


/ 


Similar  processes  are  applicable  to  the  finding  of  the  vork  per- 
formed in  overcoming  a  vaxying  resistance.  As  to  integistion  in 
general^  see  Article  81. 

516.  A  Py— ■MBieg  OT  WmMemtmt  is  an  instrument  which  mea- 
sures and  records  the  energy  exerted  by  an  effort.  It  usually  con- 
sists essentially,  firH,  of  a  piece  of  paper  moving  with  a  velocity 
proportional  to  that  of  the  point  of  application  of  the  effort,  and 
having  a  straight  line  marked  on  it  parallel  to  its  direction  of 
motion,  called  the  zero  line ;  and  seoondlj/,  of  a  spring,  acted  upon 
and  bent  by  the  effort,  and  carrying  a  pencil  whose  perpendicular 
distance  fix>m  the  zero  line,  as  regolated  by  the  bcaiding  of  the 
spring,  is  proportional  to  the  effort  The  pendl  traces  on  the  piece 
of  paper  a  line  like  that  in  fig.  24  of  Article  81,  such  that  its  oftfi- 

TuUe  EF,  perpendicular  to  the  zero  line  OX  at  a  ^ven  point, 
represents  the  effort  P  for  the  corresponding  point  in  the  path  of 
the  point  of  application  of  the  effort ;  and  tiie  area  bdwem  two 

om^ina^,  such  as  AC DB,  represents  the  eneigy  exerted,  jTd$, 

for  the  corresponding  portion,  A  B,  of  the  path  of  the  point  of 
application  of  the  effort 

517.  The  KaorgT  mmiA  WmA  «r  viaM  gfe— iii  may  be  expressed 
as  follows  : — ^Let  A  denote  the  projection  en  a  plane  perpendicular 
to  the  direction  of  motion  of  the  moving  body,  of  that  portion  of  the 
body's  sur&ce  to  which  the  pressure  is  applied,  p  the  intensity  of 
the  pressure  in  units  of  force  per  imit  of  area  (Article  86),  and  a« 
the  distance  through  which  l^e  body  is  moved  in  a  given  interval 
of  time;  then  during  that  interval,  the  energy  exerted  by,  or  work 
performed  against,  the  fluid  pressure,  according  as  it  acts  with  or 
against  the  motion,  is  given  by  the  formula 

P  *  Aa  (or  R *  A«)  =p  A  •  ^8 z=zp  •  aV; (1.) 

where  a  Y  is  the  txjlume  of  the  space  swept  through  by  the  portioa 
of  the  body's  surface  which  is  pressed  upon,  during  the  given 
interval  of  time. 

518.  The  €•■■»! ■ii«M  «r  Kacvgr,  in  the  case  of  uniform  motion, 
means  the  &ct,  that  the  energy  exerted  is  equal  to  the  work  performed; 
and  is  a  consequence  of  the  first  law  of  motion,  as  is  shown  by  the 
consideration  of  the  following  cases  : — 

Case  1.  For  the  forces  acting  on  a  single  point,  the  principle  is 
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Bdf-evident;  for  aa  the  effort  applied  to  the  point  balances  the 
Feostanoe,  the  prodnots  of  these  forces  into  the  distance  traversed 
hy  the  point  in  any  interval  mnst  be  equal;  that  is^ 

P  •  Aa  =  R  •  Aa (1.) 

Gabb  3.  For  Ihe  forces  aeUng  on  any  system  of  balanced  points^ 
iJie  principle  must  be  true,  because  it  is  true  for  those  acting  on 
each  single  point  of  the  Efystem.     This  is  expressed  as  follows  : — 

2Pa«=2Ra* (2.) 

Cask  3.  When  a  system  of  points  are  rigidly  connected,  so  that 
their  lelatiye  positions  do  not  idter,  there  is  nei^er  energy  exerted 
nor  work  performed  by  the  forces  which  act  amongst  the  points  of 
ike  system  themselves;  and  therefore,  from  case  2  it  follows,  that  the 
principle  of  the  conservation  of  eneigy  is  true  of  the  forces  (usting 
between  the  points  of  the  system  and  external  bodies. 

Symbolically,  let  the  efforts  acting  amongst  the  points  of  the 
system  be  denoted  by  P„  the  resistances  by  Ri ;  the  efforts  acting 
between  the  points  of  the  system  and  extemal  bodies  by  P^  and 
the  resiBtances  by  B^.     Then  by  case  2, 

2(Pi  +  P2)At=3(R,  +  Rj)At; 
bat  by  the  condition  of  rigidity, 

xP,  At  =  0;  3R^A«  =  0; 
therefore, 

3  •  P.  A*  =  2  •  R,  AS (3.) 

CAfiB  4.  The  same  principle  is  demonstrable  in  the  same  manner, 
for  the  forces  acting  between  external  bodies  and  the  points  of  a 
system  so  connected,  that  though  not  absolutely  rigid,  they  do  not 
vary  their  relative  positions  in  the  directions  in  tMch  the  internal 
forces  of  the  system  act,  Such  is  the  ideal  condition  in  which  a 
train  of  mechanism  would  be,  if  no  resistance  arose  fiom  the  mode 
of  connection  of  the  piecea 

519.  The  Fglaeipla  mt  Tirtwd  Tileclitw  is  the  name  given  to  the 
application  of  the  principle  of  the  conservation  of  energy  to  the 
determination  of  the  conditions  of  equilibrium  amongst  the  forces 
externally  applied  to  any  connected  system  of  points.  That  appli- 
cation is  effected  in  the  following  maimer  : — ijet  F  be  any  one  of 
the  externally  applied  forces  in  question.  The  conditions  of  equili- 
brium are  those  of  uniform  motion.  Conceive  the  points  of  the 
system  to  be  moving  with  uniform  velocities  in  any  manner  which 
is  consistent  with  the  absence  of  all  exertion  of  energy  and  perfor- 
mance of  work  by  their  mutual  or  internal  foroea    Let  i;  be  the 
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CHAPTER  IL 

OK  THE  VARIED  TBANBLATIOK  OF  POINTS  ASD  BIOID  BODISa. 

Section  1. — D^nUions. 

521.  The  fflbuwt  mr  laortta,  of  a  body,  is  a  quantity  proportioiial  to 
the  unbalanoed  force  which  is  required  iu  order  to  produce  a  giroi 
definite  change  in  the  motion  of  the  body  in  a  given  interval  of  tim& 

It  is  known  that  the  weight  of  a  body,  that  is,  the  attractioii 
between  it  and  the  earth,  at  a  fixed  locality  on  the  earth*s  surfiuse, 
acting  unbalanced  on  the  body  for  a  fixed  interval  of  time  (&  g,, 
for  a  second),  produces  a  change  in  the  body's  motion,  which  is  the 
same  for  all  bodies  whatsoever.  Hence  it  follows,  that  the  fiuuaev 
o/aU  bodies  wre  proportional  to  their  weiyhta  at  a  given  locality  on 
the  eartKs  surface. 

This  fact  has  been  learned  by  experiment  ^  but  it  can  also  be 
shown  that  it  is  necessaiy  to  the  permanent  existence  of  the  uni- 
verse ;  for  if  the  gravity  of  all  bodies  whatsoever  were  not  propor- 
tional to  their  respective  masses,  it  woidd  not  produce  gimilay  aiMl 
equal  changes  of  motion  in  all  bodies  which  arrive  at  similar  posi- 
tions with  respect  to  other  bodies,  and  the  different  parts  wludi 
make  up  stars  and  systems  would  not  accompany  each  (^er  in  tlieir 
motions,  never  departing  beyond  certain  limits,  but  would  be  dis- 
persed and  reduced  to  chaos.  Neither  an  imponderable  body,  nor 
a  body  whose  gravity,  as  compared  with  its  mass,  differs  in  the 
slightest  conceivable  degree  fix>m  that  of  other  bodies,  can  belong 
to  the  system  of  the  imiverse.* 

522.  The  Centre  ef  iHaiM  of  a  body  is  its  centre  of  gravity,  found 
in  the  manner  explained  in  Part  L,  Chapter  Y.,  Section  1. 

523.  The  MemenCHm  of  a  body  means,  the  product  of  it»  mass 
into  its  velocity  relatively  to  some  point  assumed  as  fixed.  The 
momentum  of  a  body,  like  its  velocity,  can  be  resolved  into  com- 
ponents, rectangular  or  otherwise,  in  tiLe  manner  already  explained 
for  motions  in  Part  IIL,  Chapter  L 

524.  The  Besai:aat  iMemeatam  of  a  system  of  bodies  is  the  re- 
sultant of  their  separate  momenta,  oompojinded  as  if  they  weie 
motions  or  statical  couplea 

*  See  the  Rev.  Dr.  Whewell*8  demonstradon  "  that  all  matter  gnvitate.** 
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Theobem.  Hie  nuymentfwm  of  a  system  of  bodies  is  ike  same  as  if 
all  their  masses  toere  concentrated  at  the  centre  of  gravity  of  the  sys- 
tem. Conceive  the  velocity  of  each  of  the  bodies  to  be  resolved 
into  three  rectangular  components.  Consider  all  the  compooent 
velocities  parallel  to  one  of  the  rectangular  directions.  These  are 
the  rates  of  variation  of  the  perpendicular  distances  of  the  bodies 
from  a  certain  plana  If  the  mass  of  each  of  the  bodies  be  multi- 
plied by  its  distance  from  a  certain  plane^  the  products  added^  and 
the  sum  divided  by  the  sum  of  the  masses,  the  result  is  the  distance 
of  the  centre  of  gravity  of  the  whole  system  from  that  plane ;  there- 
fore, if  the  component  velocity  of  each  of  the  bodies  in  a  direction 
perpendicular  to  that  plane  be  multiplied  by  the  mass  of  the  body, 
the  sum  of  such  products  for  all  the  bodies  of  the  system  will  be 
the  product  of  the  entire  mass  of  the  system  into  the  velocity  of  its 
centre  of  gravity  in  a  direction  perpendicular  to  the  plane  in  ques- 
tion; so  that  this  product  is  one  of  the  three  rectangular  com- 
ponents of  the  resultant  momentum  of  the  system  of  bodies  ;  and 
the  same  may  be  proved  for  the  other  rectangular  components. 
Expressed  symbolically,  let  u,  v,  to,  be  the  three  rectangular  com- 
ponents of  the  velocity  of  any  mass,  m,  belonging  to  a  system  of 
bodies,  and  u^  v^  w„  the  rectangular  components  of  the  velocity 
of  the  centre  of  gravity  of  that  system  of  bodies ;  l^en 

v^' ^m  =  3'wn?;  I (1.) 

Wq*  im  =  2'mw.  J 

CoBOLLART.  The  resuUarU  mornentum  of  a  System  of  bodies  relor 
Hvdy  to  their  common  centre  of  gravity  is  nothing  ;  that  is  to  say, 

2OT(w-tto)  =  0;  2m(t>-t;o)  =  0;  )  /2\ 

2m(ti7— «7o)  =  ^-  J  

525.  TwrteliMM  Mid  ]»cTtetl«u  mt  VlmmmmMmm  are  the  products 
of  the  mass  of  a  body  into  the  rates  of  variation  of  its  velocity  and 
deviation  of  its  direction,  found  as  explained  in  Part  III.,  Chapter 
I.,  Section  3. 

52^.  Impnlae  is  the  product  of  an  unbalanced  force  into  the  tirne 
during  which  it  acts  unbalanced,  and  can  be  resolved  and  com- 
pounded exactly  like  force.  If  F  be  a  force,  and  ^/  an  interval  of 
time  duriug  which  it  acts  unbalanced,  ^dtin  the  impulse  exerted 
by  the  force  during  that  time.  The  impulse  of  an  unbalanced 
force  in  an  unit  of  time  is  the  magnitude  of  the  force  itself. 

527.  MmpmUm^  Accelenitlac,  Beuurdiac*  D«fl«ctiB||. — Correspond- 
ing to  the  resolution  of  a  force  applied  to  a  moving  body  into  effort 
or  resistance,  as  the  case  may  be,  and  lateral  stress^  as  explained  in 


;  la-] 
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Article  511,  there  is  a  resolutioii  of  impnlse  into  aooelenbtiiig  or 
retarding  impulse,  wliich  acts  with  or  against  the  body's  motion, 
and  deflecting  impulse,  which  acts  across  die  direction  of  the  body's 
motion.  Thus  if  ^,  as  before,  be  the  angle  which  the  unbalanced 
force  F  makes  wilJi  the  body's  path  during  an  indefinitely  abort 
interval,  di, 

T d t  :=:^¥ C08  i  '  dt  IB  accelerating  impulse  if  ^  is  acute ; 

"Rdt  =  Fcos(«'  — ^  'dt  is  retarding  impulse  if  ^  is  obtuse ;  ^-^l.) 

Qdt^¥sm^dtiB  deflecting  impulse. 

528.  ReliUl«M«  betwves  nayidM,  Bawgrt  mi^  Weak* — ^If  V  be  the 

mean  velocity  of  a  moving  body  during  the  interval  dtcf£  the  action 
of  the  unbalanced  force  F,  then  dszz^vdtlB  the  distance  desCiibed 
by  that  body }  and  according  as  tf  is  acute  or  obtuse,  there  is  either 
energy  exerted  on  the  body  by  the  aeoeleraiing  impulee  to  the  amount 

Tds  —  Fv  ooB  i'dt;  (1.) 

or  work  peifortned  by  the  body  cbgamet  the  retarding  impuUe  to  the 
amount 

B,d8  =  Fv  006  (»-^ '  dt (2.) 

V 

^  SjBcnoxr  2. — Law  of  Varied  TrcnulaUon, 

529.  »<»•■<  Iaw  •€  iii«€i«B. — Change  of  momentum  i$  propor- 
tional to  the  impulee  producmg  ii.  In  this  statement,  aa  in  that  of 
the  first  law  of  motion.  Article  510,  it  is  implied  that  the  motkHi 
of  the  moving  body  under  consideration  is  refeired  to  a  fixed  poiiil 
or  body  whose  motion  is  uniform.  In  questions  of  applied  me- 
chanics, the  motion  of  any  part  of  the  earth's  surfiioe  may  be  treated 
as  uniform  without  sensible  error  in  practice.  The  units  of  mas 
and  of  force  may  be  so  adapted  to  eadi  other  as  to  make  change  e§ 
mommUum  equal  to  the  imjaulee  producing  it,  (See  Artides  531, 
532.^ 

530.  C}«MM«i  K^mtiMn  ttf  DyMUBica. — To  express  the  aeoond 
law  of  motion  algebraically,  two  methods  may  be  followed :  ^ 
first  method  being  to  resolve  the  change  of  momentum  into  direct 
variation  and  deviation,  and  the  impulse  into  direct  and  deBecting 
impulse ;  and  the  second  method  bSng  to  resolve  both  the  change 
of  momentum  and  the  impulse  into  components  parallel  to  three 
rectangular  axes. 

Fvret  method,  m  being  the  mass  of  the  body,  v  its  velocity,  and 
r  the  radius  of  curvature  of  its  path,  it  follows  fi!t>m  Articles  361 
and  362  that  the  rate  of  direct  variation  of  its  momentum  is 

dv  d'e 
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and  firam  Articles  363  and  364,  that  the  rate  of  deviation  of  its 
momentum  is 

f»— . 
r 


these  respectively  to  the  direct  and  ktteral  impulse  per 
unit  of  time,  exerted  by  an  unbalanoed  force  F,  making  an  angle  ^ 
with  the  direction  of  the  body's  motion,  we  find  the  two  following 
equations : — 

Por  — R=rFcoe^  =  m'^--  =  «*  j:s> (!•) 

at  at 

Q  =  FriB/==^ (2.) 

The  ladins  of  curvature  r  is  in  the  direction  of  the  deviating  force  Q. 
Second  method.    As  in  Article  366,  let  the  velocity  of  the  body 

be  resolved  into  three  rectangular  components,  -j-,  -^  - ,  3- :  so  that 

at    at    at 

the  three  component  rates  of  variation  of  its  momentum  are 

€px       d'y       d*z 

Also  let  the  unbalanced  foi'ce  F,  making  the  angles  «,  /8,  y,  with 
the  axes  of  co-ordinates,  and  its  impulse  per  unit  of  time,  be 
resolved  into  three  components,  F^  F„  F^     Jlien  we  obtain 

F-  =  F  cos  «  =  m 


Py  =  Fcos/8  =  m  j^; 
F,  =  Fcosy  =»»  -j^; 


(3.) 


three  equations,  which  are  substantially  identical  with  the  equa- 
tions 1  and  2. 

531.  Mmm  te  T«ms  mi  Weight. — A  body's  own  weight,  acting 
unbalanced  on  the  body,  produces  velocity  towards  the  earth, 
increasing  at  a  rate  per  second  denoted  by  the  symbol  g,  whose 
numerical  value  is  as  follows  : — ^Let  x  denote  the  latitude  of  the 
place,  h  its  elevation  above  the  mean  level  of  the  sea^ 

g^  =  32*1695  feet^  or  9*8051  mdtres,  per  seoond ; 
being  the  value  of  g{oT\  =  45'  and  ^  =  0,  and 

R  =  20900000  feet,  or  6370000  metres,  nearly. 
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being  the  earth's  mean  radius;  then 

9  =  9x  '  (1  -000284  cos  2  x)  •  (l  -^) (1.) 

For  latitudes  exceeding  45^,  it  is  to  be  borne  in  mind  that  oos  2  x 
is  negative,  and  the  terms  containing  it  as  a  factor  have  their  signs 
reversed. 

For  practical  purposes  connected  with  ordinary  machines,  it  is 
sufficiently  accurate  to  assume 

g  =  32-2  feet,  or  9-81  metres,  per  second  nearly....— (2.) 

If,  then,  a  body  of  the  weight  W  be  acted  upon  by  an  unbalanced 
force  F,  the  change  of  velocity  in  the  direction  of  F  produced  in  a 
second  will  be 

F^F£, 

m      W 

whence 

m  =  — (3.) 

9 

is  the  expression  for  the  mass  of  a  body  in  terms  of  its  weight, 
suited  to  make  a  change  of  momentum  equal  to  the  impulse  pro- 
ducing it.  m  being  absolutely  constant  for  the  same  body,  g  and 
W  vary  in  the  same  proportion  at  different  elevations  and  is 
different  latitudes. 

532.  An  AbMlBte  l7Hit  •€  F«r«e  is  the  force  which,  acting  during 
an  unit  of  time  on  an  arbitrary  unit  of  mass,  produces  an  unit  of 
velocity.  In  Britain,  the  unit  of  time  being  a  second  (as  it  is  ebe- 
where),  and  the  unit  of  velocity  one  foot  per  second,  the  unit  of 
mass  employed  is  the  mass  whose  weight  in  vacuo  at  London  and 
at  the  level  of  the  sea  is  a  standard  avoirdupois  i)ound. 

The  weight  of  an  unit  of  mass,  in  any  given  locality,  has  for  its 
value,  in  absolute  units  of  force,  the  co-efficient  g.  When  the  tend 
ofwdght  is  employed  as  the  unit  of  force,  instead  of  the  absoljiU 
unit,  the  corresponding  unit  of  mass  becomes  g  times  the  unit  just 
mentioned :  that  is  to  say,  in  British  measures,  the  mass  of  32*S 
lbs. ;  or  in  French  measures,  the  mass  of  9*81  kilogrammea 

533.  The  n[«a«B  •€  m.  FaiUag  li«d7»  under  the  unbalanced  action 
of  its  own  weighty  a  sensibly  uniform  force,  is  a  case  of  the  uni- 
formly varied  velocity  described  in  Article  361.  In  the  equatioDS 
of  that  Article,  for  the  rate  of  variation  of  velocity  a,  is  to  be  sub- 
stituted the  co-efficient  g^  mentioned  in  the  last  Article.  Then  if 
Vo  be  the  velocity  of  the  body  at  the  beginning  of  an  interval  of 
time  tf  its  velocity  at  the  end  of  that  time  is 
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v  =  Vo-¥gt, (1.) 

the  mean  vdodiy  dormg  tbat  time  is 

and  the  rertical  height  fallen  through  is 

A  =  r.<  +  ^ (3.) 

The  preceding  equations  give  the  final  velocity  of  the  body,  and  the 
height  fallen  through,  each  in  terms  of  the  initial  velocity  and  the 
time.  To  obtain  the  height  in  terms  of  the  initial  and  final  velo- 
cities, or  vice  versa,  equation  2  is  to  be  multiplied  by  i;  —  t;^  ^  ^  ^, 
tlie  acceleration,  and  compared  with  equation  3;  giving  the  follow- 
ing results : — 


h:=' 


^-t« 


^9 


(1) 


When  the  body  falls  from  a  state  of  rest,  t;o  is  to  be  made  =  0;  so 
that  the  following  equations  are  obtained  : — 

.  =  gt;k  =  if=f. (5.) 

The  height  h  in  the  last  equation  is  caUed  the  height  or  faU  due  to 
the  vdodLy  v;  and  that  velocity  is  called  the  velocity  dv/e  to  the  height 
arfaUh 

Should  the  body  be  at  first  projected  vertically  upwards,  the 
initial  velocity  Vq  is  to  be  made  negative.  To  find  the  height  to 
which  it  will  rise  before  reversing  its  motion  and  beginning  to  fall, 
17  is  to  be  made  =  0  in  the  last  of  the  equations  4;  tiien 

*=-^ («•) 

being  a  rise  equal  to  the  fall  dae  to  the  initial  velocity  iv 

534.  An  i7arMtei««  PM|Mtii«f  OT  a  projectile  to  whose  motion 
there  is  no  sensible  resistance,  has  a  motion  compounded  of  the 
vertical  motion  of  a  falling  body,  and  of  the  horizontal  motion  due 
to  the  horizontal  component  of  its  velocity  of  projection.  In  ^, 
232,  let  O  represent  the  point  from  which  the  projectile  is  originally 
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projeoted  in  lihe  direction  O  A,  maVing  the  an^e  X  O  A  =  #  with 
a  horizontal  line  O  X  in  the  same  vertical  plane  with  O  A.    Let 

horizontal  distances  parallel  to 
O  X  be  denoted  by  x,  and  verti- 
cal ordinateB  parallel  to  O  Zhj  z, 
positive  upwards,  and  negative 
downwarda  In  the  eqnatioDS  of 
^\  vertical  motion,  the  symbol  h  of 
the  equations  of  Article  533  is  to 
be  replaced  by  —  a,  because  of  h 
^*  and  z  being  measured  in  opposite 

directiona 

Let  Vo  be  the  velocity  of  projection.    Then  at  the  instant  of  pzo- 
jection,  the  components  of  that  velocity  arci 

horizontal,  -j-  =  t?o  cos  ^;  vertical,  -=—  ^  t^  sin  ^; 
at  at 

and  after  the  lapse  of  a  given  time  t,  those  oomponentB  have  become 

dx  . 

■jj  =VQOoe9ss  constant; 

a.       .  ^ •••<i) 


Hence  the  co-ordinates  of  the  body  at  the  end  of  the  time  i  are 
horizontal,  a;  =  t^,  cos  ^  *  <;       \ 

vertical,  «  =  VQmnf^t  —  ?^;  J '    ' 


and  because  t  = ■ .  those  co-ordinates  are  thus  rdated. 

Vq  cos  r  ^ 

«  =  «  •  tan^—     ^    ,    •  aj»;. (3.) 

an  equation  which  shows  the  path  O  B  0  of  the  projectile  to  be  a 
parabola  with  a  vertical  axis,  touching  O  A  in  O. 

The  total  velocity  of  the  projectile  at  a  given  instant,  being  the 
resultant  of  the  components  given  by  equation  1,  has  for  the  value 
of  its  square 

from  the  last  form  of  which  is  obtained  the  equation 
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"^-YT' ^^-^ 

which,  being  compared  with  equation  4  of  Ariide  533,  shows  that 
the  rdaiicn  between  the  variaUon  of  vertical  devcUion,  cmd  the  varies 
Hon  of  the  eguare  qf  the  resultant  vdoeity,  is  the  eame,  whether  the 
vdoeUy  is  in  a  vertical,  inclined,  or  horizontal  direction.  This  is  a 
particular  case  of  a  more  general  principle,  to  be  explained  in  the 
sequeL 

The  resistance  of  the  air  prevents  any  actual  projectile  near  the 
earth's  sur&ce  from  moying  exactly  as  an  unresisted  projectila 
The  approximation  of  the  motion  of  an  actual  projectile  to  that  of 
an  unresisted  projectile  is  the  closer,  the  slower  is  the  motion,  and 
the  heavier  the  body,  because  of  the  resistance  of  the  air  increasing 
with  the  velocity,  and  because  of  its  proportion  to  the  body's  weight 
being  dependent  upon  that  of  the  body's  surface  to  its  weight. 

5S5.  The  H«€l«B  mf  m  lUdjr  AIm^P  •■  laeUaed  IPmOh  under  the 

force  of  graviiy  alone,  is  regulated  by  the  principle,  that  the  varia- 
tion of  momentum  in  each  interval  of  time  is  equal  to  the  impulse 
e(x«rted  in  that  interval,  by  that  component  of  the  body's  weight 
which  acts  along  the  direction  of  motion.  If  the  path  is  straight^ 
the  other  rectangnlar  component  of  the  body's  weight  is  balanced 
by  the  resistance  of  the  suHace  or  other  guiding  body  which  causes 
ibe  inclined  path  to  be  described;  if  the  path  is  curved,  the  difference 
between  those  two  forces  which  act  across  it  is  employed  in  deviat- 
ing the  direction  of  motion  of  the  body. 

d  v 
Let  V  be  the  velocity  of  the  body  at  any  instant,  -=-,  as  before, 

a  t 

the  rate  of  variation  of  that  velocity,  ^  the  inclination  of  the  body's 

path  to  the  horizon,  positive  upwards,  and  negative  downwards. 

Then  the  body  is  acted  upon  in  a  direction  along  its  path  by  a  force 

equal  to  its  weight  multiplied  by  sin  ^,  which  is  a  reeietanoe  if  ^  is 

positive,  and  an  ^ort  if  ^  is  negative;  therefore 

51  =  -ff«^^ (1.) 

When  the  inclination  of  the  path  is  uniform,  this  rate  of  varia- 
tion of  velocity  is  constant,  and  the  body  moves  in  the  same  manner 
with  an  unresisted  body  moving  vertically,  except  that  each  change 
of  velocity  occupies  an  interval  of  time  longer  in  the  ratio  of  1 :  sin  ^ 
for  the  inclined  path  than  for  the  vertical  patL 

The  motion  of  a  body  in  any  path  on  an  ikclinsd  plaihe  being 
resolved  into  two  rectangular  components,  one  horizontal,  and  the 
other  in  the  direction  of  steepest  declivity, — the  horizontal  com- 
ponent (in  the  absence  of  friction)  is  unlfoim,  and  the  inclined 
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component  takes  place  according  to  the  law  expressed  by  equation 
1  of  this  Articla  Consequently,  the  resultant  motion  of  the  body 
is  that  of  an  uni*esisted  projectile,  as  described  in  Article  534, 
except  that  ^  *  sin  ^  is  to  be  substituted  for  g. 

The  motions  of  bodies  on  inclined  planes  being  slower,  and  there- 
fore more  easily  observed  than  their  vertical  motions,  were  used  by 
Galileo  to  ascertain  the  laws  of  dynamics,  which  he  discovered. 

For  a  body  sliding  on  an  inclined  plane  without  friction,  tilie 
equation  connecting  the  velocity  directly  with  the  position  of  the 
body  is  the  following : — 

t;;  —  !?•  r=  2  ^  sin  ^  •  a'; 

where  v^  is  the  velocity  at  the  origin  of  the  motion,  and  v  the 
velocity  which  the  body  has  when  it  reaches  a  position  whose 
indin^  co-ordinate  relatively  to  the  origin  of  the  motion  is  a', 
positive  upwards.  But  s^  sin  ^  =  z,  the  difference  of  vertical  eleoa- 
tion  of  the  two  positions  of  the  body;  so  that  the  variation  of  the 
square  of  the  velocity  bears  the  same  relation  to  the  difTerenoe  of 
vertical  elevation  in  the  present  case  as  in  the  case  of  an  unresisted 
projectile,  or  a  firee  body  moving  vertically. 

536.  An  iTaiform  E0Mt  mt  ReaiaiaBce,  unbalanced,  causes  the 
velocity  of  a  body  to  vary  according  to  the  law  expressed  by  this 
equation, 

^=/^> a-) 

where  /is  the  constant  ratio  which  the  unbalanced  force  bears  to 
the  weight  of  the  moving  body,  positive  or  n^;ative  according  to 
the  dii*ection  of  the  force;  so  iJiat  by  substituting  fg  for  g  in  the 
equations  of  Article  533,  those  equations  are  transformed  into  the 
equations  of  motion  of  the  body  in  question,  h  being  taken  to 
represent  the  distance  traversed  by  it  in  a  positive  direction. 

In  the  apparatus  known  by  the  name  of  its  inventor,  Atwood, 
for  illustrating  the  effect  of  uniform  moving  forces,  this  principle 
is  applied  in  order  to  produce  motions  following  the  same  law  with 
those  of  falling  bodies,  but  slower,  by  a  method  less  liable  to  errors 
caused  by  friction  than  that  of  Galileo.  Two  weights,  P  and  B^  of 
which  P  is  the  greater,  are  hung  to  the  opposite  ends  of  a  oord 
passing  over  a  finely  constructed  pulley.  Considerii^  the  masses 
of  the  cord  and  pulley  to  be  insensible,  the  weight  of  the  maas  to 
be  moved  is  P  +  B^  and  the  moving  force  P  —  £^  being  less  than 
the  weight  in  the  ratio, 

^_P-R 
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Conaequentlj  the  two  weights  moye  according  to  the  same  law  with 
a  falling  body,  but  slower  in  the  ratio  of /to  1. 

537.  A  Dertetiac  F«rc«,  which  acts  unbalanced  in  a  direction 
perpendicular  to  that  of  a  body's  motion,  and  changes  that  direc- 
tion without  changing  the  velocity  of  the  body,  is  equal  to  the  rate 
of  deviation  of  the  body's  momentum  per  unit  of  time,  as  the  fol- 
lowing equation  expresses : — 

Q  =  ^; (1.) 

gr  '  ^   ' 

Q  being  the  deviating  force,  "W  the  weight  of  the  body,  "W  -t-  ^  its 
mass,  tT*  its  velocity,  and  r  the  radius  of  curvature  of  its  patL 

In  the  case  of  an  unresisted  projectile,  already  mentioned  in 
Article  534,  the  deviating  force  at  any  instant  is  that  component 
of  the  body's  weight  which  acts  perpendicular  to  its  direction  of 
motion;  that  is  to  say 

The  well  known  expression  for  the  radius  of  curTature  of  any  curve 
whose  oo-ordinates  are  x  and  z  is 

Cooaequentlj  Qr  =  ,  which  agrees  'with  equation  1. 

if 

In  the  case  of  projectiles,  just  described,  and  of  the  heavenly 
bodies,  deviating  force  is  supplied  by  that  component  of  the  mutuid 
attraction  of  two  masses  which  acts  perpendicular  to  the  direction 
of  their  relative  motion.  In  machines,  deviating  force  is  supplied 
by  the  strength  or  rigidity  of  some  body,  which  guides  the  deviating 
mass,  making  it  move  in  a  curve. 

A  pair  of  free  bodies  attracting  each  other  have  both  deviated 
motions,  the  attraction  of  each  guiding  the  other;  and  their  devia- 
tions of  momentum  are  equal  in  equal  times;  that  is,  their  devia- 
tions of  motion  are  inversely  as  their  masses. 

In  a  machine,  each  revolving  body  tends  to  press  or  draw  the 
body  which  guides  it  away  from  its  position,  in  a  direction  from 
the  centre  of  curvature  of  the  path  of  the  revolving  body ;  and  that 
tendency  is  resisted  by  the  strength  and  stiffness  of  the  guiding 
body,  and  of  the  frame  with  which  it  is  connected.  *' 

538.  Cmnwio^fmi  Fotm  is  the  force  with  which  a  revolving  body 
reacts  on  the  body  that  guides  it,  and  is  equal  and  opposite  to  the 
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deviatiiig  force  -with  vhich  the  goiding  bodj  acts  on  tbe  lerolYmg 
body. 

In  fiict)  as  has  been  stated  in  Article  12,  every  force  is  an  action 
between  two  bodies;  and  dmnaiing  force  and  eenir^ugal  f€Tf»  are 
but  two  different  names  for  the  same  force,  applied  to  it  according 
as  its  action  on  the  revolving  body  or  on  the  guiding  body  is  unda 
consideration  at  the  time. 

539.    A   BervlTlaff  Simplti  Pcndtolm  consists 

of  a  small  mass  A,  suspended  from  a  point  C  by 
a  rod  or  cord  C  A  of  insensibly  small  weight  as 
compared  with  the  mass  A,  and  revolving  in  a 
circle  about  a  vertical  axis  C  R  The  tension  of 
the  rod  is  the  resultant  of  the  weight  of  Ihe 
mass  A,  acting  vertically,  and  of  its  oentrifugfid 
,  force,  acting  horizontallv;  and  therefore  the  rod 

Fig.  288.  will  assume  such  an  inclination  that 


height  B C  _  weight gr^  -  . 

radiusiTS  "  centrifugal  force  "   «^ ^  '^ 

where  r  =  A  B.     Let  n  be  the  numJbtir  qftMimg  per  ieoond  of  the 

pendulum;  then 

V  ^  ^  V  nr'j 
and  therefore,  making  B~C  =  h^ 

/•    ^1.1^-*^     ^T     A    X  0-8154  foot      9-7848  inches      ,^, 
s=  (in  the  latitude  of  London) g = ^ (2.) 

When  the  speed  of  revolution  varies,  the  inclination  of  the  pendu- 
I     lum  varies,  so  as  to  adjust  the  height  to  the  varying  speed. 

^         540.  l»«Tiatliic  Fmrce  ta  Terms  •fAMftataur  TdMitj* — If  the  radios 

of  curvature  of  the  path  of  a  revolving  body  be  regarded  as  a  sort 
of  arm  of  constant  or  variable  length  at  the  end  of  which  the  body 
is  carried,  the  angular  velocity  of  that  arm  is  given  by  the  expres- 

siou, 

«  =  ; V (1.) 

Let  ar  be  substituted  for  v  in  the  value  of  deviating  force  of 
Article  537,  and  that  value  becomes 

« -  ^' « 
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In  the  case  of  a  bodj  revolving  with  uniform  velocity  in  a  circle, 
like  the  bob  A  of  the  revolving  pendulum  of  Article  539,  a  =  2*71^ 
where  n  is  the  number  of  revolutions  per  second,  so  that 

Q=  y^         i (3.) 

fiK>m  which  equation  the  height  of  a  revolving  pendulum  might  be 
deduced  with  the  same  result  as  in  the  last  Article. 

541.  BedMBgakur  C— lytiwf  «r  J^evtedteg  Vmroe. — First  DemOJV' 

ttraltion.  Let  O  in  fig.  234  be  the  centre 
of  the  circular  path  E  F  G  H  of  a  body 
revolving  in  a  circle  with  an  uniform 
velocity,  through  which  centre  draw 
rectangular  axes,  O  X  and  O  Y,  in  the 
plane  of  revolution.  Let  the  angle 
.^  X  O  A,  which  at  any  instant  the 
radius  vector  of  the  revolving  body 
makes  with  the  axis  of  a^  be  denoted 
by  $.    Let 


AD  =  a;  =  r'oos#,  and  )   /-i  \ 
AB  =  y  =  r  •  sin  #,         j  ^  "^ 


Fig.  284. 


be  the  rectangular  co-ordinates  of  the  revolving  body  at  any  in- 
stant. Let  (^9  Qp9  be  the  components  of  the  deviating  force, 
parallel  to  O  X  and  0  T  respectively.  Then  from  the  obvious 
proportion  between  the  magnitudes  of  those  components, 

combined  with  the  equation  2  of  Article  540,  follow  the  values  of 
those  components, 


(3.) 


Q.  =    J^^,  Q,  =    JE^ 

9  9 

Those  two  components  have  the  negative  sign  affixed,  because  they 
represent  forces  tending  to  diminish  the  co-ordinates  x  and  y,  to 
which  they  are  proportional 

Second  Demonalratiork — The  same  result  may  be  obtained,  though 
less  simply,  by  the  second  method  described  in  Article  530,  as  fol- 
lows : — Let  intervals  of  time,  t,  be  reckoned  from  an  instant  when 
the  revolving  body  is  at  £.  Then  i  =s  at,  and  the  values  of  the 
co-ordinates  x  and  y,  in  terms  of  the  time,  are 


X  s=  rcosa^j  y  srsina^. 
The  components  of  the  velocity  of  the  body  are, 


.(4) 


(6.) 
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——  =  —ar sniati  -j^  =  aroosaf, (5.) 

at  dt 

the  velocity  parallel  to  each  co-ordinate  being  proportional  to  thd 
other.     The  components  of  the  variation  of  motion  are 

at  X  a 

-rr-z  =  — flrroosa«=  — «*«: 
df 

d*y  .     . 

--2  =-  —a'rsma^  =  — a'y; 

Cv  V 

W 

which  being  multiplied  by  the  mass  — ,  reproduce  the  components 

of  the  deviating  force  as  before  given  in  equation  3. 

542.  straigiit  OMsiliaii«B  is  the  motion  performed  bj  a  bodj 
which  moves  to  and  &o  in  a  straight  line,  alternately  to  one  side 
and  to  the  other  of  a  central  point;  and  in  order  that  this  motion 
may  take  place,  the  body  must  be  urged  at  each  instant  towards 
the  central  point. 

In  most  cases,  the  force  so  acting  on  the  oscillating  body  is  dther 
exactly  or  very  nearly  proportional  to  its  displaoemeni,  or  distance 
from  the  central  point  of  equilibrium ;  that  is  to  say,  that  force 
follows  the  law  of  one  of  the  rectangular  components  of  the  deviat- 
ing force  of  a  body  revolving  uniformly  in  a  circle  once  for  each 
double  oscillation  of  the  oscillating  body. 

In  fig.  234,  let  a  body  B,  equal  in  weight  to  the  body  A,  start 
at  the  same  instant  from  E,  and  oscillate  to  and  fro  along  the  dia- 
meter E  G,  while  A  revolves  in  the  circle  E  F  G  H.  Then  if  B  is 
urged  towards  the  centre  O  with  a  force  at  each  instant  propor- 
tional to  its  distance  from  that  point,  and  given  by  the  equation 

0.=  -^. (1.) 

being  equal  to  the  parallel  component  of  the  deviating  force  of  A, 
B  mU  accompany  A  in  its  motion  parallel  to  O  X ;  both  those 
bodies  being  at  each  instant  in  the  same  straight  line  B  A  ||  O  T 
at  the  distance 

X  =  r  cos  at  =  rcos^ (2.) 

from  O :  the  velocity  of  B  being  at  each  instant  equal  to  the  par- 
allel component  of  the  velocity  of  A  ;  that  is  to  say, 

dx 

—  =  ^arsmat^  —arsm^; (3.) 

and  each  d<nille  ostnUoHan  of  B,  from  £  to  G  and  back  again  to  E^ 
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being  performed  in  the  same  time  with  a  revolution  of  A ;  that  is 
in  the  time  

-■T— V^' W 


n 


where  r  is  the  gemi-am^fdiiude  of  the  osdllationy  0  E  =  O  G,  Q  is 
the  ooirespondiDg  greatest  magnitude  of  the  force  urging  the  body 
towards  0,  being  the  same  with  the  entire  deviating  force  of  A, 
and  n  is  the  number  of  double  oscillations  in  a  second.  (The 
angle  0  =  atia  called  the  phase  of  the  oscillation.) 

The  greatest  value  Q  of  the  force  which  must  act  on  B  to  pro- 
duce n  double  oscillations  of  the  semi-amplitude  r  in  a  second,  is 
given  hj  the  equation 

Q  = = , (5.) 

9  9 

being  similar  to  equation  3  of  Article  540. 

Bevolution  in  a  circle  may  be  regarded  as  compounded  of  two 
oscillations  of  equal  amplitude,  in  directions  at  right  angles  to  each 
other. 

543.  miipticsi  Oaciiiati—  me  wtevUaimmm  compoimded  of  two 
straight  oscillations  of  equal  periods,  but  im- 
equal  amplitudes,  maj  be  performed  hy  a  body 
u^ged  towards  a  central  point  bj  a  force  pro- 
portional to  its  distance  from  that  point  In 
fig.  235,  let  A  be  the  position  of  the  body  at 
any  instant ;  let  O  A  =  ^,  and  let  the  force 
urging  the  body  towards  O  be 


F  = 


W6«e 


.(1.) 


b  being  a  constant.    Then  the  rectangular  com- 
ponents of  that  force  are 

9  9 


Fig.  285. 


the  former  force  being  suited  to  maintain  a  straight  oscillation 
parallel  to  O  X,  and  ihe  latter,  a  straight  oscillation  parallel  to 
O  Y,  the  period  of  a  double  oscillation  in  either  case  being  the 
same,  viz. : — 

1        2ir 


(3.) 


according  to  equation  4  of  Article  542.    Hence  let  sci  =  O  E  =  O  G 
be  the  semi-amplitude  of  the  former  straight  oscillation,  and  yi  = 
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OF  =  OH  that  of  the  latter;  then  at  any  instant  the  oo-ordinatei 
of  the  body  -will  be 

x=zXiOOBht;  y  =  yi  anbi; (4.) 

which  equations  being  respectiTely  divided  by  Xi  and  yi,  tibe  resolts 
squared,  and  the  squares  added  tc^pether,  give 

a+^'' <"> 

the  well  known  equation  of  an  ellipse  described  about  O  as  a  centre 
with  the  semi-axes  Xi,  yi.  The  components  of  the  velocity  of  the 
body  at  any  instant  are 


dx  -  .X-  r*i^ 

-;-  =  — 6a;iSin6f=  — ^  — yj 
di  yi 


T?  =  »»~»-=»S 


X, 


(6.) 


6iL  A,  AteFi«  •Mfltatteg  PcBJaina  Consists  of  an  indefiniftely 
small  weight  A,  fig.  236,  hung  by  a  cord  or  rod  of  in- 
sensible weight  A  C  from  a  point  0,  and  swinging  in  a 
vertical  plane  to  and  fro  on  either  side  of  a  central  point 
D  vertically  below  C.  The  path  of  the  weight  or  hob 
is  a  circular  arc,  ADR 

The  weight'W  of  the  bob,  acting  vertically,  may  be 
resolved  at  any  instant  into  two  components^  viz.: — 

Wcos^DOA  =  W-^, 

OA* 

acting  along  0  A,  and  balanced  by  the  tension  of  ibe 
Fig.  286.      rod  or  cord,  and 

AB 


W'sin-^DOA  =  W- 


CA' 


acting  in  the  direction  of  a  tangent  to  the  arc,  towards  D,  and  un- 
balanced.    The  motion  of  A  depends  on  the  latter  force. 

When  the  arc  A  D  £  is  small  compared  with  the  length  of  the 
pendulum  AC,  it  very  nearly  coincides  with  the  chord  ABE;  and 
the  horizontal  distance  A  B,  to  which  the  moving  force  is  prc^Kxr- 
tional,  is  very  nearly  equal  to  the  distance  of  the  bob  from  D,  the 
central  point  of  its  oecillationa  Hence  the  bob  is  very  nearly  in 
the  condition  of  straight  oscillation  described  in  Article  542 ;  and 
the  time  which  it  occupies  in  making  a  double  aaciUaUan  is  ^ere- 
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fore  found  approximately  by  means  of  equation  4  of  that  Article, 
-viz.: — 

n  V    ^Q 

where  r  denotes  the  semi-amplitude,  and  Q  the  maximum  value  of 


(1.) 


W  •  ==r.    But  if  the  length  of  the  pendulum,  0  A,  be  made  =  l^ 
C  A 

we  have  

Q  AB      r         , 

whenoei  approzimatelj,  for  small  arcs  of  oscillation, 

-=  2 *\/ -;  and 
n  V   g 

which  being  compared  with  equation  2  of  Article  539,  shows,  thai 
the  length  of  a  simple  oaciUating  penduhun,  maMng  a  given  number 
of  small  double  oscUlcUiona  in  a  eeoondy  is  sensibly  equal  to  the  height 
of  a  revolving  penduluan,  making  tlie  same  number  of  revoluiUoTis  in 
aseeond. 

When  the  amplitude  of  oscillation  becomes  of  considerable  mag- 
nitude, the  period  of  oscillation  is  no  longer  sensibly  independent 
of  the  length  of  the  arc,  but  becomes  longer  for  greater  amplitudes, 
aocoiding  to  a  law  which  can  be  expressed  by  an  elliptic  Unction, 
but  which  it  is  unnecessary  to  explain  in  this  treatise.  (See  Le- 
gendre,  Traite  des  Fonctions  ellipttques,  voL  L,  chap.  viiL) 

54t5.  €?yctotdml  p«Mdi«iHBk — In  order  that  the  oscillations  of  a 
simple  pendulum  may  be  exactly  isochrorunis  (or  of  equal  duration) 
for  all  amplitudes,  the  bob  must  oscillate  in  a  curve,  the  lengths  of 
whose  arcs,  measured  from  its  lowest  point,  are  proportional  to  the 
sines  of  their  angles  of  declivity  at  their  upper  ends,  to  which  sines 
the  moving  forces  at  those  upper  ends  are  proportional  That  this 
may  be  the  case,  the  radius  of  curvature  at  each  point  of  the  curve 
must  be  proportional  to  the  cosine  of  the  declivity :  the  greatest 
radius  of  curvature,  at  the  lowest  point  of  the  curve,  being  equal  to 
/,  as  given  by  equation  1  of  Article  544 ;  and  from  Article  390, 
case  3,  equation  6,  it  appears  that  such  a  curve  is  a  cycloid,  traced 
by  a  rolling  circle  whose  radius  is 

'•.=1 (1) 
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It  is  well  known  that  a  cycloid  is  the  involute  of  an  equal  and 
similiir  cycloid     Hence,  in  fig.  237,  let  C  F,  C  G,  be  a  pair  of 

cycloidal  cketksj  described  by  rolling  a 
^  circle  of  the  radios  r^  on  a  horizontal 

line  traversing  C ;  let  0  A  be  a  flex- 
ible line,  fixed  at  O,  and  having  a  bob 

at  A,  its  length  being  I  =  ^r^  =  G  D 
=  the  length  of  eflkch  of  the  semi- 
qycloids  OF,  C  G.  Then  as  the 
pendulum  0  A  swings  between  the 
TfioTooT  cycloidal    cheeks,  the  bob  osdllates 

uig.  287.  in  an  arc  of  the  cycloid  FD  G ;  its 

double  oscillations,  for  all  amplitudes,  have  e^Dsetly  the  periodic 
time  given  by  equation  1  of  Article  544,  being  that  of  a  revo- 
lution of  a  revolving  pendulum  of  the  height  CD;  and  the 
motion  of  the  bob  in  its  cycloidal  path  follows  the  law  of  stiai|^t 
oscillations  described  in  Article  542. 
(/  546.  BciMwa  vmtcm. — If  two  bodies  be  acted  upon  at  everr 
instant  by  imbalanced  forces  which  are  parallel  wl  direction^  and 
proportional  to  the  masses  of  the  bodies  in  magnitude,  the  varia- 
tions of  the  motions  of  those  two  bodies,  relatively  to  a  fixed  body, 
whether  by  change  of  velocity  or  by  deviation,  are  simultaneous 
and  equal;  so  that  their  motion,  relatively  to  each  other,  is  the 
same  with  that  of  a  pair  of  bodies  acted  upon  by  no  force  or  by 
balanced  forces ;  that  is,  according  to  the  first  law  of  motion,  Artide 
510,  that  motion  is  none  or  uniform. 

If  two  bodies,  A  and  B,  be  acted  upon  by  any  unbalanced  forces 
whatsoever,  and  if  from  the  force  acting  on  B  there  be  taken  oiooy  a 
force  parallel  to  that  acting  on  A,  and  proportional  to  the  mass  of 
B  (in  other  words,  if  with  the  actual  force  acting  on  B  there  be 
combined  a  force  equal  and  opposite  to  that  which  would  make  the 
motion  of  B  change  in  the  same  manner  with  that  of  A),  then  the 
resultant  or  residual  unbalanced  force  acting  on  B  is  that  corre- 
sponding to  ifie  va/riaJtwM  of  the  motion  ofB  rdaiivdy  to  A 

This  is  the  exact  statement  of  the  case  of  a  body  near  the  earth's 
surface.  From  the  total  att^ra^ion  between  the  body  and  the  earth 
is  to  be  taken  away  the  deoioitmg  force  necessary  to  make  the  body 
accompany  the  earth's  sur&ce  in  its  motion,  by  revolving  in  a  circle 
round  the  earth's  axis  once  in  a  sidereal  day  (Article  352).  The 
residual  force  is  the  weight  of  the  body,  W  =  g  m^  which  regulates 
its  motions  rdaivody  to  the  earths  surface.  Thus  the  variations  of 
the  co-efficient  g  in  different  localities  of  the  earth's  surface,  at 
diflferent  elevations,  expressed  by  the  formulss  of  Article  531,  are 
due  partly  to  variations  of  attraction,  and  partly  to  variations  of 
deviating  forca 
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When  bodies  are  carried  in  a  ship  or  yehicle,  and  are  free  to 
move  with  respect  to  it,  then  when  the  ship  or  vehicle  varies  its 
motion,  the  bodies  in  question  perform  motions  relatively  to  the 
ship  or  vehicle,  such  as  would,  in  the  case  of  the  uniform  motion  of 
the  ship  or  vehicle,  be  produced  by  the  application  to  the  bodies  of 
forces  equal  and  contrary  to  those  which  would  make  them  accom- 
pany the  ship  or  vehicle  in  the  variations  of  its  motion. 

Section  3. —  TramsfoTTMUion  of  Energy, 


547.  The  Actsal  Kbovt  of  a  moving  body  relatively  to  a  fixed 
point  is  the  product  of  the  mctsa  of  the  body  into  on^hcdf  of  the 
9qfuare  of  its  vdocUy,  or,  as  Article  533  shows,  the  product  of  the 
fij^ht  of  the  body  into  the  hdgkt  due  to  its  velocity;  that  is  to  say, 
it  is  rejxresented  by 

mtf      Wff  ... 

"J'-T^ ^^'^ 

The  product  m  t^,  the  double  of  the  actual  energy  of  a  body,  was 
formerly  called  ite  vis-viva.  Actual  eneigy,  being  the  product  of 
a  toeigfi  into  a  height,  is  expressed,  like  potential  energy  and  work, 
infooi-pownds  (Article  513,  514). 

548.  c«MpMieani  mt  AdBai  Xmngf. — ^The  actual  energy  of  a  body 
(unlike  its  momentum)  is  essentially  positive,  and  irrespective  of 
direction.     Let  the  velocity  v  be  resolved  into  three  components, 

^'  ^'  Tt'  ^^^^  *°  *^  rectengulap  axes;  then  the  quantities 
of  actual  energy  due  to  those  three  components  respectively  are 

W     d^     W^    rf^     W     ds^ 
2g'  df'  2g'  dt''  2g'  d^' 

But  the  square  of  the  resultant  velocity  is  the  sum  of  the  squares  of 
its  three  components,  or 

d^^  dt^  ^  d^' 

therefore  the  actual  energy  of  the  body  is  simply  the  gum  of  the 
actual  energies  due  to  the  rectangular  components  of  its  velocity. 

549.  Bacrvr  vf  Tavied  VKmnk&m, — THEOREM  L  A  deviating  force 
produces  7U>  chomge  in  a  body's  actual  energy,  because  such  force 
produces  change  of  direction  only,  and  not  of  velocity;  and  actual 
energy  is  irrespective  of  direction,  and  depends  on  velocity  only. 

Theorem  IL  The  increase  of  acHtal  energy  produced  by  an  un- 
balanced  effort  is  eqwcd  to  the  potenti€U  energy  exerted  This  theorem 
is  a  consequence  of  the  second  law  of  motion,  deduced  as  follows  :-— 
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Let  m  =  W  -j-  ^,  be  the  mass  of  a  moving  body  acted  upon  by  an 
effort  P,  and  a  resistance  B,  the  effort  being  the  greater,  so  that 
there  is  an  mibalamced  effort  P  -  R;  and  in  the  first  place  let  that 
xmbalanced  effort  be  oonstant  Then  the  body  is  muformly  aoo^ 
lerated;  and  if  its  velociiy  at  the  beginning  of  a  given  interval  of 
time  ^  <  is  «],  and  its  velocity  at  the  end  of  that  interval  v«  the 
increase  of  the  body's  momentum  is 

-  (».  - 1».)  =  (P  -  R)  A  t (1.) 

Because  of  the  uniformity  of  the  acceleration  of  the  body,  its  mean 
velocity  is  -^-5 — ^,  and  the  distance  traversed  by  it  is 

Let  brth  sides  of  equation  1  be  multiplied  by  that  mean  velocity; 
the  following  equation  is  obtained : — 

^^^  =  (P-R)..; (2.) 

now  the  first  side  of  this  equation  is  the  i/ncrettse  of  the  body* 8  adual 
energy,  and  the  second  is  the  potential  energy  exerted  by  the  on- 
balanoBd  effort;  and  those  two  quantities  are  equal — Q.  E.  D. 

When  the  imbalanced  effort  varies,  let  d  8  he  taken  to  denote  a 
distance  in  which  it  varies  less  than  in  any  given  proportion,  and 
d  '  f^  the  change  in  the  square  of  the  velocity  in  that  distance;  then 

Wd'i^       Wvdv 

~2y^  =  —J—  =  (p— R)^*. (3.) 

or  if  81,  8if  denote  the  two  extremities  of  a  finite  portion  of  the 
body's  path, 

^J^^fy-u),.. (3 ..) 

Theobem  IIL  The  diminution  of  actwd  energy  produced  by  on 
unhdUmced  resistance  is  equal  to  the  loork  performed  in  moving  etgeunsi 
the  resistance.  This  is  a  consequence  of  the  second  law  of  motion, 
demonstrated  by  considering  £  to  be  greater  than  P  in  the  equa- 
tions of  the  pi'eceding  theorem;  so  that  equation  1  becomes 

^  («.  _  r^  =  (R  -  P)  *  t; (4) 

equation  2  becomes 
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— 4^  =  (R_P)Air; (5.) 

and  equation  3  and  3  A  become 

WrfV            Wvdv      ^       ^,  ^ 
2^= —  =  (B.-lB)ds (6.) 

2^ =  j^  (R  — P)d«. (6  A.) 

550.  Kacmr  8c«««d  uid  Bcitored. — A  body  alternately  accelerated 
and  retarded,  so  as  to  be  brought  back  to  its  original  speed,  per- 
fonns  work  by  means  of  its  retardation  exactly  equal  in  amount  to 
the  potential  energy  exerted  in  producing  its  acceleration;  and  that 
amount  of  energy  may  be  conaidered  as  stored  during  the  accelera- 
tion, and  restored  during  the  retardation. 

551.  The  TnuMfcvflMUtoa  •€  Bacrgy  is  a  term  applied  to  such 
processes  as  the  expenditure  of  potential  energy  in  the  production 
of  an  equal  amount  of  actual  energy,  and  vice  versa, 

552.  The  VmmmtwwwaUm  •€  Eacrgy  !■  Taricd  JOmdmn.  is  a  &ct  or 
principle  expressed  by  combining  the  Theorems  II.  and  IIL  of 
Article  549  with  the  definition  of  stored  and  restored  energy  of 
Article  550,  and  may  be  stated  as  follows : — in  cmy  irderval  of  time 
during  a  hodifs  motion^  the  potential  energy  exerted,  added  to  the 
energy  restored,  is  eqwd  to  the  energy  stored  added  to  the  toork  per- 
/armed.  This  principle,  expressed  in  the  form  of  a  differential 
equation,  is  as  follows : — 

^^^_Yl^_B.d8=.0; (1.) 

9 

which  includes  equations  3  and  6  of  Article  549;  and  in  the  form 
of  an  integral  equation, 

/Pd.-^(^-^^-/Rd.  =  0 (2.) 

553.  Pcriadieal  HI •timb — If  a  body  moves  in  such  a  manner  that 
it  periodically  returns  to  its  original  velocity,  then  at  the  end  of 
each  period,  the  entire  variation  of  its  actual  enei^  is  nothing; 
and  in  each  such  period  the  whole  potential  energy  exerted  is  equal 
to  the  whole  work  performed,  exactly  as  in  the  case  of  a  body 
moving  uniformly  (Article  517). 

554.  HeaMwcs  af  UBbafauiccd  Fwcc — EVom  Articles  530  and  531, 
and  from  Article  549,  it  appears  that  the  magnitude  of  an  un- 
balanced force  may  be  computed  in  two  ways, — either  from  the 
change  of  momentum  which  it  produces  by  acting  for  a  given  time^ 
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or  by  the  change  of  energy  which  it  produces  bj  a4;tmg  along  a 
given  distance.  Both  those  ways  of  computing  are  ezpreased  ia  the 
£)llowing  equation : — 

■"  g    dt       g  '  da* 

and  each  is  a  necessary  consequence  of  the  other ;  yet  in  former 
times  a  &llacy  prevailed  that  they  were  inconsistent  and  contra- 
dictory, and  a  bitter  controversy  long  raged  between  their  respec- 
tive partizans. 

655,  BacniT  ^te«  <•  ObU«He  v^rce. — It  has  already  been  stated 
in  Chapter  I.  of  this  Part,  and  especially  in  Article  520,  that  if  an 
unbalanced  force  F  acts  on  a  body  while  it  moves  through  the  dis- 
tance d  8,  making  the  angle  S  with  the  direction  of  the  force,  the 
product 

Fcos^'rf* 

represents  the  energy  exerted,  if  tf  is  acute,  or  the  work  performed, 
if  ^  is  obtuse,  during  that  motion.  Now  that  product  may  be 
treated  mathematically  in  two  ways :  either  as  the  product  of  F 
cos  ^  =  P  (or,  as  the  case  may  be,  F  cos  {r  —  i)^  R),  the  component 
of  the  force  along  the  direction  of  motion,  into  ds,  the  motion ;  or 
as  the  product  of  F,  the  entire  force,  into  cos  i  ^ds^  the  component 
of  the  motion  in  the  direction  of  the  force.  The  former  method  is 
that  pursued  in  the  preceding  Articles ;  but  occasionally  ihe  latter 
may  be  the  more  convenient  For  example,  when  the  force  F  is 
either  directed  towards  or  from  a  central  point,  or  is  always  per- 
pendicular to  a  given  surfisice;  let  z  denote  die  distance  of  the  body 
at  any  instant  from  the  central  point,  or  its  normal  distance  from 
the  given  surface,  as  the  case  may  be ;  then 

dz^ooBi'ds (1.) 

is  the  component  of  the  motion  of  the  body  in  the  direction  of  z. 

The  force  F  is  to  be  treated  as  positive  or  negative  according  as 
it  tends  to  increase  or  diminish  z.  Then  if  v^,  v^,  be  the  velocities 
of  the  body,  and  Zj^,  z^  its  distances  frt)m  the  given  point  or  surfiu» 
at  the  beginning  and  end  of  a  given  interval,  the  change  of  its 
actual  energy  in  that  interval  is 

^?^  =  /"Fco8<wi*=/%ci«; (2.) 

and  if  F  is  either  constant,  or  a  function  of  z  only,  the  velocity  of 
V  varies  with  z  alone. 

This  principle,  as  applied  to  the  force  of  gravity  near  the  earth's 
surface,  has  already  been  illustrated  in  Articles  533,  534,  and  535; 


r 
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for  ill  that  case,  z  denotes  the  elevation  of  the  body  above  a  given 
level,  F  s  —  W  (because  it  tends  to  diminish  z\  and  therefore 

^.=«.-'^ (3.) 

as  was  formerly  proved  by  another  procesa 

556.  A  B«cipMcatiiiS  Fwce  is  a  foroe  which  acts  alternately  as 
an  effort  and  as  an  equal  and  opposite  resistance,  according  to  the 
direction  of  motion  of  the  body.  Such  a  force  is  the  weight  of  a 
body  which  alternately  rises  and  falls ;  or  the  attraction  of  a  body 
towards  a  point  &om  which  its  distance  periodicaUy  changes.  Such 
a  force  is  the  foroe  F  in  the  last  Article,  when  it  is  constant,  or  a 
function  of  z  only ;  and  such  is  the  elasticity  of  a  perfectly  elastic 
body.  The  work  which  a  body  performs  in  moving  against  a  reci- 
procating foroe  is  employed  in  increasing  its  own  potential  energy, 
and  is  not  lost  by  the  body. 

557.  The  t«i«i  ]iMr«r  of  a  body  is  the  sum  of  its  potential  and 
actual  energie&  It  is  evident,  that  if  at  each  point  of  the  course 
of  a  moving  body  its  total  energy,  or  capacity  for  performing  work, 
be  added  to  the  work  which  it  has  already  performed,  the  sum 
must  be  a  constant  quantity,  and  equal  to  the  initial  energy  which 
the  body  possessed  before  beginning  to  perform  work.  If  a  body 
performs  no  work,  its  total  energy  is  constant ;  and  the  same  is  the 
case  if  its  work  consists  only  in  Tnoving  iisdf  to  a  place  where  Ua 
potenHal  energy  is  greaJbeT^  that  is,  moving  against  a  reciprocating 
force  j  and  the  increase  of  potential  energy  so  obtained  being  taken 
into  account,  balances  the  work  performed  in  obtaining  it. 

Example  1.  If  a  body  whose  weight  is  W  be  at  a  height  z^  above 
the  groimd,  and  be  moving  with  the  velocity  Vi  in  any  direction, 
its  initial  total  eneigy  relatively  to  the  ground  is 


W 


(*'+^)^ <^ 


i;*  ♦ 

of  which  W;sfi  is  potential  and  W  ^  actual     Supposing  the  body 

^g 

to  have  moved  without  any  resistance  except  such  as  may  arise 
from  a  component  of  its  own  weight,  which  is  a  reciprocating  foroe, 
to  a  different  height  Zt  above  the  ground,  its  total  energy  relatively 
to  the  ground  is  now 


W 


(^+^)^ ^^•> 


being  the  same  in  amount  as  before,  but  differently  divided  between 
the  actual  and  potential  forms. 
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Example  II.  Should  the  motion  of  the  body  be  opposed  by  a 
resistazioe  such  as  Motion,  which  is  not  a  reciprocating  force,  then 
the  total  eneigy  in  the  second  position  of  the  body  is  diminished  to 


Example  III.  Let  a  body  oscillate  (as  in  Article  542)  in  a  i 
line  traversing  a  central  point  towards  which  the  body  is  rnged  by 
a  force  varying  as  the  distance  from  the  point ;  let  Xi  be  the  semi- 
amplitude  of  oscillation,  x  the  displacement  at  any  instant,  —  Qi 

—  Q  X 
the  greatest  value  of  the  moving  force,  so  that ^  is  the  value 

for  the  displacement  x.  Then  when  the  body  is  at  its  extreme 
displacement,  its  actual  energy  is  nothing ;  and  its  total  energy, 
which  is  all  potential,  is 


Qi  f 

Xi  J 


ydx=^ (4.) 


When  the  body  is  in  the  act  of  passing  the  central  point,  its  poten- 
tial energy  is  nothing,  and  its  total  energy,  which  is  now  all  actual, 
is  in  amount  the  same  as  before,  viz. : — 

Ti  =  T' ^^'^ 

V(i  being  the  maximum  velocity.  At  any  intermediate  point,  the 
total  energy,  partly  actual  and  pai-tly  potential,  is  still  the  same, 
being 

where,  as  before,  a=2  9n',  n  being  the  number  of  double  oscilla- 
tions in  a  second.  For  the  elliptic  oscillations  of  Article  543,  the 
total  energy  of  the  body  is  at  each  instant  the  sum  of  the  quanti- 
ties of  energy  due  to  the  two  straight  oscillations  of  which  the 
elliptic  oscillation  ia  compounded ;  and  for  a  body  revolving  in  a 
circle,  and  urged  towards  the  centre  by  a  deviating  force  propoiv 
tional  to  the  radius  vector,  the  total  energy  relatively  to  the  oentre 
is  one-half  actual  and  one-half  potential,  viz. : — 

^  +  -r  =  ^^ ^•> 
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Sbchon  4. — Vcmed  TromdoLtion  of  a  System  of  Bodies. 

558.  CMuenrmtiMi  «rH«Bi«Mnuk — ^Thbo&em.  The  mu6iuil  cusUona 
of  a  system  of  bodies  cannot  chcmge  their  restdtarU  momentum.  (Re- 
Boltant  momentiim  has  been  defined  in  Article  524.)  Every  force 
18  a  pair  of  equal  and  opposite  actions  between  a  pair  of  bodies ;  in 
any  given  interval  of  time  it  constitutes  a  pair  of  equal  and  oppo- 
site impulses  on  those  bodies,  and  produces  equal  and  opposite 
momenta^  Therefore  the  momenta  produced  in  a  system  of  bodies 
by  their  mutual  actions  neutralize  each  other,  and  have  no  result- 
ant, and  cannot  change  the  resultant  momentum  of  the  system. 

559.  HI«tl*a  mf  Cemtn  •€  OnvltT. — Co&OLLABT.       7^  VO/riotioTIS 

of  the  motion  of  the  centre  of  gravity  of  a  system  of  bodies  are  wholly 
prod/iMxd  by  forces  exerted  by  bodies  external  to  As  system;  for  the 
motion  of  the  centre  of  gravity  is  that  which,  being  multiplied  by 
the  total  mass  of  the  system,  gives  the  resultant  momentum,  and 
this  can  be  varied  by  external  forces  only. 

It  follows  that  in  all  dynamical  questions  in  which  the  mutual 
actions  of  a  certain  system  of  bodies  are  alone  considered,  the  centre      / 
of  gravity  of  that  system  of  bodies  may  be  correctly  treated  as  a 
point  whose  motion  is  none  or  uniform  ;  because  its  motion  cannot 
be  changed  by  the  forces  under  consideration.  ^' 

560.  The  AmipOmr  H^MeBtaBi.  relatively  to  a  fixed  point,  of  a 
body  having  a  motion  of  translation,  is  the  product  of  IJie  momen- 
tum of  the  body  into  the  perpendicular  distance  of  the  fixed  point    : 
ftom  the  line  of  direction  of  the  motion  of  the  body's  centre  of /*   - 
gravity  at  the  instant  in  question ;  and  is  obviously  equal  to  the^^ 
product  of  the  mass  of  the  body  into  double  the  area  swept  by  the 
radius  vector  drawn  from  the  given  point  to  its  centre  of  gravity 

in  an  unit  of  tima     Let  m  be  the  mass  of  the  body,  v  its  velocity,  <^/' 
I  the  length  of  the  before-mentioned  perpendicular ;  then 

mvl  = 

9 
is  the  ftpgnlar  momentum  relatively  to  the  given  point 

Angiiliw  momenta  are  compounded  and  resolved  like  forces, 
each  angular  momentum  being  represented  by  a  line  whose  length 
is  proportional  to  the  magnitude  of  the  angular  momentum,  and 
irhose  direction  is  perpendicular  to  the  plane  of  the  motion  of  the 
body  and  of  the  fixed  point,  and  such,  that  when  the  motion  of  the 
body  is  viewed  from  the  extremity  of  the  line,  the  radius  vector  of 
the  body  seems  to  have  right-handed  rotation.  The  direction  of 
such  a  line  is  called  the  axis  of  the  angular  momentum  which  it 
representa  The  reavJJtamJ^  wngvlar  momenJtv/m  of  a  system  of  bodies 
15  the  resultant  of  all  their  angtdar  momenta  relatively  to  their 
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common  centre  of  gravity;  and  the  axis  of  that  resultant  angular 
paomentum  is  called  the  aaia  ofangtiUvr  momerUvan  of  the  system. 
The  term  cmguUvr  momevUfu/m  was  introduced  by  Mr.  Hayward. 

561.  Awgw^f*  impaiM  is  the  product  of  the  moment  of  a  ooople 
offerees  (Article  29)  into  the  time  duringwhich  it  acts.  Let  F  be 
the  force  of  a  couple,  I  its  leverage,  and  dt  the  time  during  which 

it  acts,  then 

l^ldt 

is  angular  impulse.  Angular  impulses  are  compounded  and  resolved 
like  the  moments  of  couples. 

562.  Belatlem  of  Angalar  ImvaUe  ■■«  Angwlr  KwMHMnB. — 

THE0RE3L  The  vwnaiicm^  in  a  given  time,  of  the  amqrdojr  fnomenlicm 
of  a  body,  is  equal  to  Hie  ancfula/r  impulse  producing  that  variation^ 
cmd  has  the  sa/me  axis.  This  is  a  consequence  which  is  deduced 
from  the  second  law  of  motion  in  the  following  manner : — Conceive 
an  unbalanced  force  F  to  be  applied  to  a  body  m,  and  an  equal, 
opposite,  and  parallel  force,  to  a  fixed  point,  during  the  interval  dt; 
and  let  I  be  the  perpendicular  distance  from  the  fixed  point  to  the 
line  of  action  of  the  first  force.  Then  the  couple  in  question  exerts 
the  angular  impulse 

Yldt 

At  the  same  time,  the  body  m  acquires  a  variation  of  momentum 
in  the  direction  of  the  force  applied  to  it,  of  the  amount 

7ndv=.Y  dt\ 

so  that  relatively  to  the  fixed  pointy  the  variation  of  the  body's 
angular  momentum  is 

mldv  =  ¥ldt; (1.) 

beiQg  equal  to  the  angular  impulse,  and  having  the  same  axis. — 
Q.  E.  D. 

563.  OoiiMrvKti«B  of  AagBlur  OlMBCBtnB. — Theoreil  The  result- 
ant cmgulcMr  momentum  of  a  system  of  bodies  cannot  be  thamged  in 
magnitude,  nor  in  the  di^rection  of  its  axis,  by  the  mutual  actons  of 
tlie  bodies. 

Considering  the  common  centre  of  gravity  of  the  system  of  bodies 
as  a  fixed  point,  conceive  that  for  each  force  with  which  one  of  the 
bodies  of  the  system  is  urged  in  virtue  of  the  combined  action  of  all 
the  other  bodies  upon  it,  there  is  an  equal,  opposite,  and  parallel 
force  applied  to  the  common  centre  of  gravity,  so  as  to  form  a 
couple.  The  forces  with  which  the  bodies  act  on  each  other  are 
equal  and  opposite  in  pairs,  and  their  resultant  is  nothing;  there- 
fore, the  resultant  of  the  ideal  forces  conceived  to  act  at  the  oommon 
centre  of  gravity  is  nothing,  and  the  supposition  of  these  forces  does 
not  effect  the  equilibrium  or  motion  of  the  system.  Also,  the 
resultant  of  all  the  couples  thus  formed  is  nothing;  therefore,  the 
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resultant  of  their  angular  impulses  is  nothing;  therefore,  the  result- 
ant of  the  several  variations  of  angular  momentum  produced  by 
those  angular  impulses  is  nothing;  tiierefore,  the  resultant  angular 
momentum  of  the  system  is  invariable  in  amount  and  in  the  direc- 
tion of  its  axis. — Q.  E.  D. 

This  theorem  is  sometimes  called  the  principle  of  the  coneervcUion 
qfaretu.  When  applied  to  a  Efystem  consisting  of  two  bodies  onlj, 
it  forms  one  of  the  laws  discovered  by  Kepler,  by  observation  of 
the  motions  of  the  planets. 

In  considering  the  relative  motions  of  a  Efystem  of  bodies  as 
depending  on  their  mutual  actions  only,  the  axis  of  angular  momen- 
tum may  be  treated  as  a  fixed  directioTiy  as  already  stated  in  Article 
348.  A  plane  perpendicular  to  the  axis  of  angular  momentum  is 
called  by  some  writers  the  irvocKriable  plane.  The  nearest  approach 
to  an  absolutely  fixed  direction  yet  known  is  the  invariable  axis  of 
the  discovered  bodies  of  the  solar  system. 

564.  Adml  SnorgT  of  «  SyatMB  Af  Bodies. — ^THEOREM.  Thecustiial 
energy  of  a  system  of  bodies  rdcUivdy  to  a  point  external  to  the  system, 
is  the  sum  of  the  actual  energies  of  the  bodies  rdaJlmdy  to  their  common 
cenire  ofgrtmty,  added  to  the  adbwjl  energy  due  to  the  motion  of  the 
mass  of  die  whole  system  with  a  velocity  equal  to  ihaJb  which  its  centre 
of  gravity  has  relatively  to  the  external  point 

Let  the  motion  of  each  of  the  bodies,  and  of  their  common  centre 
of  gravity,  relatively  to  the  external  point,  be  resolved  into  three 
rectangular  components.  Let  m  be  any  one  of  the  masses,  and  u, 
Vy  IT,  tiHe  components  of  its  velocity  relatively  to  the  external  point; 
let  2  -  m  be  the  mass  of  the  whole  system,  and  u^  v^  w^  the  com- 
ponents of  the  velocity  of  its  centre  of  gravity  relatively  to  the 
external  pointb 

Conceive  the  motion  of  each  of  the  bodies  to  be  resolved  into  two 
parts;  that  which  it  has  in  common  with  the  cenire  ofgra/vity  rela- 
tively to  the  external  point,  and  that  which  it  has  relatioeiy  to  tfte 
centre  of  gravity.    The  component  velocities  of  the  first  part  are 

«o,  Vo,  wo-j 
and  those  of  the  second  part 

u  —  Uq:szu';  V  —  To  =  «/;  w  —  Wo  =  u/; 

so  that  the  components  of  the  whole  motion  of  the  body  may  be 
represented  by 

u  =  Uq-^u';  V  =zVo  +  i/;  u?  =  icb  +  «/. 

Then  the  actual  energy  of  the  system  relatively  to  the  external 
point  is 
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which  being  developed,  and  common  £Eu;tors  remoTed  ooteide  the 
sign  of  summation^  gives 

iM  +  <^  +  «?5)-jf» 

+  i  3  •  l»  (t^**  +  t/*  +  UT). 

But  in  Article  524  it  has  been  shown,  that  the  resultant  momentom 
of  a  system  of  bodies  relatively  to  their  common  centre  of  gravitj 
is  nothing;  that  is  to  say, 

so  that  the  above  expression  for  the  actual  eneigy  of  the  system 
becomes  simply 

of  which  the  first  term  is  tfiA  actual  energy  of  the  whole  mass  of  the 
system  due  to  the  motion  o/ the  centre  o/ grcmty  rdaUwiy  to  the 
extemcU  pointy  and  the  second  term  is  the  sum  of  the  actual  energies 
o/ilie  bodies  rdaiivdy  to  their  common  cerUre  o/ gravity, — Q.  £.  D. 

Those  two  parts  of  the  actual  energy  of  a  system  may  be  distin- 
guished as  the  external  and  internal  actual  energy, 

GoROLLABY.  The  mtUtiol  actions  of  a  system  ^bodies  change  their 
internal  actual  energy  alone, 

565.  coBMVTBtioii  •r  iBMnmi  bmvst. — ^Law.  The  total  tnUrwd 
energy,  actual  a/nd  potential,  of  a  system  o/ bodies,  cannot  be  dutnged 
by  their  mtUiuxl  anions.  This  is  a  proposition  made  known  partly 
by  reasoning  and  partly  by  experiment.  The  total  internal  enogy 
of  a  system  is  the  sum  of  the  total  energies  of  the  bodies  of  which 
it  consists  relatively  to  their  common  centre  of  gravity.  It  has 
been  shown  in  Articles  549  to  557,  that  the  total  energy  of  a  single 
body  can  be  diminished  only  by  performing  work  against  a  redst. 
ance  which  is  not  a  reciprocatmg  force;  in  other  words^  against  an 
irreversible  or  passive  resistance. 

"Now  it  has  been  proved  by  experiment,  that  all  work  performed 
against  passive  resistances  is  accompanied  by  the  production  of  an 
equal  amount  of  energy  in  a  different  form  (as  when  friction  pro- 
duces heat) ;  therefore  the  total  internal  energy  of  a  system  of  bodies 
cannot  be  changed  by  their  mutual  actions. — Q.  E.  D. 

Although  this  law  has  become  known  in  the  first  instance  by 
experiment  and  observation,  it  can  be  shown  to  be  necessary  to  the 
permanent  existence  of  the  universe  as  actually  constituted. 

566.  CoUteion  is  a  pressure  of  inappreciably  short  duration  be- 
tween two  bodies.  The  most  usual  problem  in  cases  of  collision  is, 
when  two  bodies  whose  masses  are  given  move  before  the  collision 
in  one  straight  line  with  given  velocities,  and  it  is  required  to  find 
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ibeir  velociiies  after  the  collision.  The  two  hodies  form  a  sTstem 
whose  resultant  momentum  and  internal  energy  are  each  unaltered 
by  the  collision;  but  a  certain  fraction  of  the  internal  energy 
disappears  as  visible  motion,  and  appears  as  vibration  and  heat. 
If  the  bodies  are  equal,  similar,  and  perfectly  elastic,  that  fraction 
is  nothing. 

Let  m,,  mtf  be  the  masses  of  the  two  bodies,  and  Ui,  u^,  their 
velocities  before  the  collision,  whose  directions  eOiotdd  be  indicated 
by  their  aigxia».  Then  the  velocity  of  their  common  centre  of  gra- 
vity is 

f^m,+«,nH   

and  this  is  not  altered  by  the  collision;  neither  is  the  external 
energy y  whose  amount  is 

(i».  +  i«0^ (2.) 

The  iaUemal  energy  of  the  system  of  two  bodies  is 

2  "^  2  ^  ^^ 

When  the  bodies  strike  together,  this  actual  internal  energy  is 
expended  in  altering  the  figures  of  the  bodies  at  and  near  their 
sur&ce  of  contact,  in  opposition  to  their  elastic  force.  So  soon  as 
the  relative  motion  of  the  bodies  has  been  thus  stopped,  the  elastic 
foToe  b^ins  to  restore  their  figures,  and  drive  them  asunder;  and 
if  they  were  equal,  similar,  and  perfectly  elastic,  it  would  reproduce 
all  the  energy  of  relative  motion  given  by  the  formula  3,  so 
that  the  bodies  would  separate  with  velocities  relatively  to  their 
common  centre  of  gravity,  equal  and  opposite  to  their  original 
velocities  relatively  to  that  point ;  that  is  to  say,  with  the  velocities 

relatively  to  the  common  centre  of  gravity,  and  the  velocities 

t>i  =  2«,-Wi,  r,=  2tio-«ft (4.) 

relatively  to  the  earth.  But  as  a  certain  proportion,  which  may  be 
denoted  by  1  —  ^,  of  the  internal  actual  enei^  takes  the  forms 
of  internal  vibration  and  of  heat,  the  internal  actual  energy  due  to 
visible  motion  after  the  collision  is 

2  "^  2  ' ^  ^^ 

the  velocities  of  the  bodies,  relatively  to  their  common  centre  of 
gravity,  after  the  collision,  are 
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and  their  velocities  relatively  to  the  earth  are 

Vi  =  {l^-k)uo-kui;  Va  =  (l+A;)tio— ^«^ (6.) 

Should  the  bodies  be  pefD^Zy  soft,  or  inda8tic,k=^0;  in  which 

«i  =  «t=«b; (7) 

that  is,  the  bodies  do  not  fly  asunder,  but  proceed  together  with  the 
velocity  of  their  common  centre  of  gravity.    (See  Addendum,  p.  5 12.) 

567.  The  AeOmm  of  llMbAteaeed  BztermI  Fmwm  on  a  system  of 
bodies,  considered  as  a  whole,  is  to  vary  the  resultant  momentam 
and  the  resultant  angular  momentum.  It  has  been  shown  in 
Article  60,  that  every  system  of  forces  can  be  reduced  to  a  aingle 
force  and  a  couple.  The  system  of  forces  applied  to  a  flystem  of 
bodies  is  to  be  reduced  to  a  single  force  acting  through  the  centre 
of  gravity  of  the  system,  and  a  couple,  as  shown  in  equations  5,  6, 
7,  8,  of  Article  60 ;  then  in  a  given  interval  of  time,  the  variation 
of  resultant  momentum  of  the  system  is  equal  to  and  in  the  direc- 
tion of  the  impulse  of  the  single  resultant  force,  and  the  variation 
of  angular  momentum  is  equal  to  the  angular  impulse,  and  about 
the  axis,  of  the  resultant  couple. 

To  express  this  by  general  equations,  let  the  components  of  the 

momentum  of  any  mass  m  belonging  to  the  system,  whose  rectan- 

dx       dy       dz 
gular  co-ordinates  are  «,  y,  2;,  be  m  -7-,  m  ^,  «»  -r?.     Then  the 

rates  of  variation  of  these  components  are 

d^x       d*y       d'z  „ . 

"^JF'  "'d?'  **rf? ^^-f 

Also,  the  rectangular  components  of  the  angular  momentum  of  that 
mass  are 

about  X,  m  (*^-y^) ;  about  y,  m  («^-«  ^) ; 

about  ^m(y|f-«^); (2.) 

whose  rates  of  variation  are 

/    d^y       d^z\  (   d}z        d'x\    T 

['d?'^dTO''^{''d?'''d?r^ 

m(yi^-xm. 
Vd^         dt'J 


m 


(3.) 
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Let  F,,  F,,  F,,  be  the  components  of  the  force  externally  applied 
to  a  point  whose  coK)rdinates  are  x,  y,  z.  Then  bj  the  equality  of 
the  resultant  impulse  to  the  variation  of  resultant  momentum. 


{..- 


m  —  >  =0  : 


{F,-™m  =  0; 


.{F.-„j-J)=«; 


....(4.) 


and  by  the  equality  of  the  resultant  angular  impulse  to  the  varia- 
tion of  the  r^ultant  angular  momentum, 


de 

£.* 
dt 


m 


m 


)- 


y 


—  X 


0; 
0; 
0; 


.(5.) 


The  use  of  those  equations  is  to  determine  the  effect  of  a  given 
system  of  external  forces  on  a  system  of  bodies  when  the  relations 
amongst  the  motions  of  those  bodies  are  known,  without  taking  into 
consideration  the  internal  forces  acting  between  the  bodies,  which 
latter  forces  it  is  sometimes  difficult  or  impossible  to  determine  until 
the  effects  of  the  external  forces  have  first  been  found 

568.  DctcmiMUiMi  of  Hhe  laicnHd  Fvreea.^ — When  the  relations 
which  exist  between  the  motion  of  the  system  as  a  whole, — ^that  is, 
its  resultant  momentum  and  angular  momentum, — and  the  motions 
of  the  several  bodies  of  which  it  consists,  are  fixed  by  dnematical 
principles,  then  the  motion  of  each  body  can  be  determined  when 
the  externally  applied  forces  are  known.  Then  if,  Jrom  the  farce 
extemaily  applied  to  each  body  al  each  ineta/nt,  there  is  taken  away 
the  force  required  to  produce  the  chomge  of  motion  of  the  body  which 
takes  place  at  that  instant,  the  remainder  must  be  balanced  by,  and 
equal  and  opposite  to,  the  internal  force  (Kting  on  the  body  in  ques- 
tion; and  this,  which  is  the  fbtnciple  of  D'Alemeebt,  serves  to 
determine  the  internal  force&  Using  the  notation  of  the  last 
Article,  the  components  of  the  internal  force  applied  to  a  given 
body  of  the  system  are 


wi-^ — F,;  m  -^  —  F. 


dt' 


d^ 


n.  '^"^        F 


5G9.  RmMmiI  Exteroai  Forces. — If  the  resultant  external  force 
acting  through  the  centre  of  gravity  of  a  system  of  bodies  be  sup- 
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posed  to  be  divided  into  parallel  components,  each  applied  to  one 
of  the  bodies  and  proportional  to  the  mass  of  the  body  to  which  it 
is  applied,  sach  will  be  the  system  of  external  foroes  required  to 
make  all  the  bodies  of  the  system  have  equal  and  parallel  motionr 
at  each  instant  in  common  with  their  centre  of  gravity.  Then  if 
the  forces  so  determined  be  taken  away  from  the  foroes  actually 
applied  to  the  several  bodies,  the  residual  external  forces,  being 
combined  with  the  internal  forces,  will  constitute  those  forces 
which  regulate  the  motions  of  the  bodies  relatively  to  their  oosa- 
mon  cen^  of  gravity  considered  as  a  fixed  point. 

Addbnduk  to  Article  566,  page  510. 

c«nt«ioa. — It  was  formerly  supposed  that  the  disappearance  of 
energy  after  collision  was  wholly  due  to  imperfect  elasticity,  and 
that  any  two  perfectly  elastic  bodies  would  fly  asunder  after  col- 
lision with  a  relative  velocity  equal  to  their  relative  velocity  of 
approach  before  collision.  But  M.  de  St.  Yenant  showed  that, 
except  when  the  bodies  are  similar  and  equal,  a  certain  quantity  of 
energy  disappears,  even  in  perfectly  elastic  bodies,  in  producing 
internal'  vibrations  of  each  body.  The  value  of  the  co-efficient  k, 
being  the  ratio  of  the  relative  velocity  of  the  recoil  to  that  of  the 
approach^  in  the  case  of  a  pair  of  perfectly  elastic  prismatic  ban, 
striking  each  other  endwise,  is  given  as  follows :  let  a^  and  a^  be 
the  lengths  of  the  bars;  p^  and  j^j^^^^  weights  per  unit  of  length; 
8^  and  «2  ^^^  velocities  of  the  transmission  of  sound  (that  is, 

of  longitudinal  vibrations)  along  them;  let  -  .^  ^-;  and  also  let 
8,  p.  ,^  89  p^:  in  other  words,  let  —  .^r::  ~  and  7^    --;  then 

ife  =  2-?^^L±^2ft.-^ai? 1 (a) 

As  to  the  velocity  of  sound,  see  Article  615^  page  563.  The 
paper  of  M.  de  St.  Yenant  is  published  in  full  in  the  Journal  da 
-^at^iematiqttea  pures  et  appliquees,  1867 ;  and  an  abstract  in  English 
of  the  more  simple  of  its  results  in  The  Engineer  for  the  15th  Feb- 
i^arv,  1867. 
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CHAPTER  m. 


ROTATIONS   OF  RIQID   BODIEa 


X 

<^- 

570.  Th«  ni«ttoA  mr  m  RigM  B«^,  or  of  a  body  which  sensibly 
preserves  the  same  figure,  has  already  been  shown  in  Part  III., 
Chi^pter  II.,  to  be  always  capable  of  being  resolved  at  each  instant 
into  a  translation  and  a  rotation ;  and  by  the  aid  of  the  principles 
explained  in  Section  3  of  that  chapter,  the  component  rotation  can 
always  be  conceived  to  take  place  about  an  axis  traversing  the 
centre  of  gravity  of  the  body,  and  to  be  combined,  if  necessary, 
with  a  translation  of  the  whole  body  in  a  curved  or  stiuight  path 
along  with  its  centre  of  gravity.  The  variations  of  the  momen- 
twm  €f£  the  translation,  whether  in  amount  or  in  direction,  are 
due  to  the  resultant  force  acting  through  the  centre  of  gravity 
of  the  body,  and  are  exactly  the  same  with  those  of  the  momen- 
tuni  of  the  entire  mass  if  it  were  concentrated  at  that  centre; 
the  variations  of  the  angular  momentum  of  the  rotation  are 
due  to  the  resultant  couple  which  is  combined  with  that  re- 
sultant force.  The  variations  of  actiud  energy  are  due  to  both 
causes. 

When  the  translation  of  the  centre  of  gravity  of  a  rotating  body, 
and  its  rotation  about  an  axis  traversing  that  centre,  are  known, 
the  motion  of  every  point  in  the  body  is  determined  by  cineroatical 
principles,  which  have  been  explained  in  Part  III.,  Chapter  II., 
Section  3 ;  so  that  by  the  aid  of  D*Alembert*s  principle  (Article 
568)  the  internal  forces  acting  amongst  the  parts  of  the  body  can 
be  completely  determined. 

In  the  investigations  of  questions  respecting  the  motions  of 
rigid  bodies,  there  are  certain  quantities,  lines,  and  )x>ints,  de- 
pending on  the  figures  of  the  bodies,  the  mode  of  distribution 
of  their  masses,  and  the  way  in  which  their  motions  arc  guided, 
whose  use  facilitates  the  understanding  of  the  subject  and 
the  comjmtation  of  results,  and  which  are  related  to  e*ich  other 
by  geometrical  principles.  These  are,  moments  of  inertia,  radii 
of  gyrafiati,  moments  of  deviation,  and  centres  of  percussion. 
Their  geometrical  relations  arc  considered  in  tlie  following  sec- 
tion. 

2l 
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*^      Section  1. — On  Moments  o/Tnsrtia,  Radii  ofGyraiioUy  Moments  of 

Deviaiion,  and  CetUres  of  Fercuasion. 

571.  The  i!l«ment  of  iBcrite  of  an  indefinitelj  small  body,  or 
"  physical  point,"  relatively  to  a  given  axis,  is  the  product  of  the 
mass  of  the  body,  or  of  some  quantity  proportional  to  the  mass, 
such  aa  the  weight,  into  the  square  of  its  perpendicular  distance 
from  the  axis  :  thus  in  the  following  equation : — 

I  Wr* 

-  =  m  r»  =  -^^^y (1.) 

r  is  the  perpendicular  distance  of  the  mass  m,  whose  weight  is  W, 
^m  a  given  axis;  and  the  moment  of  inertia,  according  to  the 
imit  employed,  is  either  I,  or  I  t-  ^;  the  former,  when  the  unit  is 
the  moment  of  inertia  of  an  unit  of  tveight  at  the  end  of  an  arm 
whose  length  is  unity;  and  the  latter,  when  the  unit  is  the  moment 
of  inertia  of  an  unit  of  Tnass  at  the  end  of  the  same  arm.  For  the 
purposes  of  applied  mechanics,  the  former  is  the  more  oonvenient 
unit,  and  will  be  employed  in  this  treatisa 

By  an  extension  of  the  term  "  moment  of  inertia,"  it  is  applied 
to  the  product  of  any  quantity,  such  as  a  volume,  or  an  area,  into 
the  square  of  the  distance  of  the  point  to  which  that  quantity 
relates  from  a  given  axis,  as  has  already  been  exempliiied  in  Article 
95,  and  in  the  theory  of  resistance  to  bending;  but  in  the  remainder 
of  this  ti*eatise  the  term  will  be  used  in  its  strict  sense,  and  accord- 
ing to  the  unit  of  measure  already  specified;  that  is,  in  British 
measures,  moment  of  inertia  will  be  expressed  by  the  product  of  a 
certain  number  of  pounds  avoirdupois  into  the  square  of  a  certain 
number  of  feet. 

The  geometrical  relations  amongst  moments  of  inertia,  to  which 
the  present  section  refers,  are  independent  of  the  unit  of  measure. 

572.  The  moment  of  Inerlla  m£  m  SyaCem  of  Phyalcal  P^tei*.  rela- 
tively to  a  given  axis,  is  the  sum  of  the  moments  of  inertia  of  the 
seveitd  points ,  that  is, 

I  =  s  •  W  r» (1.) 

573.  The  niontcBt  of  inertia  of  a  Rigid  Body  is  the  sum  of  the 

moments  of  inertia  of  all  its  parts,  and  is  found  by  integration ;  tiiat 
is,  by  conceiving  the  body  to  be  divided  into  small  parts  of  re^lar 
figure,  multiplying  the  weight  of  each  of  those  parts  into  the  square 
of  the  distance  of  its  centre  of  gravity  from  the  axis,  adding  the 
products  t  jgether,  and  finding  the  value  towards  which  their  sum 
converges  when  the  size  of  the  small  parts  is  indefinitely  diminished. 
For  exam]>le,  let  the  body  be  conceived  to  be  built  up  of  rectangular 
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molecules,  whose  dimensions  are  d  x,  d  y,  and  d  z,  the  volume  of 
each  dxdydz,  and  the  weight  of  unity  of  volume  w.     Then 


1=  f  f  Jf^tv'dxdydz (1.) 


Hence  follow^  the  general  principle  which  will  afterwards  be 
illustrated  in  special  cases,  that  propositions  relative  to  the  geome- 
trical relations  amongst  the  moments  of  inertia  of  systems  of  points 
are  made  applicable  to  continuous  bodies  by  substituting  integration 

for  ordinary  summation;  that  is,  for  example,  by  putting   /  /  / 

for  2,  and  w  '  dxdy  dzforW. 

574.  The  RadUn*  of  Oynuion  of  a  body  about  a  given  axis  is  that 
length  whose  square  is  the  mean  of  all  the  squares  of  the  distances 
of  the  indefinitely  small  equal  particles  of  the  body  from  the  axis, 
and  is  found  by  dividing  the  moment  of  inertia  by  the  weight,  thus, 


.(1.) 


When  symbols  of  integration  are  used,  this  becomes 

/  /  /  r^  to  '  dx  dy  dz 

t'  =  -jrr (2.) 

/  /  /  vj  '  dx  dydz 

575.   €«aip«neiil«  of  niomcnt  of  Inertia. — Let  the  positions  of  the 

particles  of  a  body  be  refen-ed  to  three  rectangular  axes,  one  of 
which,  0  X,  is  that  about  which  the  moment  of  inertia  is  to  be 
taken.     Then  the  square  of  the  radius  vector  of  any  particle  is 

r*  =  y«  +  «»; 

80  that  the  moment  of  inertia  round  the  axis  of  a;  is 

I,  =  s  •  W  y'  +  3  •  W  «•; (1.) 

that  is  to  say,  the  marnerU  of  inertia  of  a  body  round  a  given  axis 
may  be/ourul  by  adding  togetlter  the  sum  of  the  products  of  Uie  tveiglds 
of  the  particles,  each  mvUiplied  by  Oie  square  of  each  of  its  distances 
fr&m  a  pair  of  planes  cutting  each  oUier  at  right  angles  in  tJie  given 
axis. 

In  the  same  manner  it  may  be  shown  that  the  moments  of 
inertia  of  the  same  body  round  the  other  two  axes  are  given  by  the 
equations 
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576.    SIoBMMU    •r  lacvtls    R<iwui    Pandlcl   Axes 

Theobem.  The  momefrU  of  inertia  of  a  body  aboiU  any  given  axif 
18  equal  to  its  moment  of  inertia  abotU  cm  cucia  traversing  Us  centre 
of  gravity  parallel  to  ^  given  axis,  added  to  the  mom^ni  of  inertia 
ahovjt  the  given  axis  due  to  the  whole  mass  of  the  body  concentrated  al 
its  centre  of  gravity. 

Take  the  given  axia  for  the  axis  of  x,  and  any  two  planes  ti'a- 
versing  it  at  right  angles  to  each  other  as  the  planes  of  zy  and 
zx',  then,  as  in  the  preceding  Article, 

Le^  ^09  ^  DO  the  perpendicular  distances  of  the  centre  of  gravity  of 
the  body  from  the  two  co-ordinate  planes  before  mentioned;  con- 
ceive a  new  axis  to  traverse  that  centre  of  gravity,  parallel  to  the 
given  axis;  let  two  co-ordinate  planes  parallel  to  the  original 
co-ordinate  planes  traverse  that  new  axis;  and  let  y,  £,  be  the 
perpendicular  distances  of  a  given  particle  from  those  new  co- 
ordinate planes.     Then 

y  =  yo  +  y';  «  =  «t)  +  «'; 

and  introducing  those  values  of  the  original  co-ordinates  into  the 
value  of  I,,  we  find 

I,  =  s  •  W  (yo  +  3/)"  +  s  •  W  (3b  +  ^7 

but  because  y  and  sf  are  the  distances  of  a  particle  from  planes 
traversing  the  centre  of  gravity  of  the  body, 

a    ^3^  =  0;  2  'W s^  —  0; 

and  the  preceding  equation  is  reduced  to  the  following : — 

I,  =  (3^  +  ^sW  +  2-W(y'«  +  ««) (L) 

which  expresses  the  theorem  to  be  proved. 

This  theorem  may  be  more  briefly  expressed  as  follows: — Let 
Jq  be  the  moment  of  inertia  of  a  body  about  an  axis  traversing  its 
centre  of  gravity  in  any  given  direction,  and  I  the  moment  of 
inertia  of  the  same  body  about  an  axis  parallel  to  the  foimer  at  the 
perpendicular  distance  r^;  then 

I  =  r'-2W  +  I, (2.) 

An  analogous  proposition  for  surfaces  has  been  demonstrated  in 
Article  9J,  Theorem  V. 

Corollary  L   The  radius  of  gyration  (g)  of  a  body  about  any 
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axis  is  equal  to  the  hjpothenuse  of  a  right-angled  triangle,  of  which 
the  two  legs  are  respectively  equal  to  the  radius  of  gyration  of  the 
body  about  an  axis  traversing  the  centre  of  gravity  parallel  to  the 
given  axis  (e^),  and  to  the  perpendicular  distance  between  these  two 
axes  (r^).     That  is  to  say, 

t^rl  +  il (3.) 

Corollary  II.  The  moment  of  inertia  of  a  body  about  an  axis 
traversing  its  centre  of  gravity  in  a  given  direction,  is  less  than  the 
moment  of  inertia  of  the  same  body  about  any  other  axis  parallel 
to  the  first 

Corollary  IIL  The  moments  of  inertia  of  a  body  about  all 
axes  parallel  to  each  other,  which  lie  at  o^^nal  distances  from  its 
centre  of  gravity,  are  equal. 

577.  €«aiblB«d  n^memtm  •€  laerlfai. — THEOREM.  The  combined 
momerU  of  inertia  of  a  rigidly  connected  system  of  bodies  about  a 
ffiven  aaciSf  is  equal  to  the  combined  moment  of  inertia  which  the  sys- 
tem tffould  have  about  the  given  axis,  if  each  body  were  concentrated 
cU  its  ovm  centre  ofgravity,  added  to  the  sum  of  the  severed  moments 
of  inertia  of  the  bodies,  ahout  cLxes  i/rcwersing  their  respective  centres 
of  gravity,  paraUd  to  the  given  axis. 

Let  W  now  denote  the  weight  of  one  of  the  bodies,  Iq  its  moment 
of  inertia  about  an  axis  tittversing  its  own  centre  of  gravity  parallel 
to  the  given  common  axis,  and  r^  the  distance  of  its  centre  of  gravity 
from  that  common  axis.  Then  the  moment  of  inertia  of  that  body 
about  the  common  axis,  according  to  Article  576,  equation  2,  is 

Consequently,  the  combined  moment  of  inertia  of  the  system  of 
bodies  is 

3l  =  s-WrJ+2l,; (1.) 

— Q.  R  D. 

578.    Bz^MplM  •r  lliom«Bts  •f  iBcrcte  mid  BadUl  •f  Ojmtion  of 

homogeneous  bodies  of  some  of  the  more  simple  and  ordinary 
figures,  are  given  in  the  following  tables.  In  each  case,  the  axis  is 
supposed  to  traverse  the  centre  of  gravity  of  the  body;  for  the 
principles  of  Article  576  enable  any  other  case  to  be  easily  solved 
The  axes  are  also  supposed,  in  each  case,  to  be  axes  of  symmetry  of 
the  figure  of  the  body.  In  subsequent  Articles,  it  will  be  shown 
what  relations  exist  between  the  moments  of  inertia  of  the  same 
body  about  axes  traversing  it  in  different  directions. 

The  column  headed  W  gives  the  weight  of  the  body;  that 
headed  I^  gives  the  moment  of  inertia;  that  headed  e^  the  square 
of  the  radius  of  gyration.  The  weight  of  an  unit  of  volume  ifl  in 
each  case  denoted  by  w. 


BODT. 


I.  Sphere  of  radias  r, . 


II.  Spheroid  of  revelation — 
polar  semi-axU  a,  equa- 
torial radius  r, 

III.  Ellipsoid  —  semi-axes,  a. 
&iC| 

lY.  Spherical  shell — external 
radius  r,  internal  r',.... 

v.  Spherical  shell,  insensibly 
thin  —  radius  r,  thick- 
ness €&-,  ...M. 

VI.  Circular  cylinder — ^length 
2a,  radius  r, 

VII.  Elliptic  cylinder— length 
2a,  transverse  semi- axes 

*|C| 

VIII.  Hollow  circular  cvlinder— 
length  2a,  external  ra- 
dius r,  internal  t^, 

IX.  Hollow  circular  cylinder, 
insensibly  thin  —  length 
2a,  radius  r,  thickness  dir, 

X.  X.  Circular  cylinder — length 
^  2a,  radius  r, 

XI.  Elliptic  cylinder — length 
2a,  transverse  semi-axes 
ii  c, 

XIL  Hollow  circular  cylinder- 
length  2a,  external  ra- 
dius r,  internal  r^, 


XIII.  Hollow  circular  cylinder, 
insensibly  thin  —  radius 
r,  tliickuess  dr, 


XIV.  Rectangular  prism  —  di 
mensions  2a,  26,  2c,.... 

XV.  Rhombic  prism — length 
2a,  diagonals  26,  2c,.... 


Axis. 


Diameter 


Polar  axis 


Axis,  2a 


Diameter 


Diameter 


Longitudinal 
axis,  2a 


Longitudinal 
axis,  2a 


Longitndinal 
uds,  2a 


Longitudinal 
axis^  2a 

Transverse 
diameter 


Transverse 
axi8)2& 


Transverse 
diameter 


Transverse 
diameter 


XVI.  Rhombic  prism,  as  above, 


Axis,  2a 

Axis,  2a 
Diagonal,  26 


W 


Awwabc 
3 


iwwr^dr 


2«t0ar' 


2«t<'a6e 


2noa(r*— r^ 


^rwardr 


^wvar^ 


2«tM6c 


2«t«w(r*— r^ 


Atrwardr 

8wabc 

4tDabe 
Awabc 


U 

8ngr* 
"l6" 


15  ~ 

4tim6c(6'+c*) 
15 

8Tig(r*— r"*) 
15 

8r«T*<lr 
8 


rwar' 


noa6c(6*-f-c*) 
2 


rwo(r* — r**) 


4«i0ar'dSr 


«ioar»(8r*  +  4a?) 


tn«i6c(3c'  +  4a') 


rica  ( 


3(r%0 


6      i 
+4a»(r'-r'*)\ 


«(w(2r»-h?aV)dr 

8ipa6c(6*  +  c^ 
8 

2«b6o(6«+^ 
8 

2tpo6c(c'4-2a*) 
8 


_rt__ 

2if 
5 

2*f 

5 

5 

2(r»-r') 

2H 
8 

r^ 
2 

6*+c» 


r»+W»    ! 


4  ^3 


4^8 


r»+»^V 


2+8 
3 
6 
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579.    ]IIon«Bt«  mt  iMcrtia  fonad  hj  ^IwUlmrn   and   Sabflracflton. — 

£aoh  of  the  solids  mentioned  in  the  table  of  the  preceding  Article 
can  be  divided  into  two  equal  and  symmetrical  halves  by  a  plane 
perpendicnlar  to  the  axis.  The  radius  of  gyration  of  each  of  those 
halves  is  the  same  with  that  of  the  original  solid.  Each  of  the 
solids  can  also  be  divided  into  four  equal  and  symmetrical  wedges 
or  sectors  by  planes  traversing  the  axis;  and  those  which  are  solids 
of  revolution  can  be  divided  into  an  unlimited  number  of  such 
wedges  or  sectors.  The  radius  of  gyration  of  each  such  sector  about 
the  original  axis,  which  forms  its  edge,  is  the  same  with  that  of 
the  original  solid. 

To  find  the  radius  of  gyration  of  any  such  sector  about  an  axis 
pcurallel  to  its  edge,  the  original  axis,  and  traversing  the  centre  of 
gravity  of  the  sector,  let  r©  be  the  distance  of  that  centre  of  gravity 
from  the  original  axis,  eu  the  radius  of  gyration  of  the  original  solid, 
and  /o  the  radius  of  gyration  of  the  sector  about  the  new  axis  in 
question;  then  from  Article  576,  equation  3,  it  follows  that 

eo  =  et>""^o (!•) 

Example,  In  case  15  of  Article  578,  the  square  of  the  radius  of 
gyration  of  a  rhombic  prism  about  its 

longitudinal  axis  is  found  to  be  — r— , 

b  and  c  being  the  two  semi-diagonals. 
Let  fig.  238  represent  such  a  prism, 
and  let  A  be  one  end  of  its  longitu- 
dinal axis,  and  BAB  =  26,  CXC  =  ^^'  ^^®- 
2  c,  its  two  diagonals.     Divide  the  prism  into  four  equal  right- 
angled  triangidar  prisms  by  two  planes  traversing  the  diagonals 
and  the  longitudinal  axis ;  the  radius  of  gyration  of  each  of  those 
prisms  about  that  axis  is  the  same  with  that  of  the  original  prism. 

Bisect  B  C  in  D,  and  join  A  D,  in  which  take  ro=AE  =  fAD  = 

i  B  C  =  ^^-— —  j  then  E  is  the  extremity  of  a  longitudinal  axis 

traversing  the  centre  of  gravity  of  the  triangular  prism  A  B  C,  and 
the  radius  of  gyration  of  that  prism  about  that  new  axis  is  given 
hj  the  equation 

^^,^^Jl±t_^l±l^l±l  ...(2.) 


580.   ]II«BieMs  af  Taenia  fbaad  hj  TraasfiNrmatlaB. — The  moment 

of  inertia  and  radius  of  gyration  of  a  body  about  a  given  axis  arc 
not  changed  by  any  transformation  of  its  figure  wliich  can  be 
efiected  by  shifting  its  particles  parallel  to  the  given  axis ;  and  the 


520  PRINCIPLES  or  DYNAMICS. 

radius  of  gyration  is  not  altered  hj  altering  the  dimenaions  of  the 
body  parallel  to  the  axis  in  a  coDstant  ratio  ,  for  example,  in  cases 
1  and  2  of  Article  578,  the  radius  of  gyration  of  a  spheroid  about 
its  polar  axis  is  the  same  with  that  of  a  sphere  of  the  same  equ^ 
torial  radius. 

If  the  dimensions  of  a  body  in  all  directions  transverse  to  the 
axis  are  altered  in  a  constant  ratio^  the  radius- of  gyration  is  altered 
in  the  same  ratio. 

If  the  dimensions  of  a  body  transverse  to  its  axis,  in  two  direc- 
tions perpendicular  to  each  other,  are  altered  in  different  ratios ; 
for  example,  if  the  dimensions  denoted  by  y  are  altered  in  the  ratio 
m,  and  the  dimensions  denoted  by  « in  the  ratio  n,  then  the  radius 
of  gyration  e  of  the  original  body  is  to  be  conceived  as  the  hypo- 
thenii*-e  of  a  right-an<r^'^:l  triangle  whose  sides  are,  «  parallel  to  y, 
and  ^  pan«Jel  to  z,  and  are  given  by  the  equations 

*-     jw    '  ^  "     aW    ' ^*"^ 

and  the  radius  of  gyration  ^'  of  the  transformed  body  will  be  the 
hypothenuse  of  a  new  right-angled  tiiangle  whose  sides  are  m  «  and 
n  ^ ;  that  is  to  say, 

e'«=:m«i»*  +  w«f (2.) 

This  method  may  be  exemplified  by  deducing  the  radius  of  gyration 
of  an  ellipsoid  about  any  one  of  its  axes  (Article  578,  case  3)  from 
that  of  a  sphere  (t6.,  case  1). 

581.  The  <^iicra  of  PcrcvMion  of  a  body,  for  a  given  axis,  is  a 
point  so  situated,  that  if  part  of  the  mass  of  the  body  were  concen- 
trated at  that  point,  and  the  remainder  at  the  point  directly  oppo- 
site in  the  given  axis^  the  statical  moment  of  the  weight  so  distri- 
buted (Article  42),  and  its  moment  of 
inertia  about  the  given  axis,  would  be 
the  same  as  those  of  the  actual  body 
in  every  position  of  the  body. 

In  fig.  239  let  XX  be  the  given 
•2^-^^  o^^       /       axis,  and  G  the  centre  of  gravity  of 

the  body.  It  is  evident,  in  the  first 
place,  that  the  centre  of  percussion 
must  be  somewhere  in  the  perpendi- 
cular C  G  B  let  fall  from  the  centre  of 
gravity  on  the  given  axis.  Secondly, 
_^  in  order  that  the  statical  moment  of 
Tig.  289.  tbo  whole  mass,  concentrated  partly  at 

0,  and  partly  at  the  centre  of  percus- 
sion B  (still  unknown),  may  be  the  same  with  that  of  the  actual 
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body,  the  centre  of  gravity  must  be  nnaltered  by  that  concen- 
tratioD.  of  mass ,  that  is  to  say,  the  masses  concentrated  at  B  and 
C  must  be  inversely  as  the  distances  of  those  points  from  G. 
Hence  denoting  the  weights  of  those  masses  by  the  letters  B  and 
C  respectively,  and  the  weight  of  the  whole  body  by  W,  we  have 
the  proportion 

W^.  C:B  :  :BC  :  GB  :  GO (1.) 

Lastly,  in  order  that  the  moment  of  inertia  of  the  mass  as  supposed 
to  be  concentrated  at  B  and  C,  about  the  axis  X  X,  may  be  the 
same  with,  that  of  the  actual  body,  we  must  have 

B-BC*  =  Wc'  =  W(e!  +  »-3 (2.) 

where  ro=  G  C,  and  fo  is  the  radius  of  gyration  of  the  body  abr  ': 
an  axis  parallel  to  X  X  and  traversing  G ;  and  substituting  for  B 

its  value  from  equation  1,  viz.,  B  =  Wrg  -r-  B  C,  we  find,  for  the  dis- 
tance of  the  centre  of  percussion  from  the  axis, 

WQ  =  ^  =  ^  +  t,; (3.) 

and  for  its  distance  from  the  centre  of  gravity, 

GB  =  BC  —  ro  =  ^ (4.) 

The  last  equation  may  also  be  expressed  in  the  form 

GB  •  GO  =  eJ; (5.) 

which  preserves  the  same  value  when  GB  and  GO  are  inter- 
changed ;  thus  showing,  that  if  a  new  axis  parallel  to  the  original 
axis  XX  be  made  to  traverse  the  original  centre  of  percussion,  the 
new  centre  of  percussion  is  the  point  C  in  the  original  axis. 

The  pi*oportion  in  which  the  mass  of  the  body  is  to  be  considered 
as  distributed  between  B  and  C  takes  the  following  form,  when 
each  of  the  last  three  terms  of  the  proportion  1  is  multiplied  by 

ro  =  GC:— 

W  :  C  :  B  :  :  eJ  +  ^  :  d  :  fl (6.) 

The  preceding  solution  is  represented  by  the  following  geometrical 
oonstruction : — Draw  G  D  J-  C  G  and  =  fo  i  join  G  D,  perpendicu- 
lar to  which  draw  D  B  cutting  C  G  produced  in  B ;  this  point  is 
the  centre  of  percussion. 

Also,  C  D  =  f ,  the  radius  of  gyration  about  X  X  ;  and  I)  B  its  die 
radius  of  gyration  about  an  axis  traversing  B  parallel  to  XX. 
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If  C  E  be  taken  =  0  D,  E  is  sometimes  called  the  centbs  of 
GYRATION  of  the  body  for  the  axis  XX.* 

582.  Ko  Centre  of  Perrnaeion  exists  when  the  axis  traverses  the 

centre  of  gravity  of  the  body.  In  that  case, 
the  statical  moment  of  the  body  is  nothing ; 
and  an  equal  mass,  concentrated  and  uni* 
formly  distributed  round  the  cirnle  BBB, 
whose  radius  is  ^  the  radius  of  gyration,  or 
at  a  set  of  symmetrically  arranged  points  in 
that  circle,  has  the  same  moment  of  inertia 
with  the  actual  body. 

583.  mromente  of  Inertia  nbont  Inclined  Azea. — The  object  of  the 

present  Article  and  the  remaining  Articles  of  this  section  is  to 
show  the  relations  which  exist  amongst  the  moments  of  inertia  of 
a  body  about  axes  traversing  a  fixed  point  in  it  in  different  direc- 
tions. The  mathematical  processes  which  it  is  nec^sary  to  employ 
for  that  purpose,  though  not  very  abstruse,  are  somewhat  complex ; 
and  the  reader  who  wishes  to  study  the  more  simple  parts  of  the 
subject  only,  may  take  the  conclusions  for  granted. 

It  has  already  been  shown  in  Article  575  that  the  moment  of 
inertia  of  a  body  about  a  given  axis  denoted  by  «,  is  given  by  the 
equation 

I.  =  Sy'  +  S«'; (1.) 

in  which,  for  the  sake  of  brevity,  2  •  "W  has  been  replaced  by  the 
single  symbol  S.  The  fixed  point  being  the  origin  of  co-ordinates, 
let  S  R*  be  the  sum  of  the  products  of  the  weight  of  each  particle 
into  the  square  of  its  distance  from  that  point ;  a  sum  which  is 
independent  of  the  directions  of  the  axis.  Then  because  R*  =  «*  + 
y*  +  z^f  the  moments  of  ineiida  of  the  body  relatively  to  three  rec- 
tangular axes  may  be  expressed  as  follows : — 

I,=  SR«-Sa«;  I,  =  SR»-Sy*;  I,  =  SR«-S«'. (2.) 

Further,  let  the  three  sums  of  the  weights  of  the  particles  of  the 
body,  each  multiplied  by  the  product  of  a  pair  of  its  co-ordinates, 
be  thus  expressed : — 

Byz;  Bzx;  Bxy (3.) 

These  will  be  c&Med  fTnoments  qfdlemcUion, 

Now,  let  three  new  rectangular  axes  of  co-ordinates,  denoted 
by  a/,  i/,  a/,  traverse  the  same  fixed  point  in  the  body;  let  the 
angles  which  they  make  with  the  origiiial  axes  be  denoted  by 

f  As  to  the  centres  of  percussion  and  gyration,  and  other  remarkable  points  In  a 
rigid  body,  see  a  memoir  by  M.  Poinsot  in  lAowUU't  Journal  for  1857. 
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A,     A  ,     A 


r 


(4.) 


Then  for  any  given  particle,  the  new  co-ordinates  are  thus  expressed 
in  terms  of  the  original  co-ordinates  : — 

cs  =^x'cosxx  +  y  'cosyaf  +«  'cos  zx\ (o.) 

and  analogous  equations  for  y  and  a! ;  and  the  original  co-ordinates 
are  thus  expressed  in  terms  of  the  new  co-ordinates  : — 

aj  =  a/'cosa:a/  +  y'  'cos  a^y  +  2/  'co^xZy  &a (6.) 

The  nine  angles  of  equation  4  are  connected  by  the  relations  : — that 
the  sum  of  the  squares  of  the  cosines  of  any  three  angles  in  one 
line,  or  in  one  column,  is  unity  ;  for  example, 

A  A  A 

cos' a; 37  +  cos*  xi/  +  cos*  xsf  =  1; (7.) 

and  that  the  sum  of  the  three  products  of  the  pairs  of  cosines  of 
the  angles  in  a  pair  of  lines,  or  a  pair  of  columns,  iB  nothing  j  for 
example, 

A  A  A  A  A  A 

COS  y  3d  '  cos  «  a/  +  cos  y  y' '  cos  zy  -f-  cos  y  z  •  cos  zz  =zO,, .  .(8.) 

A  relation  deduced  from  the  preoeding  is  this,  that  the  cosine  of 
each  angle  is  equal  to  the  difference  between  liie  binary  products 
of  the  cosines  of  the  four  angles,  which  are  neither  in  the  same  line 
nor  in  the  same  column  with  the  first,  these  binary  products  being 
taken  diagonally ;  for  example, 

A  A  A  A  A 

coaxaf  ^zcoByy^'coazsf  -  ooe  ysf  -cos  zyi (9.) 

and  similarly  for  the  other  cosines. 

Now,  if  for  the  new  co-ordinates  xf,  y*,  «',  in  the  six  integrals, 

Saf,  Sy'*,  Bz^,  SyV,  Bz'af,  Saf  y', 

there  are  substituted  their  values  in  terms  of  the  original  co-ordi- 
nates, as  given  by  equation  6  for  a?',  and  analogous  equations  for 
y'  and  s^,  there  are  obtained  the  six  expressions  for  those  integrals 
relatively  to  the  new  axes,  in  terms  of  the  integrals  relatively  to  the 
original  axes,  and  of  the  cosines  of  the  nine  angles  between  the 
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new  and  the  original  axes ;  but  it  is  tinnecessary  bere  to  write  those 
equations  at  length,  for  they  are  precisely  similar  to  the  equations  of 
transformation  in  Article  106  (pages  92,  93),  substituting  only 

Sic*,  Sy*,  Sa",  8yz,  Szx,  Say, 

^or     Pmm9  Pn^  Psn  P,n  P.m>  P^p 

and  making  the  like  substitutions  in  the  symbols  referring  to  the 
*^        new  co-ordinates. 
^    ^     584.  Principal  Axes  •f  laertiiu— Theobem.   A%  each  point  in  a 

body  there  is  a  system  of  three  rectangular  axes,  for  vMch  the  momerUs 

of  deviation  a/re  each  eqital  to  nothing,- 

Supposing  such  a  set  of  axes  to  exist,  let  co-ordinates  parallel  to 

them  be  denoted  by  Xi,  yi,  Zi,     Then  the  property  which  they  are 

required  to  have  is  expressed  by  the  equations 

Sy/^,  =  0;  8z,x,  =  0;  8xiy,  =  0 (1.) 

Co-ordinates  parallel  to  a  set  of  axes,  for  which  the  integrals 
S  af,  &,c.,  have  been  determined,  being  denoted  by  a:^  y,  i^  we  have 

for  each  particle, 

A     ,  A      ,  A 

X  =  x^  cos  xxi  +  yi  cos  xyi  +  «i  cos  xzi; 

x^  X  =z  oTi  COB  xxi  +  Xi  yi  COS  xyi-t  XiZ^  cos  xzi ; 
and  consequently, 

S  iCi  a?  =  cos  aj  ic^  •  S  a}  +  cos  scyi  •  S  ajj  yi  +  cos  a;  «i  •  S  «4  a:^; 

but  because  of  the  conditions  expressed  by  the  equations  1,  this  is 
reduced  to 

Sa;,a;  =  cos  xxi  'SxJ; (2.) 

and  by  similar  reasoning  it  is  shown  that 

Sa^y=:cosyaH-Sa?;  ) 

A  } (2^-) 

S  aji «  =  cos  «  a^  •  S  a;J.    ) 

Now,  from  the  equation 

A  A      ,  A 

a;,  =  a:  cos  a?x,  +  y  cos  yxi  +  «  cos  «a?„ 

are  deduced  the  following  values  of  the  integiuls  in  the  equations 
2,  2  A  :— 
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_,  A  A  ^n 

^XiX^ooB  xxi.  Sar  +  cos yx^  'oxy  +  cos zxi  •  S « a;; 
S «,  y  =  COS o; a^  'oxy  +  coayxi  •Sy*  +  co8«a:,  '^yz; 

S jTi 2  =  COS aj a5i  •  S « 05  +  cos yxi'ay z  +  cos » o^  •  S «r. 

Subtracting  the  equatioDS  2  and  2  A  from  these,  we  find  the  fol- 
lowing equations : — 

cos  a  «j  (S  05*  —  S  «f)  +  cos  yx^  •  S  or  y  +  cos  zxi  •  S  «  «  =  0 ; 

cos  xXi  'Sxy +  cosy  aj,  "(Sy*  — Sa^  +  oo8*a5i'Sy«  =  0;  [-(3.) 

A  A  ^/rt««^/\ 

cos  a:  aji  •  8  «  «  +  cos  y  fiCi  *  S  y  «  +  cos  «  j?i  (S  «'  —  S  a:?)  =  0. 

The  elimination  of  the  three  cosines  from  these  three  equations 
leads  to  the  foUowing  cubic  equation  : — 

(Sa^)»-A(Sa;J)»  +  B-Sa:?-C  =  0> (4.) 

in  which  the  co-efficients  have  the  following  values  : — 

A  =  Sa:»  +  Sy»+S;5»  =  SR'j 
B  =  Sy«-S2^  +  Sa«-S«'+Sa:»-Sy» 

—  {Byzy  —  {Bz  xy  —  {BxyY;  \  {5.) 

C  =  Sa;'-Sy=S«»  +  2Sy«-S«aj-S«y 
—  S  aj-  •  (S  y  «y  —  S  y»  •  (S  z  x)*  —  S  «»  (S  a;  y)». 

It  is  evident  that  A  is  always  positiva    By  considering  the  terras 
of  which  B  is  composed,  it  can  be  shown  that  it  is  equivalent  to 

S  (y  «'  -  «  y)«  +  S  («  a/  -  a;  2^)'  +  S  (a;  y  -  y  «7; 

a?,  y,  Zy  a/,  y',  s!,  being  the  co-ordinates  of  a  pair  of  different  partideSj 
and  the  particles  being  taken  in  pairs  in  every  possible  way ;  and 
by  considering  the  terms  of  which  C  is  made  up,  it  can  be  shown 
to  be  equivalent  to 

S{xf/s^  +  af^z  +  x''yz'  —  xy"  s^  —  x"  t/  z  —  x'  y  z'J; 

in  which  the  letters  without  accents,  with  one  accent,  and  with 
two  accents,  denote  the  co-ordinates  of  a  set  of  three  different 
particles,  and  the  particles  are  taken  in  triplets  in  every  possible 
way.  Hence  B  and  C,  being  both  sums  of  squares,  are  positive,  aa 
well  as  A ;  and  the  cubic  equation  4  has  three  real  poifilive  roots, 
corresponding  to  the  three  rectangular  axes  which  satisfy  the  con- 
ditions of  equation  1.    These  roots  are  the  values  of  S  x'J,  S  yj,  S  zl; 
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and  their  existence  proves  the  existence  of  the  three  rectangular 

PRINCIPAL  AXES  OP  INERTIA. — Q.  E.  D. 

The  angles  which  any  one  of  the  principal  axes  makes  with  the 
three  original  axes  are  given  by  the  following  equations,  which  are 
deduced  from  the  equations  3  : — 

AAA 

cos a;a;i :  cosyxii  cos z Xi 


1 


(6.) 


•(S  ficj  —  S  ^•)  S  a  y  +  Sy  « •  S«aj ' 

Similar  equations,  substituting  f/i  and  Zi  successively  for  o^  give  the 
ratios  of  the  other  two  sets  of  cosines. 

From  the  properties  of  the  roots  of  equations,  it  follows,  that  the 
co-efficients  of  the  cubic  equation  4  have  the  following  values  in 
terms  of  the  integrals  S  ficj,  &c.  ; — 

A  =  Saj;  +  Sy;  +  S:^  =  SR«asbeforej  ' 

B  =  Sy;-S«I  +  S«J-Sa?  +  Sa^-Sy;i    ^  (7.) 

C  =  Sa^-Sy;S«J; 

and  hence  it  appears,  that  the  functions  of  the  six  integrals  S  4^,  ^, 
denoted  by  A,  B,  and  C,  in  the  equations  5,  are  isotropic;  that  is, 
aro  the  same  in  magnitude  for  all  directions  of  the  rectangular  axes 
of  X,  y,  and  z, 
f  585,  EiiipMid  of  Inertia. — Let  the  principal  axes  of  a  body,  tra- 
versing a  given  point,  be  now  taken  for  axes  of  co-ordinates;  and 
the  moments  of  inertia  about  them,  called  the  principal  momenta  of 
inertia,  being  given,  and  denoted  by  Ij,  Ij,  I„  let  it  be  required  to 
determine  the  moment  of  inertia,  I,  about  any  axis  traversing  the 
same  point,  and  making  with  the  principal  axes  the  angle  «,  fi,  y. 
Let  co-ordinates  along  this  new  axis  be  denoted  by  x,  and  along 
the  principal  axes  by  a;,,  yi,  Zy,  as  before. 
It  has  already  been  shown  that 

Sa-  =  cos*«  •SajJ  +  cos''^-Syf  +  cosV-S«J,...(L) 

and  that 

I  =  SR*-Sa*;  Ii  =  SE»-Sscf;  I,  =  SR»-Syf; 

I,  =  SR»-S:sI; (2.) 

and  from  these  equations  the  following  is  easily  deduced : — 

I  =  Ij  -cos'^a  +  !«•  cos'/8-f  I,-  cos*y (3.) 
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Let  a,  by  c,  be  the  ihree  semi-axes  of  an  ellipsoid,  and  8  its  semi* 
diameter  in  any  direction  which  makes  the  angles  »,  fi,  y,  with 
those  semi-axea     Then  it  is  well  known  that 

1^  ___  cos' «     ,    cos' iS         cos' y  ... 

*-"'"a^"^~6'""^""?^'' ^  ^^ 

and  by  comparing  this  with  equation  3  it  is  made  evident,  that  if 
an  ellipsoid  be  constructed  whose  semi-axes  are  in  direction  the 
prindjud  axes  of  the  body  at  a  given  point,  and  represent  in  magni- 
tude the  reciprocals  of  the  square  roots  of  the  moments  of  inertia 
about  those  axes  respectively,  as  shown  by  the  equations 

Aen  will  the  reciprocal  of  the  square  of  the  semidiamcter  of  that 
ellipsoid  in  any  direction  represent  the  moment  of  inertia  about  an 
axis  traversing  the  origin  in  that  direction^  as  expressed  by  the 
equation 

^=? («•) 

Such  an  ellipsoid,  when  described  about  the  centre  of  gravity  of  the 
body  as  a  centre,  is  called  by  M.  Poinsot  the  centred  eUipsovoL 

If  I„  I2,  Is,  be  ranged  in  their  order  of  magnitude,  it  is  evident 
that  the  greatest  of  them,  I,,  is  the  greatest  moment  of  inertia  of 
the  body  about  any  axis  traversing  the  fixed  point ;  that  the  least, 
I3,  is  the  least  moment  of  inertia  about  any  such  axis;  and  that  the 
intermediate  princi{)al  moment  of  inertia,  L,  is  the  least  moment 
of  inertia  about  any  axis  traversing  the  fixed  point  ]>erpendicular 
to  the  axis  of  Ig,  and  the  greatest  moment  of  inertia  about  any  axis 
traversing  the  fixed  point  perpendicular  to  the  axis  of  I|. 

Should  two  of  the  principal  moments  of  inertia  be  equal,  as 
Ij  =^  I3,  the  ellipsoid  becomes  a  spheroid  of  revolution :  all  the  mo- 
ments of  inertia  about  axes  traversing  the  fixed  point  in  the  plane 
of  the  axes  of  I,  and  Is  are  equal;  and  the  moments  of  inertia  about 
all  axes  traversing  the  fixed  point  and  equally  inclined  to  the  axis 
of  Ii  are  equal     In  this  case  equation  3  becomes 

I  =  I,  cos*  «  -f  L  sin*  » (7.) 

If  all  three  principal  moments  of  inertia  are  equal,  the  ellipsoid 
becomes  a  fiphere,  and  the  moments  of  inertia  are  equal  about  all 
axes  traversing  the  fixed  point. 

Suppose  the  fixed  point  in  the  first  place  to  be  the  centre  of 
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gravity  of  the  body,  whose  weight  is  W,  and  that  Id,  Ioa  ^  *"* 
ihe  principal  moments  of  inertia  about  rectangular  axes  trayersing 
it.  Let  a  new  fixed  point  be  taken  whose  distance  from  the  centre 
of  gravity  is  Tq,  in  a  direction  making  the  angles  «,  $,  y,  with  the 
principal  axes  at  the  centre  of  gravity.  Then  with  respect  to  a 
set  of  rectangular  axes  traversing  the  new  point  parallel  to  the 
original  axes^  the  new  moments  of  inertia  are  » 

I-  =  ^oii  +  W  rj  sin  *»;  ; 

I,  =  Io3  +  W  rj  sin  «y;  J 
and  there  are  at  the  same  time  moments  of  deviation  represented  by 

S  y  «  =  W  7J  •  cos  /3  cos  yj  S^a:  =  "W  rS  •  cos  y  cos  «;  \m\ 

Sa;y  =  W  To  '  cos  «  cos  ^;  J      4 

so  that  the  principal  axes  at  the  new  point  are  not  parallel  to  thoae 
at  the  centime  of  gmvity,  unless  two  at  least  of  the  direction  cosines 
of  To  are  null ;  that  is  to  say,  unless  the  new  point  is  in  one  of  the 
original  principal  axes,  when  all  the  moments  of  deviation  vanish, 
and  the  new  axes  are  parallel  to  the  original  axes. 

586.  The  Bcsnitant  Moncnt  •f  i»«TiAU«a  about  a  given  axis  is 
represented  by  the  diagonal  of  a  rectangular  parallelogram  of  which 
the  sides  represent  the  moments  of  deviation  relatively  to  two 
rectangular  co-ordinate  planes  traversing  the  given  axis. 

Let  the  principal  axes  and  moments  of  inertia  at  a  given  point 
>)e  known,  and  let  three  new  axes  of  moments,  denoted  by  x,  y,  ^, 
be  taken  in  any  three  rectangular  directions  making  angles  with 
the  oiiginal  axes  denoted  as  in  the  equations  of  Article  583.  Then 
the  moments  of  deviation  in  the  new  co-ordinate  planes  are 

^  '^    «    .  ^  ^     « 

^  y  z  —  cos  y  Xi  '  cos  2  oJi  S  a?  +  c<^  y  yi  '  ^^^  «  ^i  S  yJ 

+  cosy  Zi  '  cosz Zi  S  s?, (L) 

and  similar  equations  for  Szx,  and  S  a?  y,  miUcttis  mtitandts.     Sub- 
stituting for  S  xl,  &c.,  their  values,  S  R'  -  Ii,  <fec.,  and  observing  that 

A  A       ,  A  A        ,  A  A 

cos  y  Xi  '  c<ft  z  x^-f-  cos  y  yi  •  cos  5?  yi  +  cos  y  Zi  cos  a?  «i  =  0, 

those  equations  become 

K  ^  r^  A  ^  A 

o  y  5?  =  —  1,  •  cos  y  Xi  •  cos  zx^-  1. '  cos  y  y,  •  cos  «y, 

,  A 

— 13  'COS  yzi  *cos  cc, (2.) 
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and  fiiinilar  equations,  nmiaUs  mutcmdia,  for  Bzos,  Sxy;   from 
whicli^  bj  the  aid  of  relations  amongst  the  direction  cosines 
already  stated  in  Article  583,  the  following  value  is  foimd  for  the 
resultant  moment  of  deviation  about  one  of  the  new  axes^  such  ' 
as  x: — 

K^  =5  a/ [ij  cos*  oja;,  +  IJ  cos*  ojyi  +  If  cos*  xzi 

\       .  A  A  A     1 

-  (Ii' COS* «  Oj  + 1,  COS*  05  yi  +  Ij  cos"  a;  «x)'j ; 
=  >/{li<»s"aj«i  +  I;  •  cos*a?yi  +  I|cos*««i-Il} 


...(3.) 


This  equation,  expressed  in  terms  of  the  axes  of  the  ellipsoid  of 
inertia^  becomes  as  follows : — 

A  .A  A         ,   - 

bat  the  positiye  part  of  this  expression  is  well  known  to  be  the 

Talue  of  3—^  where  n  represents  the  normal  let  fall  from  the  centre 

of  the  ellipsoid  of  inertia  upon  a  plane  which  touches  the  ellipsoid 
at  the  point  where  it  is  cut  bj  the  new  axis  x»    Henoe 


^-Vi-h  - '-,) '  ^^> (»■) 

in  which  it  is  to  be  observed,  that  ,y«*— n*  represents  the  Ufngth  of 
the  tanffeni  to  the  ellipsoid,  from  the  point  of  ccmtact  to  the  foot  of 
the  normaL    Also^  let  i  be  the  angle  between  the  normal  n  and 

the  semidiameter  a;  then  Jt^—n*  :  n=:tan  ^,  and 

K:.=I,ten/ (6.) 

SEcnoir  2. — On  Uniform  EotaUon, 


587.  The  nmmeaktmm  of  a  bod  J  rotating  about  its  centre  of  gravity 
is  nothing,  according  to  the  principle  of  Article  62L  As  every 
motion  of  a  rigid  body  can  be  resolved  into  a  translation,  and  a 
rotation  about  its  centre  of  gravity,  the  rotation  will  be  supposed 
to  take  place  about  the  centre  of  gravity  of  the  body  throughout 
this  section. 

588.  The  ABgvtar  HMBcntna  is  found  in  the  following  manner : — 
Let  z  denote  the  axis  of  rotation,  and  y  and  z  any  two  axes  fixed 
in  the  body,  perpendicular  to  it  and  to  each  other.     Let  a  be  the 

2m 
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angular  velocity  of  rot&tion.    Then  the  velocitj  of  anj  particle  W, 
vhose  radiuB  vector  is  r  =  J^  +  «",  is 


and  the  angular  momentum  of  that  particle,  rdaUvdy  to  the  axis  of 
rotation,  is 

War*        Wa,  .        ^ 

^- =  —  (,.+ jO; 

being  the  product  o/ila  moment  of  inertia  into  its  a/nguJUsr  vdodly^ 
divided  by  g,  because  of  the  weights  of  the  particles  having  berai 
used  in  computing  the  moment  of  inertia.  Now  let  a  line^  parallel 
to  the  radius  vector  of  the  particle,  be  drawn  in  the  plane  of  y  and 
zi  the  distance  of  that  line  from  the  particle  is  x^  and  the  angular 
momentum  of  the  particle  relatively  to  that  line  is 

—  ar  x=i  —  ax  Jfr  +  ar: 
9  9 

and  this  may  be  resolved  into  two  components;  one  rdaiwdy  to  tke 
asina  of  y, 

W  a  zx 

• 

9       ' 
and  the  other  relatively  to  the  axis  of  Zy 

Waxy 
~9~' 

and  these  are  equal  respectively  to  the  angular  velocify  divided  hf 
the  acceleration  produced  by  gravity  in  a  second,  multiplied  by  the 
momenis  o/ deviation  of  the  particle  in  the  co-ordinate  planes  of  2  x 
and  xy. 

Hence  it  appears  that  the  resultant  angular  momentum  of  the 
whole  body  consists  of  three  components;,  viz. : — 


.(L) 


Relatively  to  the  axis  of  rotation, 

9  9 

and  relatively  to  the  transverse  axes, 

—  •  S  «  a;:  -  •  S  05  y : 
9  9 

and  if  lines  proportional  to  those  three  components  be  set  off  apon 
the  three  axes,  the  diagonal  of  the  rectangle  deecribecl  upon  them 
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will  represent  in  direction  the  axis,  and  in  length  the  magnitnde^ 
of  the  resultant  angular  momentum. 

It  follows  that  the  aocis  of  angular  momentum  of  a  rotating  body 
does  not  coincide  vyiih  the  axis  o/rotationy  unless  that  axis  is  an  axis 
of  inertia;  in  which  case  the  moments  of  deviation  are  each  equal  to 
nothing,  and  the  resultant  angular  momentum  is  simply  the  product 
of  the  moment  of  inertia  about  the  axis  o/rotation  into  the  angular 
vdodty,  divided  bj  g, 

Kow  let  the  axes  of  inertia  be  taken  for  axes  of  co-ordinates,  and 
let  the  axis  of  rotation  make  with  them  the  angles  »,  /3,  y.  Besolve 
the  angular  velocitj  a  about  that  axis  into  three  components  about 
the  axes  of  inertia 


a  cos  « ;  a  cos  /9 ;  a  cos  y ; 


then  the  angular 
respectivelj 


-  Ii  cos  «  ;  -  la  cos  /S;  -  Ij  008  y ; 

9  9  9 

the  resultant  angular  momentum  is 

A  =  --  ^/{i;  COS*  •  +  5ooB«  /S  +  II  cos"  y}; (2.) 

if 

and  the  axis  of  angular  momentum  makes  with  the  axes  of  inertia 
the  angles  whose  cosines  are 

« 

a  Ii  cos  «    a  I,  cos  /}    a  I3  cos  y  .»  . 

gA     '  ~TEr '      gA     W 

Kow,  as  already  shown  in  Article  586,  the  quantity  whose  square 
root  is  extracted  in  equation  2  is  the  reciprocal  of  the  product  of 
the  squares  of  the  semidiameter  and  normal  of  the  ellipsoid  of 
inertia;  and  by  inspecting  the  equations  of  Article  586,  it  is 
evident^  that  the  square  root  itself,  in  equation  2  of  this  Article,  is 
the  resuUajit  of  the  moment  of  inertia  and  moment  of  deviation 
proper  to  the  axis  of  rotation;  so  that  equation  2  may  be  expressed 
in  the  following  form  : — 

A  =  -^  =  ?  V  (P  +  K«); (4.) 

gns     g^  ^ 

n  being,  as  before,  the  normal,  and  s  the  semidiameter  of  the 
ellipsoid  of  inertia  at  the  point  cut  by  the  axis  of  rotation;  for 
which  the  moments  of  inertia  and  of  deviation  are  I  and  K. 

Further,  the  direction  cosines  of  the  axis  of  angular  momentum, 
in  the  formula  3,  which  may  otherwise  be  expressed  as  follows : — 
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.(6.) 


Ii  COS  »  It  COS  j8  Is  cos  y 

are  the  direction  cosines  of  the  normal  of  the  ellipsoid  of  inertia. 
Hence  the  axis  o/cmgtdcur  momenhim  at  amy  ingUmi  ieinthe  dkw- 
Uon  qf  ths  normal  let  /all  from  the  centre  <^the  eUipeoHqfvneriia 
upon  a  pUme  Umchmg  that  tilipsoid  at  the  end  of  that  diameter  tdbtc^ 
is  the  axie  o/rotation;  and  the  angular  momentum  itself  is  dUwdy 
M  the  angula/r  velocity  o/rotationf  and  inversely  as  the  product  of  the 
normal  and  semidiamater. 

The  angle  between  the  aices  of  rotation  and  of  angular  momentom 
is  the  angle  already  denoted  bj  #  in  Article  586,  whose  Yalne  is 
given  by  the  equation 

By  the  following  geometrical 
constmction,  the  preceding  piin- 
ciples  are  represented  to  the 
eye : — 

In  fig.  241,  let  O  be  the  point 
about  which  the  body  rotates,  and 
A  B  0  A  B  0  its  eUipeoid  of 
inertia,  whose  semi-axes  have  the 
proportions 

Let  O  It  be  the  axis  of  rotation,  wheth^  permanent  or  instanta- 
neous, O  Br  being  the  semidiameter  of  the  eUipsoid  of  inertia.    Let 

BT  be  part  of  a  plane  touching  the  ellipsoid  at  B,  and  ON  a 
normal  upon  that  plane  from  O.  Then  the  moment  of  inertia^  the 
moment  of  deviation,  and  their  resultant,  the  total  mom>eni.  have 
the  foUowing  proportions  :— 


Fig.  241. 


I:K:  VI*  +  K« 


(a) 


,    I     .       BN  1  

''0B»  'OW- ON*  OB- ON'  J 

the  direction  of  the  axis  of  angular  momentum  is  O  N ;  and  its 


amount  is  proportional  to 


a 


^•OB-ON* 
589.  Th«  ActuU  BBCVS7  •f  ttmtmtimn  of  a  body  rotating  about  its 
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centre  of  grayity,  being  the  smn  of  the  masses  of  its  particles,  each 
multiplied  into  one-haJf  of  the  square  of  its  yelodty,  is  found  as 
foUows : — a  being  the  angular  velocity  of  rotation,  the  linear  yelo- 
dty  of  any  puiiole  whoee  distance  fiom  the  axia  of  rotation  ib  r,  ia 

V  =  ar; 


(1) 


and  the  actual  energy  of  that  particle,  its  weight  being  "W,  is 

2g    ~     2g    ' 

a* 
being  the  moment  of  inertia  of  the  particle  multiplied  by  — .   Hence 

^g 

for  the  whole  body  the  actual  energy  of  rotation  is 

E  =  f^'' (2.) 

that  is  to  say,  actual  en/ergy  bears  the  eame  rdaUon  to  avigular  veUh 
cUy  and  moment  of  inertia  that  it  does  to  linear  velocity  amd  wight. 

Referring  again  to  fig.  241,  it  appears  that  the  actual  energy  of 
rotation  is  proportional  to 

""  (3.) 


2^-OR* 

Conoeive,  as  in  the  last  Article,  the  angular  velocity  a  to  be  re- 
solved into  three  components  about  &e  three  axes  of  inertia 
respectively,  viz. : — 

aoo6«,  aoos/^  acosy; 

then  the  quantities  of  actual  energy  due  to  those  three  component 
rotations  are 

g* I| cos* m    g^IgCO^/S    g* I, cos* y  ... 

2g       '        27~'        2g       ' ^*'^ 

which  being  added  together,  reproduce  the  amount  of  actual  energy 
given  in  formula  2;  showing  that  the  <iettuU  energy  of  rotation  about 
a  given  aods  is  the  suan  of  the  achuU  energies  due  to  the  eomponenls  of 
that  rotation  about  the  three  aaces  of  inertia, 

590.  Vvee  Bftt—  is  that  of  a  body  turning  about  its  centre  of 
gravity  under  no  force.  The  principles  of  the  conservation  of 
angular  momentum  (Article  563),  and  of  the  conservation  of  in- 
tenial  energy  (Article  b^^,  being  applied  to  free  rotation,  show 
that  it  is  governed  by  the  following  laws :— 
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I.  71v$  direction  ofthA  axis  qfcmgiUar  momentum  is  fixed. 
II.  The  crngvlar  moTnentvmfi  is  constant. 
ILL  The  actual  energy  is  constant. 

The  first  lav  shows,  that  the  direction  of  the  normal  O  N,  fig. 
241^  is  fixed;  and  consequently^  that  unless  that  normal  coincides 

-with  the  axis  of  rotation  O  B,,  which  takes  place  for  axes  of  inertia 
only,  the  axis  of  rotation  is  not  a  fixed  direction^  and  is  therefore 
an  instantaneotis  aads  only  (Articles  385  to  393).  Hence  the  axes 
of  inertia  are  sometimes  called  "permanent  axes  o/ rotation," 

The  second  and  third  laws  are  expressed  by  the  following  equa- 
tions:— 

A  =  -  ^(I«  +  K*)  =  constant; 

^.j  [ (1-) 

E  =  -jT-  =  constant 
2g 

To  find  how  these  laws  regulate  the  changes  of  direction  of  the 
instantaneous  axis^  eliminate  the  angular  velocity  as  follows : — 

gA^  _  r  +  K*  _  If cos'g  +  gcos'/g  +  Ijcos'y 
2  E   ""        I        ~  Ii  cos' «  +  Ig  cos*  /3  +  Ij  cos*  y 

=  constant (2.) 

Now,  referring  to  fig.  241,  and  to  equation  8  of  Article  588,  it 

appears  that  T  +  K«  oc  1  4-  OR'  •  ON*,  and  that  I  ocl  ^  OR'; 
whence 

— = —  oc  • — --  oc  constant: (3.) 

I  ON* 


That  is  to  say,  the  rwrmal  0  N  t^  constat  in  length  as  todl  as  fixed 
in  direction;  and  therefore  a  body  rotaHng  fredy  moves  in  sudi  a 
manner f  that  its  ellipsoid  of  inertia  altoays  touches  a  fixed  plane  (viz., 
the  plane  T  N  R),  the  instantaneoiLS  axis  traversing  the  point  €f 
contact. 

The  second  of  the  equations  (1.)  further  shows,  that  the  angnlar 
velocity,  being  given  by  the  equation 


»=\/ 


'f^, w 


is  at  each  instant  proportional  to  the  semidiameter  O  R. 

K  the  instantaneous  axis  O  R  and  the  position  of  the  body  are 
known  at  any  instant  of  the  rotation,  the  invaaricMe  plane  T 1^  B, 
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and  the  length  and  direction  of  the  fixed  nonnal  O  N^  are  also 
known. 

Conceive  a  cnrve  to  be  drawn  on  the  ellipsoid  of  inertia  through 
all  the  points  whose  tangent  planes  are  at  the  same  perpendicular 

distance  O  N  from  the  centre '  then  the  instantaneous  axis  O  K 
will  always  traverse  that  curve,  and  will  always  be  found  in  the 
surface  of  a  cone  of  the  second  order  Jiaced  relatively  to  the  aaces  of 
inertia,  whose  equation  is 

(lt-.y  003'.+  (U-^^)  <-•.+  (U-^)  coeV  =  0...(5.) 

Let  this  be  called  the  rolling  cone.  Then  the  motion  of  the  body 
will  be  such  as  would  be  produced  by  the  rolling  of  the  rolling 

cone  upon  a  fixed  cone  generated  by  the  motion  of  O  K  relatively 

to  ON. 

As  free  rotation  is  of  unusual  occurrence  in  practical  mechanics, 
I  shall  refrain  from  applying  its  principles  to  special  examples  here, 
and  shall  refer  the  reader  to  the  work  of  M.  Poinsot  on  Botation, 
and  to  a  paper  by  Professor  Clerk  Maxwell  in  The  Trcmsaclions  of 
the  Royal  Society  of  Ediifihurgh,  voL  xxL 

591.  Vaiiteai  R«taUoii  aboat  ■  Fixed  Asia. — When  a  body  ro- 
tates about  a  fixed  axis  traversing  its  centre  of  gravity,  with  an 
uniform  angular  velocity,  its  actual  energy  is  still  represented,  as 
in  the  case  of  free  rotation,  by 

E  =  ^— =  constant; ..(1.) 

and  its  angular  momentum  by 

A  =r  -  ^(I«  +  K*)  =  constant ; (2.) 

but  U7de88  the  axis  of  rotation  is  an  axis  of  inertia,  the  axis  of  angu- 
lar momentum  O  N  is  no  longer  fixed,  but  revolves  about  the  fixed 
axis  of  rotation  O  R  with  the  angular  velocity  a.  In  order  to 
produce  that  continual  change  in  the  direction  of  the  axis  of  angu- 
lar momentum,  a  continual  angular  impulse,  or  continuously  acting 
couple,  must  be  applied  to  the  body ;  and  unless  that  couple  be 
applied,  the  axis  of  rotation  will  not  remain  fixed. 

592.  The  Dertetteip  C}««Fle9  as  the  couple  required  for  the  above 
purpose  is  called,  must  have  its  axis  always  perpendicular  to  the 
axis  of  angular  momentum,  otherwise  it  would  alter  the  amount  of 
the  angular  momentum,  contrary  to  the  condition  of  uniform  rota- 
tion.    The  axis  of  the  deviating  couple  must  also  be  always  per- 
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peudicular  to  the  axis  of  rotation,  because^  in  order  that  it  may  not 
alter  the  actual  energy  of  the  body  (contrary  to  the  condition  of 
uniform  rotation),  the  pair  of  equal  and  opposite  forces  oomposing 
it  must  act  through  points  having  no  motion;  that  is,  through 
points  in  the  axis  of  rotation.  (In  machines,  the  forces  constitut- 
ing the  deviating  couples  are  supplied  by  the  pressures  of  the  beaj> 
ings  against  the  axles.)  It  appears,  therefore,  that  the  axis  of  the 
deviating  couple  must  always  be  perpendicular  to  the  plane  0  BN, 
which  contains  the  axes  of  rotation  and  of  angular  momentum ;  and 
that  the  pair  of  forces  constituting  it  must  always  act  in  that  plane^ 
changing  their  direction  as  the  body  rotetea,  mth  <ui  angolar  yeb- 
city  equal  to  that  of  the  body.  The  direction  of  the  deviating 
couple  must  be  such  as  would  of  itself  tend  to  turn  ON  tovxurds  OR 
To  determine  the  amount  of  the  deviating  couple,  let  #,  as  before, 
denote  the  angle  OBN.  Then  in  the  indefinitely  short  interval 
of  time  d  t,  the  direction  of  the  axis  of  angular  momentum  is  shifted 
through  the  indefinitely  small  angle 

adt'  sin  6, 

and  the  result  differs  to  an  indefinitely  small  extent  from  that 
which  would  be  produced  by  combining  with  the  actual  angular 
momentum  A,  an  angular  momentum  about  the  axis  of  the  deviat- 
ing couple  represented  by 

a*    


Aa  sin  tf  df«= -^r  +  K»  •  sin  #  •  (^«; 

and  this  is  the  angular  impulse  to  be  supplied  in  the  interval  dt 
by  the  deviating  couple ;  therefore  the  deviating  couple  is 

M  =  Aasmtf  =  - JI'  +  K'-sin^: 

9 
•^ 
but  sin  tf  a  •:  therefore 

«=7^^ 0) 

and  if  Q  be  the  magnitude  of  each  of  the  forces  constituting  this 
couple,  and  I  the  length  of  the  arm  on  which  they  act  (being  the 
distance  between  their  points  of  application  to  the  axis),  so  that 
M  =  Q^,then  ' 

^      M      a«K 

Q=T=7r' (^) 

which  being  compared  with  the  expression  for  deviating  forct  in 
Article  537,  shows  that  the  force  of  a  deviating  couple  bean  the 
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tame  relation  to  the  angular  yelocily  a,  the  momerU  of  deviation  K, 
and  the  arm  I,  which  a  simple  deviating  force  bears  to  the  linear 
velocity  v,  the  weight  W,  and  the  radius  vector  r. 

To  represent  these  principles  graphically,  it  is  to  be  observed 
that  in  ng.  2^1,  the  ratio  of  moment  of  deviation  to  the  moment  of 
inertia  is  

K  :  I  : :  RN  :  ON ; (3.) 

and  that  this  also  expresses  the  ratio  of  the  deouUing  couple  to 
ahuiUe  the  adwd  energy,  ym : — 

-||.  =  ^=tan* (4.) 

The  reaction  of  the  axis  of  the  rotating  body  on  its  bearings^  equal 
and  opposite  to  the  deviating  couple, — ^that  is,  tending  to  turn  the 
axis  of  those  bearings  towards  the  axis  of  angular  momentum  O  N, 
— ^is  called  the  centaifuoal  couple.  It  is  balanced,  in  machines, 
by  the  strength  and  rigidity  of  the  framework. 

The  amount  and  direction  of  the  deviating  couple  might  have 
been  determined  by  finding  the  resultant  couple  of  the  deviating 
forces  required  to  make  each  particle  of  the  body  revolve  in  a  circle 
about  O  B  with  the  common  angular  velocity ;  aud  the  result  wotdd 
have  been  exactly  the  same. 

593.  SncvgT  aa4  Wmrk  m  €««plM* — The  energy  exerted  by  a 
oouple  is  the  product  of  the  common  magnitude  of  its  pair  of  forces 
into  the  sum  of  the  distances  through  which  their  points  of  appli- 
cation move  in  the  interval  of  time  under  consideration;  and  as 
that  sum  is  the  product  of  the  length  of  the  arm  of  the  couple  into 
the  angle  through  which  it  rotates  about  its  axis  in  that  time,  the 
energy  exerted  may  be  expressed  by 

Vldi  =  Md%  =  ia.adt, (1.) 

d  i  being  the  angle  of  rotation  about  the  axis  of  the  couple  in  the 
interval  dt,  wiw  the  angular  velocity  a.  When  the  couple  acts 
against  the  direction  of  rotation,  the  above  expression  becomes 
n^itive,  and  represents  toork  performecL 

If  a  oouple  be  applied  to  a  rotating  body  whose  axis  of  rotation 
makes  an  angle  ^  with  the  axis  of  the  couple,  then  the  energy 
exerted  may  be  found  either  by  resolving  the  couple  into  two  com- 
ponents, one  about  the  axis  of  rotation,  which  is  either  an  accele- 
rating or  a  resisting  couple,  gives  rise  to  energy  exerted  or  work 
performed,  as  the  case  may  be,  and  may  be  called  the  direct  couple, 
and  the  other  about  an  axis  perpendicular  to  the  axis  of  rotation, 
which  may  be  called  the  lateral  couple, — or  by  resolving  the  rota- 
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tion  into  oomponents  about  the  axis  of  the  couple  and  about  an 
axis  perpendicular  to  it,  and  multiplying  the  former  component  by 
the  couple. 

The  result  obtained  by  either  method  is  expressed  by 

Macos<P  ^dt, (2.) 

which  represents  energy  exerted  or  work  performed,  according  as 
the  couple  acts  with  or  against  the  rotation. 

When  the  direct  couples  applied  to  a  rotating  body  are  balanced, 
the  actual  energy  of  the  body  remains  constant,  the  potential  energy 
exerted  in  any  interval  of  time  is  equal  to  the  work  per£[>nned; 
that  is 

2  •  M  co8<p  =  0; (3.) 

and  the  same  law  holds  for  the  energy  exerted  and  work  performed 
during  each  period  in  the  motions  of  a  body  or  system,  whose 
motions  vary  periodically;  but  it  is  unnecessary  to  enter  in  detail 
into  the  consequences  of  these  propositions,  which  are  only  a  par- 
ticular form  of  expressing  a  part  of  the  general  principles  alrewiy 
explained  in  Articles  518,  519,  520,  and  553,  further  than  to  state 
that  the  principle  of  virttuU  velocities  (Artide  520),  when  applied 
to  a  system  of  bodies  in  equilibrio,  capable  of  rotating  with  angular 
velocities  bearing  given  ratios  to  each  other,  takes  the  form, 

2  •  Macos^  =  0, (4.) 

where  a  is  either  the  uniform  angular  velocity  of  which  the  body 
acted  on  by  the  couple  M  is  capable  about  an  axis  making  the 
angle  ^  with  the  axis  of  M,  or  any  number  proportional  to  that 
angular  velocity. 

Section  3. — On  Varied  Rotation, 

594.  The  Iaw  of  Varied  Rottuion  is  the  Theorem  already  stated  in 
Article  562,  of  the  equality  of  each  variation  of  angular  momentum 
to  the  angular  impulse  producing  it;  a  principle  which  has  already 
been  applied  to  the  finding  of  the  deviating  force  required  to  pro- 
duce uniform  rotation  about  a  fixed  axis. 

To  express  this  mathematically,  let  x,  y,  z,  denote  three  fixed 
rectangular  axes,  with  which  the  axis  of  angular  momentum  makes 
the  angles  \  (a^  »]  and  let  the  angular  momentum  be  resolved  into 
three  components  about  those  three  axes, 

A,  =  A  cos  X;  Ay  =  A  cos  f»;  A,  =  A  cos  »; 

also,  let  the  unbalanced  couple  which  acts  on  the  body  be  resolved 
mto  three  rectangular  components  denoted  by 
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M.J  M,;  M.; 

then 

dt  "^'^   dt  ""^'  dt  -     ' ^'^ 

Those  three  equations  express  the  relations  between  the  unbalanced 
couple  and  the  rate  of  change  of  the  angular  momentum.  Those 
relations  may  otherwise  be  expressed  as  follows : — ^let  yf^  be  the 
angle  made  by  the  axis  of  the  imbalanced  couple  with  the  axis  of 
angular  momentum;  then  the  couple  may  be  resolved  into  two 
components, 

M  cos  ^  and  M  sin  yf/, 

of  which  the  former  produces  varuUion  in  the  amount  of  angular 
momentum,  and  the  latter,  deviation  of  the  aods  of  angular  momen- 
tum, according  to  the  following  laws  : — 

^  =  M  coe  t^^;  A  5^  =  M  sin  ^P; (2.) 

at  at 

in  the  latter  of  which  equations,  d  %  denotes  the  angle  through 
which  the  axis  of  angular  momentum  deviates  in  the  indefinitely 
small  interval  dtyUi  the  plane  which  contains  that  axis  and  the 
axis  of  the  couple  M,  and  in  a  direction  towards  the  latter  axis. 
This  equation  of  deviation  of  angular  momentum  has  in  fact  been 
already  employed  in  Article  592,  to  find  the  deviating  couple 
required  in  order  to  fix  the  axis  of  rotation,  when  that  differs  from 
the  axis  of  angular  momentum. 

The  equations  1,  or  their  equivalents  2,  are  not  of  themselves 
sufficient  to  determine  the  variations  of  motion  of  a  body  rotating 
without  a  fixed  axis;  for  in  such  a  body,  the  angular  momentum 
may  change  by  a  change  of  the  direction  ofite  axis  rdaUvely  to  the 
body,  as  well  as  by  a  variation  of  amount,  or  a  deviation  of  its  axis 
in  absolute  direction.  This  is  expressed  by  putting  for  the  angular 
momentum  its  value  in  terms  of  the  moments  of  inertia  and  devia- 

tion  relativdyto  tie  instontoeons  a«s,  yi^„  I^^tdl±±.  . 
when  the  equations  1  take  the  following  form  : — 

ffMg=  —\^  ^^  ^  *  J^  +  ^'  M  ^^^  analogous  equations  for 

^M,and^M«; (3.) 

while  the  equations  2  become 


.(4.) 
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It  is  therefore  necessary  to  have  an  additional  equation  to  complete 
the  data  for  the  solution  of  the  problem ;  and  this  is  afforded  bj 
the  law  of  the  conservation  of  efnergy,  in  virtne  of  which  the  actual 
energy  stored  or  restored  by  the  rotating  body  is  eqnal  to  the  energy 
exerted  or  consumed  by  the  unbalanced  couple,  according  as  it  acta 
with  or  against  the  rotation,  as  the  following  equation  ezpresBes, 
where  0  is  the  angle  between  the  axis  of  the  unbaLuioed  ooaple  and 
the  instantaneous  axis  of  rotation. 

Macos^  =  r;—  •  — - — (5.) 

2g       at  ^   ' 

The  equations  3  or  4,  together  with  5,  and  with  the  relations 
between  the  positions  of  tiie  axes  of  rotation  and  of  i^>g»ilatr 
momentum  demonstrated  in  the  two  preceding  sections,  aerre  to 
solve  the  problem  of  varied  rotation  in  its  utmost  genexality,  and 
give  rise  to  some  exceeding  complex  mathematical  inyestigationa 
In  the  present  treatise,  however,  it  will  be  sufficient  to  show  the 
solution  of  some  of  the  more  simple  cases. 

595.  Varied  BaCaUmt  lOMak  a  Fixed  Axis* — ^When  a  body  rotates 

about  a  fixed  axis  traversing  its  centre  of  gravity,  and  is  acted  upon 
by  a  couple  M,  whose  axis  makes  an  angle  9  with  the  axis  of  rota- 
tion, that  couple  is  to  be  resolved  into  a  dvrect  couple^  M  cos  ^,  abont 
the  axis  of  rotation,  which  will  be  an  accelerating  or  retarding 
couple  according  as  it  acts  with  or  against  the  motion,  and  a  lateral 
eouple,  M  sin  (P,  which  tends  to  deviate  .the  axis  of  rotation,  but  is 
balanced  by  the  resistance  of  the  bearings.  The  entire  amount  of 
the  couple  to  be  resisted  by  the  bearings  at  any  instant  is  the 
resultant  of  this  lateral  couple  and  of  the  centrifu^  couple  (Article 
592),  due  to  the  deviation  (if  any)  of  the  axis  of  angular  momentum. 
Ilie  effect  of  the  direct  couple  in  varying  the  angular  velocity  is 
found  by  means  of  the  law  of  the  conservation  of  energy,  observing 
that  I  in  this  case  is  constant  j  that  is  to  say, 

»~"*  =-^dr  '• <^-) 

and  by  dividing  this  equation  by  a,  and  observing  that  adt  =  di, 
where  ^t  is  any  indefinitely  smiJl  angle  of  rotation,  it  is  made  to 
assume  the  following  forms  :-^ 
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,,  Ida     I    d*i     Lada 

Aowiiig  that  the  direct  couple  is  equal  at  once  to  the  vctriation  of 
angtdar  momentum  ahotU  the  fixed  axis  divided  by  the  time,  and  to 
the  va/riation  of  actual  energy  divided  by  the  angtdar  motion, 

596.  AmaMmtar  of  Tmried  BolMtoii  mmA  rtatmd  TniMUittoB.— "When 

the  equation  of  Article  554  is  compared  with  equation  2  of  Article 
595,  it  appears  that  those  equations  are  exactly  analogous  to  each 
other,  and  that  the  former  is  transformed  into  iJie  latter,  when  for 

there  are  reepectivelj  substituted 

Mcos^,    I,    ty    a; 

that  is  to  say,  a  direct  couple  for  a  direct  force,  moment  of  inertia 
for  weight,  angular  motion  for  linear  motion,  and  angular  velocity 
for  linear  velocity. 

Consequently,  by  making  those  substitutions,  any  equation  relat- 
ing to  the  varied  translation  produced  by  a  direct  force,  may  be 
trsjisformed  into  a  corresponding  equation  respecting  the  varied 
rotation  of  a  body  about  a  fixed  axis  traversing  its  centre  of  gravity 
produced  by  a  direct  couple.  Examples  of  this  principle  are  given 
in  the  two  following  Articles. 

597.  VnifOTM  Tartettoii  of  angular  velocity  is  produced  by  a  con- 
stant couple,  and  is  analogous  to  the  vertical  motion  of  a  heavy 
body,  as  given  in  Article  533.  In  that  Article,  g  is  the  proportion 
of  the  moving  force  to  the  mass  of  the  body.  Let  M  be  the  couple, 
and  let  9  =  0 ;  that  is,  let  the  couple  be  altogether  about  the  axis  of 
rotation.     Then  lor  ^  is  to  be  substituted 

T' 

which  18  to  be  considered  positive  when  in  the  direction  of  the 
initial  angular  velocity  Oq  ;  and  for  A  is  to  be  substituted  i,    Then 
equations  1  and  3  of  Article  533,  being  transformed,  give  for  the   • 
angular  velocity  and  total  angular  motion  at  the  end  of  a  given 
time  t,  the  expressions 


Equation  4  gives 


(1.) 


Mi=(«^; (2.) 
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which  is  also  the  result  of  applying  to  the  present  case  the  law  of 
the  conservation  of  enei^gy;  the  right  hand  side  of  the  equation 
being  the  potential  energy  exerted,  and  the  left  hand  side  the  actual 
energy  stored 

To  find  through  what  angle  a  body  will  turn  before  stopping 
against  a  constant  resistance,  its  initial  angular  velocily  being  a^ 
it  is  to  be  considered  that  if  B  is  the  resistance,  and  I  its  perpoidi- 
cular  distance  from  the  fixed  axis,  the  resisting  couple  is 

and  that  a  is  to  be  made  =  0 ;  whence  equation  2  gives 

»"=1| (3-) 

598.  OynuioA  about  a  fixed  axis,  or  AagHiar  CNcfliaaMi,  is  alter- 
nate rotation  to  one  side  and  to  the  other  of  a  middle  position. 
Let  a  straight  line  be  conceived  to  be  drawn  perpendicular  to  the 
axis  of  the  gyrating  body,  to  serve  as  an  index ;  let  its  middle  posi- 
tion be  denoted  by  0,  and  its  angular  displacement  from  that  posi- 
tion by  t,  positive  or  negative  according  as  it  is  to  one  side  or  to 
the  other ;  and  let  ii  be  the  semiromplUtule  of  gyration,  or  extrrane 
displacement.  To  produce  gyration,  the  body  must  be  acted  upon 
by  a  couple  directed  towards  the  middle  position ;  that  is,  contrary 
to  the  displacement  i,  In  most  cases  which  occur,  the  couple  is 
either  exactly  or  nearly  proportional  to  the  displacement.  Suppos- 
ing it  to  be  exactly  proportional,  let  M^  be  its  extreme  magmiude 
irrespective  of  sign  ;  then 

M=-^; (1.) 

the  negative  sign  showing  that  the  couple  is  contrary  to  the  dis- 
placement, tending  to  restore  the  body  to  its  middle  position. 

It  is  obvious  from  this  equation,  that  gyration  is  analogous  to 
straiglU  osciUcUion,  explained  in  Article  542 ;  and  that  the  equa- 
tions of  that  Article  are  to  be  transformed  by  substituting  respeo> 
tively  for 

^     Wa*     ^      dx       , 

^'    ^'       '     IT'    ^    di'       ' 
♦w    t.    Ml,     ^,       M,      a,    ^. 

For  brevity's  sake,  let  the  substitute  for  a*  be  thus  expressed  :— 

^'=*^ « 


«  =  — - (3.) 
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« 

then  by  transforming  equation  4  of  Article  5i2,  it  appears  that  the 
nianber  qf  dotU>U  gyraluma  j)er  8eco7id  is 

2^' 

which  is  independent  of  the  semi-amplitude  ii  so  long  as  Mi  is  pro- 
portional to  «i9  and  I  is  constant.  This  constitutes  i^chroniam,  and 
is  the  property  aimed  at  in  the  balance  wheels  of  watches,  where  I 
is  the  moment  of  inertia  of  the  wheel,  and  the  couple  is  derived 
from  the  elasticity  of  the  balance  spring. 

The  equations  2  and  3  being  transformed,  give  for  the  angle  and 
angular  Telocity  of  displacement  at  any  instant, 


i  =  ti  cos  ^  ^ ; 

at 


(*•) 


and  the  maxiTnum  couple  M],  in  terms  of  the  number  of  double 
oscillations  per  second  n,  is  given  by  the  equation 

M,  =  f^  =^^I^ (5.) 

9  9  ^   ^ 

699,  A  Waste  F«vee  applied  to  a  body  with  a  fixed  axis  causes 
the  bearings  of  the  axis  to  exert  a  pressure  equal,  opposite,  and 
parallel ;  so  that  if  the  line  of  action  of  the  foix»  traverses  the  fixed 
axis,  it  is  balanced ;  and  if  not,  a  couple  is  formed  whose  moment 
18  the  product  of  the  force  into  its  perpendicular  distance  from  the 
azis^  and  whose  effects  are  such  as  have  been  already  described 

Sectiok  4. — Va/ried  EotcUian  cmd  Trandation  Combined. 

600.  caeaemi  Prteeirics. — ^All  rotation  of  a  body  about  an  axis, 
fixed  or  instantaneous,  which  does  not  traverse  the  centre  of  gravity 
of  the  body,  is  to  be  considered  as  compounded  of  rotation  about  a 
parallel  axis  traversing  the  centre  of  gravity,  and  translation  of  the 
centre  of  gravity  with  a  velocity  equal  to  the  product  of  the  angu- 
lar velocity  into  the  distance  of  the  centre  of  gravity  from  the 
actual  axis  of  rotation. 

Consequently,  every  variation  of.  the  motion  of  a  body,  which 
consists  in  a  variation  of  the  angular  velocity  about  an  axis,  fixed 
or  instantaneous,  and  not  traversing  the  centre  of  gravity,  is  to  be 
considered  as  producing  a  change  of  the  momentu/m,  which  is  the 
product  of  the  mass  of  ^e  entire  body  into  the  velocity  of  its  centre 
of  gravity,  and  a  simultaneous  change  of  the  angular  momentum 
due  to  the  rotation  of  the  body  with  the  given  angular  velocity 
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abont  an  axis  traTersing  its  centre  of  gravily  panifiel  to  tiie  actual 
axis  of  rotation ;  and  the  force  required  to  produoe  the  givm  varia- 
tion of  motion  will  be  the  resultant  of  the  force  required  to  produce 
the  diange  of  momentum,  applied  at  the  centre  of  gravity,  and  the 
couple  required  to  produce  tiiie  change  of  angular  momentum. 

601.  PMTcrtiM  •r  the  CoiM  ef  yMfiiB— In%  239,  Aitide 
581,  page  520,  let  G  be  the  centre  of  gravity  of  a  rigid  body  whose 
weight  is  W,  XX  the  axis  about  which,  in  Uie  interval  eft,  acbange 

of  angular  velocity  denoted  by  dfa  takes  place,  and  QC=r^  the 
perpendicular  distance  of  the  centre  of  gravity  &om  that  axis. 
Then  the  force,  in  a  direction  perpendicular  to  the  plane  of  X  X 
and  G  C,  required  at  G  to  produce  the  change  of  momentum,  ia 

gdt    ' ^^'^ 

and  the  couple  required  to  produoe  the  change  of  angular  momen- 
tum due  to  the  change  of  angnlar  velocity  da  about  the  axia 

GD||XX  is 

«=^>- w 

and  the  resultant  of  that  force  and  couple  Taccording  to  Article 
41)  is  a  force  acting  in  the  same  plane  witn  them,  parallel  and 
equal  to  F,  and  in  the  same  direction,  but  acting  through  a  point 
whose  distance  from  G,  in  a  direction  opposite  to  G  C,  is 


^  =  ;^  =  2^=  GB; (3.) 


that  is,  the  resultant  of  the  force  and  couple  is  a  tingle  JhreB  F  od- 
ing  ih/rough  the  cml/re  of  percussion  B  corresponding  to  the  given  oana 
(See  Article  581,  equation  4.) 

Now  suppose,  as  in  Article  581,  that  the  weight  of  the  body  is 
distributed  in  two  rigidly  connected  masses,  one  concentrated  at  0 
and  the  other  at  B,  and  having  their  common  centre  of  gravity 
still  at  G.  Then  in  producing  the  same  change  of  angular  velo- 
city d  a  about  the  axis  X  C  X,  the  momentum  of  C  is  unchanged^ 
while  that  of  B  imdergoes  the  change 

BBC =  Wr»— , 

9  ""  g 

being  the  exact  change  of  momentum  already  given  in  equation  I ; 
a  consequence,  indeed,  of  the  fiwst,  that  the  centre  of  gravity  is  not 
changed  by  the  concentration  of  the  masses  at  B  and  G  j  and  to 
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produce  this  change  of  momentum  in  the  interval  d  t,  there  is  re- 
quired the  same  force  F  applied  at  B,  which  has  already  been 
fouod;  which  proves  the  following 

Theorem  L  If  the  mass  of  a  body  he  coruxived  to  be  concerUrated 
€U  two  rigidly  connected  points,  one  at  a  given  axis,  and  the  ot^ier  a^t 
the  corresponding  centre  of  percussion,  so  as  not  to  alter  the  positUm  of 
the  centre  of  gravity  of  the  body,  the  force  required  to  prodwoe  a  given 
change  of  cmgidar  velocity  in  the  body  about  the  given  axis  is  tfae 
sa/me,  in  magaiinjide,  direction,  and  line  of  auction,  rmih  tJuU  required 
to  produce  die  corresponding  change  of  motion  in  tluU  part  of  tlie 
tnass  fMch  is  conceived  to  be  concentrcUed  al  the  centre  of  percussion. 

This  proposition  might  also  have  been  arrived  at  by  considering 

Theorem  II.  If  a  body  rotates  about  a  given  axis  not  tra/oersing 
ifo  centre  of  gravity,  and  ^  mass  of  that  body  be  conceived  to  be  con- 
cenircUed  at  the  axis  of  rotation  arid  centre  of  percussion  so  as  not  to 
eUter  the  centre  of  gravity,  the  momentum,  the  angtUar  momentufn, 
and  the  actual  energy  of  the  body  a/re  not  changed  by  tJtat  concentror 
tion  of  mass. 

For  the  centre  of  gravity  being  unchanged,  the  momentum  is 
unchanged;  and  because  (by  the  definition  of  the  centre  of  percus- 
sion) the  moment  of  inertia  about  the  axis  of  rotation  is  imchanged, 
the  angular  momentum  and  actual  energy  are  unchanged. — Q.  R  D. 

Corollary.  From  Theorem  L,  and  from  equation  5  of  Article 
581,  it  follows,  that  the  action  of  an  impulse  upon  a  free  body  at 
either  of  the  points  B  or  C,  produces  a  rotation  about  an  axis  tra- 
velling the  oUier  point. 

602.  vixedi  Axu. — ^When  the  axis  of  rotation  X  X  is  fixed^  an 
impulse  applied  to  the  centre  of  percussion  B,  in  a  direction  per- 
pendicular to  the  plane  B  X  X,  simply  alters  the  angular  velocity 
according  to  the  principles  explained  in  the  last  Article,  without 
causing  any  additional  pressure  between  the  axis  and  its  bearing& 
But  should  the  force  giving  the  impulse  not  traverse  the  centre  of 
percussion,  or  traverse  it  in  a  different  direction,  it  is  to  be  resolved 
by  the  principles  of  statics  into  two  components,  one  traversing  the 
centre  of  percussion  in  the  required  direction,  and  the  other  tra- 
versing the  axis  of  rotation ;  when  the  former  will  produce  change 
of  motion,  and  the  latter  will  be  balanced  by  the  resistance  of  the 
bearings  of  the  axia 

603.  The  Deriatiag  Fmcc  of  a  body  rotating  about  a  fixed  axis 
not  traversing  its  centre  of  gravity  is  the  resultant  of  the  deviating 
force  due  to  the  revolution  of  the  whole  mass  conceived  as  concen- 
trated at  its  centre  of  gravity,  found  as  in  Article  540,  combined 
with  the  deviating  couple  due  to  the  rotation  of  the  body  with  the 
same  angular  velocity  about  a  parallel  axis  traversing  the  centre  of 
gravity,  found  as  in  Article  592.     This  resultant  deviating  force  is 

2n 
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supplied  by  the  resistance  of  the  bearings  of  the  bjds,  and  aa  equal 
and  opposite  centbifugal  fobce  is  exerted  by  the  axis  ajodnst  the 
bearings. 

604.   A  Gompowid  OacUlatlMg  Peadnbm  is  a  body  supported  faj 

a  horizontal  fixed  axis,  about  which  it  is  free  to  swing  under  tiie 
action  of  its  own  weight,  its  centre  of  gravity  not  being  in  tiie 
axis. 

Now,  by  Article  601,  Theorem  IL,  the  momentom  and  angolar 
momentum  of  the  body  are  at  every  instant  the  same  as  if  its  maa 
were  concentrated  at  the  axis  and  at  the  centre  of  oscillation  in  the 
proportions  given  by  Article  581,  equations  1  and  6 ;  and  by  the 
definition  of  the  centre  of  oscillation,  the  statical  moment  of  the 
weight  of  the  body  with  respect  to  the  axis,  being  the  couple  which 
causes  the  motion,  is  in  every  position  the  same  as  if  the  ma» 
were  concentrated  in  these  proportions ;  therefore,  the  motion  of 
the  body  is  exactly  the  same  as  if  it  were  so  concentrated ;  that  is 
to  say,  it  oscillates  in  the  same  time  and  according  to  ihe  ssm% 
laws,  with  a  simple  oscillating  pendulum  as  defined  in  Artide  544, 
whose  length  is  the  distance  from  the  axis  X  C  X  to  the  centre  of 
oscillation  B^  as  given  by  equation  3  of  Article  581,  viz. : — 

BC  =  ^*  +  r, (L) 

Such  a  simple  pendulum  is  called  the  equivaleni  simple  penckdtiok 

It  is  obvious  that,  for  a  given  body  swinging  about  all  poasiUe 
axes  parallel  to  a  given  direction  in  tiie  body,  the  shortest  equiva- 
lent simple  pendulum  is  that  whose  length  is  the  minimnm  vaina 

of  BC  as  given  by  the  above  equation.  That  minimum  length 
corresponds  to  the  condition, 


whence  > (2.) 


that  is  to  say,  the  least  period  of  oscillation  of  a  pendulous  body 
takes  place  when  the  distance  of  its  centre  of  gravity  from  its  axis 
is  equal  to  the  radius  of  gyration  about  a  parallel  axis  traversing 
the  centre  of  gravity;  and  the  length  of  the  equivalent  simple  pen- 
dulum is  double  of  that  radius  of  gyration. 

If  for  a  given  direction  of  axis,  a  pair  of  points  be  so  related  that 
each  is  the  centre  of  percussion  for  an  axis  in  the  given  direction 
traversing  the  other  (as  shown  by  Article  581,  equation  5),  then 
the  period  of  oscillation  about  either  axis  is  the  same. 

From  the  properties  of  the  centre  of  percussion  explained  in  thin 
Article,  it  is  sometimes  called  the  gentjeib  of  osollatioh. 


COMPOUND  PENBTTLUMS — OOVEBirOB& 
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605.  ci«Hipowid  ii«t«1tIbs  PeBdaiaiii. — To  avoid  uniiecessaiy 
complezitj  in  the  theory  of  a  compoimd  reyolving  pendulum,  let 
the  body  of  which  it  consists  be  of  such  a  £gure  and  so  suspended, 
that  the  straight  line  C  G  B  (fig.  239),  traversing  the  point  of  sus- 
pension C  and  the  centre  of  gravity  G,  shall  be  one  of  the  axes  of 
inertia,  and  that  the  moments  of  inertia  about  the  other  two  axes 
shall  be  equal  Then  for  every  axis  traversing  the  centre  of  gravity 
at  light  angles  to  C  G  B,  the  radius  of  g3rrafion  is  the  same ;  and 
consequently,  for  every  axis  traversing  the  point  of  suspension  0  at 
right  angles  to  C  G  B,  the  centre  of  percussion  B  is  the  same ;  and 
the  body  moves  exactly  like  a  simple  revolving  pendulum  of  the 

length  UB,  and  height  C  B  '  cos  ^,  if  ^  is  the  angle  which  it  makes 
with  the  vertical 

It  is  to  be  borne  in  mind,  that  in  order  that  a  pendulum  may 
revolve  according  to  the  above  law,  it  must  have 
no  rotation  about  its  longitudinal  axis  B  G  C, 
but  must  swing  as  if  hung  by  a  double  universal 
joint  at  C  (Article  492). 

606.  A  RoiaUBg  PcBdHlMBi  (fig.  242)  is  a  body  . 
C  G  suspended  by  a  point  C  not  in  the  centre  of 
gravity  G,  and  rotating  about  a  vertical  axis 
C  X  traversing  the  point  of  suspension.  To 
avoid  needless  complexity,  as  before,  let  C  G, 
and  E  G  perpendicular  to  it  in  the  vertical 
plane  of  C  G  and  C  X,  be  two  of  the  axes  of 
inertia  of  the  pendulum.  Let  Ij  be  its  moment 
of  inertia  about  G  E,  and  !«  its  moment  of 
inertia  about  G  C,  and  ^i,  ^i,  the  corresponding  radii  of  gyration. 
Let  the  angle  X  0  G  =  «;  let  C  G  =  ro;  and  let  the  weight  of  the 
pendulum  be  W.  Then,  a  being  the  angular  velocity  of  rotation 
about  the  vertical  axis,  it  appears  from  Articles  592  and  6%^  that 
the  deviating  couple  due  to  rotation  about  a  vertical  axis  traversing 
Gis 

—  (Ii  —  L)cos«sin«  = (A  —  £icoA»tai!L»', 

9  9 

to  which  has  to  be  added,  the  couple  due  to  the  deviating  force  of 
W  revolving  along  with  the  centre  of  gravity  G,  and  to  the  leverage 
To  000  «,  being  the  height  of  C  above  G;  that  is  to  say, 


Fig.  242. 


9 


r{oos«sin  «; 


malrifig  for  the  entire  deviating  couple 
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xnaximum  yelocity  of  the  centre  of  percussion  of  the  pendnlnm  can 
be  calculated  as  before  by  equation  3.  Let  i*  now  denote  the 
distance  from  the  axis  of  suspension  to  the  axis  of  the  gun,  and  P 
the  pressure  exerted  by  the  explosiye  gas  at  any  instant;  the  total 

impulse  exerted  by  the  gas  is  /  "P  dt;  and  the  angular  impulse 

f' '  j  T  dt'f  which  being  equated  to  the  angular  momentum  pro- 
duced in  the  pendulum,  gives 

^fTdt=^, (7.) 

in  which  it  is  to  be  observed,  that  B  does  not  now  include  the 
weight  of  the  balL   The  impulse  exerted  by  the  powder  is  therefore 

Pdt=^^  ; (a) 

and  the  velocity  of  the  ball  h  on  leaving  the  gun  is  consequently 


/ 


^gj^dt^^Yl 


•=-^=^ ^^•) 


The  energy  exerted  by  the  exploding  powder  is 

/p..=i^+^;. (la) 

of  which  the  portions  communicated  to  the  ball  and  to  the  pendulum 
are  indicated  by  the  two  tenns,  being  in  the  ratio 

6«^ :  B  V  ::  BP : ftr* (11.) 

In  the  preceding  calculations,  the  momentum  and  enezgy  pro- 
duced in  the  enlosive  gases  themselves  are  not  considered;  but  it 
is  very  doubtful  whether  any  attempt  to  take  them  into  account^ 
hypothetical  as  it  must  be,  adds  to  the  practical  correctness  of  the 
result  As  a  probable  approximation,  the  following  may  be  em- 
ployed : — ^Let  to  be  the  wei^t  of  powder  used  Divide  this  into 
two  parts  proportional  to  h  and  B,  viz. : — 

consider  the  smaller  part  to  move  with  half  the  velocity  of  B,  and 
the  lai^r  with  half  the  velocity  of  6;  that  is  to  say,  in  equations 
7,  8,  and  9,  put^ 
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instead  of  B, 


and  instead  of  h, 


B  + 


h  + 


hw 


Bto 

2(6  +  By 


(12.) 


The  equation  10,  in  its  original  form,  will  still  show  the  actual 
energies  of  the  pendulnm  and  of  the  ball,  and  their  sum ;  but  that 
snm  will  be  Saodunve  of  the  energy  exerted  in  giving  motion  to  the 
explosive  gases  themselves. 

The  baUistic  pendulum  was  invented  by  Hobins,  celebrated  for 
his  investigations  on  gonneiy. 
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CHAPTER  lY. 

HOnONS  OF  PLIABLE   BODIES. 

608.  Natara  •£  Om  Saitiect|  TiincMitoib— The  motion  of  each  par- 
ticle of  a  pliable  body  may  always  be  resolved  into  three  components : 
that  which  it  has  in  common  with  the  centre  of  gravity  of  the  body, 
being  the  motion  due  to  translation  of  the  whole  body;  that  which 
it  has  about  the  centre  of  gravity  of  the  body,  being  the  motion  due 
to  rotation  of  the  whole  body;  and  a  third  component,  being  the 
motion  due  to  alterations  of  the  volume  and  £gure  of  the  body  and 
of  its  parts.  This  third  component  is  alone  to  be  considered  in  the 
present  chapter. 

The  dnemcUical  branch  of  the  present  subject, — that  is  to  say, 
the  branch  which  comprehends  the  relations  amongst  the  displace- 
ments of  the  particles  in  a  strained  solid  from  their  free  positions, 
and  the  strains  or  disfigurements  of  its  parts  accompanying  sadi 
displacements, — has  already  been  treated  of  generally  in  Articles 
248,  249,  250,  260,  and  261 ;  with  reference  to  bending,  in  pait  of 
293,  part  of  300,  301,  part  of  303,  part  of  304,  part  of  307,  part  of 
309,  part  of  312,  and  part  of  319;  with  reference  to  twisting,  in 
part  of  321  and  part  of  322; — ^and  again  with  reference  to  bending, 
in  part  of  Article  340. 

The  dynamical  branch  of  the  subject  has  been,  to  a  certain  extent 
anticipated  in  Article  244,  where  resilience  is  defined ;  in  Article 
252,  where  potential  energy  o/eUisticity  is  defined  ;*  in  Articles  266 
and  269,  which  relate  to  the  resilienoe  of  a  stretched  bar  and  the 
effect  of  a  sudden  pttU;  in  Article  305,  which  relates  to  the  resilience 
of  a  beam;  in  Article  306,  which  relates  to  the  effect  of  s^  suddenly 
applied  transverse  load;  and  in  Article  323,  which  relates  to  tho 
rmlience  of  an  axle. 

The  motions  due  to  strains  amongst  the  particles  of  pliable  bodies 
being  all  of  limited  extent,  and  consisting  in  changes  of  the  dis- 
placement of  each  particle  from  the  position  which  it  would  occupy 
in  a  state  of  equilibrium,  which  displacement  is  limited  and  gene- 
ral ly  small,  are  of  the  kind  called  vibbations^  and  are  more  or  less 

*  In  Article  262,  the  first  employment  of  thia  fnnction  is  correctly  ascribed  to  Mr. 
Green;  bat  it  is  right  also  to  mention,  that  its  use  was  independently  disoovorad  by 
M.  Clapeyron. 
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analogous  to  the  oscillations  already  treated  of  in  Articles  5i2  and 
543. 

The  complete  theory  of  vibration  embraces  all  the  phenomena  of 
the  production  and  transmission  of  sound,  and  all  those  of  the  pro- 
pagation of  light,  as  well  as  those  of  the  visible  and  tangible  vibra- 
tions of  bodies.  Many  of  its  branches  are  foreign  to  the  objects  of 
this  treatise;  and  therefore  in  the  present  chapter  there  will  be 
given  only  an  outline  of  the  general  principles  of  the  theory  of 
vibration,  and  an  explanation  of  such  of  its  applications  as  are  of 
importance  in  practioJ  mechanics. 

609.  ImcIuwmmm  vibrati«Bs  of  an  elastic  body  are  those  in  which 
each  particle  of  the  body  performs  a  complete  oscillation  in  the 
same  period  of  time,  so  that  all  the  particles  return  to  the  same 
relative  situations  at  the  end  of  each  equal  period  of  time,  and  that 
whether  the  oscillations  are  of  greater  or  of  less  amplitude.  Iso- 
chronous vibrations  being  communicated  to  the  ear  produce  the 
sensation  of  a  sound  of  uniform  pitch,  or  musical  tone.  In  order 
that  oscillations  of  different  amplitudes  may  be  performed  by  equal 
masses  in  the  same  time,  it  is  evidently  necessary  that  the  forces 
tinder  which  they  are  performed  should  be  proportional,  and  directly 
opposed,  to  the  displacements  at  eadi  instant.  This  is  the  condition 
OF  isooHRONiSM,  and  has  already  been  illustrated  in  Articles  542, 
543,  544,  545,  and  557,  Example  III.,  for  the  case  of  a  single  paj> 
tide  acted  on  by  a  single  force,  and  in  Article  598  for  the  analogous 
case  of  a  gyrating  rigid  body,  where  angular  is  substituted  for  linear 
displacement,  and  a  couple  for  a  force.  To  express  that  condition 
by  an  equation  suited  to  the  present  class  of  questions,  let  W-f-^ 
be  the  mass  of  a  particle,  )  its  displacement  At)m  its  position  of 
equilibrium  at  any  given  instant,  E  an  unbalanced  force  by  which 
it  is  urged  directly  towards  that  position,  and  a*  a  numerical  con- 
stant, expressed  as  a  square  for  reasons  which  will  presently  appear; 
then  the  condition  of  isochronism  is  expressed  as  follows : — 

F=-:^; (1.) 

an  equation  identical  with  equation  1  of  Article  542 ;  while  from 
equation  4  of  the  same  Article  it  appears  that  the  number  of  double 
oscillations  per  second  is  expressed  by 


a 

2? 
and  the  period  of  a  double  oscillation  by 

l_2jr 

n^   a 


(2.) 
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All  the  equations  of  Article  542  and  Article  557,  Example  lU., 
are  made  applicable  to  the  present  case,  by  substituting  respectivelj 
for 

Q  or  Q„     Qrt    r  or  Xi,    x, 

F„         F,        J|,         I,  respectively, 

where  F^  represents  the  TnaYimum  force,  corresponding  to  )„  the 
maximum  displacement,  or  semi-amplitude ;  oonsequentiy,  if  in 
order  to  make  the  formulse  more  general  we  represent  by  i^  any 
instant  of  time  at  which  the  particle  reaches  the  extremity  of  an 
oscillation,  we  have 


—  =  -  adi  sma(£-<o).    j  ^  ' 


When  the  restoring  force  corresponding  to  a  given  displacement 
is  known,  the  constant  a'  is  computed  by  the  formula 

a«=Jl^.  .(4.) 

in  which  the  negative  sign  denotes,  that  although  F  being  oontraiy 
to  2  in  direction,  their  quotient  is  implicitly  n^ative,  it  is  to  have 
that  negativity  reversed  and  to  be  treated  as  positive. 

The  equations  2  and  4  show,  that  ths  square  of  the  number  cf 
osciUcUions  made  by  a  paaiicle  in  a  second^  ie  iwoendy  as  ths  mass  if 
ihs  partide,  and  direcUy  as  ihs  raiio  of  tlis  resUjring  force  to  the  di- 
ptacemenL 

610.  TiteMlMM  •r  a  HaM  h«M  ky  a  Ught  Sprias.— The  deflection 
of  a  straight  spring  or  elastic  beam  under  any  load  is  given  by  the 
equations  of  Article  303  for  those  cases  in  which  it  is  sensibly  pro- 
portional to  the  load. 

The  position  of  equilibrium  of  the  spring,  if  not  affected  by  a 
lateral  transverse  load  (for  example,  if  it  is  placed  vertically)^  may 
be  straight ;  or  if  there  be  a  permanent  transverse  load,  that  posi- 
tion may  be  more  or  less  deflected.  In  either  case,  the  production 
of  an  independent  deflection,  ),  of  the  point  for  which  deflections 
aa^e  computed  by  the  formula,  to  one  side  or  to  the  other  of  the 
position  of  equilibrium,  provided  the  limits  of  perfect  elasticity  are 
not  exceeded,  causes  the  spiing  to  exert  a  restoring  force  F,  whose 
value  is  found  by  applying  to  this  case  equation  4  of  Article  303; 
that  is  to  say, 

n'E6A»"      ■"        n'V         '   \ (1.) 

^sz  —f^  for  brevity's  sake ; 
in  which/may  be  called  the  stiffhesa  of  the  sprin^^ 
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Now  suppose  that  there  is  attached  to  the  point  of  the  spring  for 
which  2  is  calculated,  a  mass  W  -i-  ^,  in  comparison  with  which  the 
mass  of  the  spring  is  inappreciably  small.  Then  if  that  mass  be 
drawn  to  one  side  or  to  the  other  of  the  position  of  equilibrium,  and 
left  free  to  vibrate,  the  spring  will  make  it  vibrate  according  to  the 
law  already  explained  in  Article  609 ,  putting  for  the  constant  a 
the  value 


=  V^ (2.) 


w 

If  the  mass  gyrates  about  a  fixed  axis  traversing  its  centre  of 
gravity,  let  I  denote  the  distance  from  that  axis  to  the  point  upon 
which  the  spring  acts ;  then  in  the  equations  of  motion,  substitu- 
tions are  to  be  made  according  to  the  principles  of  Article  598, 
when  the  above  equation  becomes 

TH  (3.) 


=V4 


If  the  mass  oscillates  about  a  fixed  axis  not  traversing  its  centre 
of  gravity,  the  above  equation  is  still  applicable^  when  the  proper 
value  is  put  for  the  moment  of  inertia  L 

The  restoring  couple  F  ^  for  a  gyrating  body  may  be  supplied  by 
the  resistanoe  of  a  rod  or  wire  to  torsion ;  in  which  case/ 6  is  to  be 
taken  to  represent  the  ratio  of  the  moment  of  torsion  to  the  angle 
of  torsion,  which,  for  a  cylindrical  rod  or  wire,  is  given  in  Article 
322,  case  2,  equation  4,  viz. : — 

•^         ♦         32x' ^  ^' 

X  being  the  length,  and  h  the  diameter  of  the  rod  or  wire,  and  0 
the  co-efficient  of  transverse  elasticity  of  the  materiaL 

By  the  aid  of  the  principles  here  explained,  experiments  on  the 
numbers  of  vibrations  per  second  made  by  springs  and  wires  loaded 
with  masses  great  in  proportion  to  the  masses  of  the  springs  and 
wires,  may  l^  used  to  determine  the  co-efficients  of  elasticity  E 
and  C. 

611.  8«v«pMiito.  •r  s-mD  H«itoM^n  the  restoring  force  of 
a  particle  for  vibrations  in  a  given  direction  be  opposite  and  pro- 
portional to  the  displacement,  and  if  the  same  be  tiie  case  for  one 
or  more  other  directions  of  vibration,  then  for  a  displacement 
which  is  the  resultant  of  two  or  more  displacements  in  the  given 
directions,  the  force  acting  on  the  partide  will  evidently  be  the 
resultant  of  the  separate  forces  corresponding  to  the  component 
displacements,  and  the  velodly  the  resultant  of  the  component 
velocities. 
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This  is  called  the  principle  of  the  supebfositioh  of  skall 

MOTIONS. 

If  the  co-efficient  a  of  Article  609  is  the  same  for  the  diilerent 
directions  of  the  component  displacements,  the  component  vibra- 
tions will  not  onlj  be  isochronous  in  themselveSy  but  isochronous 
with  each  other,  or  simtUtcmecmSf  and  so  also  will  be  the  resultant 
vibration.  This  has  already  been  sufficiently  illustrated  in  Articles 
54:2  and  543,  where  circular  and  elliptic  oscillations  aie  treated  as 
compounded  of  a  pair  of  straight  osmllations  in  directions  perpen- 
dicular to  each  other.  Such,  for  example,  is  the  oscillation  of  a 
mass  placed  at  the  end  of  a  spring  whose  stiffiiess  is  the  same  fc^ 
all  directions  of  deflection. 

If  the  co-efficient  a  has  different  values  for  the  different  direo- 
tions  of  the  component  vibrations,  they  will  no  longer  be  isochronous 
with  each  other;  the  resultant  restoring  force  will  not  at  every 
instant  act  directly  towards  the  position  of  equilibrium,  and  the 
resultant  vibration  will  take  place  in  a  complex  curve  which  may 
have  a  great  variety  of  figures.  For  example,  let  a  mass  W  -f-  ^  be 
fixed  at  the  end  of  a  spring  whose  cross  section  is  a  rectangle  of 
unequal  dimensions,  so  that  its  stiffness  is  different  for  displace- 
ments in  the  directions  of  two  rectangular  axes,  denoted  by  x  and 
y.  Let  fg,  f^he  the  two  values  of  the  stiffiiess  of  the  spring  for 
those  two  duections  of  displacement ;  and  let  i  and  n  denote  com- 
ponent displacements  in  those  two  directions  respectively,  and  ^ 
and  til  their  maximum  values  or  semi-amplitudes.  Then  tiie  equa- 
tions of  motion  of  the  mass  are  the  following : — 


5  =  Sicosa,  («-t^); 
n  =  Ui  cos 


where 


and  t^^  and  t^  are  two  arbitrary  constants.     Thus  the  numben  in 
a  second  of  the  two  series  of  component  vibrations,  viz.^ 

"'  =  Ip  "» = fe ^^•) 

are  proportional  to  the  square  roots  of  the  stiffnesses  of  the  spiing 
in  the  directions  of  the  two  rectangular  axes;  that  is,  they  are 
proportional  to  its  thicknesses  in  these  two  directions  respectively. 
If  n,  and  n,  are  commensurable,  the  path  of  the  vibrating  mass 
is  a  closed  curve ;  for  example,  to  take  the  simplest  case,  if  n,  = 
2  n^  that  path  is  such  a  curve  as  is  represented  in  fig.  243.     If  n. 
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and  n,  are  inoommenBarable,  the  path  is  of  indefinite  length ;  but 
in  every  case  it  is  wholly  inscribed  within  the  rectangle  whose 
aides  are  the  amplitudes  2  ii,  2  9i^  of  the  component  vibration& 

612.  VMwM—  — 1 1— €■»>■•—  can  only 
be  expressed  mathematically  by  conceiving 
them  to  be  compounded  of  a  number  of 
superposed  vibrations,  each  isochronous  in 
itself,  but  not  isochronous  with  each  other, 
as  in  the  last  example  of  the  preceding 
Article;  and  the  forces  under  which  such 
vibrations  take  place  are  in  like  manner  to 
be  conceived  to  be  resolved  into  compouent  ~    2^^ 
forces,  each  proportional  to  a  parallel  com- 
ponent of  the  displacement.     The  art  of  resolving  displacements  of 
any  kind  whatsoever  into  components,  each  of  which  separately 
satisfies  the  conditions  of  isochronism,  is  a  mathematical  process 
which  it  will  not  be  necessary  to  exemplify  in  this  treatise.  ^ 

613.  TiknotoM  •r  Mi  EiMiic  B^diy  !■  OcMcnil. — The  general 
equations  of  the  vibration  of  an  elastic  body  are  found  by  the  aid 
of  D'Alembert's  principle  (Article  56S)y  by  conceiving  the  body  to 
be  divided  into  indefinitely  small  rectangular  or  other  regularly 
shaped  molecules,  and  equating  the  components  of  the  rate  of  varia- 
tion of  momentum  of  each  molecule  to  the  corresponding  com- 
ponents of  the  restoring  force  caused  by  the  internal  stresses, 
iohich  restoring  forcey  for  each  molecule,  is  at  eacft  instant  equal  and 
opposite  to  the  share  belonging  to  thai  molecule,  of  a  distributed  ex- 
ternal load  thoit  uxmld,  in  a  state  of  equilibrium,  produce  the  actual 
state  o/ disfiguremient  of  the  body  at  the  instant.  The  condition  of 
isochronism  is  expressed  by  making  each  restoring  force  propor- 
tional and  opposite  to  the  displacement  of  the  molecule  to  which  it 
is  applied ;  and  the  displacements,  velocities,  and  forces  for  vibra- 
tions  not  isochronous  are  expressed  by  sums  of  series  of  corre- 
sponding quantities  for  isochronous  vibrationa 

By  the  application  of  D'Alembert*s  principle  as  stated  above, 
every  equation  concerning  the  equilibrium  of  an  elastic  body  under 
external  forces  distributed  amongst  its  molecules  can  be  converted 
into  a  corresponding  equation  concerning  its  vibration. 

Example  I.  General  Differential  Equations,  —  In  Article  116, 
illustrated  by  .fig.  5%,  are  given  the  equations  of  internal  equili- 
brium (2.)  of  an  elastic  solid  for  a  rectangular  molecule  dxdydz, 
expressing  the  three  components  of  the  external  force  per  unit  of 
volume  of  that  molecule,  in  terms  of  the  equal  and  opposite  com- 
ponents of  the  internal  forces  arising  from  the  vaiiations  of  the 
six  elementary  stresses,  pulls  being  considered  as  positive,  and 
thrusts  as  negative.     Those  equations  are  converted  into  general 
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equations  of  ^mtion  of  the  same  molecule  hy  sabetituting,  at  tlis 
right-hand  aides  of  the  three  eqnatioDS  Feepectively, 
fiw  0,  0,  to, 

«_dj  w_^  w.rf^f.      ^^^ 

ff'  df  g'df  g    de' 
the  mow  per  unit  of  volume,  and  £,  «,  ^  are  tiie  three 
ittpogitifOn  t^ 


cotnpouentB  of  the  diBplaoeraent  of  tie  molecule /r 
equMUyriwm. 

To  make  itse  of  the  three  eqaationa  thng  obtained,  each  of  the 
bIx  elemental^  stresses  is  to  be  czpreesed  in  terms  of  the  six  ele- 
ment&ry  strains  multiplied  \>j  the  proper  co-efficients  of  elasticity  of 
the  subetance  (Article  2d3) ;  then  each  of  the  six  elementary  stnina 
is  to  be  expressed  as  in  Article  250,  bj  means  of  the  diSerential 
co-efficients  of  the  three  component  dispUcemente  Z,  i,  ^  ,  and  thus 
the  three  original  equations  aj«  converted  into  thm  linear  differvn- 
tial  eqyatiom  of  the  geamd  order  in  £,  n,  and  ^,  hj  the  iutegi^tion 
of  which,  with  due  regard  to  the  circuniHtances  of  each  particular 
problem,  all  questions  respecting  vibration  are  solved.  It  is  un- 
necessary here  to  enter  into  details  respecting  those  int^;i«tiou8. 
The  most  complete  compendium  of  the  procesaee  which  the;  in- 
volve and  the  results  to  which  they  lead,  is  contained  in  M.  lAmfi 
ZefOTu  8ur  rEttutieiie  de»  Corps  eolidee. 

SxampU  IL  Case  of  em  Axis  of  Vibration.— In  figa  2ii  and  2i5, 


let  S  S  and  the  lines  parallel  to  it  represent  a  series  of  planfw 
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parallel  to  each  other,  and  let  the  mode  of  vibration  of  the  particles 
of  the  bodj  be  such,  that  all  the  particles  in  any  one  of  those  planes 
have  equal  disi)lacements  in  parallel  directions  at  the  same  instant. 
A  straight  line  0  X,  perpendicular  to  all  those  surfaces,  may  be 
called  an  €uci8  of  vibration.  Let  the  displacement  of  each  particle, 
denoted  at  any  instant  by  2,  take  place  in  a  direction  TnAing  an 
angle  ^  with  0  X,  in  the  plane  oi  xy,  so  that  its  component  dis- 
placements are 

{  =  8cos^, )  .ov 

,  =  Jsin^./ ^^'^ 

In  the  condition  of  equilibrium,  conceive  a  square  prism  to  extend 
along  the  axis  O  X,  as  in  ^^,  244,  and  to  be  divided  into  cubical 

molecules,  each  of  the  volume  dxdf/dz,  and  mass  ^  dxdydz, 

9 
At  a  given  instant  in  the  state  of  vibration,  let  those  molecules  be 

displaced  in  the  manner  shown  in  fig.  245,  iJie  displacement  of  each 
point  in  each  molecule  depending,  according  to  some  law  yet  to  be 
determined,  upon  the  lapse  of  time  and  upon  the  distance,  when  in 
a  state  of  equilibrium,  of  the  plane  of  equal  displacement  containing 
it  £rom  0,  which  distance  is  denoted  by  a;;  that  is,  let 

d  =  function  of  (<,  x) (3.) 

Then  it  is  evident,  that  each  molecule,  originally  cubical,  becomes 
directly  strained  and  distorted ;  the  direct  strain  along  x  (an  elonga- 
tion if  positive)  being  represented  at  any  instant  by 

•  =  d^  =  5^^'' ^^•> 

and  the  distortion,  in  the  plane  of  x  y,  by 

dn       dl  . 

'=rx^Tx'^* (^•) 

The  vibrating  substance  will  be  supposed  to  be  isot/ropio  as  to 
elasticity,  according  to  the  definition  given  in  Article  256,  A  being 
its  direct  and  C  its  transverse  elasticity.  Then  at  a  given  plane  of 
equal  displacement^  and  at  a  given  instant^  there  is  a  direct  stress 
(tension  being  positive)  of  the  intensity 

^„  =  A.=A^  =  A^ooe«; (6.) 

and  a  tangential  stress  of  the  intensity 

-^  -,  a  M       ^  rf  0 
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and  applying  to  these  data  the  reasoning  of  the  preoeding  example, 
we  find  that  the  components  of  the  moving  force^  per  unit  of  Tolume, 
acting  on  a  given  molecule,  at  a  given  instant,  are  as  follows : — 


Longitudinal| 


transverse,  Q,z=C-r-j^=  C^^^ani; 

so  that  if  we  make 

we  find  for  the  equations  of  vibration^ 
longitudinal^ 


(8) 


.(9.) 


transrerae, 


df—'^d:^ 


(10.) 
.(11.) 


The  general  intend  of  those  two  equations  is  given  bj  the  pair  of 

equations, 

£  =  (p(a«  +  a;)  +  ^(a<  — »);) 


(12.) 


u  =  X  (c  «  +  a;)  +  «  (c  <  —  a); 

where  ^,  \^,  x,  «,  represent  amyfurictuyns  whatsoever.  But  to  obtain 
definite  results,  which  can  be  used  in  calculation,  the  conditions  of 
isochronism  are  to  be  applied ;  and  thej  lead  to  the  following  con- 
sequences : — 

Firsty  in  order  that  vibrations  may  be  isochronous,  the  restonnx 
force  must  act  along  the  direction  of  vibration ;  that  ia,  we  must 
have 

Q, :  Q,  ::  cos  ^  :  sin  /; (13.) 

and  because  for  every  known  substance,  A  and  0  are  unequal,  this 
condition  can  only  be  fulfilled  when  eitiier  cos  /  or  sin  S  is  nothing ; 
that  is  to  say,  in  cm  isotropic  substance,  isochronous  vibrations  are 
either  wJioUy  longiivdinaly  or  uhoHAf  transverse. 

Secondly,  the  moving  force  acting  ou  a  particle  must  be  propor- 
tional and  opposite  to  its  displacement;  a  condition  expressed  for 
longitudinal  and  transverse  vibrations  respectively,  by 


7'=«'^.=-^'«i ("•) 


.(15.) 
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where  5*  and  ft'*  are  two  arbitrary  positive  constants.  The  most 
convenient  way  of  expressing  those  constants^  for  reasons  which 
will  afterwards  appeal*^  is  the  following  : — 

6  =  —  :  b  = — 7- : 

X  and  X'  being  ofrbniroury  leThgths,  Then  it  is  easily  seen,  that  to 
satiafythe  equations  14  and  15,  the  displacements  must  be  expressed 
as  follows : — 

S  =  g,  •co8-^(x  — a:t)-co8-^(«  — ^,); (16.) 

ii  =  niC08-^(aj  — a^o)'co8-^(*  — r^) (17.) 

i\7  ^\i  \  ^^  ^  ^09  ^  <^<^  ^0  being  arbitrary  constants,  having  values 
depending  on  the  drcumstances  of  each  particular  problem.  These 
constants  have  the  following  meanings  : — 

S,  and  Hi  are  the  maximum  aemi-amplitudes  of  vibration. 

A  x' 

-^ and  j: — -.  are  the  periodio  tima  of  a  complete  oscillation. 

X  and  x'  are  the  distances  (for  the  longitudinal  and  transverse 
vibrations  respectively)  between  a  pair  of  planes  in  which  the 
particles  are  in  the  same  joAoae  of  vibration  at  the  same  instant; 
such  as  the  planes  A  and  E  in  figs.  244,  245. 

NodaL  plcmes  are  planes  in  which  the  particles  have  no  displaoe- 

X       x' 
ment^  x  —  ojj,  or  a;  —  ocfo,  being  an  odd  multiple  of—  or  — .    Their 

4        4 

X        x' 
distance  apart  is  «  ®'  s  i^>  ^>  *^^  ®>  "^  *^®  figures). 

Venlral  pkmes  are  those  of  maximum  displacement,  x  —  os^  or 

X      x' 
X  —  of  Of  being  a  multiple  of  ^  or  -^  (B  and  D  in  the  figures).   They 

lie  midway  between  the  nodal  planes. 

The  following  quantities  for  isochronous  vibrations  are  deduced 
from  equations  16  and  17  : — ^For  longitudinal  vibrations, 


velocityof )  ^S         2xa.        2r.         .     .   2xa-      ^. 
a  particle,  I T«  = --T"  ^^'^—^'^■'^^  * "^~  ('-^)' 

direct  strain,  ^-  = 'fi sm—- (a:- ay,)  •  cos -—(<-<«> 

ax  X  A  A 

For  transvene  vibratioiu, 

2o 


(la) 
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Distortion,  37-  =  — -7  »i  'sm---  (a?-aro)*<»8— tt-  (<  —  *o> 


(19.) 


Yibrations  may  exist  in  which  the  displacements,  strains^  velocitieSy 
and  forces,  are  the  resultants  of  combinations  of  isochronous  Yihra- 
tions,  having  any  number  of  different  sets  of  arbitrary  oonstante,  umI 
having  only  in  common  the  co-efficients  a  and  e. 

The  results  of  the  preceding  investigation,  so  £Gir  as  they  relate  to 
longitudinal  vibrations,  are  applicable  to  fluids  as  well  as  to  solids. 
Tnmsverse  vibrations  are  impossible  in  fluids^  because  in  them  there 
is  no  transverse  elasticity. 

614.  WaTM  •f  ▼ibnuimi  consist  in  the  transmission  of  a  vibra- 
tory state  from  particle  to  particle  through  a  body.  Let  O  X  denote 
the  direction  in  which  the  vibratory  state  is  transmitted,  being,  as 
in  the  last  Article  and  its  figures,  an  ctxia  of  vibration^  or  line  pa>- 
pendicular  to  a  series  of  surfaces  of  simultaneous  and  equal  displace- 
ment, which  suzfiices  do  not  now  remain  stationary,  but  advance 
from  particle  to  particle  with  a  velocity  called  the  vdocUy  of  trang- 
nUssion  or  of  propagation.  With  respect  to  wave  motion  in  general, 
it  has  already  been  explained  in  Article  416,  that  the  condition  of 
motion  of  any  particle,  whose  distance  from  the  or^in  is  x^  is 
expressed  by  a  ^mction  o£  at^x,  where  t  is  the  time  elapsed  from 
a  given  instant,  and  a  the  vdocUy  of  transmission.  Applying  this 
to  the  displacements  in  longitudinal  and  transverse  vibrations  re- 
spectively, we  find  the  equations 

^  =  ^{ct-x)'J ^'-^ 

where  a  and  c  are  the  velocities  of  transmission  of  longitudinal  and 
transverse  vibrations  respectively.  Now  the  equations  1  have 
already  been  shown  in  Article  613  to  be  forms  of  the  int^;rals  of 
the  general  equations  of  vibratory  motion,  a  and  e  having  the  valnes 
there  given,  viz. : — 


'-Vt'  •=V'^ w 


which  accordingly  are  the  respective  velocities  of  transmission  of 
waves  of  longitudinal  and  transverse  vibration  in  a  medium  whose 
weight  per  unit  of  volume  is  w,  and  its  direct  and  transverse  elas- 
ticities A  and  C.  In  a  fluid,  for  which  C  r=:  0,  the  transmission  of 
waves  of  transverse  vibration  is  impossibl& 
It  may  here  be  observed,  that  it  is  essential  to  the  exactness  of 
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the  values  given  above  for  the  velocities  of  the  transmission  of 
waves,  that  the  sfwrfaces  of  simvUaneoua  displaceTnerU  (called  some- 
times toave-surfacea)  shoidd  also  be  surfisu)es  of  equal  amplitude  of 
vibration.  If  the  amplitude  varies  at  different  points  of  the  same 
wave-surface,  the  velocity  of  transmission  becomes  less  than  that 
given  by  the  equations  2,  according  to  a  law  which  it  is  unnecessary 
here  to  explain  in  detail  ^ 

615,  Tcl«cit7  •r  Soaad. — Longitudinal  vibrations,  being  those 
which  can  be  transmitted  through  all  substances,  solid  and  fluid, 
are  the  ordinary  means  of  transmitting  sound ;  so  that  the  velocity 
of  sound  in  a  given  medium  is  the  co-efficient  a  in  the  equations  2 
of  Article  614 ;  being  the  velocity  which  a  body  would  acquire  in 
falling  from  the  height  A  -i-  2  ir;  that  is,  a  height  equal  to  half  the 
length  of  a  prism  of  the  substance  of  the  base  unity,  whose  weight 
is  equal  to  uie  co-efficient  of  longitudinal  elasticity. 

The  velocity  of  sound,  as  determined  by  experiment,  is. 

In  water,  at  6F  Fahr.....  4,708  feet  per  second ; 
In  dry  air,  at  32°  Fahr...  1,092      

In  air  and  other  gases,  the  velocity  of  sound  depends  on  the  pres- 
sure, density,  and  temperature  in  the  following  manner : — When  a 
nearly  perfect  gas  has  its  density  changed,  and  is  kept  at  a  constant 
temperature,  the  pressure  varies  nearly  in  proportion  to  the  density 
simply.  But  with  every  change  of  density  which  takes  place  under 
circumstances  such  that  the  gas  cannot  gain  or  lose  heat  by  con- 
duction, a  variation  of  temperature  occurs  depending  on  the  change 
of  density  in  such  a  manner,  that  the  pressure,  instead  of  varying 
simply  as  the  density,  varies  as  a  power  of  the  density  higher  than 
the  first  Let  y  denote  the  index  of  that  power,  p  the  pressure, 
and  w  the  density  of  the  gas ;  then 

pec  W; (1.) 

so  that  the  oo-effident  of  elasticity  A  has  the  following  value : — 

A=^  =  ^ (2.) 

dw       V)  ^   ' 

The  value  of  the  index  y  for  air  is 

y  =  1-408; (3.) 

it  is  nearly  the  same  for  oxygen,  hydrogen,  carbonic  oxide,  and 
oiher  nearly  perfect  gases;  but  has  smaller  values  for  carbonic  acid, 
sulphurous  add,  and  other  gases  which  deviate  considerably  from 
the  perfectly  gaseous  condition. 

Now,  if  |>  be  taken  in  pounds  on  the  square  foot,  and  w  in 
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pounds  per  cubic  foot,  and  if  T  be  the  temperatiire  of  tbe  air  in 
degrees  of  Fahrenheit  (see  Article  122), 

p  T  +  46r-2 

^  =  26214  •—-—-— •  a\ 

and  for  gases  nearly  perfect  in  general,  if  p^  represent  one  atmo- 
sphere— ^that  is,  21164  lbs.  per  square  foot, — ^and  w^  the  weight  of  a 
cubic  foot  of  the  gas  at  32^  Fahrenheit,  and  under  that  pressui«, 

y  _  p, .  T  +  461°-2 

u,~w,        493°-2      '°«*^y' W 

whence  the  velocity  of  sound  in  a  nearly  perfect  gaii  is 

^     .  /r^v     ^  /  /gyp. (T  +  46i°-2) t . 


and  in  air 


/  /T  +  461**-2\ 


616.  iMiMiet  ■■«  pmij— mui  pfll«  Drtvtas. — ^The  impact  or  blow 
of  a  body  which  has  acquired  momentum  by  the  action  of  a  certain 
force  during  a  greater  time,  \a  used  to  OTeroome  a  greater  foice 
during  a  less  time ;  as  when  the  ram  of  a  pile  engine,  having 
acquired  momentum  by  the  action  of  its  weight  during  a  short  bat 
sensible  interval  of  time,  overcomes  the  resistance  of  a  pile  to  being 
driven,  many  times  greater  than  the  weight  of  the  ram,  and  dming 
an  interval  too  short  to  be  measured. 

If  the  ratio  of  the  times  oould  be  ascertained,  the  ratio  of  the 
forces  could  be  inferred  from  it  \  but  as  one  of  the  times  is  always 
insensibly  short,  the  ratio  of  the  forces  has  to  be  computed  firom 
the  spoAXi  through  which  they  act,  by  considering  how  the  energy 
of  the  blow  is  distributed. 

Let  W  be  the  weight  of  the  ram ;  A,  the  height  from  whir-Ji  it 
falls.     Then 

WA 

is  the  energy  of  the  blow. 
That  eneigy  is  employed — 

1.  In  compressing  the  ram ; 

2.  In  compressing  the  pile ; 

3.  In  giving  actual  eneigy  of  motion  to  the  ram  and  pile ; 

4.  In  driving  the  pile  against  the  resistance  of  the  ground. 

The  compression  of  the  ram  is  inappreciable  in  practice ;  and  ao 
also  are  the  velocities  of  the  ram  and  pile  after  the  collision.     The 
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second  and  foiurth  ways  of  expending  the  energy  have  therefore 
alone  to  be  considered 

Let  K  be  the  effective  resistance  of  the  ground  j  that  is,  its  total 
resistance  less  the  weights  of  the  pile  and  ram.  Let  S  be  the  area  of 
the  head  of  the  pile,  and  P  the  pressure  exerted  at  any  instant 
between  it  and  the  ram.  At  first,  P  is  nothing;  it  increases  as  the 
pile  becomes  compressed,  until  at  length  it  becomes  equal  to  B ; 
then  the  compression  of  the  pile  ceases ;  it  begins  to  penetrate  into 
the  ground,  and  continues  to  do  so  until  the  energy  of  the  blow  is 

R 

all  expended     The  mean  value  of  P  is  -^.     The  distance  through 

which  it  is  overcome  in  compressing  the  pile  is  the  compression  due 

to  its  maximum  value,  viz.,  -^^r^y  where  E  is  the  modulus  of  elasti- 

city  of  the  pile,  and  L  the  length  of  a  post,  which,  if  uniformly 
compressed  throughout  its  length,  would  be  as  much  shortened  as 
the  pile.  Considering  that  the  pile  is  held  in  a  great  measure  by 
friction  against  its  sides^  L  may  be  made  equal  to  Ao^^its  lengtL 

T>1T 

Then  the  work  performed  in  compressing  the  pile  is     -,q  ;  and 

the  work  performed  in  driving  it  deeper  is  K  a;,  where  x  is  the 
depth  through  which  it  is  driven  by  a  blow ;  and  equatiug  these  to 
the  energy  of  the  blow,  we  find 

WA  =  f^^  +  R« (1.) 

When  X  has  been  ascertained  by  observation,  R  is  found  by  solving 
a  quadratio  equation,  vizL, 

//2ESWA       PS^ajM      ESa? 

^  -  V    i  — L—  -^  -IT  ]  -TT (^^ 

Piles  are  in  general  driven  till  R  amounts  to  between  2,000  and 
3,000  lbs.  per  square  inch  of  the  area  of  head  S,  and  are  loaded 
with  from  200  to  1,000  lbs.  per  square  inch ;  so  that  the  factor  of 
safety  is  from  10  to  3. 

The  overcoming  of  any  resistance  by  blows  is  analogous  to  the 
example  here  given,  which  is  extracted,  and  somewhat  modified, 
from  a  section  by  Mr.  Aiiy  in  Dr.  Whewell's  treatise  on  Mechanica 
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CHAPTER  V. 

MOnOKS  OF  FLUIDe. 

617.  niTiaiMi  •rtiie  Sabject. — The  principles  of  dynamics,  as 
applied  to  fluids,  so  far  as  small  and  rapid  changes  of  density  an 
concerned,  have  already  been  discussed  under  the  head  of  vibratoiy 
motions.  Now  the  only  changes  of  density  which  occur  during 
the  motions  of  liquids  are  small  and  rapid  j  so  that  in  the  present 
chapter  those  motions  of  liquids  are  alone  to  be  considered  in  which 
the  density  is  constant,  and  whose  ciuematical  principles  have  been 
treated  of  in  Part  III.,  Chapter  III.,  Section  2.  In  the  motions  of 
gases,  great  and  continuous  changes  of  density  occur,  such  as  those 
whose  cinematical  principles  have  been  treated  of  in  section  3  of 
the  chapter  already  referred  to ;  and  the  dynamical  laws  of  motions 
affected  by  such  changes  have  still  to  be  considered.  One  mode  of 
division,  therefore,  of  hydrodynamics,  is  foxmded  on  the  distinction 
between  the  motions  of  liquids,  r^arded  as  of  constant  density,  and 
those  of  gases. 

Another  mode  of  division  is  founded  on  the  distinction  between 
motions  not  sensibly  affected  by  friction,  and  those  which  are  so 
affected.  The  motions  of  fluids  not  sensibly  affected  by  firiction, 
and  therefore  governed  by  pressure  and  weight  only,  take  place 
according  to  laws  which  are  exactly  known;  so  that  any  difficulty 
which  exists  in  tracing  their  consequences,  in  particular  cases,  aiises 
from  mathematical  intricacy  alone.  The  laws  of  the  friction  of 
fluids,  on  the  other  hand,  are  only  known  approximately  and 
empirically;  and  the  mode  of  operation  of  that  force  amongst  the 
particles  of  a  fluid  is  not  yet  thoroughly  understood;  so  that  the 
solution  of  a  particular  problem  has  often  to  be  deduced,  not  from 
first  principles  representing  the  condensed  results  of  all  experience, 
but  from  experiments  of  a  special  class,  suited  to  the  problem  under 
consideration. 

The  laws  of  the  mutual  impulses  exerted  between  masses  of  fluid 
and  solid  surfaces  reqtdre  to  be  considered  separately. 

The  following  is  the  division  of  the  subject  of  this  chapter : — 

I.  Motions  of  Liquids  imder  Gravity  and  Pi^ssure  alone. 
II.  Motions  of  Gases  under  Gravity  and  Pressure  alone. 

III.  Motions  of  Liquids  affected  by  Friction. 

rV.  Motions  of  Gases  affected  by  Friction. 
V.  Mutual  Impulses  of  Fluid  Masses  and  Solid  Surfaces 
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Section  1. — Motions  ofLiqmds  without  Friction. 

618.  ci«iicna  KqmiimM.^ — ^Li  Articles  414  and  415  have  been 
given  the  three  general  equations,  by  which  the  rates  of  variation 
of  the  components  of  the  velocity  of  an  individual  particle  of  liquid 
are  expressed  in  terms  of  those  of  the  velocity  at  a  point  given  in 
position;  and  in  Article  412  has  been  given  the  equaiion  ofconr 
tmuity  which  connects  the  components  of  the  Itftter  velocity  with 
each  other.  To  obtain  the  general  dynamical  equations  of  the 
motion  of  a  liquid,  the  first  three  equations  are  to  be  converted  into 
expressions  for  the  rates  of  variation  of  the  components  of  the  mo* 
fnaniwm  of  a  particle,  and  the  results  equated  to  the  unbalanced 
forces  which  act  upon  it. 

Let  dxdydz  denote  the  volume  of  a  rectangular  molecule,  and 
p  the  intensity  of  the  pressure  of  the  liquid  at  a  point  whose  co- 
ordinates are  x,  y,  z.  Let  z  be  vertical,  and  positive  downwards. 
tr  being  used  to  denote  one  of  the  components  of  the  velocity  at  a 
point,  die  symbol  ^  will  now  be  employed  to  denote  the  vxight  of 
an  unit  of  volume.  Then  the  forces  by  which  the  molecule  is  acted 
upon  are 

dp  dp 

along  a;,  —  -^.dxdydz;  along  y, — -^'dxdyd 


«; 


along 2r,  (^  —  --^J  dxdydz. 


(1-) 


Let  the  rates  of  variation  of  the  components  of  the  momentum  of 
the  molecule  be  found  by  multiplying  the  three  rates  of  variation 
of  the  components  of  the  velocity  in  Article  415,  equation  2,  each  by 

^ —  ;  then  equating  these  respectively  to  the  three  forces  in 

equation  1  above,  dividing  hj  dxdydz,  aosaio  reduce  the  equa- 
tion to  the  unit  of  volume,  and  then  by  ;,  so  as  to  reduce  them  to 
the  imit  of  weight,  the  following  results  are  obtained  : — 

dp      1  (Pi     1  fdu   ,  du  .     du   ,  du\ 
^dx     g    df     g\dt         dx        dy  dz )  ' 

dp      1  d'n     I  f  dv,      dv  ,     dv  .       dv) 
^dy     g    d^     g  (  dt         dx        dy  dz)         ^  ' 

dp      \    d^i     I  ( dto  ,     dw  .     dto  ,      dw) 
(dz     g    dt'     gidt         dx         dy         dz)     J 

Combining  with  those  three  equations  of  motion  the  equation  of 
continuity,  viz. :— 
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du      dv      dw     ,^  ,^» 

j-.+d^+d^=^' <^) 

we  have  the  data  for  solving  all  dynamiGal  questions  as  to  liquids 
without  friction.  These  equations  are  adapted  to  the  case  of  deady 
fnoHon  by  jnaking 

It  "  57*"  "57""  "^ ^^^ 

as  in  Article  413. 

619.  ..,--.  -.-^The  quotieat  |  is  what  is  caUed  the  Hei^^, 

or  heady  due  to  the  presvu/re;  that  is,  the  height  of  a  column  of  the 
liquid,  of  the  uniform  specific  gravity  ^ ,  whose  weight  per  unit  of 
base  would  be  equal  to  the  pressure  p.  Now  as  the  vertical  ordinate 
»  is  measured  positively  dcumtoofrde  from  a  datum  horizontal  plane, , 
^z  is  the  weight  of  a  column  of  liquid  per  unit  of  base  extending 
down  from  that  plane  to  a  particle  under  consideration;  p  —  ^  s  is 
the  difference  between  the  intensity  of  the  actual  pressure  at  that 
particle  and  the  pressure  due  to  its  depth  below  the  datum  hori- 
zontal plane;  and 

£  — 2  =  A (1.) 

is  the  height  or  head  due  to  that  differenoe  ofimtensiiyy  being  what 
will  be  termed  the  dyna/mie  Jiead,  When  z  is  measured  posUicdy 
upwa/rds  from  a  datum  horizontal  plane,  its  sign  is  to  be  changed  ; 
so  that  the  expression  for  the  dynamic  head  in  that  case  becomes 

^+'»  =  * (2.) 


620.  OcHflnd  DtmubIc  E«Batl«BS  in  Tems  mt  DyMwilc  1 

If  instead  of  the  rates  of  variation  of  the  pressure  in  the  equations 
2  of  Article  618,  there  are  substituted  their  values  in  terms  of  the 
dynamic  head,  those  equations  take  the  following  forms : — 


dh     1    (f  5     1  { du  ,      du  .      du  .      du)     i 
dx     g    dr     g  K  dt        dx        dy  dz)  ' 

dh     1    d"fl      1  {dv  ,      dv  .      dv  .       dv\ 

=  —  • =•  —  ■s rU  -z — \-v r  to  —  >  ; 

dy     g    dt^     gidt        dx        dy         dz ) 

dh     1    d^i     1  ( dw  ,     dw  ,     dto  ,      dw) 

-  •  — -  =  ~  \ hw-= — rv  -z —  T"  tc  —  >  . 

a    dt*     g  K  dt         dx         dy  dz  ) 


(1.) 


dz     g    dt*     g  idt         dx         dy 

621.    Ij«w  mf  DjnuuMle   Head   tmr   flCMidj  Halloa. — ^From  these 
equations  is  deduced  the  following  consequence,  in  the  case  of 
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steady  motion,  in  which  there  is  no  variation  of  the  dynamic  head 
at  a  particle,  except  that  arising  from  the  change  of  position  of  the 
particla 

Let  V  be  the  velocity  of  a  given  particle.     Its  value,  in  terms  of 
its  rectangular  components,  is  given  by  the  equation 

df^  d^^  dt' ^  ^^ 

which,  being  divided  by  2  g,  gives  the  height  due  to  the  velocity; 
HO  that  the  variation  of  that  height,  in  a  given  indefinitely  short 
interval  of  time,  is 


2g     g\dt    df'^dt'dt^'^dt'df) 


__(dh    di.dh   dj      dh   dC\,,  .r 

~"       \dx'  dt'^dy'  dt^d^'Tt)"^^^^^^ 


(2.) 


This  principle  might  otherwise  be  stated  thus  : — In  steady  motion, 
the  3um  of  the  height  due  to  the  velocity  of  a  partide  a/nd  of  its 
dynamie  head  is  constant,  or  symbolically 

V" 

•X — h^  =  conAtant (3.) 

This  equation  applies  to  the  particles  which  successively  occupy  the 
same  fixed  point,  as  well  as  to  each  individual  particle. 

622.  The  T«tal  'Bmmrgj  of  a  particle  of  a  moving  liquid  without 
friction  is  expressed  by  multiplying  the  expression  in  equation  3  of 
the  last  Article  by  the  weight  of  the  particle  W,  thus  : — 

V+^*' ^^-^ 

"W  V 

in  which  —^ —  is  the  actual  energy  of  the  particle,  and  W  ^  is  its 

potential  energy;  because,  from  the  last  Article  it  appears,  that  by 
the  diminution  of  W  A,  —^ —  may  be  increased  by  an  equal  amount, 

if 

and  vice  versa;  so  that  the  dynamic  head  of  a  particle  is  its  potenlial 
energy  per  unit  of  weight.  In  the  case  of  steady  motion,  the  total 
energy  of  each  particle  is  constant;  and  the  total  energy  of  each  of 
the  equal  particles  which  successively  occupy  the  same  position  is 
the  same. 

In  the  case  of  unsteady  motion  of  a  liquid  mass,  the  total  internal 
energy  of  the  entire  mass  is  constant;  that  is,  if  the  centre  of 
gravity  of  the  mass,  or  a  point  either  fixed  or  moving  uniforml/, 
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with  respect  to  that  centre  of  gravity,  is  taken  as  the  fixed  point  to 
which  the  motions  of  all  the  particles  are  referred,  the  followini^ 
equation  is  fulfilled : — 

2-W  ^^  +  AJor  f  f  f(^  +  h\^'dxdydz  =  coBst3aLt..,{%) 


is  characterized  by  an  analo- 


623.  The  Wrt  SwrAce  of  a  moving  liquid  mass,  being  that 
is  in  contact  with  the  air  only,  is  characterized  by  ^e  pressore 
being  uniform  all  over  it,  and  equal  to  that  of  the  atmoqihere. 
Let  pi  be  the  atmospheric  pressure,  Zi  the  vertical  ordinate,  mea- 
sured posUivdy  vjpwa/rds  from  a  given  horizontal  plane,  of  any  point 
in  the  £ree  surface  of  the  liquid,  and  Ai  the  dynamic  head  at  the 
same  point ;  then  it  appears  from  Article  619,  equation  2S,  that  fin- 
that  surface, 

Ai— «i  =  —  =  constant (I.) 

624.  A  g^iflw  mt  B^aal  Prei 

gous  equation, 

A— «  =  — =  constant; (1.) 

and  all  surfEuses  of  equal  pressure  fulfil  the  differential  equataon, 

dh  =  dz\ (2.) 

which,  for  steady  motion^  becomes 

^*=^^=-^-^; (a) 

expressing  that  the  variations  of  actual  energy  are  those  due  to  the 
variations  of  level  simply. 

625.  aisciAn  ta  Plaae  x«7era  is  a  state  which  is  either  exactly 
or  approximately  realized  in  many  ordinaiy  cases  of  liqtdd  motion  ; 


Fig.  246.  Fig.  247. 

and  the  assumption  of  which  is  often  used  as  a  first  approximation 
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to  the  solution  of  YBiions  questionB  in  hydraulics.  It  consistB  in 
the  motions  of  all  the  particles  in  one 
plane  being  parallel  to  each  other,  per- 
pendicular to  the  plane,  and  equal  in 
velodly.  It  is  illustrated  by  the  three 
figures  246,  247,  and  248,  each  of  which 
represents  a  reservoir  containing  liquid 

up  to  the  deration  OZ^^z^  above  a  given 
datum,  and  discharging  the  liquid  from 

an  orifice  A^  at  the  smaller  elevation  O  Z^ 
=  z^  The  liquid  moves  exactly  or  nearly 
in  plane  layers  at  the  upper  surfisMse  A^  and  at  the  orifice  Aq. 
Let  these  symbols  denote  the  areas  of  the  upper  surfiEu;e  and  of  the 
issuing  stream  respectively. 

Let  Q  denote  the  rate  of  flow  per  second,  Vi  the  velocity  of  descent 
of  the  liauid  at  the  upper  surface,  v^  its  velocity  of  outflow  from  the 
orifice;  tnen,  according  to  Article  405^  the  equation  of  continuiiy  is 


Fig.  248. 


ViAi  =  i7oAo=Qj 
ort?i 


(1) 


The  pressures  at  the  upper  surface  and  at  the  orifice  respectively 
are  each  equal  to  the  atmospheric  pressure ;  hence  the  difference  of 
dynamic  head  is  simply  the  difference  of  elevation ;  that  is  to  say, 


therefore,  according  to  Article  621,  equations  2  and  3, 
This  gives  for  tJie  velocity  of  outflow. 


(2.) 


'^fm- « 


A! 

from  which  can  be  computed  the  rate  of  flow  or  discharge  by  means 
of  equation  1. 

The  general  equation  of  motion,  for  every  part  of  the  vessel  or 
channel  at  which  the  motion  takes  place  in  plane  layers,  is,  accord- 
ing to  Article  621,  equation  3, 


^  +  A=constant  =  ^  +  Ao=  ^  +  «^+£? 


^9 


^9 


^9 


.(4.) 
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The  motion  may  be  considered  to  take  place  in  plane  lajen  ^  any 
part  of  the  channel  whose  sides  are  nearly  straight  and  paiallei, 
such  as  As  in  fig.  246,  whose  elevation  above  the  datum  is  «r  To 
find  the  dynamic  head,  and  thence  the  pressure,  at  this  intennediaie 
section  of  the  channel,  the  velocity  through  it  is  to  be  onnpatedby 
the  formula 


whence  the  dynamic  head  relatively  to  the  datum  O  is  obtained  by 
the  equation 

*.=*.+^; (^) 

and  thence  the  pressure  by  the  formula 

Pi  =  e(^-««) (7.) 

When  a  large  vessel  discharges  liquid  through  a  small  orifice,  tiie 
ratio  ^  is  often  so  small  a  fraction,  that  it  may  be  neglected  in 

equations  2  and  3. 

626.  The  Cmmtrmtited  Tela  is  the  name  given  to  a  portion  of  a  jet 
of  fluid  at  a  short  distance  from  an  orifice  in  a  plate,  which  is 
smaller  in  diameter  and  in  area  than  the  orifice,  owing  to  a  sponta- 
neous contraction  which  the  jet  undergoes  after  leaving  the  orifice. 

The  area  of  the  narrowed  part  of  the  contracted  vein  is  in  every 
case  to  be  considered  as  the  virtual  or  effective  ovd^,  and  used  for 
A^  in  the  equations  of  the  last  Article. 

The  ratio  of  the  area  of  the  contracted  vein,  or  effective  orifice, 
to  that  of  the  actual  orifice,  is  called  the  co-efficient  of  corUracUotk 
For  sharp  edged  orifices  in  thin  plates,  it  has  different  values  for 
different  figures  and  proportions  of  the  orifice,  ranging  from  about 
0*58  to  0*7,  and  being  on  an  average  about  |.  It  diminiahes  some- 
what for  great  pressures,  and  for  dynamic  heads  of  six  feet  and 
upwards  may  be  taken  at  about  0-6.  The  most  elaborate  table  of 
those  co-efficients  is  that  of  Foncelet  and  Lesbros. 

For  orifices  with  edges  that  are  not  sharp  and  thin,  the  disdiarge 
is  modified  sensibly  by  friction. 

627.  Tcnicai  Orifice*  of  discharge,  whose  vertical  dimensions  aie 
not  small  in  comparison  with  their  depths  below  the  upper  suifiice 
of  the  reservoir,  are  treated  as  having  a  mean  velocity  of  discharge 
through  their  contracted  veins  due  to  the  mean  value  of  the  square 
root  of  the  dyruvmic  head  for  the  several  parts  of  the  orifice.  For 
example,  let  y  be  the  horizontal  breadth  of  an  orifice  at  any  given 
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elevation  z  above  the  datum,  d  the  elevation  of  the  lower,  and  ^ 
that  of  the  upper  edge  of  the  orifice,  so  that 

^  =  c  J  ^ydz (1.) 

is  its  effective  area,  o  being  the  co-efficient  of  contraction.  Then 
that  orifice  is  to  be  treated  as  if  its  depth  below  the  upper  sur£itce 
Aj  were 


«i 


^"1    y:w^    r ^''^ 


and  the  fonnulse  of  Article  625  applied  accordingly.    For  a  rectan- 
gular orifice  for  which  y  is  constant^  this  gives 

•     A^=r'"-">*;:'r^'' « 

and  if  it  is  a  910^,  or  a  rectaugular  orifice  extending  to  the  upper 
sur&oe,  so  that  z"  =  z^, 

^^j  — 2ro=g  .  Jzi  —  s! (4.) 

62S.  8n*c«s  «r  BvMi  WMmmM^  which  for  steady  motion  are  also 
SUBFACBS  OF  EQUAL  YBLOcriTy  are  ideal  sur&ces  traversing  a  fluid 
mass,  at  each  of  which  the  dynamic  head  is  uniform.  Their  posi- 
tions are  related  to  the  direction,  velocity,  curvature,  and  variation 
of  velocity  of  the  fluid  motion  in  the  following  manner : — 

In  fig.  249,  let  Hi  Hj,  B^H.,  represent  a  pair  of  such  surfaces, 
very  near  each  other;  their  normal  distance 


j^ 


H/ 


apa^  being  dn,  measured  forwards  from  Hi  ^ 

towards  H^  and  the  difference  of  dynamic    ^^x^''^^^^^^^^^  k, 
head  at  them  being  d^     Let  A  B  be  part  of  K'       ^x^^^^\b\ 
the   moving   fluid,    forming   an    elementary  y^ 

stream  whose  velocity   is  V,   its   radius  of       ^fUt  249 
curvatiure  r,  its  thickness  dr,  and  the  varia-  ^' 

tion  of  its  velocity  d  V;  velocities  firom  A  towards  B  being  posi- 
tive, and  curvature  concave  towards  Hs  being  positive.  Then  the 
equations  2  and  3  of  Article  621  give,  as  before, 

YdY  V 

=  —  dh:    OT-T — h^  =  constant: (1.) 

and  in  order  that  the  variation  of  head  may  supply  the  deviating 
force  necessary  to  produce  the  curvature  of  the  stream  A  B,  the 
radius  of  curvature  must  be  in  a  plane  perpendicular  to  the  surfaces 
of  equal  head,  and  the  following  equation  must  be  fulfilled : — 
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A' 


or     —  = 
9^ 


dh    J  ^ 
•  a  r  cos  »r ; 

dn 

\  dh  A 

■i  —  'COS  nr. 
dn 


(2.) 


629.  Id  a  WaJhutf  Cmii,  flowing 
towards  or  from  an  axis,  as  described  in 
Article  407,  the  surfaces  of  equal  dyna> 
luic  head  and  equal  velocity  are  cjlinders 
described  about  the  axis.  The  eqaati(Mi 
of  continuity,  1  of  Article  407,  putting  6 
instead  of  A  to  denote  the  depth,  pazaliel 
to  the  axis,  of  the  cylindrical  space  in 
which  the  current  flows,  gives  for  the 
velocity  the  formula 


Fig.  860. 


V  = 


2r6r 


^^  ^^^^^  •••••••IX     I 


where  r.  is  the  radius  of  the  cylindrical  surface  S.^,  fig.  250,  at 
which  the  radiating  part  of  the  current  begins  or  ends,  according 
as  it  flows  outwards  or  inwards.  The  radiating  current  may  ex- 
tend indefinitely  in  all  directions  beyond  this  surface,  the  velocity 
being  at  any  point  inversely  as  the  distance  from  the  axis  O.  L^ 
h^  be  the  dynamic  head  at  B^;  then  at  any  other  cylindrical  aur- 

fltce  of  the  radius  O  K  =  r,  we  have  the  dynamic  head, 

*  =  *''^2j"2^  =  **'^^  \}~?) ^^^ 

Let  hi  be  the  limit  towards  which  the  dynamic  head  approxi- 
mates as  the  distance  from  the  axis  is  indefinitely  increajsed ;  then 


^  =  A.  + 


+  ;;- 


&  =  Ai-5—  =  *,- 


(3.) 


630.  Free  Circular  Tericsc — In  the  cylindrical  space  of  fig.  250, 
lying  outride  of  the  surface  Bo,  let  the  particles  of  the  fluid  revolve 
in  a  circular  current  round  the  axis  O ;  and  let  the  velocity  of  each 
circular  current  be  such,  that  if,  owing  to  a  slow  radial  movement^ 
particles  should  find  their  way  from  one  circular  current  to  another, 
they  would  assume  freely  the  velocities  proper  to  the  several  cur- 
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Ten&  entered  by  them,  without  the  action  of  any  force  but  weight 
and  fluid  pressure.  This  last  condition  is  what  constitutes  a  free 
vorteXy  and  is  a  condition  towards  which  every  vortex  not  acted 
on  by  external  forces  tends,  because/ of  the  tendency  to  the  inter- 
mixture of  the  particles  of  adjoining  circular  currents.  It  is  ex- 
pressed mathematically  by 

h  +  TT—  =  hi  =  constant (1.) 

hi  wiU  be  called  the  mcudmvm  head. 

Conceive  a  portion  of  a  thin  circular  current  of  the  mean  radius 
r,  contained  between  two  cylindrical  sur&ces  at  the  indefinitely 
small  distance  apart  dr,  and  of  the  area  unitj/,  the  current  having 
the  velocity  v.  Then  the  centrifugal  force  of  that  portion  of  the 
current  is 

gr  ' 

which  is  equal  and  opposite  to  the  deviating  force 

^dh; 
that  is  to  say, 

^=^ (2) 

dr       gr  ^  '' 

But  by  the  condition  of  freedom  in  equation  1,  we  have  -  s 
2  (A|  —A),  which  being  substituted  in  equation  2,  gives 

dh       2  (A, -A) 

whence 

^"^^fg"^?'' <^) 

or,  the  vdodty  %9  iweersdy  as  the  distance  /ram  the  aans,  exactly  as 
in  a  radiating  current  Then  let  v*  be  the  velocity  of  revolution, 
and  A,  the  dynamic  head,  at  the  inner  boundary  ft,  of  the  vortex  ; 
we  have  for  the  general  equations  amongst  the  dynamic  heads  and 
velocities  at  all  points. 


(*•) 
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631.  Free  Spiral  Tartez. — As  the  equationB  of  the  motioii  of  a 
free  drcnlar  vortex  are  exactly  the  same  with  those  of  a  radktmg 
current,  it  follows  that  they  also  apply  to  a  vortex  in  whidi  the 
motion  is  compounded  of  those  two  motions  in  any  proportions, 
90  long  as  the  vehcUy  is  inversely  as  the  distaaice  fronh  the  axis.  To 
faWl  this  condition,  the  currents  of  liquid  must  have  a  fonn  that 
is  at  every  point  equally  inclined  to  the  radius  drawn  from  the 
axis ;  a  property  of  the  logarithmic  spiral  Let  v  be  the  velocity 
of  the  current  in  a  free  spiral  vortex  at  any  point,  and  i  the  con- 
stant inclination  of  the  current  to  the  radius  vector ;  then  the  com- 
ponent of  the  motion  whose  velocity  is  v  cos  ^,  is  analogous  to  the 
motion  of  a  radiating  current,  and  that  whose  velocity  is  v  sin  i  is 
analogous  to  the  motion  of  a  free  circular  vortex. 

632.  A  F«rced  Tonne  is  one  in  which  the  velocity  of  revolution 
of  the  particles  follows  any  law  different  from  that  of  a  free  vor- 
tex ;  but  the  kind  of  forced  vortex  which  it  is  most  useful  to  con- 
sider, is  one  in  which  the  particles  revolve  with  equal  angular 
velocities  of  revolution,  as  if  they  belonged  to  a  rotating  solid 
body ;  so  that  if  n  be  the  radius  of  the  outer  boundary  of  the  vor- 
tex, where  the  velocity  is «;«, 

^=:r ^^•> 

The  equation  of  deviating  force,  2  of  Article  630,  is  applicable  to 
all  vortices,  forced  as  well  as  free.  Introducing  into  it  the  value 
of  V  from  equation  1,  above,  we  find, 


.(2.) 


dh t^r 

d^r  ""  gfi 

which  being  integrated,  with  the  understanding  that  the 
head  is  to  be  reckoned  relatively  to  the  axis  of  the  vortex,  gives 

^-27?o-2^>*^-2^^ ^^> 

from  which  it  appears,  that  in  a  rotating  vortex,  the  dynamic  head 
^  omy  point  is  me  height  due  to  the  velocity,  and  the  energy  of  am/ 
particle  is  half  actual  amd  half  potentiaL 

633.  A  €«mbtaed  Twrtex  consists  of  a  free  vortex  without  and  a 
forced  vortex  within  a  given  cylindrical  sux&ce,  such  as  Eq  in  fig. 
250.  In  order  that  such  a  combined  vortex  may  exist,  the  velo- 
^ty  v^  and  the  dynamic  head  h^  at  the  surface  of  junction  must  be 
JS®  f^^o  for  the  two  vortices ;  consequently,  as  the  dynamic  head 
«>i  the  forced  vortex  is  equal  to  the  height  due  to  its  velocity,  and 
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the  sum  of  those  heights  for  the  surface  of  junction  is  equal  to  the 
maximum  head  hi  of  the  free  vortex,  we  have  this  principle : — In  a 
combined  vortex,  the  mcusimum  dynamic  head  is  dcwhle  of  the  dynor 
nUe  head  at  the  surface  of  jfumetion,  each  being  meaofwred  rdaJbivdy  to 
the  aada  of  the  vortex;  or  STmbolically, 

A.  =  2^0  =  -' (1.) 

To  illustrate  this  geometrically,  let  a  combined  vortex  revolve 
about  a  vertical  axis,  O  Zq  Z,,  fig. 
251,  l^e  upper  surface  of  the 
liquid  being  &ee,  and  represented 
in  section  by  D  B  O  B  D.  Let 
A  B,  A  B,  be  the  cylindrical  sur- 
face of  junction  between  the  free 
and  the  forced  vortices.  Let 
A  O  A  be  a  horizontal  plane, 
touching  the  upper  surface  at  its  lowest  point,  which  is  at  the 
axis,  and  let  vertical  ordinates  be  measured  from  this  plana  The 
pressure  of  the  atmosphere  being  equal  at  all  points,  may  be  left 
out  of  consideration ;  so  that  if  2;  be  the  height  of  any  point  in  the 
surface  of  the  vortex  above  A  O  A,  we  shall  have  simply 


Fig.  251. 


«  =  A. 


(2.) 


Then  for  the  foroed  rortex. 


9=- 


(3.) 


so  that  B  O  B  is  a  paraboloid  of  revolution  with  its  vertex  at  O. 

Make  AC  =  2AB  =  2is;p;  this  will  represent  h^^  the  maximum 
dynamic  head ;  and  for  the  nee  vortex, 


z^h  - 


(4.) 


and  D  B,  D  B,  is  a  hyperboloid  of  the  second  order,  described  by 
the  ^notation  round  the  vertical  axis  of  a  hyperbola  of  the  second 
order,  whose  ordinate  hi—z,  measured  downioarde  from  C  Z|  C,  is 
inversely  as  the  square  of  the  distance  from  the  axis.  The  two 
snr&ces  have  a  common  tangent  at  B  B,  where  they  join. 

The  velocity  of  any  particle  in  the  free  vortex  is  that  due  to  its 
depth  below  0  C ;  that  of  any  particle  in  the  foroed  voitex  is  that 
due  to  its  height  above  A  A ;  and  B,  where  those  velocities  are 
equal,  is  midway  between  C  C  and  A  A. 

2p 
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The  theory  of  the  combined  vortex  was  made,  bj  ProfeaBor 
James  Thomson  of  Belfast,  the  principle  of  the  action  of  his  tur- 
bine or  vortex  water-wheeL 

634.  Tcrtical  BeT«iBtiMi. — ^When  a  mass  of  liquid  revolves  in  a 
vertical  plane  about  a  horizontal  axis  (like  the  -water  in  a  bucket  of 
an  overshot  wheel),  its  upper  sur&ce  is  not  horizontal,  but  assumes 
a  figure  depending  on  the  deviating  force  required  by  its  revo- 
lution. 

In  fig.  252,  let  C  represent  a  horizontal  axis, 
and  B  a  bucket  of  liquid  revolving  round  it  in  a 

vertical  circle  of  the  radius  B  G,  with  the  angnkr 
velocity  of  revolution  a.  Let  W  be  the  weight  of 
liquid  in  the  bucket. 

Then  the  deviating  force  required  is  given  by 
the  formula 

Wo" 


Fig.  262. 


BC. 


Take  the  radius  B  0  itself  to  represent  the  devi- 


ating force,  and  C  A  vertically  upwards  from  the  axis  to  represent 
the  weight ;  the  height  C  A  is  given  by  the  proportion 


CA:BO::W:-^^^-BC, 

9 


that  is, 


^9 9_ 


CA=^  = 


a' 


4x»»^ 


S^if 


(1) 


where  n  is  the  number  of  revolutions  per  second. 

Now  A  C  representing  the  weight,  and  C  B  the  centrifugal  fierce, 
eqiuU  and  opposite  to  the  deviating  force,  the  internal  condition  of  the 
liquid  in  the  bucket,  according  to  D'Alembert's  principle,  is  the 

same  as  if  it  were  under  a  force  represented  by  A  B,  the  resultant 
of  these  two  forces ;  therefore  the  surface  of  the  liquid  is  perpendi- 
cular to  AB. 

Kow  it  appears  from  equation  1,  that  the  height  of  A  above  C 
is  independent  of  the  radius  of  the  wheel,  and  of  every  circumstanoe 
except  the  time  of  revolution;  being,  in  fact,  the  height  of  a  revolv- 
ing pendulum  which  revolves  in  tibe  same  time  with  the  wheeL 
(See  Article  539.)  Therefore  the  point  A  is  the  same  for  all 
buckets  carried  by  the  same  wheel  with  the  same  angular  velocity, 
^d  for  all  points  in  the  surface  of  the  liquid  in  the  same  bucket^ 
M^hether  nearer  to  or  farther  fh)m  the  axis  C ;  thei'efore  the  upper 
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surface  of  the  liquid  in  each  bucket  is  part  oi  a  cylinder  described 
about  a  horizontal  axis  passing  through  A  and  parallel  to  C. 

The  theory  of  rolling  waves  may  be  deduced  from  the  above 
proposition.  For  a  brief  sketch  of  that  theory^  see  Addendum, 
page  XV. 

Sbctiok  2. — Motions  0/ Oases  toithout  Friction, 

635.  l^jTMUMie  Hcs4  In  Oates. — The  dynamical  equations  of 
motion  of  a  gas  are  the  same  with  those  already  given  in  Article 
618,  equation  2;  and  in  their  integration,  it  has  to  be  observed 
that  p  the  density,  is  no  longer  constant,  but  depends  on  the  pres- 
sura  The  equations  of  continuity  have  been  given  in  Articles  419 
to  423. 

In  finding  the  dtnamic  head  for  a  particle  of  a  gas,  instead  of 

—  there  is  to  be  taken  /    -^,  as  is  evident  from  the  general  equa- 

tioBS  of  fluid  motion  already  referred  to.  Consequently,  the  dyna- 
mic head  for  a  gaseous  particle,  at  a  given  elevation  z  above  a  fixed 
horizontal  plane,  is,  relatively  to  that  plane, 

*=/'^+*j (1.) 

and  the  putting  of  this  value  for  A  in  all  the  dynamical  equations 
relating  to  liquids,  transforms  them  into  the  corresponding  equa- 
tions for  gases. 

In  most  practical  problems  respecting  the  flow  of  gases,  the  dif- 
ferences of  level  of  different  points  of  &e  gaseous  mass  have  little 
or  no  sensible  effect  on  the  motion ;  so  that  z  may  often  be  omitted 
from  the  preceding  fonnula. 

In  determining  the  value  of  the  int^ral  in  that  formula,  it  is  to 
be  observed  that  almost  all  changes  of  velociiy  of  gases  take  place 
so  rapidly,  that  the  particles  have  no  time  to  receive  or  to  emit 
heat  to  any  sensible  amount ;  and  therefore  the  pressure  and  den- 
sity of  each  particle  are  related  to  each  other  according  to  the  law 
already  explained  in  treating  of  the  velocity  of  sound;  that  is 
to  say, 

!>««»'; (a) 

the  exponent  y  having  the  values  therein  stated,  of  which  the  most 
important  is  1  '408  for  air.  This  gives  for  the  value  of  the  integral 
in  equation  1, 

ioT"     y-1    i' ^'^ 

in  which,  for  air. 
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y  1-408 

Let 

T  =  T  +  46r-2  Fahr. (5.) 

denote  the  absoltUe  temperature  of  the  gas,  T  being  its  temperature 
on  the  ordinary  Fahrenheit's  scale ;  and  let 

T^=  493^-2  Fahr. (6.) 

be  the  absolute  temperature  of  melting  ioe.  Then  for  gases  sesn- 
siblj  perfect, 

^  =  ^; (7.) 

from  "which  we  have  the  following  value  of  the  int^p-al  in  terms  of 
the  temperature : — 

A_^  =  f^  =  _?i.  £?._-. (a) 

80  that  it  is  simply  proportionaZ  to  the  absohUe  temperaiure. 

It  is  known  by  the  science  of  thermodynamics,  that  the  above 
expression  is  equivalent  to 

JcTr; (9.) 

where  <i  is  the  specific  heat  of  the  gas  <U  constcmt  pressure,  and  J  is 
^'  Joule*s  equivalerU,**  or  the  height  from  which  a  given  weight  must 
fjaH,  in  order  to  produce  by  friction  as  much  heat  as  will  raise  the 
temperature  of  an  equal  weight  of  water  by  one  degree.  For 
Fahrenheit's  scale, 

J  =  772  feet (10.) 

The  following  are  the  values  of  —  and  d  for  certain  gases  and 
vapours : — 

Air, 26,214     o'238 

Oxygen, 23,710 

.  Hydrogen, 37^,8x9 

Steam, 42,141*  0*480 

^thervapour, 10,110     0*481 

Bisulphuret  of  carbon  vapour,. . .       9,902     0*1575 

Carbonic  acid,  if  a  perfect  gas, ...  17,264 

Do.,  actually, 17,145     0*217 

•  This  is  an  ideal  result,  arrived  at  not  by  direct  experiment,  but  by  calcolatioD 
vom  the  chemical  composition  of  steam. 
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The  yariations  of  pressure,  Tolume,  and  absolute  temperature  of 
a  gas  during  rapid  changes  of  motion,  are  connected  by  the  propor- 
tional equation 

T  a  p"^    cc  p  y  (11.) 

The  equations  in  this  Article  are  all  adapted  to  perfect  gases. 
Actual  gases  deviate  from  the  perfectly  gaseous  condition  more  or 
less ;  but  in  most  practical  questions  of  hydrodynamics  the  equa- 
tions for  perfect  gases  may  be  applied  to  them  without  material 
error. 

636.  TiM  B^wutoB  •€  €?«BttaBitr  Hn  a  SiMUhr  0lrauM  ef  Gm»  takes 

the  following  form,  when  the  laws  stated  in  the  last  Article  are 
taken  into  account  The  original  equation,  as  given  in  Article 
421,  being  equivalent  to 

Q^  =  Avp  =  constant, (1.) 

we  have  to  consider  that,  by  the  equations  of  the  last  Article,  we 
have 

p  cc  py  oc  -i^-^  CK  {h-zy-^ (2.) 

the  exponents  having,  for  air,  the  values 

^=  0-71 ;  -^  =  2-451 (3.) 

Hence  the  -equation  of  continuity,  in  terms  of  the  pressure,  of  the 
absolute  temperature,  and  of  the  dynamic  head  respectively,  takes 
the  following  forms  : — 

Q^  =  At7/>''=  constant; (4.) 

1  I 

Q  T»'-'  =  A  t?  T»-'  =  constant ; (5.) 

I                           1 
Q(A-s)»'-'  =  At?  (A- «)^'  =  constant; (6.) 

637.  Ftow  mi  ChM  ftwat  mm  OrMce. — Let  the  pressure  of  a  gas 
within  a  receiver  be  px^  and  without,  p^ ;  let  A  be  the  fffetAive  area 
of  an  orifice  with  thin  edges ;  that  is,  the  product  of  the  actual  area 
by  a  co-efficient  of  cfnUracivony  whose  value  is 

0*6,  nearly. 

Let  the  receiver  be  so  large  that  the  velocity  within  it  is  insensible. 
Let  the  absolute  temperature  and  density  of  the  gas  within  the 
receiver  be  r^  i^  and  those  of  the  issuing  jet  r^  ^«.     The  latter  are 
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not  the  same  with  those  of  the  still  gas  outside,  for  leaaona  to  be 
stated  afterwards.     Then 


^=C^)'';t=©'^ "■> 


(2.) 


and  by  equation  8  of  Article  635,  and  equation  3  of  Artido  621, 
we  have  for  the  height  due  to  the  velocity  of  outflow, 

y  — 1     «o     To  I  \pj       ' )    J 

from  which  the  velocity  itself,  and  the  Jlaw  of  voluTne  Q  =  «  A  at 
the  contracted  vein,  are  easily  computed.  To  find  the  flow  of 
fceight,  the  last  quantity  is  ^  be  multiplied  by 

1  1 


•■=«©'=^-©'^ •■■<^> 


giving  the  following  results  : — 

^9Q  =  t7A^ 


y-l 


(*.) 


For  small  differences  of  pressure,  such  that  —  is  nearly  =  1,  the 

following  approximate  formula  may  be  used  where  great  accuracy 
is  not  required : — 

^  ^?^  .  Il  .PlZZPl (5.) 

^9       to     '^0        Pi 

When  the  motion  of  the  jet  is  finally  extinguished  by  friction, 
heat  is  reproduced  suf&cient  to  raise  the  absolute  temperature  nearly 
to  its  original  value,  r^. 

637  A.  aiaxiBivm  Fi«w  m€  Cku. — ^When  ^  is  indefinitely  dimin- 

Pi 
ished,  the  velocity  of  outflow  given  by  equation  2  of  Article  637 

increases  towards  the  limit 


\/{|Hft^} ^o 
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being  greater  than  the  velocity  of  sound  in  the  ratio  a/ =-  :  1, 

whose  value  for  air  is  2*21^  giving  for  the  limiting  velocity  of  flow 
of  air 

2,413  feet  per  second  x  a/— (2.) 

The  flew  of  tjoeight,  however^  as  given  by  equation  4  of  Article 
637^  does  not  continuouslj  increase  as  ^  is  indefinitely  diminished, 
but  reaches  a  maximum  for  the  value 


Pi  "Kr  +  lJ 
corresponding  to 


ft_/_2_y-\  T, 2_ 


(3.) 


The  values  of  these  ratios  for  air  are 

p,:p,  =  0-527 ;  p, :  p,  =  0-6345 ;  ^  =  0-8306 (4.) 

and  the  corresponding  velocity  of  flow  is 

.=V{|^.} •::^) 

being  less  than  the  velocity  of  sound  in  the  ratio  \/  — vtj  :  1, 

whose  value  for  air  is  0*912 ;  giving  for  the  velocity  of  flow  of  air 
corresponding  to  the  greatest  flow  of  weight  through  a  given  orifice 
from  a  receiver  where  the  pressure  and  temperature  are  given, 

»  =  997  feet  per  second  x  \/ ^ (6.) 

It  is  often  convenient  to  express  the  flow  of  weight  in  the  following 
manner: — 

,,Q  =  ^-Aft; (7.) 

Pi 

in  which  —  is  what  is  called  the  reduced  vdocUi/,  being  the  velo- 

city  of  a  current  of  a  density  equal  to  that  of  the  gas  in  the  receiver, 
whose  flow  of  weight  would  be  equal  to  that  of  die  actual  current 
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The  iDaxiTTmni  reduced  velocity  corresponds  to  the  TtiAYimnm  flow; 
and  its  value  is 

-^  =  velocity  of  sound  x  (         ..  1        (8.) 

whose  value  for  air  is 
velocity  of  sound  x  0*579  =  632  feet  per  sea   x  a/ -...(9. 

The  investigations  in  this  and  the  preceding  Article  are  substan- 
tially the  same  with  those  originally  communicated  to  tbe  Boyal 
Society  in  May,  1856,  by  Dr.  Joule  and  Dr.  Thomson;  and  the 
results  differ  by  small  quantities  arising  mainly  from  those  gentle- 
men having  taken  y  =  1*41,  instead  of  1*408. 

Messra  Joule  and  Thomson  tested  the  theoretical  result  aa  to 
the  mcusimmn  reduced  vdocUy  given  in  equation  9,  by  experiments 
on  the  flow  of  air  through  onfices  in  plates  of  copper  of  0*029, 
0*053,  and  0*084  of  an  inch  in  diameter,  at  the  temperature  of  57"^ 

Fahrenheit,  for  which  —  =  .^^  ^,  and  the  calculated  wntTimiitr^ 

reduced  velocity  is  647  feet  per  second 

The  maximum  reduced  velocity  found  by  experiment  was  550 
feet  per  second,  or  0*84  of  that  found  by  theory;  but  in  calculating 
the  velocity  &om  the  experiments,  the  actual  area  of  the  orifice  was 
employed;  so  that  the  diflerence  probably  arises  from  contraction. 
The  corresponding  value  of  the  ratio  Ptipn^A  found  by  experiment^ 
was  0*375  instead  of  0*527 ;  a  difl'^rence  produced  by  fidction. 

Section  3. — Motuma  of  Liquids  with  FricUotL 

638.  GeaenU  Iaw*  •£  vtoid  Fricil«a. — It  is  known  by  experi- 
ment, that  between  a  fluid,  and  a  solid  surface  over  which  it  glides, 
there  is  exerted  a  resistance  to  their  relative  motion  which  is  pro- 
portional to  their  surface  of  contact,  and  to  the  density  of  the  fluid, 
and  is  approximately  proportional  to  the  square  of  the  velocity  of 
the  relative  motion ;  that  is,  the  resistance  is  approximately  pro- 
portional to  the  weight  of  a  prism  of  the  fluid,  vjhose  hose  ia  the 
mirfaoe  of  contact,  and  its  height  the  hdght  due  to  the  rdoHve  velaciiy. 

Let  S  be  the  surface  of  contact,  v  the  velocity,  ^  the  weight  of  an 
tmit  of  volume  of  the  fluid,  and  f&  factor  called  the  co-^ficievU  qf 
friction;  then 

R=/fS^ (1.) 

*^^he  amount  of  the  friction  at  the  surface  SL 
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The  co-efficient /is  not  absolutely  constant  at  different  velocities. 
The  mode  of  calculation  employed  in  practice,  where  the  velocity  is 
one  of  the  unknown  quantities  to  be  determined,  is  to  find  an 
approximate  value  of  the  velocity  from  the  mea/n  value  oif\  then 
to  compute  the  value  of  /  corresponding  to  that  approximate 
velocity,  and  use  it  to  compute  the  velocity  more  exactly. 

The  following  are  some  of  the  values  of  the  co-efficients  of  friction, 
according  to  different  authorities,  for  streams  of  wateb,  gliding  over 
various  sur&oes;  v  being  the  mecm  vdocUyofihe  ^ream,  in  feet  per 
second: — 

Iron  pipes  (Darcy).     Let  d  =  diameter  of  pipe  in  feet;  then, 

or  for  velocities  that  are  not  very  email, 

/=0O05(l+-^^). 
Iron  pipes,  value  of/ for  first  approximation,  0*0064 
Beds  of  rivers  (Wei8bach),.../=  a  +  -j  a  =  ©•0074. 

b  =  0*00023  foot 

Beds  of  rivers,  value  of  /  for  first )  .     t/; 

approximation, J  ooo'j  . 

A  collection  of  numerous  formuln  for  fluid  friction,  proposed  by 
dififerent  authors,  together  with  tables  of  the  results  of  the  best 
formulffi,  is  contained  in  Mr.  Neville's  work  on  hydraulica  The 
formulffi  of  many  authors,  though  differing  in  appearance,  are 
founded  on  the  same,  or  nearly  the  same,  experimental  data,  being 
chiefly  those  of  Du  Buat,  with  additions  by  subsequent  inquirers; 
and  their  practical  results  do  not  materially  differ.  The  two 
formuLe  given  above,  on  the  authority  of  Darcy,  for  iron  pipes, 
are  based  on  his  experiments  as  recorded  in  his  treatise  du 
Mauvement  de  VEau  doma  lea  Tuyaux. 

639.  latarma  viaM  VHctiM.— Although  the  particles  of  fluids 
have  no  transverse  elasticity — ^that  is,  no  tendency  to  recover  a 
certain  figure  after  having  been  distorted — it  is  certain  that  they 
resist  being  made  to  slide  over  each  other,  and  that  there  is  a  lateral 
communication  of  motion  amongst  them;  that  is,  that  there  is  a 
tendency  of  particles  which  move  side  by  side  in  parallel  lines  to 
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assume  the  same  velocity.  The  laws  of  this  lateral  oommimicafioii 
of  motion,  or  internal  friction,  of  fluids,  are  not  known  exactiy; 
but  its  effects  are  known  thus  far : — that  the  energy  due  to  differ- 
ences of  velocity,  which  it  causes  to  disappear,  is  replaced  by  heat 
in  the  proportion  of  one  thermal  unit  of  Fahrenheit's  scale  for  772 
foot  pounds  of  energy,  and  that  it  causes  the  ficiction  of  a  stream 
against  its  channel  to  take  effect,  not  merely  in  retarding  the  film 
of  fluid  which  is  immediately  in  contact  with  the  sides  of  the  channd, 
but  in  retarding  the  whole  stream,  so  as  to  reduce  its  motion  to  one 
approximating  to  a  motion  in  plane  layers  perpendicular  to  the  axis 
of  the  channel  (Article  625). 

X     640.   Frictloa  la  aa  ValfMia  fltNaat. — ^It  is  this  last  &ct  wludl 

renders  possible  the  existence  of  an  open  stream  of  uniform  section, 
velocity,  and  declivity.  In  hydraulic  calculations  respecting  the 
resistance  of  this,  or  any  other  stream,  the  value  given  to  iht 
velocity  is  its  mean  value  throughout  a  given  cross-aection  of  the 
stream  A, 

•4- •« 

The  greatest  velocity  in  each  cross-section  of  a  stream  takes  place 
at  the  point  most  distant  from  the  rubbing  surfsMse  of  the  channel 
Its  ratio  to  the  mean  velocity  is  given  by  the  following  empirical 
formula  of  Prony,  where  Y  is  tiie  greatest  velocity  in  feet  per 
second: — 

t,  _   7-71  +  Y 

Y'^iO-25  +  Y ^^ 

In  an  uniform  stream,  the  dynamic  head  which  would  otherwise 
have  been  expended  in  producing  increase  of  actual  energy,  is 
wholly  expended  in  overcoming  friction.  Consider  a  portion  of  the 
stream  whose  length  is  I,  and  &J1  z.  The  loss  of  hcnul  is  equal  to 
the  fall  of  the  surface  of  the  stream,  according  to  Article  623;  and 
the  expenditure  of  potential  enezgy  in  a  second  is  accordingly 

Equating  this  to  the  work  performed  in  a  second  in  overooming 
friction,  viz.,  v  K,  we  find 

or  dividing  by  common  fiustors,  and  by  the  area  of  section  A,  wb 
find  for  the  value  of  the  fall  in  terms  of  the  velocity 

*=-^l"27 W 
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Let  9  he  what  is  called  the  toetted  perimeter  of  the  cross-section  of 
the  stream;  that  is,  the  cross-section  of  the  rubbing  surface  of  the 
stream  and  channel;  then 

and  dividing  both  sides  of  equation  3  by  I,  we  find  for  the  relation 
between  the  rate  of  declivity  and  the  velocity^ 


(4) 


—  is  what  is  called  the  ^^htd&aulio  kean  depth"  of  the  stream: 

8  * 

and  as  the  friction  is  inversely  proportional  to  it,  it  is  evident  that 
the  figure  of  cross-section  of  chiumel  which  gives  the  least  friction 
is  that  whose  hydraulic  mean  depth  is  greatest,  viz.,  a  semicircle. 
When  the  stability  of  the  material  limits  the  side-slope  of  the 
channel  to  a  certain  angle,  Mr.  Neville  has  shown  that  the  figure 
of  least  friction  consists  of  a  pair  of  straight  side-slopes  of  the  given 
inclination  connected  at  the  bottom  by  an  arc  of  a  circle  whose 
radius  is  the  depth  of  liquid  in  the  middle  of  the  channel;  or, 
if  a  flat  bottom  be  necessary,  by  a  horizontal  line  touching  that  arc. 
For  such  a  channel,  the  hydraulic  mean  depth  is  half  of  the  depth 
of  liquid  in  the  middle  of  the  channel 

641.  Tu7iii«  scrouM. — In  a  stream  whose  area  of  cross-section 
varies,  and  in  which,  consequently,  the  mean  velocity  varies  at 
different  cross-sections,  the  loss  of  dynamic  head  is  the  sum  of  that 
expended  in  overcoming  friction,  and  of  that  expended  in  producing 
increased  velocity,  when  the  velodly  increases,  or  the  difference  of 
those  two  quantities  when  the  velocity  diminishesi,  which  difference 
may  be  positive  or  negative,  and  may  represent  either  a  loss  or  a 
gain  of  head.  The  following  method  of  representing  this  principle 
symbolically  is  the  most  con- 
venient for  practical  purposes. 
In  ^g.  253,  let  the  origin  of  co- 
ordinates be  taken  at  a  point  O 
compUtdy  below  the  part  of  the 
stream  to  be  considered;  let  ho- 
rizontal abscissee  x  be  measured 
(ugainst  the  direction  of  flow, 
and  vertical  ordinates  to  the 
surface  of  the  stream,  ar,  up-  ^-  268. 

wards.  Consider  any  indefinitely  short  portion  of  the  stream  whose 
horizontal  length  is  df »;  in  practice  this  may  almost  always  be  con- 
sidered as  equal  to  the  actual  length.     The  fall  in  that  portion  of 
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the  stream  la  dz,  and  the  aoceleratioii  —  dv,  becatue  of  «  being 
opposite  to  X,  Then  modifying  the  expression  for  the  loss  of  head 
due  to  friction  in  equation  3  of  Article  640  to  meet  the  preeent 
case,  and  adding  the  loss  of  head  due  to  aooeleration,  we  find 

,  vdv  .    J,  sdx     f^  ,.  X 

^  A      2^ 

In  applying  this  differential  equation  to  the  solution  of  any  parti- 
cular problem,  for  v  is  to  be  put  Q  -^  A,  and  for  A  and  s  are  to  be 
put  their  values  in  terms  of  x  and  z.  Thus  is  obtained  a  differential 
equation  between  x  and  z,  and  the  constant  quantify  Q,  the  flow 
per  second.  IF  Q  is  known,  then  it  is  sufficient  to  know  the  -value 
of  z  for  one  paiiicular  value  of  Xy  in  order  to  be  able  to  determine 
the  integral  equation  between  z  and  x.     If  Q  is  unknown,  the 

d  z  g 

values  of  z  for  two  particular  values  of  a;,  or  of  «  and  -7—  (the 

declivity^,  for  one  particular  value  of  or,  are  required  for  the  solu- 
tion, which  comprehends  the  determination  of  tiie  value  of  Q. 

642.    The    Frietimi   im  m  Pipe  BwuUhs  Fall    produces    I08S    of 

dynamic  head  according  to  the  same  ^B.yr  ^th  the  fiictiou  in  a 
channel,  except  that  the  dynamic  head  is  now  the  sum  of  the  ele- 
vation of  thS  pipe  above  a  given  level,  and  of  the  height  due  to  the 
pressure  withm  it.  The  (Ufferential  equation  which  expresses  this 
is  as  follows : — ^Let  dlhe  the  length  of  an  indefinitely  short  portion 
of  a  pipe  measured  in  the  direction  of  flow,  a  its  internal  circumfer- 
ence, A  its  .area  of  section,  z  its  elevation  above  a  given  level,  p  the 
pressure  within  it>  h  the  dynamic  head.     Then  the  loss  of  head  id 

,-  ,       dp      vdv       -  sdl     f^  „  . 

The  ratio  -77  is  called  the  virtMl  or  hydrauHc  dedivify,  being  the 

rate  of  declivity  of  an  open  channel  of  the  same  flow,  area,  and 
hydraulic  mean  depth.     This  may  differ  to  any  extent  from  the 

custtuil  dedivity  of  the  pipe,  ^. 

When  the  pipe  is  of  uniform  section,  (f  v  =  0,  and  the  first  term 
of  the  light-hand  side  of  equation  1  vanishes. 

When  the  section  of  the  pipe  varies,  8  and  A  are  given  functions 
of  I,  If  Q  is  given, «;  =  Q  -r-  A  is  also  a  given  function  of  / ;  and 
to  solve  the  equation  completely,  there  is  only  required  in  addition 
the  value  of  h  for  one  particular  value  of  ^     If  Q  is  unknown,  the 

values  of  h  for  two  particular  values  of  I,  or  of  h  and  -yj  for  one 
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particular  value  of  I,  are  required  for  the  solution,  wliicli  compre- 
hends the  determination  of  Q. 

643.  BwiBfce  of  HmitlipieeM* — ^A  mouthpiece  is  the  part  of  a 
channel  or  pipe  immediately  adjoining  a  reservoir.  The  internal 
friction  of  the  fluid  on  entering  a  mouthpiece  causes  a  loss  of  head 
equal  to  the  height  due  to  the  velocity  multiplied  by  a  constant 
depending  on  the  figure  of  the  mouthpiece,  whose  values  for  certain 
figures  have  been  found  empirically ;  that  is  to  say,  let  —Ah  he  the 
loss  of  head ;  then 

-^*  =  i7' (1) 

y*  being  a  constant. 

For  the  mouthpiece  of  a  cylindrical  pipe,  issuing  fix)m  the  flat 
side  of  a  reservoir,  and  making  the  angle  t  with  a  normal  to  the 
side  of  the  reservoir,  according  to  Weisl^h, 

/  =  0-505  +  0-303  sini  +  0-226  sin'i. (2.) 


644.  Thm  Bcslfltaace  •€  Cwm  aad  KaeM  in  pipes  causes  a  loss 
of  head  equal  to  the  height  due  to  the  velocity  multiplied  by  a  co- 
efficient, whose  values,  according  to  Weisbach,  are  given  by  the 
following  formulae : — For  cwrvea,  let  i  be  the  arc  to  radius  unity,  r 
the  radius  of  curvature  of  the  centre  line  of  the  pipe,  and  d  its 
diameter. 

Then  for  a  circular  pipe, 


/•  =  1{0131  +  I.847(^y}; 
and  for  a  rectangular  pipe, 

/•-i{om  +  3io4(A)Y 


(1) 


For  kneeSf  or  sudden  bends,  let  i  be  the  angle  made  by  the  two  por- 
tions of  the  pipe  at  either  side  of  the  knee  with  each  other;  then 

f  =  0-9457  sin*^  +  2-047  sin*  5 (2.) 

645.  A  Sadden  BBiargeMeat  of  the  channel  in  which  a  stream 
of  liquid  flows,  causes  a  sudden  diminution  of  the  mean  velocity  in 
the  same  proportion  as  that  in  which  the  area  of  section  is  in- 
creased. Thus,  let  Vi  be  the  velocity  in  the  narrower  portion  of 
the  channel,  and  let  m  be  the  number  expressing  the  ratio  in  which 
the  channel  is  suddenly  enlarged:  the  velocity  in  the  enhuged  part 
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is  — \     Now  it  appears  from  ezperiment,  that  the  actual  eoergy 

due  to  the  yelodiy  of  the  narrow  stream  rdaiivdy  to  the  wide 

stream^  that  is,  to  the  difference  v^  (1 V  is  expended  in  oTer- 

coming  the  internal  fluid  friction  of  eddies,  and  so  prodadng  beat; 
so  that  there  is  a  loss  of  total  heady  represented  hj 


ao-^' 0.) 


^9 

646.  The  Oeaena  Pr^bleBi  of  the  flow  of  a  stream  with  fiidaon 

is  thus  expressed : — Let  Ai  +  -^--.  and  hg  +  ^  be  the  total  heads 

at  the  beginning  and  end  of  the  stream  re&pectiTelj ;  then  the  loas 
of  total  head  is  represented  by 

where  the  right-hand  side  of  the  equation  represents  the  sum  of 
all  the  losses  of  head  due  to  the  friction  in  various  parts  of  the 
channel 

SfiCTiOK  4. — Flow  o/Qasea  with  FrteUon. 

647.  The  Genenii  Lmw  of  the  friction  of  gases  is  the  same  with 
that  of  the  friction  of  liquids  as  expressed  by  equation  1,  Artide 
638,  the  value  of  the  co-efficient/ being 

0-006,  nearly, 

for  friction  against  the  sides  of  the  pipe  or  channeL     For  a  cylin- 
drical mouthpiece,  the  co-efficient  of  resistance  is  0*83 ;  for  a 
conical  mouthpiece  diminishing  from  the  reservoir,  0-38. 
When  the  pressures  at  the  beginning  and  end  of  a  stream  of  gas 

do  not  differ  by  more  than  y^  of  their  mean  amount,  probloDs 

respecting  its  flow  may  be  solved  approximately  by  means  of  the 
above  data,  treating  it  as  if  it  were  a  liquid  of  tlie  density  due  to 
the  lesser  pressure,  as  in  the  approximate  equation  of  Article  637. 
In  seeking  the  exact  solution  of  the  flow  of  a  gas  with  friction, 
it  is  necessaiy  to  take  into  account  the  effect  of  the  friction  in  pro- 
ducing heat,  and  so  raising  the  temperature  of  the  gas  above  what 
it  would  be  if  there  were  no  friction,  as  supposed  in  Section  2.  In 
the  flow  of  a  perfect  gas  with  friction,  if  tlie  heat  produced  by  the 
Viction  is  not  lost  by  conduction,  the  friction  causes  no  loss  of  total 
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head ;  so  that  if  at  the  beginning  and. end  of  a  stream  the  velocities 
of  a  perfect  gas  are  the  same,  its  temperatures  must  also  be  the 
same.  In  an  imperfect  gas,  there  is  a  small  depression  of  tempera- 
ture, which  has  been  employed  by  Dr.  Joule  and  Dr.  Thomson  as 
a  means  of  determining  or  verifying  the  laws  of  the  deviation  of 
different  gases  from  the  condition  of  perfect  gas. 

Section  5. — Muttud  Impulse  of  Fluids  omd  Solids. 

648.  Pranira  of  m  Jet  a«alaai  m  Fixed  Snrltece. — A  jet  of  fluid 

A,  fig.  254,  striking  a  smooth  surface,  is  deflected  so  as  to  glide 


Fig.  254. 


Fig.  25& 


Fig.  256. 


along  the  surface  in  that  path  B  E  which  makes 
the  smallest  angle  with  its  original  direction 
of  motion  A  B,  and  at  length  glances  off  at  the 
edge  E  in  a  direction  tangent  to  the  surface. 
To  simplify  the  question,  the  surface  is  sup- 
posed to  be  curved  in  such  a  manner  as  to 
guide  the  jet  to  glance  off  it  in  one  definite  direction.  The  Mo- 
tion between  the  jet  and  the  surface  is  supposed  insensible.  This 
being  the  case,  as  the  particles  of  fluid  in  contact  with  the  sur- 
£ace  move  along  it,  and  the  only  sensible  force  exerted  between 
them  and  the  sur&ce  is  perpendicular  to  their  direction  of  motion, 
that  force  cannot  accelerate  or  retard  the  motion  of  the  particles, 
but  can  only  deviate  it.  Let  v,  then,  be  the  velocity  of  the  par- 
ticles of  fluid,  Q  the  volume  discharged  per  second,  p  the  density, 
and  fi  the  angle  by  which  the  direction  of  motion  is  deflected;  then 

pQv 


is  the  momentum  of  the  quantity  of  fluid  whose  motion  is  deflected 
per  second.    Also  conceive  an  isosceles  triangle  whose  legs  are  each 
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equal  to  the  velocity  v^  and  make  with  each  other  the  so^  fi; 
then  the  base  of  that  triangle,  whose  value  is 

o      •    ^ 

2  9    sin    ^y 

represents  the  change  of  velocity  undergone  by  each  poriide  of 
fluid ;  so  that  the  change  of  momentum  per  second  is 

^       2  e  Q  «>      .    /8 
^-^g'^^P ^^'^ 

and  this  also  is  the  amount  of  the  total  pressure  acting  between  the 
fluid  and  the  sur&ce,  in  the  direction  of  a  line  which  is  painllftl  to 
the  base  of  the  isosceles  triangle  before  mentioned ;  that  is,  whidi 
makes  equal  angles  in  opposite  directions  with  the  original  and  new 
directions  of  motion  of  the  jet 

The  force  represented  by  F  may  be  resolved  into  two  compo- 
nents, F«  and  F,,  respectively  parallel  and  perpendicular  to  the 
original  direction  of  the  jet  The  values  of  the  resultant  and  its 
two  components  evidently  bear  to  each  other  the  propoitiaBS, 

F  :F,  :F,  ::  2sin^  :  1-cob/3  rsin/S (2.) 

whence  the  components  have  the  values, 

F.  =  i^(l_co8i8);  P,  =  S^Hinp (a) 

If  the  surface  struck  by  the  jet  is  of  a  S3rmmetrical  figure  about 
the  original  direction  of  the  jet  as  an  axis,  the  quantity  of  fluid  Q 
which  strikes  the  surface  in  each  second  spreads  and  glides  off  in 
various  directions  distributed  symmetrically  round  the  axis,  and 
making  equal  angles  /9  with  it ;  so  that  the  forces  exerted  perpea- 
dicular  to  the  axis  by  the  different  parts  of  the  spread  and  (Uvo-ted 
jet  balance  each  other,  and  nothing  remains  but  the  sum  of  the 
components  parallel  to  the  axis,  whose  value  is  F^  as  given  in  tiie 
first  of  the  equations  3. 

By  substituting  A  v  for  Q,  the  forces  may  be  expressed  in  tenos 
of  the  sectional  area  of  the  jet 

As  a  particular  case,  let  the  surface  be  a  plane,  as  in  fig.  255. 
The  jet,  on  striking  the  surface,  spreads  and  glances  off  in  aU  direc- 
tions at  right  angles  to  its  original  direction,  so  that  ^  a  90^, 
cos  /3  =  0,  and 

p,  =  iQf  =  lA^. (4.) 
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being  equal  to  the  weight  of  a  coliunn  of  fluid  whose  base  is  the 
sectional  area  of  the  jet,  and  its  height  double  of  the  height  due  to 
the  velocity.     This  r^ult  is  confirmed  by  experiment. 

As  another  case,  let  the  surface  be  a  hollow  hemisphere  (fig.  ^5^), 
80  that  the  jet  in  spreading  is  turned  directly  backwards.  Then 
/S  ->  180O,  -eoB/S  «   + 1^  and 

_  2^Qtf  _  2M^.  .^. 

■^•"  ~9  ^' ^^'^ 

being  equal  to  the  weight  of  a  column  of  fluid  whose  base  is  the 
sectional  area  of  the  jet,  and  its  height  four  times  the  height  due 
to  the  velocity. 

649.  Th«  PMMm  mt  m  Jet  a«alinc  m  H^riBS  Sarfiice  is  found  by 
substituting  in  the  equations  of  the  preceding  Article,  the  motion 
of  the  jet  reUuively  to  the  surface  for  its  motion  relatively  to  the 
earth.  In  this  case  there  is  energy  transmitted  from  the  jet  to  the 
solid  surface  or  from  the  solid  surface  to  the  jet;  and  the  deter- 
mination of  the  amount  of  energy  so  transmitted  per  second  forms 
an  important  paH  of  the  problem. 

Case  1.  When  the  surface  has  a  motion  of  tra/nslation  parallel  to 
the  original  direction  qfthejety  let  u  be  the  velocity  of  that  motion, 
positive  if  it  is  along  with  the  motion  of  the  jet,  and  negative  if 
against  it ;  let  t^i  be  tibe  original  velocity  of  the  jet ;  then  v^  —  u  is 
the  velocity  of  the  jet  relatively  to  the  surface.  Consequently,  the 
component  force  acting  between  the  fluid  and  the  solid  surface,  in 
the  direction  of  motion  of  the  latter,  is 

F.  =  tQfc!i)(l-coB^); (1.) 

representing  also  the  equal  and  opposite  force  which  must  be  ap- 
plied to  the  solid  to  make  its  motion  uniform;  and  the  energy 
transmitted  per  second  is 

F.tt  =  ^— ^ — ^-i ^(l-cos/8); (2.) 

y 

which,  if  «  is  positive,  is  transmitted  from  the  fluid  to  the  solid, 
and  if  u  is  negative,  from  the  solid  to  the  fluid. 

The  energy  thus  transmitted  per  second  is  equal  to  the  difference 
of  the  actual  energies  of  the  volume  Q  of  fluid  before  and  after 
acting  on  the  solid.  Let  v,  be  the  velocity  of  the  fluid  after  the 
collision ;  this  being  the  resultant  of  u,  and  of  Vi  —  u  in  the  devi- 
ated direction,  its  square  is  given  by  the  equation 

rj  =  tt*  +  (i7,  —  tt)*  +  2 11  {vi  —  u)  '  cos  $ 

=  'rf-2t*{i;,-.«)(l-cos/8); (3.) 

2q 
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by  oompaiing  which  with  equation  2  it  is  evident  that 

F,«=t^|^, (4) 

as  has  been  stated. 

The  maximum  transmission  of  energy  from  the  fluid  to  the  solid, 
for  a  given  velocity  of  jet^  is  obviously  given  by  the  velocity. 


which  gives 


■  .  .(5.) 


If  /S  =  90°,  as  in  fig.  255,  the  maximum  energy  transmitted  is 
e  Q  vf  -^  4  (/,  or  half  of  the  original  actual  energy  of  the  fluid.  If 
fi  =  180°,  as  in  flg.  256,  the  maximum  energy  transmitted  is 
^  Q  vf  -f-  2  g,  or  the  whole  of  the  original  actual  energy  of  the  fluid, 
which,  after  the  collision,  is  left  at  rest 

Case  2.  Wlien  the  surface  lias  a  motion  of  trandation  in  any 
direction,  with  the  velocity  u,  let  BD,  fig.  254,  represent  that 
direction  and  velocity,  and  B  C  the  direction  and  original  vdocity 
»,  of  the  jet  Then  D  C  represents  the  direction  and  velocity  of 
the  original  motion  of  the  jet  relatively  to  the  surface.  Draw 
E  F  =  D  C  tangent  to  the  surface  at  E,  where  the  jet  glances  off; 
this  represents  the  relative  velocity  and  direction  with  which 
the  jet  leaves  the  surface.  Draw  F  G  ||  and  =  B  D,  and  join  EG; 
this  last  line  represents  the  direction  and  velocity  relatively  to  the 
earth,  with  which  the  jet  leaves  the  sui*&ce,  being  the  resultant  of 
E  F  and  F  G. 

The  total  force  exerted  between  the  fluid  and  the  surface  might 
be  determined  by  finding  the  change  of  the  momentum  of  the 
volume  of  fluid  Q,  due  either  to  the  change  of  direction  and  velo- 
city relatively  to  the  earth,  viz.,  fix)m  BC  to  EG;  or  to  that 
relatively  to  the  surface,  viz.,  from  DC  to  EF.  But  the  force 
which  it  is  most  important  to  determine  is  that  to  which  the  trans- 
mission of  energy  is  due,  viz.,  the  force  parallel  to  B  D,  which  will 
be  denoted  by  F^  This  force  is  equal  to  the  change  in  one  second 
of  the  component  momentum  of  the  fluid  in  the  direction  B  D. 
Let  «  =  .^  D  B  C,  denote  the  angle  between  the  direction  of  the 
jet  and  that  of  the  body's  translation ;  then  the  component,  in  the 
direction  B  D,  of  the  original  velocity  of  the  jet  is 

V,  cos  '  «B. 
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Let  icr  =  D  C  be  the  velocily  of  the  jet  relativelj  to  the  sur&ce ; 
then 

to*  =  tt'  + t^— 2ttVi  •  co8« (6.) 

Let  y  =  supplement  of  .^r::  £  F  G,  denote  the  angle  which  a  tan- 
gent to  the  surface  at  the  edge  where  the  fluid  leaves  it  makes  with 
the  direction  of  translation.  Then  the  component^  in  the  direction 
B  D,  of  the  new  velocity  of  the  jet  is 

t*  +  to  cos  y ; 
and  the  change  of  momentum  in  that  direction  in  one  second  is 

F,  =  5 —  {vi  cos  «— t*— to  -COSy) (7.) 

which  gives  for  the  energy  transferred  per  second, 

¥,u=z  - —  u  {vi  cos  «— t*— to  •  cos  y) (8.) 

if 

Let  V,  be  the  resultant  velocity  of  the  fluid  after  the  collision ;  then 

t^  =  t^"  +  to*+2t*to  'cosy (9.) 

and  it  is  easily  verified  that 

F,«  =  '-Q^ (10.) 

if 

650.  PvMmre  of  m  FmcmI  T«rtcx  Ai^aimC  m  WkodL — In   a  free 

vortex  (Article  630,  631),  because  the  velocity  of  each  pai-ticle  is 
inversely  as  its  distance  from  the  axis,  the  angular  momerUum  of 
every  particle  of  equal  weight  is  the  same;  and  a  particle  in  mov- 
ing nearer  to  or  fiirUier  from  the  axis  of  the  vortex,  preserving  its 
angular  momentum,  requires  no  external  force  to  be  applied  to  it 
in  order  to  make  it  assume  the  motion  proper  to  each  part  of  the 
vortex  at  which  it  arrivea 

If,  in  a  forced  vortex,  there  is  at  the  same  time  a  radiating 
current  by  which  the  fluid  moves  towards  or  from  the  axis,  then  by 
means  of  solid  surfaces,  such  as  those  of  the  vanes  of  a  wheel,  there 
must  be  applied  to  the  fluid  in  the  vortex  a  couple  sufficient  in  each 
second  to  produce  the  requisite  change  of  angular  momentum  in  the 
quantity  of  fluid  which  flows  radially  through  the  vortex  in  a 
second,  and  the  fluid  will  react  upon  the  wheel  with  an  equal  and 
opposite  couple. 

Symbolically,  let  ro,  r,,  be  the  radii  of  the  cylindrical  surfaces  at 
which  a  forced  vortex  begins  and  ends;  v^  v^^  the  velocities  of  the 


i 
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revolving  motion  at  these  two  sor&ces ;  Q,  tlie  flow  of  the  radial 
current ;  then  the  moment  of  the  couple  exerted  between  the  vortex 
and  the  wheel  is 

M  =  ^(t;oro-^xn) (1.) 

A  vortex-wheel,  or  turbine,  when  working  in  the  most  fitvouiable 
manner,  receives  ^e  fluid  at  ends  of  its  vanes  which  have  a  velocity 
of  revolution  equal  to  that  of  the  particles  of  fluid  in  contact  with 
them ;  so  that  relatively/  to  tits  wheel,  the  motion  of  the  fluid  is  at 
first  radial  The  fluid  glances  off  from  the  vanes  at  their  other 
ends,  which  are  of  such  a  figure  and  position  that  they  leave  the 
fluid  behind  them  with  only  a  radial  motion  relatively  to  the  earth ; 
so  that  the  whole  of  the  energy  due  to  the  revoludon  of  the  fluid  is 
transmitted  to  the  wheel.  That  is  to  say,  let  a  be  the  angular 
velocity  of  the  wheel ;  then  we  must  have 


9  9  9 


•  •••••••■*  M*  I 


The  last  quantity,  M  a,  is  the  energy  transmitted  in  each  second 
from  the  fluid  to  the  wheel,  which,  in  the  case  supposed,  is  the 
whole  energy  due  to  the  motion  of  revolution  and  centrifugal 
pressure  of  the  weight  c  Q  of  fluid  in  a  rotating  forced  vortex,  as 
already  shown  in  Article  632. 

The  ends  of  the  vanes  which  receive  the  fluid  should  be  radial, 
because  the  motion  of  the  fluid  relatively  to  them  is  radial  Hie 
ends  of  the  vanes  where  the  fluid  glances  off  shoxdd  be  inclined 
backwards  so  as  to  make  with  the  radii  intersecting  them^  an  angle 

Q 

^  given  by  the  following  equation : — Let  u  =s  r =•  be  the  velocity 

2  V Tib 

of  the  radial  current  at  the  ends  of  the  vanes  now  in  question;  then 

Un^  =  ^^=^«-!i^; (3.) 

h  being  the  depth  of  the  wheel  in  a  direction  parallel  to  the  axi& 

Fig.  257  representa  part  of  Thomson's  vortex  water -wheel, 
designed  on  these  principles.  The  water  is  supplied  to  the  wheel 
frovcL  a  large  external  casing,  in  which  it  forms  a  free  spiral  vortex; 
it  is  directed  by  guide  blades,  C,  against  the  outer  circumference  of 
the  wheel,  where  the  vanes  are  radial,  and  is  discharged  at  the 
-central  orifice  of  the  wheel,  the  inner  ends  of  the  vanes  being 
rected  backwards  at  the  angle  B  above  described.     The  guide 
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blades  are  moveable  about  pivots  at  A,  in  order  to  adjust  the  angle 
of  obliquity  of  the  exteiiial  free  spiral  vorte^  at  pleasure,  and  so  to 
adapt  the  flow  Q  of  the  radial  current  to  the  work  to  be  performed. 


Fig.  267. 


Fig.  258. 


A  vortex-wheel  has  been  applied  to  steam  by  Mr.  William 
€k>rman  of  Glasgow. 

651.  A  OeatriAisai  p«Mp  Consists  mainly  of  a  vortex- wheel 
which  communicates  motion  to  the  water,  so  as  to  make  it  form  a 

forced  vortex  of  the  radius  C  R  =  r^,  fig.  257.  The  water  is  supplied 
by  a  radiating  current  proceeding  (mtioards  from  the  centi^al  orifice 
towards  the  circumference.  The  inner  ends  of  the  vanes  should 
make  with  the  radii  traversing  them  the  angle  already  denoted  by 
P,  Article  650,  equation  3,  that  they  may  cleave  the  fluid  as  it  moves 
radially  outwards,  without  striking  it,  which  would  cause  agitation, 
and  waste  of  energy  in  friction.  The  outer  ends  of  the  vanes  should 
be  ladiaL  Beyond  the  wheel,  the  water  forms  a  fi*ee  spiral  vortex 
in  a  casing,  from  which  it  is  discharged  at  A  through  a  pipe.  The 
siiriiEice  velocity  a  r©  =  Vo  of  the  wheel  is  regulated  by  the  total  head 
required,  consisting  of  the  elevation  at  which  the  water  is  to  be 
delivered,  the  height  due  to  its  velocity  of  delivery,  and  the  head 
lost  in  overcoming  friction ;  that  is  to  say,  according  to  the  prin- 
ciples of  Article  630  to  633, 


^=^.=.+-^(1+2./). 


.(1.) 


where  z  is  the  elevation  of  the  point  of  delivery,  Y  the  velocity  in 
the  discharge  pipe,  and  2  '/*  the  sum  of  the  various  quantities  by 
which  the  height  due  to  that  velocity  is  to  be  multiplied  to  find  the 


// 
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loss  of  head  &om  various  causes  of  Motion.  The  ratio  of  C  A  to  Ck 
==  ro  is  regulated  by  the  law  that  in  a  fiee  vortex  the  veloci^  is 
inverselj  as  the  radius;  that  is  to  say, 

CA  =  ^^ (2.) 

Guide  blades  in  the  free  vortex  are  here  unneoessarj. 

A  blowing  fan  is  a  oentrifogal  pump  appHed  to  air. 
^  652.  The  PrcMare  •f  a  Caireat  upon  a  solid  body  floating  or 
immersed  in  it  would  be  equal  in  opposite  directions,  and  have 
nothing  for  its  resultant,  if  fluids  moved  without  friction.  But 
because  of  the  euei^  of  the  diverted  streams  which  glance  firom  the 
body  being  to  a  greater  or  less  extent  expended  in  fluid  friction, 
the  pressure  on  the  back  of  the  solid  body  becomes  less  intense 
than  the  pressure  on  the  front;  and  to  the  resultant  pressure  in  the 
direction  of  the  current  thus  arising,  has  to  be  added  the  resultant 
of  the  direct  friction  of  the  fluid  against  the  surface  of  the  solid  body. 

Our  knowledge  of  the  laws  of  the  force  exerted  by  a  current 
against  a  solid  body  is  almost  wholly  empirical 

It  is  known  that  that  force  can  hd  approximately  represented  by 
a  formula  of  this  kind  : — 

^=^<^-f,' 0-) 

being  the  product  of  the  height  due  to  the  velociiy  of  the  current, 
the  area  A  of  the  greatest  cross-section  of  the  solid  body;  the 
weight  (  of  an  unit  of  volume  of  the  fluid,  and  a  co-efficient  k 
depending  on  the  figure  of  the  body.  The  values  of  this  oo-efficient 
have  been  found  experimentally  for  a  few  figures.  The  following, 
according  to  Duchemin,  are  some  of  its  values  for  rectangular  prisms 
and  cylinders,  placed  with  their  axes  along  the  current : — 
Let  L  be  the  length  of  the  prism  or  cylinder,  A  its  transverse  area, 
b  and  d  its  transverse  dimensions,  if  a  rectangular  prism,  or  its 
axes,  if  a  cylinder.     Then  for 


L-i-Jbd^     0,         1,         2,         3. 
A?=1'864,  1477, 1-347,  1-328. 

The  value  headed  0  is  applicable  to  very  thin  plates. 

653,  The  Reaiaiaace  •f  Fiaids  to  the  motion  of  bodies  floating  or 
immersed  in  them  is  subject  to  the  same  remarks  which  have  been 
made  respecting  the  pressure  of  currents  against  solid  bodies.  It  is 
also  capable  in  many  cases  of  being  approximately  represented  by 
the  formula 
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R  =  *<A^ (1.) 

The  co-efficient  h  is  less  for  a  solid  moviog  in  a  fluid,  than  for  a 
fluid  moving  past  the  same  solid.  The  following  values  are  given 
chiefly  on  the  authority  of  Duchemin.  For  piisms  and  cylinders, 
moving  in  the  direction  of  their  axes,  the  symbols  having  the  same 
meaning  as  in  the  last  Article  : — 

L  -T-  jYd=     0,         1,         2,         3;  average  above  3. 
*  =  1  -254,  1  -282,  1  -306,  1  -330 ;  1  -4. 

These  results  are  also  given  by  the  empirical  formula, 

k  for  a  cylinder,  moving  sideways,  about  077  ; 

for  a  sphere,  „  „ „     0-51 ; 

for  a  thin  hollow  hemisphere  moving  with 

the  hollow  foremost^ about  2*0; 

for  a  prism  with  wedge-formed  ends  =  k  for 

same  prism  with  flat  ends,  x  (1  —  cos  /S), 
where  fi  =  i  angle  of  wedge  (doubtful). 

The  following  are  results  deduced  from  Mr.  Bashforth's  experi- 
ments on  elongated  projectiles  at  velocities  of  from  1,300  to  1,500 
feet  per  second  (see  Proceedings  *ofthe  Royal  Society,  Feb.,  1868): 

9   . 
where  A  is  in  square  feet,  and  v  in  feet  per  second ;  and  c  has  the 
following  values,  according  to  the  shape  of  the  head  of  the  projectile, 
—hemispherical,  00000245;  oval  and  pointed,  from  00000191  to 
0-0000204. 

From  the  results  of  observations  of  the  engine  power  required  to 
propel  various  steam  vessels  of  diflerent  sizes  and  figures  at  diflerent 
velocities,  there  is  reason  to  think  it  probable,  that  when  ships  are 
bmlt  of  such  figures  that  the  water  glides  round  their  sur&ces 
without  forming  surge  or  large  eddies,  the  principal  part,  if  not  the 
only  appreciable  part,  of  the  I'esistance,  is  due  to  the  direct  friction 
between  the  water  and  the.  bottom  of  the  ship.  The  opinion  that 
the  resistance  to  the  motion  of  ships  which  are  not  very  bluff 
consists  almost  wholly  of  friction,  has  been  confirmed  by  subsequent 
experiments.  The  co-efficient  of  the  friction  between  water  and 
the  bottom  of  an  iron  ship  is  nearly  the  same  with  that  of  water  in 
iron  pipes.     The  friction  varies  nearly  as  the  square  of  the  velocitv 
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of  rubbing  between  the  water  and  the  ship's  bottom.  That  velocity 
is  different  at  different  points  of  the  ship's  bottom,  and  bears  to  the 
speed  of  the  ship  a  ratio  at  each  point  depending  on  the  ship's 
iigure  and  on  the  position  of  the  point  in  question.  The  average 
velocitj  of  rubbing  exceeds  the  speed  of  the  ship ;  and  the  exoees 
is  the  greater  the  bluffer  her  shape.  Thus,  though  a  long  and 
sharp  vessel  presents  a  greater  rubbing  surface  than  a  short  and 
bluff  vessel  of  the  same  size,  the  average  velocitj  of  rubbing  is  lees 
in  the  longer  vessel  at  the  same  speed;  so  that  there  is  a  certain 
degree  of  sharpness  which  gives  the  least  resistance  for  a  given  size 
and  speed.  What  that  degree  of  sharpness  is  cannot  yet  be  fixed 
with  any  great  precision ;  but  in  general  it  does  not  greatly  differ 
from  that  which  is  given  by  making  the  sum  of  the  lengths  of  the 
bow  and  stem  equal  to  about  seven  times  the  greatest  breadth. 

The  following  formula  has  been  found  to  agree  well  with  experi- 
ments on  the  resistance  of  ships : — Let  G  be  the  mean  immersed 
girth;  L,  the  length  on  the  water  line;  ^,  the  mean  of  the  squares 
of  the  sines  of  the  angles  of  obliquity  of  the  stream  lines,  or  lines 
which  the  particles  of  water  follow  in  gliding  over  the  ship's 
bottom ;  let  v  be  the  velocity  of  the  ship  in  feet  per  second,  and^ 
a  co-efficient,  whose  value  for  a  clean  painted  iron  bottom  is  about 
0'004;  then  the  resistance  is  nearly 

R  =-^^^  L  G  (1  +  4  «2  +  «*) (3.) 

The  factor,  LG(l+4«2  +  **),  is  called  the  '' augmented  surface." 
8ee  Civil  Engineer  and  ArcJiiiect's  Journal,  October,  1861;  FhiL 
I'rans,,  1862,  1863;  Trans,  of  the  InstitiUion  of  Naval  Arckiiects, 
1864;  also  Shipbuilding,  Tlieoretioal  and  Practical^  by  Watts, 
Rankine,  Napier,  and  Barnes. 

Mr.  Scott  Russell  has  proved  that,  when  the  length  of  a  ship 
beai*s  less  than  a  certain  proportion  to  that  of  the  wave  which 
naturally  tiuvels  with  the  same  speed,  there  is  a  rapidly  increasing 
additional  resistance.  The  least  profjer  length  in  feet  suitable  for 
a  given  speed  is  about  fifteen-sixteenths  of  the  square  of  the  sj^eed 
in  knots.     (As  to  Waves,  see  page  xv.) 

654.  Siabiiitr  •f  Fioatiag  BMiica.~In  Article  120  it  has  been 
shown,  that  in  order  that  a  body  floating  in  a  liquid  may  be  in 
equilibrio,  the  weight  of  liquid  displaced  must  be  equal  to  the 
weight  of  the  floating  body,  and  the  centre  of  buoyancy  must  be 
in  the  same  vertical  Ime  with  the  centre  of  gravity  of  the  floating 
body. 

In  order  that  the  equilibrium  of  a  floating  body  may  be  siabUy 

every  angular  displacement  of  the  body  from  the  position  of  eqnili- 

•ium  must  cause  a  deviation  qfiJie  centre  of  buoyancy,  rdativdy  to  a 
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vertical  line  traversing  the  centre  of  gravity ^  in  the  direction  towards 
which  the  floating  body  heele;  so  that  the  weight  of  the  bodj  acting 
through  its  centre  of  gravity,  and  the  equal  and  opposite  pressure 
of  the  liquid  acting  through  the  centre  of  buoyancy,  may  constitute 
a  restoring  or  righting  couple,  tending  to  bring  the  body  hack  to  the 
position  df  equiHbrium.  Should  the  relative  deviation  of  the  centi'e 
of  buoyancy  take  place  in  the  opposite  direction,  a  couple  is  pro- 
duced tending  to  upset  the  body,  -which  is  accordingly  unstable; 
should  the  centre  of  buoyancy  continue  to  be  in  the  same  vertical 
line  with  the  centre  of  gravity,  the  body  continues  to  be  in  equili- 
brio  in  its  new  position,  and  its  equilibrium  is  indifferent. 

Let  fig.  259  represent  a  cross-section  of  a  ship,  G  her  centre  of 
gravity,  A  B  the  water  line, 
and  G  the  centre  of  buoyancy 
in  the  position  of  equilibrium. 
Let  the  ship  heel  through  an 
angle  i,  and  let  £  F  be  the 
new  water  line,  and  D  the 
new  centre  of  buoyancy;  and 
let  the  ship  be  kept  in  this 
position  by  a  couple  whose 
moment  is  known.  Let  W 
be  the  weight  of  the  ship, 
and  S  the  volume  of  water 


Fig.  259. 


displaced  by  her,  so  that  W  =  e  S  ((  being  the  weight  of  a  cubic 
foot  of  water).  Through  D  draw  a  vertical  line  D  M,  cutting  the 
line  C  G,  which  was  originally  vertical,  in  M.  The  force  of  the 
righting  couple  is  W,  and  its  arm  is  the  horizontal  distance  from 

G  to  the  line  D  M;  that  is,  G^M  *  sin  i;  consequently,  the  jnoment 
of  the  righting  couple,  equal  and  opposite  to  the  moment  of  the 
heeling  couple,  is 

(1.) 


W  •  G  M  •  sin  B. 


The  comparative  stability  of  a  ship  iA  proportional  to  the  arm  of  the 
righting  couple  for  the  same  angle  of  heel ;  and  that  arm  is  propor- 
tional to  G  M,  which  length  thus  becomes  a  measure  of  the  stability 
of  the  ship.  The  point  M,  when  determined  for  an  indefinitely 
small  angle  of  heel,  is  called  the  metacentre;  it  may  be  the  same, 
or  it  may  be  diffei^nt  for  finite  angles.  When  the  position  of  M 
is  variable,  the  angle  of  heel  to  be  adopted  in  finding  it  should 
be  the  greatest  which  under  ordinary  circumstances  is  likely  to 
occur;  for  different  ships  this  varies  from  6^  to  20^ 

If  the  metacentre  is  above  the  centre  of  gravity,  the  equilibrium 
is  stable;  if  it  coincides  with  the  centre  of  gravity,  the  equilibrium 
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is  indifferent;  if  it  is  below  the  centre  of  gravity,  the  eqtulibriam 
is  unstable. 

Let  H  be  the  line  of  intersection  of  the  planes  of  the  two  water 
lines  A  B,  E  F.  The  deviation  G  D  of  the  centre  of  buoyancy  is 
the  same  with  the  deviation  of  the  centre  of  gi-avity  of  the  mass 
of  water  displaced,  which  would  arise  from  removing  the  wedge 
A  H  E  into  the  position  F  H  R  Let  9  be  the  volume  of  that 
wedge,  (  its  density,  and  let  /  denote  the  distance  between  the 
centres  of  gravity  of  its  two  positions,  A  H  E  and  F  H  R  Draw 
G  D  parallel  to  the  line  joining  those  two  centres  of  gravity;  and, 
according  to  Article  77,  make 

W      S' ^  ' 

then  is  D  the  new  centre  of  buoyancy. 

The  angle  which  G  D  makes  with  the  horizon  is  in  general  either 

exactly  or  very  nearly  =  5;  so  that  C  D  =  M  C  •  2  sin  «»  approxi- 
mately. Also,  the  volume  «  is  in  general  either  exactly  or  nearly 
proportional  to  2  sin  9 ;  so  that  if  e  be  a  constant  volume  depend- 
ing  on  the  figure  of  the  water  line,  «  =  c  *  2  sin  s,  approximately. 

Gonsequently,  to  find  the  hdghJt  'M.C  of  the  paitU  M  above  the  centre 

of  buoyancy^  ind  its  height  M  G  above  the  centre  of  gravity^  we  have 
the  approximate  formulse, — 


MC  =  CD  ~  2  sin  I  =^; 
Ic 


MG  =  V=+=GC. 


I 


(3.) 


The  sign  z^z  denotes  that  S~G  is  to  be  subtracted  or  added  according 
as  G  is  above  or  below  C.  The  product  ^  c  is  found  approximately 
in  the  following  manner,  for  those  cases  in  which  the  water  lines 
A  B  and  E  F  are  sensibly  equal  and  similar  figures,  so  that  the 
line  H,  where  their  planes  intersect,  traverses  the  centre  of  gravitv 
of  each  of  those  figures,  and  the  wedges  A  H  E,  F  H  B,  are 
similar  as  well  as  equal 

The  product  Z«  =  Zc*2sin^is  the  double  of  the  statical 

moment  of  one  of  the  wedges  relatively  to  the  line  H,  supposing 

the  density  equal  to  unity.     Let  distances  measured  lengthways 

y  the  line  H  be  denoted  by  a?;  let  the  perpendicular  distance 

^y  point  in  a  water  line  plane  bisecting  the  angle  A  H  E  from 
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the  line  H  be  denoted  hj  y,  and  let  the  thickness  of  the  wedge  at 

the  point  whose  co-ordinates  are  x  and  yhe  z  =  y  '  2  sin  n.     Then 
we  have 

8  =  2Bia2'  J  J  y'dydx;c=z  j  j  ydydx; 
2  tf  =  4  sin  o  *  /  /  y*  'dy  d  x; 


and  therefore 


I  c  =  2  I  I  y^'dy  dx; 


.(4.) 


being  the  moment  of  inertia  of  the  vxUer  line  plane  abont  the  axis 
H.  To  express  this  in  a  convenient  form,  let  h  be  the  breadth  of 
the  ship  at  the  water  line,  at  a  given  distance  x,  measured  length- 
ways finom  an  assumed  origin.     Then 

2  j  y^  dy  =  ^;  ^Alc=l^j  l^  •  dx. (5.) 

As  to  the  moments  of  inertia  of  different  plane  figures,  see  Article 
95.     Thus^  equation  3  becomes 


/6». 


d  X 


The  theory  of  the  stability  of  ships  was  first  investigated  by 
Bossut,  and  was  further  developed  by  Atwood.  The  most  irapor- 
tant  contributions  to  that  theory,  of  later  date,  have  been,  the 
memoir  of  Dupin,  Swr  la  Stabilite  dee  Carps  Flatiana/e^  jmper  by 
Canon  Moseley  in  the  Philosophical  Transactions  for  1850,  and 
various  papers  by  RawBon,  Froude,  Merrifield,  Barnes,  and  others. 

655.  OM;iiiati«as  •f  Floating  Bodies. — The  theory  of  the  Oscilla- 
tions of  ships  was  investigated  in  an  approximate  manner  by  Bossut 
and  other  mathematicians,  and  was  first  brought  into  a  complete 
state  by  Moaeley,  in  the  paper  already  referred  to.  Its  details 
are  of  miich  complexity;  and  an  outline  of  its  leading  principles, 
and  of  their  results  in  the  most  simple  cases,  is  all  that  needs  be 
given  in  this  treatise. 

The  oscillation  of  a  ship  may  be  resolved  into  rolling,  or  gyration 
about  a  longitudinal  axis,  pitching,  or  gyration  about  a  transverse 
axis,  and  vertical  oscillation,  consisting  in  an  alternate  rising  above 
and  sinking  below  the  position  of  equilibrium.  The  point  of  chief 
importance  in  practice  is  the  time  occupied  by  a  rolling  oscillation. 
If  that  time  is  too  long,  the  ship  is  deficient  in  stability ;  if  too 
short,  her  movements  are  abrupt,  and  tend  to  overstrain  her. 

If  a  ship  is  of  such  a  figure  that,  when  she  rolls  into  a  new  posi- 
tion  of  equilibrium  under  the  action  of  a  couple,  her  centre  of 
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gravity  does  not  alter  its  level,  then  her  rolling  gyrations  are  per- 
formed about  a  perman^it  longitudinal  axis  traversing  her  centre 
of  gravity,  and  are  not  accompanied  by  vertical  oscillations,  and  her 
moment  of  inertia  is  constant  while  she  rolls.  That  condition  is 
fulfilled  if  all  the  water  line  planes,  such  as  AB  and  EF,  are 
tangents  to  one  sphere  described  about  G.  In  what  follows  it  will 
be  supposed  that  this  condition  is  fulfilled,  and  also  that  the  position 
in  the  ship  of  the  point  M  is  sensibly  constant 

According  to  Article  654,  equation  1,  the  righting  couple  for  a 
given  angle  of  heel  S  is 

W  -GM  -sin  ^; 

but  in  an  approximate  solution  we  may  substitute  ^  for  sin  i.  Let 
I  be  the  moment  of  inertia  of  the  ship  about  her  axis  of  rolling; 
then  equations  2  and  3  of  Article  598  give  the  following  value  for 
tlie  time  of  a  double  gyration : — 

2 »                  /(        ^       \       — ?-*  ^ 
h   ^     '^  V   V^W-GM/  ^  7^GM' ^  '* 

where  R  is  the  radius  of  gyration  of  the  ship.  This  is  the  same 
with  the  time  of  a  double  oscillation  of  a  simple  pendulum  whose 

length  is  R2  -r  GH. 

The  researches  of  Mr.  William  Froude,  first  described  to  the 
British  Association  in  July,  1860,  and  afterwards  laid  more  fuUy 
before  the  Institute  of  Naval  Architects,  have  shown,  ^r«<,  that 
tlie  same  forces  which  tend  to  keep  a  ship  upright  in  still  water 
tend  to  pla^  her  perpendicular  to  the  surface  of  the  water  amongst 
waves,  and  thus  to  increase  rolling ;  secondly,  that  the  chief  cause, 
of  excessive  rolling  is  too  near  a  coincidence  between  the  periodic 
time  of  the  vessel's* rolling  and  that  of  her  being  acted  upon  by 
8ucces.««ive  waves;  and  tfdrdly,  that  the  most  efficient  method  of 
preventing  excessive  rolling  is  to  adjust  the  moment  of  inertia 
and  the  stability  of  a  vessel,  so  that  her  periodic  time  of  rolling 
shall  be  longer  than  the  period  of  any  waves  she  is  likely  to  en- 
counter, taking  care  at  the  same  time  to  leave  sufficient  stability 
to  prevent  the  risk  of  upsetting,  or  of  heeling  too  far  over  with 
a  side  wind. 

See  Trans,  of  the  InstUvtion  of  Naval  Architects,  passim;  also 
Shipbuilding,  by  Watts,  Rankine,  Napier,  and  Barnes.  (As  to 
Waves,  see  page  xv.) 

656.  The  ActiQii  beCwc«H  a  Flafd  a«d  a  PtstOTi,  consisting  in  the 
transmiaaion  of  energy  from  the  one  to  the  other,  has  already 
been  considered  in  a  general  way  in  Article  517.  In  the  present 
Article  it  will  be  treated  more  in  detail. 

In  figs.   260  and   261,   let   abscisssB   measured  parallel  to  the 
le  O  S  represent  the  spaces  successively  occupied  by  a  fluid  in  a 
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cylinder  proyided  with  a  piston,  any  such  space  being  denoted  by 
s ;  and  let  ordinates  measured  parallel  to  the  line  0  P,  perpendi- 


c 

J3 

^ 

B              1 
A. 

o 


Fig.  260. 


Fig.  261. 


cular  to  O  Sy  represent  the  intensities  of  the  pressure  exerted  by 
the  fluid  against  the  piston,  any  such  intensity  being  denoted  by  p. 

Let  a  given  weight  of  a  gaseous  substance  go  through  a  succes- 
sion of  arbitrary  changes  of  pressure  and  Tolume,  so  as  to  return 
in  the  end  to  the  condition  from  which  it  set  out  Such  a  succes- 
sion of  changes  is  called  a  a/de  of  changes ;  it  is  represented  by  a 
dosed  curve,  such  as  D  C  £  £  in  fig.  260,  and  the  area  of  that 
curve  represents  the  energy  trans/erred  during  the  cycle  of  changes. 
If  the  changes  take  place  in  the  order  D  C  E  B,  that  is,  if  greater 
pressures  are  exerted  during  the  expansion  of  the  substance  than 
during  its  compression,  energy  is  transferred  from  the  gas  to  the 
piston;  if  the  changes  take  place  in  the  order  D  B  E  C,  that  is,  if 
greater  pressures  are  exerted  by  the  substance  during  its  compres- 
sion than  during  its  expansion,  energy  is  transferred  frx)m  the  pis- 
ton to  the  gas. 

The  amount  of  energy  transferred  may  be  expressed  in  two 

ways.     First,  for  any  given  volume  0 A  =  «,  let  AC  =p^  and 

A  B  :=  |it  be  the  greater  and  the  less  intensities  of  the  pressure ; 
then 

energy  transferred  =  f{pi — p^ds, (1.) 

Secondly,  for  any  given  pressure  O  P  =  ^,  let  F  E  =  «,  and  F  D 
=s  tf  J  be  the  greater  and  the  less  of  the  spaces  occupied  ;  then 


energy  transferred  =  j  {si — «j)  dp. 


(2.) 


which  is  another  expression  for  the  same  quantity.  ^^ 

Fig.  261  represents  the  case  in  which  a  given  weight  oOm  elastic 

substance  occupying  the  space  O  E  =r  «|  at  the  pressure  0  B  =  ^, 
is  introduced  into  a  cylinder  and  made  to  drive  a  piston, — ib  then 
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allowed  to  expand,  its  volume  increasmg  to  O  F  ^  <|,  and  its  pres- 
sure falling  to  FD  =  pt,  according  to  a  law  represented  bj  the 
curve  C  D, — ^and  is  lastly  expelled  from  the  cylinder  at  the  final 
pressure.  In  this  case  the  energy  transferred  from  the  elastic  sub- 
stance to  the  piston  is  represented  by 

areaABCD=  f''  8dp  =  W  P^; (3.) 

being,  in  fact,  as  the  last  expression  shows,  equal  to  the  weight  of 
the  elastic  substance  employed,  W,  multiplied  by  its  loss  of  dyna- 
mic Iiead. 

The  same  equation  gives  the  energy  transferred  from  the  piston 
to  the  elastic  substance,  when  the  latter  is  introduced  into  the 
cylinder  at  the  lower  pressure  and  expelled  at  the  higher. 

For  a  perfect  gas  (Article  635)  this  expression  becomes 

z:-^'-.-^  •-«{>-©'"'} (^) 

If  the  fluid  is  discharged  from  the  cylinder  under  a  pressure  p^ 
less  than  that  at  which  the  expansion  terminates^  there  is  to  be 
added  to  the  preceding  formula  ^e  term 

8,{pM—Pi) (5.) 

If  the  fluid  which  acts  on  the  piston  is  introduced  in  the  state 
of  saturated  vapour,  it  is  discharged  as  a  mixture  of  saturated 
vapour  at  a  lower  pressure  with  more  or  less  of  liquid.  In  tlus 
case,  the  following  equations  belonging  to  the  science  of  thenao- 
dynamics  are  to  be  used.  Let  p  be  the  pressure  of  saturation  of  a 
vapour,  and  r  the  corresponding  boiling  point  of  its  liquid,  in 
degrees  reckoned  from  the  absoliUe  zero,  274°  Centigrade  or  493***2 
Fahrenheit  below  the  melting  point  of  ice.     Then 


Log  jp  =  A — ; 


20 


(6-) 


(See  Edin,  Philos,  Jour.,  July,  1849 ;  Edin,  Transac,  xx;  PkUoi. 
Mag.,  Dec.,  1854;  NidioVa  Cydopoedia,  art  "Heat,  Mechanical 
ActioujHM^  The  following  ai-e  the  values  of  some  of  the  constants 
in  the  3^'e  formulae,  selected  from  a  table  in  the  Fhilasopkical 
Magazi7ie  for  Dea,  1854,  p  being  in  lbs.  per  8qw»re  foot,  and  r  in 
-iegrees  of  Fahrenheit :— 
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A  I^B  logo  A  ^ 

Water,;..  8*2591     3*43642     5*59873    0*003441     0*00001184 
-Either,...  7 '57  32     3*31492     5*21706     0*006264     0*00003924 

Let  L  be  the  value,  in  foot  pounds  of  energy,  of  the  latent  heat 
of  evaporation,  at  the  absolute  temperature  t,  of  so  much  fluid  as 
fills  a  cubic  foot  more  in  the  state  of  vapour  than  it  does  in  the 
state  of  liquid ;  D  the  weight  of  that  fluid ;  H  the  value,  in  foot 
pounds  of  energy,  of  the  latent  heat  of  evaporation  of  one  pound 
of  the  fluid  at  the  absolute  temperature  r ;  and  J  the  equivalent 
in  foot  pounds  of  a  British  thermal  unit,  or  772 ;  then 

(hyp.  log.  10  =  2*3026); 
H=Ho-J(c-5)(t— To) 

(for  water,  c — b  =  0*7) ; 
D  =  L-i.H. 

(for  water  at  the  temperature  of 

melting  ice,  Ho  =  842872.) 

J  c  denotes  the  value  in  foot  pounds  of  the  specific  heat  of  the 
liquid,  which  for  water  is  772,  and  for  aether,  399. 

Let  the  suf&xes  1,  2,  and  3,  denote  the  pressures  and  tempera- 
tares  respectively,  of  the  introduction  of  the  vapour,  the  end  of  its 
expansion,  and  its  final  discharge,  and  quantities  corresponding  to 
them;  81  and  8^  being,  as  before,  the  spaces  filled  by  it  at  the  begin- 
ning and  end  of  its  expansion.      Then 

ratio  of  expansion,  -=^-{-^  +  JcDi*  hyp  log-  >  ; (8.) 


(7.) 


(9.) 


energy  transferred,  17  =  |  *  adp  +  a,  (pa-p^ 

=«k(p. -!'.)+•.  {  ^^';"^'^+JcDi  (T,-T,(l+hyplog  p))  } 

heat  expended  )  ~       ct    i_  t    t\  /          \7  /1  a  \ 

in  foot  pounds,  |H  =», [L,  +  J  c  A  (t,-t,)j (10.) 

These  formulae  are  demonstrated  in  a  paper  on  Thermo^mamics 
in  the  PhilosojMcal  Transactions  for  1854.  ^^^k 

The  complexity  of  the  preceding  formulae  renders  th^NIRnoon- 
venient,  except  with  the  aid  of  tables  of  the  quantities  p,  L,  and  D, 
for  diflerent  boiling  points.     In  the  absence  of  such  tables^  the 
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following  formulse  give  approximate  results  for  steam,  where  the 
pressure  of  its  admission  pi  is  from  one  to  twelve  atmospheres :~- 


7.-&'%-(i>'' "■■' 


The  expenditure  of  heat  in  foot  pounds  may  be  computed  roughly 
to  about  YKKy  "^hen  the  feed  water  is  supplied  to  the  boiler  at  about 
100*  Fahrenheit,  by  the  formula 


m 


H  =  /     sdp  +  np^8^; (13.) 

where  9i  is  a  co-efficient  whose  value  is,  for  condensing  engines,  16 ; 
for  non-condensing  engines,  15, 

Equations  11  and  12  are  applicable  to  non-conducting  cylinders 
without  steam-jackets.  For  cylinders  with  steam-jackets,  acting 
so  as  to  keep  the  steam  dry,  it  is  more  accurate  to  substitute  16 
for  9,  17  for  10,  and  ^,  i},  and  iV,  respectively,  for  A,  V,  and  {, 
throughout  the  equations  11  and  12. 

For  the  exact  theory  of  this  case,  see  A  Mammal  of  the  Sieam 
Engine  and  oQysr  Prime  Movers;  also,  Philo80]^dcal  TroiiBacliofnSy 
1859,  Part  I. 

The  following  are  the  ordinary  formulsB,  which  give  a  good 
approximation  when  the  steam  is  slightly  moist: — 


P% 


«i 


.(14.) 


A 


\J  =zp^8^  hyp.  log.  "7  +  «2  (P2  -  Ps) -<1^-) 


8 


The  approximate  formula  (13)  is  applicable  in  all  cases. 


PART  VI. 

THEORY  OP  MACHINES. 


657.  Hstne  and  ]»lTiitoB  cT  the  artjeet. — In  the  present  Fart 
of  this  work,  machines  are  to  be  considered  not  merely  as  modify- 
ing motion,  but  also  as  modifying  force,  and  traosmitting  energy 
from  one  body  to  another.  The  theory  of  machines  consists  chiefly 
in  the  application  of  the  principles  of  dynamics  to  trains  of  me- 
chanism ;  and  therefore  a  large  portion  of  the  present  part  of  this 
treatise  will  consist  of  references  back  to  Part  I Y.  and  Part  Y. 

There  are  two  fundamentally  different  ways  of  considering  a 
machine,  each  of  which  must  be  employed  in  succession,  in  order 
to  obtain  a  complete  knowledge  of  its  working. 

I.  In  the  fust  place  is  considered  the  action  of  the  machine 
during  a  certain  period  of  time,  with  a  yiew  to  the  determination 
of  its  EFFidENCT ;  that  is,  the  ratio  which  the  uaefvl  part  of  its 
work  bears  to  the  whole  expenditure  of  energy.  The  motion  of 
every  ordinary  machine  is  either  imiform  or  periodical.  Hence,  as 
has  been  shown  in  Article  553,  the  principle  of  the  equality  of 
energy  and  work,  as  expressed  in  Article  518,  is  fulfilled  either 
constantly  or  periodically  at  the  end  of  each  period  or  cycle  of 
changes  in  the  motion  of  the  machina 

II.  In  the  second  place  is  to  be  considered  the  action  of  the 
machine  during  intervals  of  time  less  than  its  period  or  cycle,  if 
its  motion  is  periodic,  in  order  to  determine  the  law  of  the  periodic 
changes  in  the  motions  of  the  pieces  of  which  the  machine  con- 
sists, and  of  the  periodic  or  reciprocating  forces  by  which  such 
changes  are  produced  (Article  556). 

The  first  chapter  of  the  present  Part  relates  to  the  work  of 
machines  moving  imiformly  or  periodically,  and  the  second  chapter 
to  variations  of  motion  and  force  in  machines.  In  a  third  chapter 
will  be  stated  briefly  the  general  principles  of  the  action  of  the 
more  important  prime  movers.  With  respect  to  those  machines,  it 
is  impossible  to  enter  fully  into  details  within  the  lim^^^nch  a 
treatise  as  the  present,  especially  as  the  most  importadS^^m  all, 
the  steam  engine,  depends  on  the  laws  of  the  phenomena  of  heat, 
which  could  not  be  completely  explained  except  in  a  special  treatise. 

2b 
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CHAPTER  L 

WORK  OF  MACHINES  WITH  UNIFOBM  OB  PERIODIC  XOTIOS. 

Section  1. — General  Principles. 

658.  UmAiI  and  iiMt  Wovk. — ^The  whole  work  performed  by  a 
machine  is  distinguished  into  useful  worky  being  that  performed  in 
producing  the  effect  for  which  tiie  machine  is  designed,  and  htt 
toork,  being  that  performed  in  producing  other  effecta 

659.  Uaeftai  aad  Pi^Hdiciai  BcsUtence  are  Overcome  in  p^onn- 
ing  useful  work  and  lost  work  respectively. 

660.  The  Kflciency  of  a  machine  is  a  fraction  expressing  ihe 
ratio  of  the  useful  work  to  the  whole  work  performed,  which  is 
equal  to  the  energy  expended.  The  limit  to  the  efficiency  of  a 
machine  is  unity,  denoting  the  efficiency  of  a  perfect  maclune  in 
which  no  work  is  lost  llie  object  of  improvementa  in  machines 
is  to  bring  their  efficiency  as  near  to  unity  as  possible. 

661.  p«w«r  and  BflTecti  Kmrae  P«wer. — ^The  power  of  a  machine 
is  the  energy  exerted,  and  the  effect,  the  nseful  work  performed,  in 
some  interval  of  time  of  definite  length. 

The  imit  of  power  called  conventionally  a  horse  power,  is  550 
foot  pounds  per  second,  or  33,000  foot  pounds  per  minute,  or 
1,980,000  foot  pounds  per  hour.  The  effect  is  equal  to  the  power 
multiplied  by  the  efficiency. 

662.  l^rlTteg  Point  $  TnOnj  WoriKing  Point. — ^The  driving  point 

is  that  through  which  the  resultant  effort  of  the  prime  mover 
acts.  The  train  is  the  series  of  pieces  which  transmit  motion  and 
force  from  the  driving  point  to  the  working  point,  through  which 
acts  the  resultant  of  the  resistance  of  the  useful  work. 

663.  Points  of  Bcsiatance  are  points  in  the  train  of  mechanism 
through  which  the  resultants  of  prejudicial  resistances  act 

664.  Bflcienctos  of  Pieces  of  a  Train* — The  useful  work  of  an 

intermediate  piece  in  a  train  of  mechanism  consists  in  driving  the 
piece  which  follows  it,  and  is  less  than  the  enei^  exerted  upon  it 
by  the  amount  of  the  work  lost  in  overcoming  its  own  friction. 
Henc^^^^fficiency  of  such  an  intermediate  piece  is  the  ratio  of 
the  "^^^P^rformed  by  it  in  driving  the  foUowing  piece,  to  the 
energy  exerted  on  it  by  the  preceding  piece ;  and  it  is  evident  that 
ths  efficiency  of  a  Tnachine  is  the  product  of  the  effidmcies  of  the 
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of  moving  pieoea  which  trcmsmU  energy  from  tlta  driving  point  to  the 
working  point.  The  same  principle  applies  to  a  train  of  awxeasive 
machines,  each  diiying  that  which  foUows  it. 

665.  SEcaa  BflTerts  and  RcafatancM.^ — In  Article  515  is  given  the 
expression  iTd  8  for  the  energy  exerted  by  a  varying  effort  whose 
magnitude  at  any  instant  is  P ;  and  a  corresponding  expression 

IB,  da  denotes  the  work  performed  in  overcoming  a  variable  re- 
sistance. In  a  machine  moving  imiformly,  let  these  expressions 
have  reference  to  any  interval  of  time,  and  in  a  machine  moving 
periodically,  to  one  or  any  whole  number  of  periods ;  let  *  be  the 
space  described  by  the  point  of  application  of  the  effort  or  resist- 
ance in  the  interval  in  question ;  then  ITda  •?■  a  or  I  "R  da  -r-  a 

IB  the  meom  effort  or  fnean  reaiatcmce  as  tne  case  may  be.  The  Jltic- 
tuationa  of  the  efforts  and  resistances  above  and  below  their  mean 
values  concern  only  the  variations  of  velocity  in  a  machine ;  and 
therefore,  in  the  remainder  of  the  present  chapter,  P  and  R  will  be 
used  to  denote  such  mean  values  only;  so  that  energy  exerted  and 
work  performed,  whether  the  forces  are  constant  or  varying,  will 
be  respectively  denoted  by  P  «  and  It  a.  By  referring  to  Articles 
517  and  593,  it  appears,  that  besides  a  force  and  a  length,  as 
expressed  above,  the  two  factors  of  a  quantity  of  energy  may  be  a 
stress  and  a  cubic  space,  or  a  couple  and  an  angle,  as  shown  in 
the  following  table : — 

^orgy      1         r  Force  in  pounds  x  distance  in  feet ; 

or  Couple  in  foot  pounds  x  angular  motion  to 

work         >  =  <        radius  unity;  or 
in  Pressure  in  pounds  per  square  foot  x  space 

foot  pounds  J  described  by  a  piston  in  cubic  feet 

666.  The  OcHcml  B^iaaitom  of  the  imiform  or  periodical  working 
of  a  machine  are  obtained  by  introducing  the  distinction  between 
useful  and  lost  work  into  the  equations  of  the  conservation  of 
energy.  Thus,  let  P  denote  the  mean  effort  at  the  driving  point, 
a  the  space  described  by  it  in  a  given  interval  of  time,  being  a 
whole  number  of  periods  or  revolutions,  It|  the  mean  useful  resist- 
ance, 0|  the  space  through  which  it  is  overcome  in  the  same  inter- 
val, B,  any  one  of  the  prejudicial  resistaDces,  a^  the  space  through 
which  it  is  overcome ;  then 


P*  =  Ri«i  +  a-R,*, (1.) 

The  efficiency  of  the  machine  is  expressed  by 
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.(2.) 


Fa        UiBi  +  s-Rj^ 

667.  BvntteBB  IB  terau  m€  CmmwmwmUre  BEsltoBfl. — ^Let  9|  :  9  =  n„ 

8^:8  =  11^,  Sue,  be  the  raHo8  of  the  spaces  described  in  a  whole  nimi- 
ber  of  periods  by  the  working  point  and  the  several  points  of 
resistance,  to  the  space  described,  in  the  same  interval  of  time,  by 
the  driving  point ;  then  equation  1  of  Article  666  takes  the  follow- 
ing form,  which  expresses  the  "Principle  of  Virtual  Velocities" 
(Article  519)  as  applied  to  machines : — 

P  =  7hR|  +  3W,R» (1.) 

Thus  the  mean  effort  at  the  driving  point  is  expressed  in  terms  of 
the  several  mean  resistances,  and  of  the  comparative  moiions  alone, 
which  last  set  of  quantities  are  deduced  fix>m  the  construction  of 
the  machine  by  the  principles  of  the  theory  of  mechanism ;  so  that 
every  proposition  in  Part  IV.,  respecting  the  comparative  motions 
of  the  points  of  a  machine,  can  at  once  be  converted  into  a  proposi- 
tion respecting  the  relation  between  the  mean  effort  and  resistances ; 
and  the  mean  effort  required  to  drive  the  machine  can  be  deter- 
mined if  the  resistances  are  known. 

668.  BedHction  of  Fmtcm  ud  Co«plc«*  —  In  calculation  it  is 
often  convenient  to  substitute  for  a  force  applied  to  a  given  point, 
or  a  couple  applied  to  a  given  piece,  the  equiwdenit  force  or  couple 
applied  to  some  other  point  or  piece ;  that  is  to  say,  the  force  or 
couple,  which,  if  applied  to  the  other  point  or  piece,  would  exert 
equal  energy,  or  employ  equal  work.  The  principles  of  this 
reduction  are,  that  the  ratio  of  the  given  to  the  equivalent  force  is 
the  reciprocal  of  the  ratio  of  the  velocities  of  their  points  of  appli- 
cation ;  and  the  ratio  of  the  given  to  the  equivalent  couple  is  the 
reciprocal  of  the  ratio  of  the  angular  velocities  of  the  pieces  to  which 
they  are  applied. 

Section  2.— (M  the  Friction  of  Machines, 

669.  Co-eAdeats  m€  Fricti«B. — ^The  nature  and  laws  of  the  fric- 
tion of  solid  sur&^ces,  and  the  meanings  of  co-efficients  of  friction 
and  angles  of  repose,  have  been  explained  in  Articles  189,  190, 
191,  and  192.  The  following  is  a  table  of  the  angle  of  repose 
0,  the  co-efficient  of  friction  /=  tan  ^,  and  its  reciprocal  1  ./. 
for  the  materials  of  mechanism,  condensed  from  the  tables  of 
General  Morin,  and  other  sources,  and  arranged  in  a  few  com- 
prehensi^S'^IMasses.  The  values  of  those  constants  which  are 
given  in  the  table  have  reference  to  iike  Jriction  of  motion.  As 
to  the  difference  between  that  and  the  fiiction  of  rest,  see  Article 
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No. 

1. 

2. 

8. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
18. 
14. 
16. 
16. 
17. 
18. 


Surfaces. 


Wood  on  wood,  diy, ; !l4°to26j° 

.,  II    801^71 '       14° 

Metals  on  oak,  dry, 86}<'to8r 

I.    wet, 18f  tol4j* 

ti         11   «>«pyi ^*^° 

Metals  on  elm,  dry, 

Hemp  on  oak,    diy, 

II  II    wet, 

Leather  on  oak, 

Leather  on  metals,  dry, 

wet, 

greasy, 

oil7i 

Metals  on  metals,    dry, 

II  II         wet, ■• 

Smooth  sarCaoes,  occasionally  greased, 

continually  greased, 

best  results, 


II 

II 
i» 


II 
II 
II 


II 
II 


1} 
II 


II 


m 

llJ°tol4° 

28° 

18J« 

W  to  19J° 

29i° 

20'^ 

IS** 

8^ 

84°  to  11 J^' 

16i° 
4**  to  4  J* 

8° 
1}°  to  2** 


/ 


If 


•26  to  '6 

4to2 

•2 

6 

•5to*« 

2  to  1-67 

24  to  26 

4-17  to  8  86 

•2 

6 

•2  to -26 

6to4 

•68 

1-89 

•88 

8 

'27  to  -88 

3^7  to  2-86 

•66 

1-79 

•86 

2-78 

•28 

4-86 

•16 

6-67 

•16  to -2 

6-67  to  6 

•8 

888 

•07  to  -08 

14^8  to  12-6 

•06 

20 

08  to  086 

33-8  to  27^6 

670.  p»gwPMii — ^The  last  three  results  in  the  preceding  table,  Nos. 
16,  17,  and  18,  have  reference  to  smooth  firm  surfaces  of  any  kind, 
greased  or  lubricated  to  such  an  extent  that  the  fidction  depends 
chiefly  on  the  continual  supply  of  unguent,  and  not  sensibly  on  the 
nature  of  the  solid  sui&^es ;  and  this  ought  almost  always  to  be 
the  case  in  machinery.  Unguents  should  be  thick  for  heavy  pres- 
sures, that  they  may  resist  being  forced  out,  and  thin  for  light  pres- 
sures, that  their  viscidity  may  not  add  to  the  resistance. 

671.  I«lMli  •r  Pitaamj  bcCweesi  H«bktii«  8nfiw«a. — The  law  of 

the  simple  proportionaUty  of  friction  to  pressure  (Article  190)  is 
only  true  for  oiy  surfaces,  when  the  pressure  is  not  sufficiently 
intense  to  indent  or  grind  the  sur&ces ;  and  for  greased  surfaces, 
when  the  pressure  is  not  sufficiently  intense  to  force  out  the  unguent 
from  between  the  surfaces,  where  it  is  held  by  capillary  attraction. 
If  the  proper  limit  of  intensity  of  pressure  be  exceeded,  the  friction 
increases  more  rapidly  than  in  Uie  simple  ratio  of  ih.e  pressure. 
That  limit  dimini^es  as  the  velocity  of  rubbing  increases,  according 
to  some  law  not  yet  exactly  determined.  The  following  are  some 
of  its  values  deduced  from  experience  : — 


Kailway  Carriage  Axles. 
Velocity  of  rubbing  1  foot  per  second, 

Timber  ways  for  launching  ships,  about 


Limit  of  Pressore, 
Ibw  per  square  inch. 


224 

140 

50 


eu 
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The  inclination  given  to  these  ways  varies  from  abont  1  in  10 
for  the  smallest  vessels,  to  about  1  in  20  for  the  largest  The 
co-ej9Gicient  of  friction,  when  the  yfaja  are  well  lubricated  with 
tallow  or  soft  soap,  is  probably  between  "OS  and  '04. 

672  FrietioH  of  a  sudiim  Piece* — ^In  %.  262,  let  A  represent  a 

sliding  piece,  which  moves  uniformly  along 
the  straight  guide  B  B  in  the  direction  indi- 
cated by  the  arrow,  under  two  forces  which 
may  be  direct  or  oblique,  but  which  are  re- 
presented as  oblique,  to  make  the  solutioa 
general  The  force  F,  opposed  to  the  motion, 
is  the  resultant  of  the  ttse/vl  resistance  or 
force  which  A  exerts  on  the  next  piece  in 
the  train,  and  of  the  weight  of  A  itself,  and  will  be  called  the  fftven 
force.  Let  the  angle  which  it  makes  with  the  guide  B  B  be  denoted 
by  I,.  The  force  Fj  is  that  which  drives  the  piece ;  the  angle  ij 
which  its  direction  makes  with  the  guide  B  B  is  supposed  to  be 
known ;  but  its  magnitude  remains  to  be  determined,  as  well  as 
the  friction,  which  it  has  to  overcome  in  addition  to  the  useful 
resistance.  Let  Q  denote  the  normal  pressure  of  A  against  B  B, 
so  that  y  Q  is  the  friction.  Then  we  have  the  two  equations  of 
equilibrium : — 

Q  =  F,  sin  ti  -f-  F2  sin  «8 ; 


Fig.  262 . 


Fi  cos  *!  =  Fj  cos  tg  +  /Q 
=  Fi/sin  ti  +  F9  (cos  ii  +  /sin  t,) ; 


J 


(1.) 


from  which  are  easily  deduced  the  following  equations,  solving  the 
problem: —  ^  i^l«A^/,^^v  S'^'J',    -^  / 


cos  ii  —/sin  tj 


cos  ii  —  /sin  i^ 


673.  The  ntanieat  of  Friction  of  a  rotating  piece  is  the  statical 
moment  of  the  friction  relatively  to  the  axis  of  rotation  of  the  piece, 
and  is  the  moment  of  a  couple  consisting  of  the  friction,  and  of  an 
equal  and  opposite  component  of  the  pressure  exerted  by  the 
bearings  of  the  piece  against  its  axle.  The  moment  of  friction, 
being  multiplied  by  the  angular  motion  in  a  given  time,  gives  the 
work  lost  in  fricion  in  that  time. 

674.  Friction  of  an  Axle — After  a  cylindrical  axle  has  run  for 
some  time  in  contact  with  its  bearing,  the  bearing  becomes  slightly 
laiger  thait'ihe  axle,  so  that  the  point  of  most  intense  pressure, 
which  is  also  the  point  of  resistance,  traversed  by  the  resultant 
of  the  friction,  adapts  its  position  to  the  direction  of  the  latend 


,^  - 
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In  £g.  263;  let  A  A  A  be  a  transyerse  Epe(i6DR>ffTEe  cylindrical, 
axle  of  a  rotating  piece,  and  C  its  axis  of  rotation /^let  It  represent 
the  direction  and  magnitude  of  what  will  be 
called  the  given  forcCy  being  the  resultant  ]^ 

of  the  useful  resistance,  and  of  the  weight 
of  the  piece  under  consideration.  Let  P 
represent  the  effort  required  to  drive  the 
piece,  whose  line  of  action  is  known,  but  its 
magnitude  remains  to  be  determined.  Let  xkI  ^ 
D  be  the  point  where  the  directions  of  P  /^7*^^^>3*' 
and  R  intersect,  and  D  Q  the  line  of  action  (      (c 

of  their  resultant,  which  resultant  is  equal         -^\      ^^-N^    y-^ 
and  opposite  to  Q,  the  pressure  exerted  by  \^^ 

the  bearing  against  the  axle,  and  is  there-  '^"^^i^*    X       ^-^     \ 

fore  inclined  to  the  radius  C  Q  by  an  angle  ^  ^     a\  "^^ 

CQD  =  ^,  being  the  angle  of  repose,  in  such  ^S-  268.  y^ 

a  manner  as  to  resist  the  rotation,  whose  direction  is  indicated  by 
the  arrow. 

Then  to  find  the  line  of  pressure  D  Q,  it  is  obviously  sufficient  to 
describe  about  the  centre  C  a  circle  B  B  whose  radius  is 

CT  =  r-8in*=-j|== (1.) 

r  =  0  Q  being  the  radius  of  the  axle,  and  to  draw  from  the  known 
point  D  a  line  D  T  Q  touching  that  circle  in  T,  which  point  of 
contact  is  at  that  side  of  the  circle  which  makes  a  force  acting  from 
Q  towards  T  oppose  the  rotation. 

From  T  draw  TR  -L  R^  and  TPJ-P.  Then  the  magnitude  of 
the  effort  P  is  given  by  the  equation 

P  =  R-fR  -4-  TP (2.) 

and  that  of  the  pressure  Q  by  the  equation 

Q»  =  P  +  R'+2PRcos^PDR (3.) 

(the  last  term  of  which  becomes  negative  when  ^^  P  D  R  is 
obtuse);  while  the  Mction  is 

Qsin.  =  -4S^; (^•) 

and  its  moment  

Q  r  sin  (p  =  Q  •  C  T (5.) 

"When  P  and  R  are  parallel  to  each  other,  Q  is  their  difference 
or  their  sum,  according  as  they  act  at  the  same  or  at  opposite  sides 
of  the  axle,  and  Q  T  is  to  be  drawn  parallel  to  them  both,  so  that      ^ 


616  THEOBT  OF  MACHINSS. 

E  T,  T  P,  and  C  T^  lie  in  one  straight  line,  when  eqnaticms  2, 4, 
and  5  will  still  hold. 

In  order  to  diminish  the  lateral  pressure  Q,  and  the  friction 
ansing  from  it,  to  the  leajst  possible  amoant,  the  mechanism  ahoold 
be  so  arranged  as  to  make  P  and  R  act  parallel  to  each  other  at  the 
same  side  of  the  axle. 

In  most  actual  cases,  sin  0  =/ :  J 1  +/■  differs  from  tan  ^  =/ 
in  a  proportion  too  small  to  be  of  any  practical  importance. 

The  bearings  of  axles  should  be  made  of  materials  which,  though 
hard  enough  to  resist  the  rubbing  without  abrasion,  are  not  so  hard 
as  the  axle.  Hence  for  wrought  iron  axles,  bronxe  bearings  are 
conmionlj  used.  Bearings  of  cast  iron,  millboard,  and  hardwood, 
such  as  edm,  with  the  grain  set  radially,  have  also  been  used  with 
advantage. 
^  675.  FridiMi  •r  a  Pirvt. — ^A  pivot  is  the  tennination  ci  an  axle, 
which  presses  endwwys  against  a  bearing  called  a  step,  or  footstep^ 
Pivots  require  great  hardness,  and  are  usually  made  of  steeL 

A  fiaJb  pivot  is  a  short  cylinder  of  steel,  having  a  plane  circular 
end  for  a  rubbing  surface.    If  the  pressure  Q  be  equally  distaribnted 
I  over  that.sur&ce  whose  radius  is  r,  the  moment  of  friction  is  easily 

l-?fK  fQ^j^hxil^te^Uon  to  be 

:    i    ,  )'^^Xj^I^i^Co  g/^Q (^O 

^    ^^In'tiat  pivots,  the  intensity  of  the  pressure,  which  is  given  by  the 
4  equation   •     iC 


Lon   »     \h^\ 


Q 


is  usually  limited  to  2,240  lbs.  per  square  incL 

In  the  cup  and  baU  pivot,  the  end  of  the  shaft,  and  the  step, 
present  two  recesses  facing  each  other,  into  which  are  fitted  two 
shallow  cups  of  steel  or  hard  bronze.  Between  the  ooncave  spherical 
surfaces  of  those  cups  is  placed  a  steel  ball,  being  either  a  complete 
sphere,  or  a  lens  having  convex  surfaces  of  a  somewhat  less  radius 
than  the  concave  sur&iices  of  the  cup&  The  moment  of  friction  of 
this  pivot  is  at  first  almost  inappreciable,  from  the  extreme  small- 
ness  of  the  radius  of  the  circles  of  contsust  of  the  ball  and  cups; 
but  as  they  wear,  that  radius  and  the  moment  of  friction  increase. 

676.  FiictioH  of  a  Collar. — When  it  is  impracticable  or  incon- 
venient to  sustain  the  pressure  which  acts  along  a  shaft  by  means 
of  a  pivot  at  its  end,  that  pressure  is  borne  by  means  of  one  or  more 
cottars,  or  rings  projecting  fix>m  the  shaft,  and  pressing  against 
corresponding  ring-shaped  bearings,  for  which,  in  the  case  of  shafts 
of  screw  propeUera,  hardwood  set  with  the  jgrain  endways  has, been 
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found  a  good  material  amongBt  othera.  Let  r  be  the  external,  and 
1^  the  internal  radius  of  a  collar;  its  moment  of  friction  for  the 
pressure  Q  is  given  by  the  formula 

3-^Q-fc? <i> 

677.  FrictlMi  •€  Teeth. — ^When  a  pair  of  wheels  work  together, 
let  P  be  the  pressure  exerted  between  each  pair  of  their  teeth  which 
comes  into  action,  8  the  distance  through  which  each  pair  of  teeth 
slide  over  each  other,  as  found  in  Articles  453,  455,  458,  and 
462  A,  and  n  the  number  of  pairs  of  teeth  which  pass  the  line  of 
centres  in  a  given  interval  of  time.  Then  in  that  interval,  the  work 
lost  by  the  Motion  of  the  teeth  is 

fnsV (1.) 

678.  FHdtoB  m€  a  Baad. — ^A  flexible  band,  such  as  a  cord,  rope, 
belt,  or  strap,  may  be  used  either  to  exert  an  eflbrt  or  a  resistance 
upon  a  drum  or  pulley  round  which  it  wraps.  In  either  case,  the 
tangential  force,  whether  eflbrt  or  resistance,  exerted  between  the 
band  and  the  pulley,  is  their  mutual  friction,  caused  by  and  pro- 
portional to  the  normal  pressure  between  them. 

In  fig.  264,  let  C  be  the  axis  of  a  pulley  A  B,  round  an  arc  of 
which  tiiere  is  wrapped  a  band,  Tj  A  B  T,;  let  the  outer  arrow 
represent  the  direction  in  which  the  band  slides,  or  tends  to  slide, 
relatively  to  the  pulley,  and  the  inner  arrow  the  direction  in  which 
the  pulley  slides,  or  tends  to  slide,  relatively  to 
the  band. 

Let  Ti  be  the  tension  of  the  free  part  of  the 
band  at  that  side  towa/rda  which  it  tends  to  draw 
the  pulley,  or  from  which  the  pulley  tends  to 
draw  it;  T^  the  tension  of  the  free  part  at  the 
other  side;  T  the  tension  of  the  band  at  any 
intermediate  point  of  its  arc  of  contact  with  the 
pulley;  9  the  ratio  of  the  length  of  that  arc  to 
the  radius  of  the  pulley;  d  9  the  ratio  of  an 
indefinitely  small  element  of  that  arc  to  the 
radius;  R  =  T|  -  T„  the  total  friction  between 
the  band  and  the  pulley;  d  R  the  elementary 
portion  of  that  friction  due  to  the  elementary  ***  '**• 

arc  d9',  /the  co-efficient  of  friction  between  the  materials  of  the 
band  and  pulley. 

Then  according  to  a  principle  proved  in  Articles  179  and  271,  it 
is  known  that  the  normal  pressure  at  the  elementary  arc  d  ^  is 

Td^ 


.(1.) 
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T  being  the  mean  tension  of  the  band  at  that  elementary  arc;  con- 
sequently, the  friction  on  that  arc  is 

dB,=/Tde. 

Now  that  Mction  is  also  the  difference  between  the  tensions  of  the 
band  at  the  two  ends  of  the  elementary  arc;  or 

which  equation  being  integrated  throughout  the  entire  arc.  of 
contact,  gives  the  following  formulas ; — 

R  =  Ti-T,  =  Ti(l-e-/^  =  T,(e/«-l). 

When  a  belt  connecting  a  pair  of  pulleys  has  the  tensions  of  its 
two  sides  originally  equal,  the  pulleys  being  at  rest;  and  when  the 
pulleys  are  set  in  motion,  so  that  one  of  them  drives  the  other  by 
means  of  the  belt;  it  is  found  that  the  advancing  side  of  the  belt 
is  exactly  as  much  tightened  as  the  returning  side  is  slackened,  so 
that  the  mean  tension  remains  unchanged  Its  value  is  given  by 
this  formula : — 

2R    ■~2(e/»-iy ^^ 

which  is  useful  in  determining  the  original  tension  required  to 
enable  a  belt  to  transmit  a  given  force  between  two  pulleys. 

If  the  arc  of  contact  between  the  band  and  pulley,  expressed  in 
turns  and  fractions  of  a  turn,  be  denoted  by  n, 

^=  2  xn;  6f^=  102-7288/. (3,) 

When  the  band  is  used  to  resist  the  motion  of  the  pulley,  it 
constitutes  a  kind  of  brake  called  a, /fiction  strap.  In  this  case  the 
rubbing  surfaces  of  the  band  and  pulley  may  either  be  both  of  iron, 
or  may  be  protected  by  a  covering  made  of  pieces  of  wood,  which  is 
renewed  from  time  to  time  as  it  wears  out. 

679.  In  Frictional  Ctoaring,  described  in  Article  445,  it  i^ppears 
that  when  the  angle  of  the  grooves  is  40^,  and  when  their  su^&oes 
are  smooth,  clean,  and  dry,  the  tangential  force  transmitted  between 
the  wheels  is  once  and  a-half  the  force  with  which  their  axes  are 
pressed  together.  This  proportion  is  much  greater  than  that  due  to 
ordinary  friction,  and  must  arise  partly  from  adhesion. 

680.  FrictioB  Covpiiiii^  are  used  to  communicate  rotation  be- 
tween pieces  having  the  same  axis,  where  sudden  changes  of  force 
or  of  velocity  take  place;  being  so  adjusted  as  to  limit  the  foroe 
transmitted  within  the  bounds  of  safety.     Contrivances  of  this  kind 


STIFFNESS  OF  BOPES — ^BOLUNG  FRICTION — OABBIAOES.         619 

are  very  numeTOus;  one  of  the  most  oommon  and  most  useful  is 
that  called  a  pair  of  friction  cones.  The  angle  made  by  the  sides 
of  the  cones  with  the  axis  should  not  be  less  than  the  angle  of 
repose. 

681.  siUfiicM  •€  iiepM. — Kopes  offer  a  resistance  to  being  bent, 
and  when  bent  to  being  straightened  again,  which  arises  from  the 
mntual  friction  of  their  fibres.  It  increases  with  the  sectional  area 
of  the  rope,  and  is  inversely  proportional  to  the  radius  of  the  curve 
int9  which  it  is  bent 

The  work  lost  in  pulling  a  given  length  of  rope  over  a  pulley,  is 
found  by  multiplying  the  length  of  the  rope  in  feet,  by  its  stiffness 
in  pounds;  that  sti&ess  being  the  excess  of  the  tension  at  the 
leading  side  of  the  rope  above  that  at  the  following  side,  which  is 
necessary  to  bend  it  into  a  curve  fitting  the  pulley,  and  then  to 
straighten  it  again. 

The  following  empirical  formuLe  for  the  stiffness  of  hempen  ropes 
have  been  deduced  by  General  Morin  from  the  experiments  of 
Coulomb  : — 

Let  K  be  the  stiffiiess  in  pounds  avoirdupois ; 

d,  the  diameter  of  the  rope,  in  inches ; 

n  =  4cSd*  for  white  ropes,  35  rf*  for  tarred  ropes  ; 

r,  the  ^ective  radius  of  the  pulley,  in  inches ; 

T,  the  tension,  in  pounds ;  then. 

For  white  ropes,  R  =  -(0-0012  +  0-001026  n  +  0-0012  T); 

T 


For  tarred  ropes,  R  =  -  (0006  +  0-001392  n  +  0-00168  T).  ^ 


.(1.) 


682.  WUOim^  BawlfMce  •f  gi»th  SvihcM. — By  the  rolling  of 
two  sur&ces  over  each  other  without  sliding,  a  resistance  is  caused, 
which  is  called  rolling  friction.  It  is  of  the  nature  of  a  couple 
resisting  rotation  ;  its  moment  is  found  by  multiplying  the  normal 
pressure  between  the  rolling  sur&ces  by  an  o/rm  whose  length 
depends  on  the  nature  of  the  rolling  surfaces ;  and  the  work  lost 
in  an  unit  of  time  in  overooming  it  is  the  product  of  its  moment 
by  the  cmgular  vdodty  of  the  rolling  surfaces  relatively  to  each 
other.  The  following  are  approximate  values  of  the  arm  in  dedmcUs 
of  a  foot : — 

Oak  upon  oak, o'oo6  (Coulomb). 

lignum-vitee  on  oak, 0-004         >> 

Cast  iron  on  cast  iron, o-ooa  (Tredgold). 

683.  The  ifurfifce  of  Oavrtasn  •■  H— d«  consists  of  a  constant 
part,  and  a  part  increasing  with  the  velocity.  According  to  Gene- 
ral Morin,  it  is  given  approximately  by  the  following  formula  : — 
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B.  =  ^[a  +  b{v-  3-28)]; (1-) 

where  Q  is  the  gross  load,  r  the  radius  of  the  wheels  in  encftefl^ 
V  the  velocity  in  feet  per  second,  and  a  and  b  two  constants,  whoaa 
values  are  a  h 

For  good  broken  stone  roads, '4  to  '55      -024  to  '026 

For  paved  roads, '27  '0684 

For  the  pavement  of  Paris, -39  '03 

On  gravel  roads  the  resistance  is  about  double,  and  on  sandj  and 
gravelly  soft  ground,  five  times  the  resistance  on  good  broken  st<Hie 
roads. 

684.  BbwIi— ce  m€  Vtaliwmj  Tvmimm, — ^In  the  following  formuljey 
which  are  all  empirical— 

£  denotes  the  weight  of  the  engine; 

T  „  the  gross  load  drawn  by  it; 

V  „  the  velocily,  in  miles  an  hour; 

r  „  the  radius  of  curvature  of  the  line,  in  miles; 

B  „  the  resistance  in  poimds; 

y  „  a  co-efficient  of  fnction ; 

0  „  a  co-efficient  for  resistance  due  to  curvature^ 

Then  for  single  carriages  with  cylindrical  wheels,  at  velocities  up 
to  12  miles  an  hour,  according  to  the  experiments  of  Lieutenant 
David  Kankine  and  the  Author, 


E=/(H-^T; (1.) 


where/ =  0*002;  and  c  =  0*3.  {See  ExperimaUal  Inquiry  on  ike 
Use  of  Cylindrical  Whede  on  RaUways,  1842.) 

For  an  engine  and  train,  the  following  is  an  empirical  formula 
deduced  from  the  experiments  of  various  authors :  — 

R  =/(T  +  E)  (1  +  j^)  (1  +^); (2.) 

where/ ranges  from  -0027  to  '004,  according  to  the  state  of  the 
line  and  carriages,  and  c  from  0*3  to  0*1.  (See  Hankine's  Manual 
0/ Civil  Engineering,) 

685,  Heat  of  Frictioa.— The  work  lost  in  friction  produoes  heat 
in  the  proportion  of  one  British  thermal  unit)  being  so  much  heat 
as  raises  the  temperature  of  a  pound  of  water  one  degree  of 
Fahrenheit,  for  every  772  foot  pounds  of  lost  work 

Excessive  heating  is  prevented  by  a  constant  and  copious  supjdy 
of  a  good  unguent 
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CHAPTER  IL 

VARIED  MOTIONS  OF  MACHINES. 


686.  The  ComMhpbI  F«rec«  asd  €}MqplM  exerted  by  the  various 
rotating  pieces  of  a  machine  against  the  bearings  of  their  axles  are 
to  be  determined  by  the  principles  of  Articles  540,  592,  and 
603,  and  taken  into  account  in  determining  the  lateral  pressures 
which  cause  fidction,  and  the  strength  of  the  axles  and  &cunework. 
As  those  centrifugsd  forces  and  couples  cause  increased  friction 
and  stress,  and  sometimes  also,  by  reason  of  their  continual  change 
of  direction,  produce  detrimental  or  dangerous  vibration,  it  is  de- 
sirable to  reduce  them  to  the  smallest  possible  amount ;  and  for 
that  purpose,  unless  there  is  some  special  reason  to  the  contrary, 
the  axis  of  rotation  of  every  piece  which  rotates  rapidly  ought  to 
traverse  its  centre  of  gravity,  that  the  resultant  centrifugal  force 
may  be  nothing,  and  ought  to  be  an  axis  of  inertia,  that  the  centri- 
fu^  couple  may  be  nothing.  As  to  axes  of  inertia,  see  Article  584. 

687.  Aeiaai  Eacvgr  ef  a  Maehiae* — To  determine  the  entire 
actual  energy  of  a  machine  at  a  given  instant,  it  is  necessary  to 
know — 

(1.)  The  weight  of  each  of  its  sliding  pieces :  let  any  one  of  those 
weignts  be  denoted  by  W; 

(2.)  The  velocity  of  translation  of  each  of  those  pieces  at  the 
given  instant :  let  v  denote  any  one  of  these  velocities ; 

(3.)  The  moment  of  inertia  of  each  of  its  rotating  pieces  :  let  any 
one  of  these  moments  be  denoted  by  I ; 

(4.)  The  angular  velocity  of  each  of  those  pieces  at  the  given 
instant ;  let  a  be  any  one  of  these  angular  velocities. 

These  quantities  being  given,  the  actual  energy  of  the  machine  is 

E  =  2^-(2-Wt^  +  2-Ia-); (L) 

if 

and  if  the  moment  of  inertia  of  each  rotating  piece  be  expressed  in 
the  form  I  =  W  ^,  W  being  its  weight  and  c  its  radius  of  gyra- 
tion, the  above  expression  may  be  put  in  the  form, 

E  =  -^{j'W^  +  2'Wfal^ (2.) 

688.  Bedaced  liuviia. — The  figures,  sizes,  and  connection  of  the 
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pieces  of  a  macliine  being  known,  the  principles  of  the  Theory  of 
Mechanism  (Part  IV.))  enable  the  comparative  motions  of  all  its 
points  to  be  determined,  and  in  particular,  the  several  latioe  of 
their  velocities  to  that  of  the  driving  point  at  any  instant.  Let  Y 
be  the  velocity  of  the  driving  point,  and  for  any  given  piece  of  the 
machine  whose  weight  is  W,  let  n  denote  the  ratio  v  :  V  if  it  is  a 
sliding  piece,  and  the  ratio  ^  a  :  Y  if  it  is  a  turning  piece.^  Then 
the  sum  yv  <Vi.  ^  w  tV Aci^^^' 

I      .    expresses  the  toeight  which,  ifconceTUraled  a^  the  driving  point,  vxndd 
^ )  H'Wf  ^^^  ^  same  adual  energy  with  the  entire  machine.     This  quantily 
)  may  be  called  the  inertia  reduced  to  the  driving  point.     By  Mr. 
>^^     Moseley,  who  first  introduced  its  consideration  into  mechanics,  it 
is  called  the  "  co-efficient  of  steadiness." 

The  actual  energy  of  the  machine  at  any  instant  may  now  be 
expressed  by 

Y"  2  •  W  71* 

^  =  -  27^ <^> 

Another  mode  of  expressing  the  reduced  inertia  is  with  reference 
to  the  driving  aosis.  Let  A  represent  the  angular  velocity,  at  any 
instant,  of  the  axis  of  the  piece  which  first  receives  the  motive 
power ;  for  any  shifting  piece  let  t^ :  A  =  I;  and  for  any  rotating 
piece  let  a:A  =  n,     Then  the  reduced  moTnent  o/inertia  is 

2'Wl*  +  sl»»; (3.) 

and  the  actual  energy  at  any  instant, 

E  =^[2W;-  +  slw*} (4.) 

2g  ^  •» 

689.  Fiaccmttons  vt  Speed  in  a  machine  are  caused  by  the  altst- 
nate  excess  of  the  energy  received  above  the  work  performed,  and 
of  the  work  performed  above  the  energy  received,  which  produce 
an  alternate  increase  and  diminution  of  actual  energy,  according  to 
the  law  of, the  conservation  of  energy  explained  in  Article  552. 

To  determine  the  greatest  fluctuations  of 

speed  in  a  machine  moving  periodically,  take 

A  B  C,  in  ^g.  265,  to  represent  the  motion 

of  tlte  driving  point  during  one  period;  let 

the  efibrt  P    of  the  prime  mover  at  each 

instant  be  represented  by  the  ordinate  of  the 

Fig.  265.  curve   DGEIF;   and  let  the  sum  of  the 

resistances,  reduced  to  the  driving  point,  as  in  Article  668,  at  each 

"istant,  be  denoted  by  R,  and  represented  by  the  ordinate  of  the 


-r    .  .    ^  -  .     '     "  -*/ 


C,   i  ■'      -^-'-^J-    (JtY^^^^ 


oiy< 
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curve  D  H  E  K  F,  which  cuts  the  former  curve  at  the  ordinates 
A.  D,  BE,  C  F.     Then  the  integral 


f{^^B)ds, 


being  taken  for  any  part  of  the  motion,  gives,  as  in  Article  549,  the 
excess  or  deficiency  of  energy,  according  as  it  is  positive  or  negative. 
For  tl\e  entire  period  ABC  this  integral  is  nothing.  For  A  B, 
it  degiQi^  an  excess  of  energy  received,  represented  by  the  area 
D  G  E  H  5  and  for  B  C,  an  equal  excess  of  work  'performed,  repre- 
sented by  the  equal  area  E  K  F  I.  Let  ^ose  equal  quantities  be 
each  represented  by  A  K  Then  the  actual  energy  of  the  machine 
attains  a  maximum  value  at  B,  and  a  minimum  value  at  A  and  C, 
and  A  E  is  the  difference  of  these  values. 

Now  let  V^  be  the  mean  velocity,  Vi  the  greatest  velocity,  and 
V,  the  least  velocity  of  the  driving  point ;  then 

V" V* 

'         '*a-Wn«  =  aEj (1.) 

which,  being  divided  by  twice  the  mean  actucU  energy 

gives 

YlTiZ?  -  A?_  -      y^E 

a  ratio  which  may  be  called  the  co-^icient  ofjlfictuation  of  speed 
The  ratio  of  the  periodical  excess  and  deficiency  of  energy  A  E 

to  the  whole  energy  exerted  in  one  period  or  revolution,  ITds, 
has  been  determined  by  General  Morin  for  steam  engines  under 

various  circumstances,  and  found  to  be  from  77^  to  -7,  for  single 

10        4 

cylinder  engines.     For  a  pair  of  engines  driving  the  same  shaft, 

with  cranks  at  right  angles  to  each  other,  the  i^ue  of  this  ratio 

is  about  one-fourth  of  its  value  for  single  cylinder  engines.  ^^ 

690.  A  Fij-irheel  is  a  wheel  with  a  heavy  rim,  whose  great  moment 

of  inertia  reduces  the  co-efficient  of  fluctuation  of  speed  to  a  certain 

fixed  amount,  being  about  ^rr-  in  ordinary  machinery,  and  =;;  or  7;^ 

0)5  oO      oO 

in  machinery  for  fine  purposes. 

Let  —  be  the  intended  value  of  the  oo-efficient  of  fluctuation,  of 
m 

speed,  and  A  E,  as  before,  the  fluctuation  of  energy;  then  if  this  la 


(2.) 
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to  be  proYided  for  by  the  moment  of  inertia  I  of  the  fly-wheel  alone, 
let  a^  be  its  mean  angular  velocity;  then  equation  2  of  Aitide  689 
is  equivalent  to  the  following : — 

1        g^E  mg^E^ 

m"   all'^^      ai      ' ^  ^^ 

the  second  of  which  equations  gives  the  requisite  moment  of 
inertia  of  the  fly-wheeL 

691.  (^Hirrtwg  aad  atwppiiic— BhOkm. — ^The  starUng  of  a  machine 
consists  in  setting  it  in  motion  from  a  state  of  rest,  and  bringing  it 
up  to  its  proper  mean  velocity.  This  operation  requires  the  ex- 
penditure, besides  the  energy  required  to  overcome  the  resistance  of 
the  machkie,  of  an  additional  quantity  of  energy  equal  to  the  actual 
energy  of  tJie  machine  when  moving  with  its  mean  velocity,  as 
found  according  to  the  principles  of  Article  687. 

If,  in  order  to  stop  a  machine,  the  effort  of  the  prime  mover  is 
simply  suspended,  the  machine  will  continue  to  go  until  work  has 
been  performed  in  overcoming  its  resistances  equal  to  the  actual 
energy  due  to  its  speed  at  the  time  of  suspending  the  effort  of  the 
prime  mover. 

In  order  to  stop  the  machine  in  less  time  than  this  operation 
would  require,  the  resistance  may  be  artificially  increased  bv  means 
of  a  6rZ  which  may  be  a  fn<^on-stoap,  as  ^described  in^Artid* 
678,  or  a  block  pressed  against  tha  rim  of  a  wheel,  or  a  grooved 
sector  pressed  against  a  wheel  grooved  as  for  Motional  gearing 
(Articles  445,  679). 

Let  Bi  be  the  ordinary  resistance  of  the  machine,  reckuxd  to  tJu 
rvJbhvng  stJi/rface  (Article  668),  B,  the  Motion  produced  bj  the  brake, 
V  the  velocity  of  the  surface  on  which  it  acts  at  the  time  when  it  is 
first  applied,  s  the  distance  through  which  rubbing  must  take  place 
in  order  to  stop  the  machine,  t  the  time  required  for  the  same 
effect,  E  the  actual  energy  of  the  machine  when  the  brake  begins 
to  act.     Then 

«  =  E  -  (R,  +  E,)  ; (1.) 

and  because  the  mean  velocity  of  rubbing  during  l^e  operation  of 
stopping  is  17  -r  2, 

<  =  ~==2E-^v(Ri  +  Rj) (2.) 
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ON   PBIHE   MOyEB& 


692.  A  JPHmm  Hi«T«r  is  an  engine,  or  combination  of  moving 
pieces,  whicli  serves  to  transfer  energy  &om  those  bodies  which 
natonJly  develop  it,  to  those  by  means  of  which  it  is  to  be 
employed,  and  to  transform  energy  from  the  various  forms  in  which 
it  may  occur,  such  as  chemical  affinity,  heat,  or  electricity,  into  the 
form  of  mechanical  energy,  or  energy  of  force  and  motion.  The 
mechamsm  of  a  prime  mover  comprehends  all  those  parts  by  means 
of  which  it  r^^ulates  its  own  operationa 

The  ttsefid  work  of  a  prime  mover  is  the  energy  which  it  trans- 
mits  to  any  machine  driven  by  it;  and  its  effidenoy  is  the  ratio  of 
that  useful  work  to  the  whole  energy  received  by  it  £rom  a  natural 
source  of  energy. 

The  effeGt  or  cmcMable  power  of  a  prime  mover  is  its  useful  work 
in  some  given  unit  of  time,  such  as  a  second,  a  minute,  an  hour,  a 
day. 

693.  The  BegHlaMr  of  a  prime  mover  is  some  piece  of  apparatus 
by  which  the  rate  at  which  it  receives  energy  from  the  source  of 
energy  can  be  varied;  such  as  the  sluice  or  valve  which  adjusts  the 
size  of  the  orifice  for  supplying  water  to  a  water-wheel,  the  appara- 
tus for  varying  the  sui^m^  exposed  to  the  wind  by  windmill-sails, 
the  throttle-^ve  of  a  steam  engine.  In  prime  movers,  whose 
speed  and  power  have  to  be  varied  at  will,  such  as-  locomotive 
engines,  and  winding  engines  for  mines,  the  regulator  is  adjusted 
by  hand.  In  other  cases  it  is  adjusted  by  a  self-acting  apparatus 
called  a  GvronMr — ^usually  consisting  of  a  pair  of  rotatmg  pen- 
dulums, whose  angle  of  deviation  from  their  axis  depends  upon  the 
speed    (Article  606). 

694.  Piteie  MtfTvvs  may  be  oiuMd  according  to  the  forms  in 
which  the  energy  is  first  obtained.     These  are — 

I.  Muscular  Strength. 
II.  The  Motion  of  Fluids. 
III.  Heat. 
lY.  Electricity  and  MagnetinnL 

695.  HmcBlar  fltraigtii. — ^The  d(Mly  effect  exerted  by  the  muscu- 
lar strength  of  a  man  or  of  a  beast  is  the  product  of  three  quan- 
tities; the  useful  resistance,  the  velocity  with  which  that  resistance 

2s    ' 
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is  overcome^  and  the  number  of  ^nits  of  time  per  day  dtmng  "wlueh 
work  is  continued.  It  is  known  that  for  each  individual  man  or 
animal  there  is  a  certain  set  of  values  of  those  three  quanti- 
ties which  makes  their  product  a  maximiun,  and  is  therefore  the 
best  for  economy  of  power;  and  that  any  departure  from  that  set  of 
values  diminishes  the  daily  effect. 

The  following  table  of  the  effects  of  the  strength  of  men  and 
horses  employed  in  various  ways,  is  compiled  from  the  works  of 
Poncelet  and  General  Morin,  and  some  other  sources  : — 


1. 

2. 
3. 
4. 
6. 
6. 
7. 

8. 


9. 


10. 

11. 
12. 


18. 
14. 


Max. 


Baifling  his  own  weight  up  stJur 

or  ladder, 

Do.  do.  do., 

(Tread-wheel,  see  1.) 
Hanliog  np  weight  with  rope, 

lifting  weights  by  hand, 

Carrying  weights  up  stairs, 

Shovelling  np  earth  to  a  height 

of  5  feet  8  inches, 

Wheeling  earth  in  barrow  up 

slope  of  1  in  12,  ^  horiz.  veloc. 

0*9  ft.  persec.  ^tum.  empty), 
Pushing  or  pulling  horizontally 

(capstan  or  oar), 

Taming  a  crank  or  winch, 

Working  pump, 

Haznmering, 

Horse. 

Cantering  and  trotting,  draw- 
ing a  light  railway  carriage 
(thoroughbred), 

Horse  drawing  cart  or  boat, 
walking  (draught  horse), 


B 

V 

V^ 

BV 

lb. 

ft  p.  sec: 

3,600- 
hra.  p.  day. 

ft.lbi 
pi  see. 

148 

0-6 

8 

72-6 

... 

•  •• 

10 

•  •• 

40 

0-75 

6 

80 

44 

0-56 

6 

24*2 

143 

0-18 

6 

18-5 

6 

1-3 

10 

7-8 

132 

0075 

10 

9*9 

26-5 

20 

8 

58 

f  12-5 

6-0 

? 

62-5 

i  180 

2-5 

8 

45 

1 20-0 

14-4 

(2  mina.) 

288 

18-2 

2  5 

10 

83 

15 

? 

8? 

? 

(min.  22^) 

i  meanSO.^  y 

14} 

4 

447^ 

(max.  50 ) 

120 

8*6 

8 

432 

BVT 

ftOnpLdqr. 


2,088,000 
2,616,000 

648,000 
522,720 
899,600 

280,800 


856,400 

1,526,400 

1,296,000 

1,188,000 
480,000 


6,444,000 


12,441,600 ; 


696.  A  iTater  PrcMnre  Engine  consists  essentially  of  a  working 
cylinder,  in  which  water  moves  a  piston  in  the  manner  stated  in 
Article  499,  case  2.  Let  h  be  the  mrhuil/all,  that  is,  the  excess  of 
the  dynamic  head  of  the  water  entering  the  cylinder  above  that  of 
the  water  leaving  the  cylinder;  Q  the  volume  of  water  supplied  per 
second;  ^  its  weight  per  unit  of  volume;  1 — k  the  efficiency  of  the 
engine;  then 
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is  its  effect  per  second.  In  well  constructed  water  pressure  en- 
gines, 1 — k  varies  from  -66  to  '8. 

697.  ITater-Whecb  in  General.  —  Water  may  act  On  a  wheel 
cither  by  its  weight  and  pressure,  or  by  its  velocity;  that  is,  either 
by  its  potential,  or  by  its  acttud  energy.     See  Article  622. 

Let  ^  Q  denote  the  weight  of  water,  in  pounds,  supplied  to  the 
wheel  in  a  second;  k  the  difference  of  dynamic  head,  in  feet,  of  the 
water  before  and  after  its  action  on  the  wheel;  Vi  the  velocity  of 
the  water,  in  feet  per  second,  just  before  it  begins  to  press  on  the 
wheel,  or  snpply-velodty;  Vj  the  velocity  of  the  water  just  after  it 
has  ceased  to  act  on  the  wheel,  or  discfiarge-vdodty.  Then  the  total 
energy  of  the  water,  as  in  Article  622,  is 

C  Q  (^  "f"  9^)  ^"^^  poxmds  per  second; 

the  energy  of  the  water  when  discharged, 

v^ 
e  Q  -~-j  foot  pounds  per  second; 
^g 

the  total  power  of  the  wheel, 

eQ(^  +  -^ — ^)  foot  pounds  per  second; (1.) 

the  maximum  theoretical  efficiency, 

(»+-ir)-('+^)= w 

the  quantity 

*'=*+f; : W 

may  be  called  the  theoretical  fall  or  head.  The  available  efficiency 
of  a  water-wheel  falls  short  of  the  maximum  theoretical  efficiency 
principally  from  the  following  causes : — 1.  The  resistance  of  the 
channel  and  orifices  by  which  the  water  is  supplied,  which  causes 
the  actual  height  from  which  the  water  must  descend  in  order  to 
acquire  the  supply-velocity  t?  to  be  greater  than  v\\2g.  The  effect 
of  such  resistimce  is  expressed  by  putting  for  the  axiualfall, 

H  =  A  +  (H-2-/)||; (4.) 

2  '/being  the  co-efficient  of  resistance  of  the  channel  and  oiifioes  of 
supply,  determined  according  to  the  principles  of  Articles  638  to 
646.  2.  The  escape  of  part  of  the  water  before  it  has  completed 
its  action  on  the  wheel    3.  The  agitation  and  mutual  friction  of  the 


(5.) 
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particles  of  ^water  acting  oil  the  wheel ;  and,  4.  The  firictioii  of  Hie 
wheel  The  effects  of  the  last  three  tarases  are  expEressed  by  multi- 
plying the  total  power  and  the  theoretical  efficiency  of  the  wheel  by 
an  empirically  determined  firactional  co-efficient  k;  no  that  the  effect 
or  available  power  is  denoted  by 

(l-*)eQA,j 

and  the  (xvcdktble  iffidmcy  by 

H 

698.  cisMM  ef  Watcr-wiieeii. — ^Water- wheels  may  be  dassed  as 
follows: — Overahot-vjheds  and  hreas^wheds,  under^unt-uJheds  and 
ifwrbines. 

699.  Orenbet  mmA  Brout-WlMcb.  —  The  water  is  supplied  to 
this  class  of  wheels  at  or  below  the  summit^  and  acts  wholly,  or 
partly  by  its  weight,  as  it  descends  in  the  buckets.  (See  Article 
634).  Formerly  the  buckets  used  to  be  closed  at  their  inner 
sides,  but  now  they  are  made  with  openings  for  the  escape  and 
re-entrance  of  air :  an  invention  of  Mr.  Fairbaim.  A  breast- 
wheel  differs  £rom  an  overshot-wheel  chiefly  in  having  the  water 
poured  into  the  buckets  at  a  somewhat  lower  elevation  as  compared 
with  the  summit  of  the  wheel,  and  in  being  provided  with  a  casing 
or  trough,  called  a  breast y  of  the  form  of  an  are  of  a  circle,  extend- 
ing from  the  i^ulating  sluice  to  the  commencement  of  the  tail- 
race,  and  nearly  fitting  the  periphery  of  the  wheel,  which  revolves 
within  it.  The  effect  of  the  breast  is  to  prevent  the  overflow  of 
water  from  the  lips  of  the  buckets  imtil  they  are  over  the  tail-raoa 
The  usual  velocity  of  the  periphery  of  overshot  and  high  breast- 
wheels  is  &om  three  to  six  feet  per  second;  and  their  available 
efficiency,  when  well  designed  and  constructed,  is  from  0*7  to  0*8. 

700.  iJMdenii«t-Whceia  are  driven  by  the  impulse  of  water,  dis- 
charged from  an  opening  at  the  bottom  of  the  reservoir  with  the 
velocity  produced  by  the  fall,  against  flocUa  or  boards,  as  to  which 
see  Article  649.  Every  such  wheel  has  a  certain  velocity  of 
maanmvan  efficiency ,  which  does  not  in  any  case  differ  much  from 
half  the  velocity  of  the  water  striking  it.  In  undershot-wheels  of 
the  old  construction,  the  floats  are  flat  boards  in  the  direction 
of  radii  of  the  wheel;  and  the  mftyiTnTmn  theoretical  efficientT'  is 
^.  The  available  efficiency  is  about  0*3.  TUs  class  of  wheels  was 
much  improved  by  Poncelet,  who  curved  the  floats  with  a  con- 
cavity backwards,  adjusting  their  position  and  figure  so  that  the 
water  should  be  supplied  to  them  without  shock,  and  should  drop 
from  them  into  the  tail-face  without  any  horizontal  velocity.  The 
available  efficiency  of  such  wheels  is  about  0-6. 
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701.  A  TwaMmm  is  a  boiizontal  voiter-wheel  with  a  rertical  axis, 
reoeiviiig  and  discharging  water  in  all  directions  round  that  axis : 
that  is,  driven  bj  a  vortex;  its  efficiency  ranges  from  *6  to  *8  (see 
Article  650). 

702.  wiadMiUa  are  driven  by  the  impulse  of  the  air  against 
oblique  surfieuses  called  sails,  rotating  in  a  plane  perpendiciilar  to 
the  direction  of  the  wind. 

The  best  figure  and  proportions  for  windmill  toils,  as  determined 
experimentaUy  by  Smeaton,  are  given  by  the  following  formulse,  in 
which  the  uihip  means,  the  length  of  an  arm,  or  the  distance  of  the 

tip  of  a  sail  from  the  axis  : — ^length  of  sail,  -  whip  : — breadth  at  end 

nearest  axis,  -=  whip : — ^at  tip,  -^  whip  : — angles  made  by  the  sur&ce 

of  the  sail  with  the  plane  of  rotation — at  the  end  nearest  the  axis, 
18** : — at  the  tip,  7°.  The  efficiency  of  a  good  windmill  is  about  0*29. 
(See  Smeaton  on  Windmills,  in  Tredgold's  Hydravlvc  Tracts.) 

703.  The  Bactmer  •£  wumt  Bagiaw  is  the  subject  of  a  peculiar 
branch  of  science,  Thermodyrumiics ;  and  an  outline  only  of  the 
principles  on  which  it  depends  can  here  be  given. 

If  the  number  of  British  Fahrenheit  units  of  heat  produced  by 
the  combustion  of  one  pound  of  a  given  kind  of  fuel,  be  multiplied 
by  Jotde's  equivalent,  772  foot  pounds,  the  result  is  the  total  1i/eat 
of  cxymbusUon  of  the  fdel  in  question,  expressed  in  foot  pounda  For 
different  kinds  of  coal,  it  varies  from  6,000,000  to  12,000,000  foot 
pounds.  This  total  heat  is  expended,  in  any  given  engine,  in  pro- 
ducing the  following  effects^  whose  sum  is  equal  to  the  heat  so 
expended : — 

1.  The  waMe  heai  of  the  fwrnace,  being  from  0*15  to  0*6  of  the 
total  heat^  according  to  the  construction  of  the  frimace,  and  the 
skill  with  which  the  combustion  is  regulated. 

2.  The  neoessarilj/  reeded  heat  of  the  engiftie,  beings  ^  x  the  heat 

received  by  the  elastic  fluid :  tg  being  the  upper,  and  t,  the  lower 
limits  of  absohUe  temperature,  which  is  measured  from  the  absolute 
zero,  493^*2  Fahrenheit  below  the  melting  point  of  ice. 

3.  The  heai  toasted  by  the  engine^  whetiker  by  conduction,  or  by 
non-fulfilment  of  the  conditions  of  maximum  efficiency. 

4.  The  usdess  work  of  the  enffine,  employed  in  overoomiog  friction 
and  other  prejudicial  resistances. 

5.  The  usefvl  work.  The  efficiency  of  a  thermodynamic  engine 
is  improved  by  diminishing  as  &r  as  possible  the  first  four  of  l^ese 
effects,  so  as  to  increase  the  fifth. 

The  efficiency  of  a  heat  engine  is  the  product  of 'three  factors; 
viz. : — ^the  efficiency  of  the  furnace,  being  the  ratio  of  the  heat 
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transferred  to  the  elastic  fluid  to  the  total  heat  of  combostioii;- 
efficiency  of  the  fluid,  being  the  fraction  of  the  heat  received  hy  it 
which  is  transformed  into  mechanical  energy ; — and  the  efficien<7  of 
the  mechanism,  being  the  fraction  of  that  energy  which  is  available 
for  driving  machines.  The  maximum  efficiency  of  the  fluid  between 
given  limits  of  absolute  temperature  is  expressed  by 

'■^- <••' 

As  to  the  mechanical  action  of  an  elastic  fluid  on  a  piston,  see 
Article  656. 

704.  Steam  Bagiaca. — ^FormulsB  for  the  mechanical  action  of 
steam  on  a  piston,  both  exact  and  approximate,  have  been  given  in 
Article  656,  equations  6  to  13. 

The  efficiency  of  the  steam  lies  between  the  limits  "02  and  '2  in 
extreme  cases,  and  *04  and  *1  in  ordinary  cases. 

•  The  details  of  the  construction  and  working  of  steam  engines  can 
be  explained  in  a  special  treatise  only. 

The  duty  of  an  engine  is  the  work  performed  by  a  given  quantity 
of  fuel,  such  as  one  pound.  The  duty  of  a  pound  of  coal  varies  in 
diflerent  classes  of  engines  from  about  100,000  to  1,900,000  foot 
pounds.  These  are  extreme  results,  as  respects  wastef^ilness  on  the 
one  hand,  and  economy  on  the  other.  In  good  ordinary  engines, 
the  duty  varies  from  200,000  to  700,000. 

705,  fiiectredTBaoiic  EngiBes,  though  capable  of  higher  efficiency 
than  heat  engines,  are  not  so  economical  commercially,  on  account 
of  the  greater  cost  of  the  materials  consumed  in  them.  Their  theo- 
retical efficiency,  according  to  a  law  demonstrated  by  Mr.  Joule,  is 
given  by  the  formula 

5^^'; .'. (1.) 

where  71  is  the  strength  which  the  electric  current  wotdd  have  if 
the  -machine  performed  no  mechanical  work,  and  y^  is  the  actual 
strength  of  the  current. 

Tlus  law,  and  the  law  of  the  maximum  efficiency  of  heat  engines, 
are  particular  cases  of  a  general  law  which  regulates  all  transfoiiDa- 
tions  of  energy,  and  is  the  basis  of  the  Sdenoe  of  Energetics.* 

*  Edkiburgh  PhilotopMcal  Joumalf  Julj^  1856;  HvceeeSngs  cfAe  Pi 
Society  <ifOlasgow^  1853-5. 
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Table  of  the  Kesistance  of  Materials  to  STKETCHnra  aot) 
TEAMNa  BY  A  DiBEGT  PuLL,  in  pounds  avoirdupois  per  squa/re 
incL 

MATEEIAL8.  OT  ^/i  to         or  liSblS^  to 

Tearing.  Stretching. 

Stones,  Natubal  and  Abtificial  : 

Brick,     )  o    . 

Cemeit,  / ^^^  ^  3oo 

Glafis, , 9>400  8,ooo,oo& 

Slate, [^     9,^00        13,000,000 

'  (to  12,800    to  10,000,000 

Mortar,  ordinary, 50 

Metals: 

Brass,  cast, 18,000          9,170,000 

„      wire, 49,000         14,230,000 

Bronze  or  Gun  Metal  (Ck>pper  8, )  >• 

Tin  i), ......:....../  3^,000          9,900,000 

Copper,  cast, 19,000 

„       sheet, 30,000 

„       bolts, 36,000 

„       wire, 60,000         17,000,000 

Iron,  cant,  various  qnaHties, [^    '^,400        14,000,000 

«,  ^.w  ,     <uxuuo  <iuauta«>,  -^  ^  29,000      tO  22,900,000 

„        ayerage, 16,500         17,000,000 

Iron,  wrought,  plates, 51,000 

„       joints,  double  riyetted,  35,7oo 

„  „       single  riyetted,  28,600 

tf       bars  and  bolte, {to7o'ooo}      29,000,000 

„       hoop,  best-best^ 64,000 

f        70,000 ) 

"       ^ {toiooloool      25,300,000 

„       wire-ropes, —  90,000         15,000,000 

Lead,  sheet, 3,300  720,000 

Steel  bars, I  ,    '°^'^°    ,    29,000,000 

'  (^  to  130,000  to  42,000,000 

Steel  plates,  arerage, •••  •  80,000 

Tin,  (»ist, •••••  4,600 

Zinc, 7,000  to  8,000 
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Tenacity,  ElaBtadtr, 

Matbbxals.  or  Besmtanee  to       ^  ResuteiMX  to 

Teanng.  Stoetdmig. 

TmBEB  AND  OTHER  OrOAITIO  FiBBE: 

Acacia,  false.  See  *'  Locust." 

Aak  {Fraairma  eoocdsior),., 17,000           1,600,000 

Bamboo  (J^om&tMa  arumdiriacea),  6,300 

Beech  {Fagtis  aylvatica), 11,500           i,35o>«» 

Biicii  {Behda  alba), i5>ooo           1,645,000 

Box  {Buaus  sempervirena), 20,000 

OedarofLebaiion(C«^m8Xi&oni),  11,400              486,000 

Chestnut  {CaOanea  Vesca), |  ^  \^^  }        1,140,000 

*^  y^-r,  .\  f  700,000 

Elm  {Ulmus  oampeOnsl ^^^^^  j  ^  1,340,000 

^      ,  ^.  ,r>.  »         ^     -X  f  12,000  1,460,000 

Fir :  Bed  Pme  {Pmus  tylveOrts),      |  ^  ^^^^      ^^  i;5oo,ooo 

f  1,400,000 

„    Spruce  (ilW«  «w»te), 12,400)101,800,000 

■w  ^      r-r         '       -Kf  \  (  0,000  900,000 

„    Ij^rck  {Lanx  Ewopma), jtoio^ooo      to  1,360,000 

Hoxen  Yam, about  a5iOoo 

Hazel  {Gorylua  Avdlana) 18,000 

Hempen  Ropes, from  12,000  to  16,000 

Hide,  Ox,  undr€«sed, 6,300 

Hornbeam  {Ca/rpinua  Betvlua), . . .  20,000 

Lancewood  (GuaUeria  virgata),...  23,400 

Leather,  Ox, .-  4,200                24,300 

Lignum- Vitee  {Guadacum  officir  )  ^^  g^^ 

Tude), /  ' 

Locust  {Robvnia  Fimd(hAcaeia\  16,000 

Mahogany  {SwiOema  Mahagoni),      \^  2  i|8oo  |        '^^SSiOOO 

Maple  {Acer  campestris), 10,600 

Oak,  European  {Quercus  sesaUi-  f       10,000           1,200,000 

Jlorae^dQyerctia  pedimcuUaa)f  (to  19,800      101,750,000 

„     American    B^     {Quercus)  ^^^^^^          2,150,000 

ruora)f ) 

Silk  Fibre, .."  52,000           1,300,000 

&jcamoYe{AcerFseuckhFlata7iU8\  13,000           1,040,000 

Teak,  Indian  {Tectona  grandts),  15,000           2,400,000 

„      African,  (?) 21,000           2,300,000 

Whalebone, 7»7oo 

Yew  {Taosus  ba^xata), 8,000 
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II. 

Tablb  of  thb  Resistakoe  of  Materials  to  Sheabiko  and 

Distortion^  in  potrnda  cwoMupoia  per  aquaw  inch. 

„   .  .  TranBTene 

^««^""<»  Elasticity, 

Matbbiils.  to  ^  Resiirtance  to 

MbTAM:  Shearing.  Distortion. 

Brass,  wire-drawn, 5>33o>ooo 

Copper, 6,200,000 

Iron,  cast, 27,700         2,850,000 

1.x  -           f     8,500,000 

»  -^^t- 50,000  {^^  ^^1^^^^ 

^TlMBEB  * 

Fir:  Red  Pine, 5ooto    800     |.      ^^'°^° 

'  ^  (to  110,000 

„     Spruce, 600  

„     Larch, 97otoi,7oo  

Oak, 2,300  82,000 

Ash  and  Elm, 1,400  7^^000 


III. 

Table  of  the  Resistance  of  Materials  to  Crushing  bt  a 

DntECT  Thrust,  m  potmda  avoircktpois  per  squavre  inch, 

Bflflistanoe 
Matctjiatji.  to 

Crushing. 

Stones,  Natural  and  Artdioial: 

Biick,  weak  red, 550  to  800 

„      strong  red, 1,100 

„      fire, i»7oo 

Chalk, 330 

Granite, 5>5oo  to  11,000 

Limestone,  marble, 5)5oo 

„          granular, 4,000  to  4,500 

Sandstone,  strong, S^Soo 

„         ordinary, 3,300  to  4,400 

„         weak, 2,200 

Rubble  masonry,  about  four-tenths  of  cut  stone. 

Mefau: 

Brass,  cast, 10,300 

Iron,  cast,  various  qualities^ 82,000  to  145,000 

y,   „  average,....: 112,000 

„    wrought, , about  36,000  to  40,000 
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MiiTERlAU.  to 


TiMBEB,*  Dry,  crushed  along  the  gram : 

Ash, 9yOoo 

Beech^ 9,360 

Birch, 6,400 

Blue-Gum  {Eitcalyptua  Globultui), 8,800 

Box, 10,300 

Bullet-tree  {Achras  Sideroxylon), 14,000 

CabacaUi, PiSK^ 

Cedar  of  Lebaaon, 5x86o 

Ebony,  West  Indian  {Brya  Ebenus), 1 9,000 

Elm, 10,300 

Fir:  Bed  Pine, 5>375  to  6,300 

„     AmericanTellowPine(Pmt»tx»na^t9),  5>400 

„     Larch, 5,570 

Hornbeam, 7>30o 

Lignimi-yit8B, S^9oo 

Mahogany, 8,300 

Mora  {Mora  excdsa), P^poo 

Oak,  British, 10,000 

„     Dantzic, 7>7oo 

„     American  Bed,..; 6,000 

Teak,  Tndian, 13,000 

Water^Gum  (IVutonia  n«r(/bZta), 11,000 


IV. 

Table  of  the  Bjssistance  of  Materials  to  Bbeasino  Acbobs, 

in  pounds  (woirdtipoia  per  squaa^  imcL 

Benstanoe  to  Bmkiii^ 
Materials.  or 

Modnlxis  of  Rapit]in.t 

Stones: 

Sandstone, • 1,100  to  3,360 

Slate, 5,000 

*  llie  resistances  stated  are  for  dry  timber.  Green  timber  is  much  weaker,  bavii^ 
sometimes  only  half  the  strength  of  diy  timbcar  against  croahinjg. 

f  The  modnJos  of  ruptore  is  eighteen  times  the  load  which  is  reonired  to  break  a  bar 
of  one  inch  square,  supported  at  two  points  one  foot  apart,  and  loaded  in  the  middle 
between  the  pomts  of  support. 
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Besistanoe  to  BreakiDg^ 
Matbbiauu  or 

Mo4nla8  of  Rupture. 

Metau: 

Iron,  cast,  open-work  beams,  aTerage, 17,000 

„       „    solid  rectangular  bars,  yar.  qualities,  33,000  to  43,500 

»       »  yt  9t  average, 40,000 

„     wroughtjj^late beams,.,; , ,    z  42^000 

Tdibeb:  / 

Ash, 12,000  to  14,000 

Beech, 9,000  to  12,000 

Birch, 11,700 

Blue-Gum, 16,000  to  20,000 

Bullet-treCi 15,900  to  22,000 

Cabacalli, 15,000  to  16,000 

Cedar  of  Lebanon, 79400 

Chestnfit, 10,660 

Cowrie  (DammcMra  australU), 11,000 

Ebony,  West  Indian, 27,000 

Elm, 6,000  to    9,700 

Fir:  Red  Pine, 7,100  to    9,540 

„     Spruce, 9,900  to  12,300 

„     I^irch^ 5,000  to  10,000 

Greenheart  {jSFeiiandra  liodtceC), 16,500  to  27,500 

Lancewood, ^79350 

Lignum-YitSy 12,000 

Locust, 11,200 

Mahogany^  Honduras, 11,500 

„         Spanish, 7,600 

Mora, • 32,000 

Oaky  British  and  Russian,...* 10,000  to  13,600 

„    Dantzic, ••••«. 8,700 

„     American  Bed, ^ ..••..••  ]0,6oo 

Poon, ^3>3oo 

Saul, 16,300  to  20,700 

Sycamore, 9,600 

Teak,  Indian, 12,000  to  19,000 

„     African, 14,980 

Tonka  {Dipt^ryx  odoraiia), •  22,000 

Water-Gum, 17,460 

Willow  {Salix,  yarions  fipedes), • 6,600 


4  ^n 

i  UUm  i 


'1  41  ■= 
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Tablb  of  Spxcmo  Osathies  of  Matkbiaia 


WeightofacaUo 

GabkBj  at  32®  Fahr.y  and  rmder  the  pressure  of  one  foot  in 

atmosphere,  of  2116-4  lb.  on  the  square  foot:         ^^  •▼oWupoli. 

Air, 0-080728 

Carbonic  Add,  0-12344 

Hydrogen, 0-005592 

Oxygen, 0-089256 

Nitrogen, 0-078596 

Steam  (ideal), 0-05022 

^ther  vapour  (ideal), 0-2093 

Bisulphuret-of-carbon  vapour  (ideal), 0*2137 

Olefiantgas, 0*0795 

Weight  of  a  caMo  Spedfie 

foot  in  gravitj, 
lb.  aYoirdupoifl.         pan  water  » 1* 

Liquids  at  32^  Fahr.  (except  Water, 
which  is  taken  at  39''*4  Fahr.): 

Water,  pure,  at  39*'-4, 62-425  i-ooo 

„       sea,  ordinary, 64-05  1-026 

Alcohol,  pure, 49*38  0-791 

„       proof  spirit,.. 57'i8  0-916 

./Ether, 44'7o  0-716 

Mercury, 848-75  i3'59^ 

Naphtha, 52*94  0-848 

Oil,  linseed, 58*68  0-940 

„    olive, 57-12  0915 

„    whale, 57*62  0-923 

„    of  turpentine, 54'3i  0*870 

Petroleum, 54*81  0-878 

Solid  Mihebal  Substakgks,  non-metallio: 

Basalt, .' 187-3  3'^^ 

Brick, 125  to  135  2  to  2-167 

Brickwork, 112  1-8 

Chalk, 117  to  174         1*87  to  2-78 

day, 120  1-92 

Coal,  anthracite, 100  1-602 

„     bituminous, 77*4  to  89*9         1-24101-44 

Coke, 62-43  *o  103-6         i-oo  to  1-66 

Felspar, 162-3  2-6 

Flinty 164*2  263 
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Weight  of  a  caUe 

foot  in 

lb.  avoirdnpoia. 

Solid  Mineral  BvBfftxscES^—conUnued, 

Glass,  crown,  average, 156 

„      flint,         „         187 

„      green,       „         i6g 

„      plate,        „         169 

Granite, 164  to  172 

Gypsum, i43'<^ 

Lunestone  (inclnding  marble),..  169  to  175 

ff         magnesian, 178 

Marl, 100  to  119 

Masoniy, 116  to  144 

Mortar, 109 

Mud, 102 

Quartz, '. 165. 

Sand  (damp), 118 

„     (dry), 88-6 

Sandstone,  ayerage, 144 

„         vaiious  kinds, 130  to  157 

Shale, 162 

Slate, 175  to  181 

Trap, 170 

Metaus,  solid: 

Brass,  cast, 487  to  524*4 

„      ^J^^ire, 533 

Bronze, 534 

Copper,  cast, 537 

„       sheet, 549 

„       hammered, 556 

Gold, ii86to  1224 

Iron,  cast,  Tarious, 434  to  456 

„        average, 444 

Iron,  wrought,  various, 474  to  487 

„                average, 480 

Lead, 713 

Platinum, 1311  to  1373 

Silver, 655 

Steel, 487  to  493 

Tin, 456  to  468 

^nc, 434  to  449 


Spccno 

«»^ityi  . 

pnnwatieral. 

a-5 

3-0 

27 

27 

2-63  to  276 

2-3 

27  to  2-8 

2-86 

1-6  to  1*9 

1-85  to  2-3 

175 

I  "63 

2-65 

1-9 

1*42 

2*3 

2-08  to  2*52 

2-6 

2-8  to  2-9 

272 

78  to  84 

8-54 

«'4 

8-6 

8-8 

8-9 

19  to  19-6 

695  to  7-3 

7'ii 

7-6  to  7-8 

7-69 

II-4 

21  to  22 

10-5 

7-8  to  7-9 

7*3  to  75 

6-8  to  7*2 
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Weight  of  a  cobio  Specific 

foot  in  gravity, 

XlMBEB.  ib.  avoirdixpois.  pure  water  as  1. 

Aah, 47  <5753 

Bamboo, 25  0-4 

Beech, 43  0-69 

Birch, 44*4  <^'7i^ 

Blue-Gum, 525  0843 

Box, 60  0-96 

Bulletrtree, 65-3  1046 

CabacaJli, 56-2  0-9 

Cedar  of  Lebauon, 30*4  0*486 

Chestnut, 33-4  0-535 

Cowrie, 36-2  0*579 

Ebony,  West  Indian, 745  1-193 

Ehn, 34  0544 

Fir:  Red  Pine, 30  to  44  0-48  to  07 

„      Spruce, 30  to  44  0-48  to  07 

„      American  Yellow  Pine,...  29  0'46 

„     Larch, 3»  *<>  35  05  to  056 

Greenheart, 625  looi 

Hawthorn, 57  0-91 

Hazel, 54  086 

Holly, 47  076 

Hornbeam, 47  ®'7^ 

Laburnum, 57  0*92 

Loncewood, 42  to  63      0*675  to  loi 

LarcL     See  "  Fir.** 

Lignum-VitBB, 4»  to  83  065  to  1-33 

Lc^ust^ 44  071 

Mahogany,  Honduras, 35  0*56 

„          Spanish, 53  0*85 

Maple, 49  079 

Mora, 57  ^'9^ 

Oak,  EuropNBan, 43  to  62  0-69  to  0-99 

„     American  Bed, 54  0*87 

Poon, 36  058 

Saul, 60  0*96 

Sycamore, 37  0*59 

Teak,  Indian, 41  to 55  066  to 088 

„      A&ican, 61  0*98 

Tonka, 62  to  66  0*99  to  1*06 

Water-Gum, 625  i-ooi 

Willow, 25  0*4 

Yeiw, 50  0-8 

*  Hm  Timber  in  e\eiy  case  if  rapposed  to  be  dry. 
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Dimensions  and  Stability  of  the  Outer  Shell  of  the 
Great  Chimney  of  St.  Rolloz. 


DlvfaioDaof 

Heights  above 

Extemil 

TbiekneanB. 

sore  of  Wind 

CUauMy. 

Ground. 

Diameten. 

Goosiataitwilli 

Secuiity. 

Feet 

Feet  Inches 

Feet  Inchei. 

lb.periiin»efbat 

V. 

435i 

13 

6      1 

I       a 

^       35oi 

16 

9 

77 

IV. 

' 

1 
1 

>      I      6 

210^ 

24 

** 

55' 

TTT. 

1 

1 

I       lOJ^ 

1         114i 

30 

6      '< 

57 

IL 

2      3 

1 

f        5ik 

35 

0 

63 

I. 

>      2      7i 

0 

40 

0 

71 

T^                          A         A* 

Depth  below 

External 

ThkkneaaeB. 

Foandation. 

Ground. 

Diameter. 

Concrete. 

Brick. 

Feet 

Feet 

Feet  Inches 

Feet 

L 

[              0 

50 

5    0 

3 

8 

50 

4      8 

3 

II.      . 

1 
1 

'* 

50 

\ 

12 

ni. 

1 

I              20 

50 

'     as      0 

0 

Total  height  from  base  of  foundation  to  top  of  chimney,  455^  feet 

*  Jomt  of  least  stability. 
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BtiarfUt70i;226. 
of  ardMB,  261. 

op€o  and  hollow,  268  (see  also  82). 
strength  of|  268. 
Aooelaratiiig  eflbct  of  gniTitj,  486. 

impolM,  488. 
fiDroa,490. 
Aooekntkni,  886. 
Air,  appanot  weight  of  bodies  in,  128. 

ezpaiuioD  o!^  128. 

yJodty  of  somid  in,  568. 

weight  of;  128. 

(see  Gas). 
An^  of  repoee,  210. 

ofroCatioo,  891. 

of  ropture,  204,  269. 

of  torsion*  866. 
Angular  impolBe,  606. 

moDMQtnm,  606,  629. 

yelodtj,  891. 
Ardi,  ahntments  at,  261. 

angle,  joint,  and  point  of  raptors  ol^269. 

drcnlar  Unear,  188,  201. 

olnstered,  268. 

distorted,  202. 

distorted  eUipCic  Unear,  186. 

elfiptic  Unear,  184. 

geostatic  approximate,  209. 

geoetAtio  (to  sostain  earth),  196. 

groined  (see  Yaalts). 

hydrostatic  approxfanate,  207. 

hydrostatic  (to  sustain  flnld  pressore), 
190,  868. 

iron-ribbed,  876. 

Une  of  prewores  in,  267. 

Unear,  for  normal  pressors,  189. 

Unear,  or  eqnOibrated  lib,  162, 175, 182. 

of  masonry  or  brick-woik,  stabiUty  of, 
226,  256. 

pisnoi^  268. 

pointed,  208. 

skew,  261. 

storaostatic  (with  rigid  load),  198. 

stnogth  ci,  268. 

total  thrust  of,  208,  260. 


Areas,  meaaorement  6i,  58. 

oDosarration  of  (see  Conservatioii). 
AtnKMqplieric  prsMore,  69. 
Axes  of  inertia,  624. 

of  elasticity,  278. 

of  stress,  98,  98. 
Axisofrotatioo,  890. 

fixed,  546. 

instantaneoos,  897. 

of  angnlar  momentom,  505,  529. 
Axle,  8treogth.oi;  858. 

frietioo  of;  614. 

reaOienoe  of;  857. 

torrion  ot,  856* 

with  cnu:^  strength  of,  858. 

Balahcs,  15. 

of  any  systeoi  of  foroes,  41. 

of  oooples,  21. 

of  floating  bodies,  120. 

of  floids,  116. 

of  foroes  in  one  Une,  19. 

of  indined  forces,  85. 

of  panlU  foroes,  21,  25. 

of  stress  and  weight,  112. 

of  stroctores,  129. 
Balanced  forces,  motion  nader,  476. 
BalUstie  peodolnm,  548. 
Bands  in  medianism,  454. 

friction  ott  617. 
Bare,  strength  of  iron  and  steel,  877 
Beam,  188. 

aUowanoe  for  weight  o(^  846. 

cast  iron,  818. 

deflection  onder  any  load,  828. 

direct  vertical  stress  hi,  842. 

expansion  and  contraction  of;  848. 

fixed  at  both  ends,  882. 

limiting  lengtii  &t,  847. 

lines  of  principal  stress  in,  841. 

of  uniform  strength,  820. 

originaUy  carred,  848. 

paitiaDy  loaded,  844. 

proof  deflection  d^  822. 

proportioo  of  depth  to  spaa  of,  827. 
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Beun,  resQience  of,  830. 

shearing  strev  in,  888,  842. 

doping,  848. 

strength  of,  807,  815,  684. 

(see  also  Girder). 
Belts,  strength  ol^  288  (see  also  Bands). 
Bending,  resistance  to,  307. 

moment  of,  807. 

(see  also  Beam). 
Bevel-wheels,  428, 448. 
Blocks,  stability  of  a  series  of^  280. 

and  tackle^  462. 
Bodies,  IS. 
Boilers,    strength   o^    289,    296,  299, 

806. 
Baling  pomt,  606. 
Bracing  of  frames,  142. 
Brake,  624. 
Breaking  aeroes,  resistanoe  to,  807  (see 

also  Beam). 
Brickwork  (see  Masonry).  ' 

Bridge  (see  Arch,  Beam,  Girder). 

sospension  (see  Sospension  Bridge). 
Bnoyanoy,  121. 
Buttresses,  228,  285. 

Cablbs,  strength  of,  288. 

Gam,  449. 

Gatenaiy,  177. 

Cells,  strength  oi;  864. 

Oentre  of  buoyaney,  121. 

of  gravity,  49, 180. 

.  of  mass,  482. 

of  oscillation  or  perenasioo,  520,  544. 

of  parallel  foroes,  81. 

of  pressors,  71,  76,  125. 

of  resistanoe,  181. 
Centrifugal  foroe,  491,  546  (see  also  De- 
viating Force). 

coaple,  587. 

pomp,  597. 
Chains,  eqaiUbrinm  of,  162  (see  also  Sus- 
pension Bridge). 
Channel,  flow  in,  411. 
Chimneys,  stability  o^  228,  240,  640. 
Cinematics,  15. 

principles  of,  879. 
CUck,  462. 

Collapsing,  resistanoe  to,  806. 
Collar,  friction  o^  616. 
Collision,  508. 

Columns,  strength  of  (see  Pillars). 
Comparative  motion,  884,  889. 
Components,  19,  881. 


Comporitionof  ooapkSflbRseB,  motiani^fee. 

(see  Resultant). 
Compressibility  of  Uqoids,  271. 
Compression,  renstanoe  to^  302. 
Cones,  speed,  457. 

Ccmnected  bodies,  motions  o^  420,  421. 
Connecting  rods,  strength  dt,  868. 
Conservation  of  energy,  478,  501. 

of  angolar  momentom,  or  of  areas,  506. 

of  momentum,  505. 
Continuity,  equatioas  of^  in  Hqiii<i«,  41 1, 
413. 

equations  o^  in  gases,  417. 
Contracted  vem,  572. 
Contraction,  coneflkient  o^  672. 
Cord,  equilibrium  of;  162. 

motion  of;  408. 
Counterforts,  255. 
Couples,  deviating,  635. 

oentrifuga],  537. 

eneigy  and  work  o^  537. 

polygon,  o^  25. 

statical,  tl^ory  d,  21. 

with  inclined  axes,  24. 

with  parallel  axes,  21. 
Couplmg,  Oldham's,  458. 

friction,  618. 

Hooka's,  461. 

of  parallel  axles,  459. 
Crank  and  axle,  strength  o^  858. 

motion  01^  458. 
Cross-breaking,  resistanoe  to  (see  Beam). 
Ciuahfaig,  direct  resistanoe  to^  802,  taUe, 
688. 

by  bending,  resistance  to,  860. 
Current,  412. 

pressure  of,  on  a  solid  body,  598. 

radiating,  412,  574. 
Cycbid,  898. 
CyUndera,  strength  oi;  289,  294. 

DiXB,  stabflity  oi;  248. 
Day,  udereal,  880,  881. 

mean  solar,  882. 
Deflection  (see  Beam). 
Deviating  foroe^  491, 492,  545. 

couple,  585. 
Deviation  (of  motion),  unifimn,  887. 

moment  of,  528. 

▼ai^'ing,  888. 
Direction,  flxed  and  neariy  fixed,  379. 
Distributed  forces,  48. 
Dome,  stability  of,  265. 
Drums,  in  mechanism,  454. 
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Djnamioi,  15. 

general  equations  Uf  484. 

prindplee  ol^  476. 
DjuAmometer,  478. 

Eabth,  firiction  of,  211. 

IbaodAtions,  219. 

preBsara  ot,  218  (aee  elflo  Retaining 
Walk> 

stabOitj  oi,  212. 

table  of  examplea,  221. 
Eooentric,  motion  o^  460. 
Sddj  (see  yoi1ex> 
£t!eet  of  a  machine,  610. 
Efhrt,  476. 
Efficiency,  609,  610. 
Elastic  corve,  849. 
Elasticity,  theory  of,  270,  276. 

co-eiBcieQts  of,  277. 

modnlos  oi;  279,  631. 

potential  eneigy  of^  277. 
Electro-dynamic  engine,  effidenqro^  680. 
Energy,  477. 

actual,  499,  507. 

actoal,  of  a  rotating  body,  682. 

components  d,  480,  499. 

conservataoQ  ot,  in  varied  motion,  501, 
608. 

conservation  6C,  motion  being  oniform, 
478. 

initial,  508. 

of  couples,  587. 

potential,  477. 

total,  503. 

transformation  of;  499. 
Epicycloid,  401. 
£pi<7cloidal  teeth  (see  Teeth> 
Epitrochoid,  401. 
Equilibrated  Arch  (see  Arch). 
Equilibrium  (see  Balance). 

stable  and  unstable,  128. 
Expansion  of  air,  123,  606. 

of  metals,  stones,  brick,  glass,  timber, 
349. 

of  steam,  606. 

of  water,  126. 
178. 


Faluvo  body  (see  Gravity> 

Fan,  598. 

Fixed  direction,  879 

point,  14,  881. 
Flexure,  moment  of;  811. 
of;  312. 


Floating  bodies,  120,  600. 
Flow  of  liquid,  410. 

of  gas,  417. 

(see  IJquid,  Gas). 
Flues,  strength  of;  866. 
Fluid,  100. 

elasticity  of,  285. 

equilibrium  of^  117. 

impulse  of;  on  a  solid  aoitaob,  691. 

motion  of;  410. 

pressure  oi,  99. 

(see  liquid,  Gas). 
Fly-wheel,  623. 
Foot-pound,  477. 
Force,  15,  17. 

absolute  nnit  o^  486. 

centrifugal  (see  Deviating  Foroe)b 

deviating  (see  Deviating  Foroe> 

distributed,  48. 

reciprocating^  508. 

representation  of;  19. 

unbalanced,  measures  of,  502. 
Forces,  action  of,  on  a  syi^am  of  bodies, 
610. 

parallelogTam  ot;  35. 

paraUelopiped  of,  87. 

polygon  of,  86. 

residua],  498,  611. 

resolution  o^  87. 
Foundations,  earth,  219,  255. 
Fracture,  272. 
Frames,  brsdng  of;  142. 

eqnilibrinm  and  stability  of;  132. 

of  two  ban,  186. 

polygonal,  139. 

resistance  oi;  at  a  section,  160 

triangular,  187. 
Friction,  209. 

coupling,  618. 

heat  of,  620. 

internal,  877. 

moment  d,  614. 

of  gas,  590. 

of  liquid,  584. 

of  machines,  612. 

of  solid  bodies,  law  of;  209. 

stn^x,  618. 

tables  of;  211,  618. 
Frictional  sUbility,  209. 

gearing,  618. 

Gas,  18. 
action  o^  on  a  piston,  604* 
dynamic  head  in,  679. 
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Gai,  «qiiatiflii  of  oontinaity  in,  581. 

flow  i£t  from  an  orifioe,  581. 

flow  oi;  with  firicdoD,  590. 

motion  of;  417. 

motion  oi;  without  ftietion,  579. 
Girdv,  bowBtriog,  869. 

caUnlar,  867. 

oomponnd,  866. 

half-Uttioa,  158,  869. 

Uttioe^  160,  869. 

I»Utie,866. 

stifboing,  fiv  sospauioii  bridgv,  870. 

tabolar,  866,  867. 

WamoX  158,  869. 
Governor  (lee  Pendolom,  nvolving). 

alK>625. 
Gnvitj,  flocdflratiiig  eflfoct  ot^  485. 

oentn  of,  49, 180. 

motion  nnder,  485,  486. 

spedflc,  49, 124. 

apedfle,  table  of;  687. 
Greaae^  618. 
Qroined  TaoltB,  261 
Gyimtkn,  542. 

radios  oi;  515. 

taUeofradUof,  518. 

HsAD,  dynamic,  of  liquid,  568. 

djnamie,  of  gas,  579. 

eqoal,  ■oxfkoeB  o^  578. 
Heat  of  friction,  620. 

engine,  effidencj  o^  629. 

of  steam,  607. 

spedflc,  of  gasa  at  oonstant  pnasore, 
580. 
Height  dne  to  Telocity,  487. 
Horse-power,  eflhctive,  610. 
Horse,  woric  oi;  626. 
Hjdrsnlio  hoist,  465. 

mean  depth,  587. 

press,  464. 
Hydnuilics  (see  Hydrodynamics). 
Hjrdrodyn amies,  566. 
Hydrostatic  arch,  190,  858. 
Hydrostatics,  principles  oi;  100, 112, 117. 

Immxbsbd  body,  122. 

plane,  125. 
Impact  (see  CoUision> 

and  pressure^  564. 
Impulse,  488. 

and  momentnm,  law  of,  484. 

angular,  506. 

between  solids  and  fluids,  591. 


Indicator,  478. 
luCTtia,  or  mass,  482. 

ellipsoid  of;  526,  582. 

moment  of  (see  MomsBt). 

rednoed,  621. 
Inside  gesring,  441. 

Intsgrsls^  approximatw  compubitioo  ol^  58. 
Intensity  of  distributed  fbne,  48. 

of  piesBuie,  69. 

of  stress,  68. 
Internal  eq[nilibrinm  of  strass  and  wdi^ 

lis. 

Intenal  stress  (see  Stress). 
Intrsdoe,  178. 
Tsodiromous  vibratioo,  558. 

Jbt,  impulse  ^  591. 
Jofaits  of  a  structure,  129, 181. 
of  maaoniy,  211. 

KsTB,  ftiction  oi;  226. 

Laxbbal  fobob,  476. 

Leather,  strength  ^  288. 

Length,  measure  ot^  18, 14. 

Lever,  26. 

Lbe,  18. 

link  motion,  468 

linkwork  in  mechanism,  458. 

Liquid,  18. 

dynamic  head  nt^  568. 

equQibrium  oi;  118. 

flow  of;  from  an  orifice,  570. 

flow  0^  in  a  pipe  (see  Pipe). 

flow  of;  in  a  stream  (see  Stnam). 

Ikee  surfiMse  c^  570. 

motion  oi;  410. 

motion  of;  in  plane  layen,  570. 

motion  of;  with  firictiou,  584. 

snrfSue  of  equal  pressure  in,  570. 

without  frictioo,  motion  o^  667. 

Hachuobs,  15. 

actual  eneqgr  o^  621. 

pieces  of;  422. 

reduosd  inertia  d;  621. 

theory  of;  609. 

varied  motion  of,  621. 

worlc  0^  with  uniform  or  periodic  mo- 
tion, 610. 
Man,  woik  of,  625. 

ICasonry  and  brickwork,  bond  of;  222; 
friotkm  o^  211,  222. 

sUbility  of,  280. 


INDEX. 


645 


4S2, 484,  485. 
centre  of^  482. 
',18. 


Ueaflorea,  oompanitivB  table  of  British 
andFreiiob,  688. 

oflength,  18, 14. 

of  stiwi|  69. 

of  time,  881. 

ofvelodly,  882. 

of  weight,  18. 
ICedunicB,  18. 

applied.  18. 
Hedumism,  theory  of,  421. 

aggregate  oombinatione  fai,  425,  466. 

demeotaiy  oombfaiatioiis  in,  428,  426. 

principle  of  oonnection  is,  424. 
ICerany,  weight  ol^  69. 
Modoloe  of  elasticity,  279,  681. 

of  rapture,  816,  684. 
Uoment,  bending,  807. 

of  a  ooaple^  22. 

of  deviation,  628. 

of  flexure,  811. 

of  friction,  614. 

of  inertia,  614. 

of  inertia  of  a  snifiuse,  77. 

of  inertia,  table  U,  618. 

of  stability,  288. 

of  stress,  78. 

of  torsion,  868. 

statical  (see  Moment  of  a  Couple),  also 
27,  29. 
Bftomentuni,  482. 

and  impulse^  law  d,  484. 

angular  (see  Angular  Momentum). 

conservation  of;  605. 

of  a  Totatfaig  body,  629. 
Motion,  14. 

compantive,  884,  889. 

eomponent  and  resultant,  881,  883. 

deviated  (see  Deviation). 

flnt  law  of;  476. 

of  a  system  of  bodies,  606. 

of  fluids,  dynamics  of  (see  Hydrody- 
namics. 

ofgass8(seeGas). 

of  liquids  (see  Hydrodynamics    and 
Liquid). 

of  points,  879. 

of  points,  varied,  886. 

of  pliable  bodies  and  fluids,  408. 

of  pliable  bodies,  dynamics  of,  662. 

of  rigid  bodies,  890. 

second  law  of,  484. 


Motion,  untfimn,  dynamical  principles  ot, 
476. 
varied,  dynamical  principles  U,  482. 
Muscular  strength,  woik  of;  626. 

Notch,  flow  through,  678. 

Oz^  618. 

Orifice,  flow  through,  671. 

Oscillation,  416. 

angular  (see  Gyration). 

centre  of  (see  Centre). 

eUiptical,  496. 

straight,  494. 

Pababola,  formulsB  relating  to,  166. 
Parallel  Forces,  26. 

motbn,  469. 

prelection  (see  Projection,  Parallel). 
Pendulum,  ballistic,  648. 

compound  oscillating,  646. 

compound  revolving,  647. 

cydoidal,  497. 

rotating;  647. 

simple  oscillating,  496. 

simple  revolving,  492. 
Percoarion,  centre  of  (see  Centre). 
Periodical  motion  of  machines,  610. 
Pieces  of  a  stractors,  129. 
Piers,  stabiUty  of;  228. 

of  arches,  268. 

open  and  hollow,  268. 
Pile  drivhig,  664. 
Hilars,  straogtii  of  short,  802. 

strength  of  long,  860. 
Phiiott  (see  Wheel). 
PSnnade  on  a  buttress,  289. 
Pipes,  friction  fa^  688^ 

flow  in,  411,  688. 

resistance  caused  by  sudden  enlaigo- 
ment  in,  689. 

resistance  of  curves  and  knees  in,  689. 

resistance  of  mouthidecee  of,  689. 

strength  of;  289. 
Piston,  418,  419. 

action  of  a  fluid  upon,  604. 
Piston  rods,  strength  id,  868. 
Pivot,  friction  oi;  616. 
Plasticity,  272. 

Plate-iron  girden  (see  Beam,  Girder). 
Plates,  strragth  of  iron  and  steel,  377. 
Pliability,  278. 

oo-eflSdents  of;  277. 
Point,  18. 
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Point,  fixed,  14,  881. 

motions  o^  879. 

physical,  18. 
Posts,  timber,  strength  of,  866. 
Pound,  standaid,  18. 
Power,  610. 
Press,  Hydnnlic,  464. 

strength  of;  290. 
Pressure,  20,  69. 

in  a  sloping  solid  mass,  126. 

internal  (see  Stress). 

of  earth  (see  Earth). 

of  fluids  (see  Fluid). 
Prime  movers,  626. 
Frqiection,  paralld,  46,  61,  127. 
Proof  strength,  278,  274. 
Pull  (see  Tension). 
Pulleys  and  belts,  464. 

and  oorda,  462. 

speed,  467. 
Pump,  centrifugal,  697. 
Pump  rods,  strength  o^  297. 

Rack,  motion  of;  427. 
Bailwajs,  reeistanoe  on,  620. 
Reciprocating  force,  608. 
Reduced  inertia,  621. 
Reduction  of  forces  and  couples  in  ma- 
chines to  the  driving  pomt,  612. 
Regulator  of  a  prime  mover,  626. 
Repose,  angle  of  (see  Angle). 
Reservoir  walls,  stability  of,  248. 
Resilience,  278. 

of  axle,  867. 

of  beam,  880. 

of  tie-bar,  287. 
Resistance,  476. 

centre  of,  181. 

line  o^  131. 

of  carriages  on  roads,  619. 

of  fluids,  698 

of  machines,  610  (see  Friction). 

of  materials  (see  Strength). 

of  railway  trains  and  engines,  620. 

of  rolling,  619. 
Resolution  offerees,  87. 

of  internal  stress,  82. 
Rest,  14. 
Resultant,  18. 

momentum,  482. 

of  any  system  of  forces,  41. 

of  couples,  28,  24. 

of  indfaied  forces,  8^ 

of  motions,  881. 


Resultant  of  paralld  forces,  26,  28,  30. 

of  stress,  70. 

of  wdght,  49. 
Retaining  walls,  227. 
RevStements  (see  Retaining  Walls). 
Rib  (see  Arch,  Linear). 
Rigid  body,  motion  o^  890,  894^  (18, 
(see  Rotation). 

action  of  a  single  foroe  on,  543. 
Rigidity  or  stiflheas,  271. 

of  a  truss,  144. 

supposition  of  perfect,  18. 
Rivets,  strength  of;  299. 
Rivetted  jdntB,  strength  of,  289,  299. 
Roads,  resistance  c£,  619. 
Rolling  of  cylinder  on  phme^  898. 

cones,  406,  636. 

contact  in  mechanism,  426. 

of  cylinder  on  cylinder,  400. 

of  plane  on  cylinder,  898. 

resistance,  619. 
Roof  (see  Frame,  also  Trass). 
Ropes,  strength  o^  288. 

stiffhess  d^  619. 
Rotating  body,  comparative  motion  of 
points  in,  898. 

relative  motion  of  a  pair  of  points  in, 
892. 
Rotation,  890. 

actual  energy  o^  682. 

alternate  (see  Gyration). 

and  force,  analogy  of;  406. 

angular  velocity  of;  89L 

axis  o^  890. 

combined  with  tnnslatioa,  394. 

comparative  motions  in  eompooDd,  406. 

compound,  899. 

dynamical  principles  of;  618. 

free,  638. 

instantaneous  axis  of;  897,  648. 

unifonn,  686. 

varied,  406,  638. 

varied,  combined  with  tntnulation,  648. 
Rupture,  modolos  o^  816,  634. 

Safbtt,  factors  o^  274. 
Screw-like  motion,  894. 
Screws,  Motion  of;  226. 

compound,  467. 

in  mechanism,  449. 
Sections,  method  of;  applied  to  firmme- 

work,  160. 
Set,  272. 
Shaft,  strength  of  (see  Axle). 
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Shear,  69,  87. 

Shearing,  redstanoe  to,  298;  table,  633. 

force  in  beams,  307. 

sirees  m  beams,  838. 
Shifdng  or  translation,  890. 
Sliding  contact  in  mechanism,  436. 
Solid,  18. . 

Speclile  gravity  (see  Gravity,  Specific). 
Speed-oones,  457. 
Speed,  floctoatione  o^  629. 
Spheres,  strength  ot,  290. 
Spiral,  898. 
StabUity,  128. 

firictional  (see  Frictional). 

of  stmctnres,  180,  131. 
Standard  measure  of  length,  14. 

meaaaie  of  weight,  18. 
Starting  machines,  624. 
Statice,  15. 

principles  o^  17. 
Stays,  183,  186. 
Steady  motion  of  a  liquid,  412,  414. 

of  a  gas,  419. 
Steam,  action  of,  606. 

engine,  eflSciency  of,  629,  680. 
Stiffiiess,  180,  270,  278. 

of  beams  (see  Beam,  deflection  of). 
Stopping  madunes,  624. 
Stnun,  272. 

and  stress,  relations  between,  280. 

ellipse  of;  280. 

resolntion  and  composition  of,  275. 
Stream  of  liquid,  411,  586. 

friction  of;  586. 

of  gas,  417. 

hydraulic  mean  depth  o^  587. 

vaiying,  587. 
Strength,  180,  270. 

of  abutments  and  vaults,  268. 

of  axles,  858,  858. 

of  beams,  807,  815  (see  Beam). 

of  boHers,  pipes,  and  cylinders,  289, 
299,  806. 

of  bolts,  pins,  keys,  and  rivets,  299. 

of  iron  and  steel,  377. 

of  iron,  efiects  of  repeated  melting  on, 
876. 

of  leathern  belts,  288. 

of  long  pillars  and  stmts,  860. 

of  masonry  and  brickwork,  268,  802. 

of  pump-rods,  297. 

of  ropes  and  cables,  288. 

of  short  pOUrs,  804. 

of  spherv,  290,  296. 


Strength  of  teeth,  359. 

of  tie-bar,  286. 

of  tubes  and  flues,  306. 

proof,  273. 

tables  of,  877,  631. 

transverse,  315. 

'ultimate,  278. 
Stress,  68. 

and  strain,  relations  between,  280. 

internal,  82. 
Stretchfaig,  resistance  to,  286. 
Stroke,  length  of,  in  mechanism,  460. 
Structures,  15. 

theory  of;  129. 

tran^ramation  of,  129. 
Struts,  183. 

strength  of  (see  Pillars). 

wrought-iron,  strength  of,  864. 
Superposition  of  small  motions,  655. 
Surface,  18. 
Suspension  bridge,  149, 165. 

stiflened,  870. 

strength  of;  286,  288,  801. 

with  sloping  rods,  171. 

with  vertical  rods,  168. 
System  of  bodies,  motion  of;  505. 

Tbariho,  resistance  to,  286. 

UUes  of  resistance  to,  288,  289,  377, 
681. 
Teeth  of  wheels,  dimensiona  o^  447. 

epicydoidal,  444. 

friction  of;  617. 

form  of;  438. 

involute,  441. 

of  bevel  wheels,  448. 

cf  wheel  and  trundle,  447. 

pitch  and  number  of,  432. 

strength  of,  859. 
Tenacity,  286  (see  Tearing,  Besistaace  to). 
Tension,  69  (see  Stretebing). 
Testbg  strength  (see  Pnxrf). 
Theory  and  practice  in  mechanics,  har^ 

mony  o^  1. 
Thrust,  69. 
Tie,  132. 

flexible,  169. 

strength  oi;  286. 
Time,  measure  of;  881. 
Torsion  (see  Wrenching)^ 
Toughness,  278. 
Towers,  sUbility  of,  240. 
Trains  of  mechanism,  465, 

epicydic,  473. 
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TniDS  of  Wheeb,  484. 
Tranafonnation  (see  PiojectioD). 

of  cords  and  chainai  180. 

of  frames,  162. 

ofatresB,  92. 

of  Btractnrea  io  maaomy,  282,  268. 
Tranalation  or  Bhifting,  890. 

varied,  482. 
Tranaverse  sbeogth,  816 ;  taUe^  684. 
Trochoid,  898. 
TnmdlA,  447. 
Tmas,  144. 

compound,  148. 
Tnusing,  aecondaiy,  146. 
Turbine,  696,  629. 
Toniing  (see  Rotation). 
Twisting  (see  Wrenching). 

Uhbalaitcsd  fobgb,  measoreB  ol^  601. 
Unguents,  618. 
Uniform  motion,  882. 

deviation,  887. 

effort  or  resistance,  eflfoet  of|  490. 

motion  under  tialanced  forces,  476. 

Telocity,  882. 
Unirersal  joint,  461. 

double,  462. 
Unsteady  motion  of  fluid,  418,  416. 

Yaitbs,  impulse  of  liquid  on,  698. 
Vaults,  stability  of,  226  (see  Arch> 

groined,  262. 
Velocities,  virtual,  479. 
Velocity,  882. 

angular,  891. 

of  sound,  668. 

uniform,  382. 

uniformly-varied,  886. 

varied,  886. 

varied  rate  of  variation  o^  887. 
Vibration,  668. 

isochronous,  668. 

not  isochronous,  667. 

of  elastic  body,  667. 
Virtual  velocities,  479. 
Vis-viva,  499. 
Volume,  18. 


Vortex,  412,  674. 

action  ol,  on  wheel,  695,  629. 
combined,  576. 
forced,  676. 
free  circular,  674. 
free  spiral,  676. 

Walub,  stabOily  ot,  226. 

retaining  (see  Retaining  Wills). 
Wal»r,  appanot  weiigbt  of  bodies  imm«6d 
in,  126. 

expansion  of|  125. 

pressure  engine,  626. 

velocity  of  sound  in,  668, 

weight  of;  126. 

(see  Uqidd,  Stream)^ 
Water-wheel,  678, 627. 

action  of  vortex  on,  696, 629. 

efBdeney  o^  627. 

impulse  of  water  on  floats  of^  69S. 
Wave,  motion  in,  416. 

of  vibration,  662. 
Wedges,  frictkm  of,  226. 
Weight,  49. 

apparent,  of  body  immecaed  in  fliiid,128. 

measures  of,  18. 

Uble  o^  687. 
Wheels,  motion  of,  426. 

bevel,  428,  448. 

grooved,  481. 

non-drcular,  428,  449. 

skew-bevel,  430,  449. 

teeth  of  (see  Teflth> 

train  o^  484. 
Wind,  action  of,  on  towers  and  chinmeya^ 

240. 
Windlass,  difiersntial,  466. 
Windmill,  629. 
Wiper  or  cam,  449. 
Work,  477. 

of  machines,  610. 

useful  and  lost,  610. 
Working  stiess,  wozkhig  load,  274^ 
Wrenching,  reristanoe  to^  868. 

Yard,  standard,  14. 
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Chatterton's    Poetical   Works.      With   an    Original 

Memoir,  beautifully  Illustrated,  and  elegantly  printed.  Foolscap  8vo, 
cloth  and  gold,  3^.  (yd\  malachite  lox.  6^. 

Campbell's  Pleasures  of  Hope.     With  Introductory 

Memoir.  Illustrated  with  splendid  Steel  Engravings.  Uniform  with 
"Goldsmith,"  " Gray,"  ** Poe,"  &c.  [/«  Preparation. 

Other  Volumes  will  be  added  front  tivte  to  time. 

Griffin's  Royal  8vo  Five  Shilling  Series,  the  Cheap- 
est Books  published.     Fine  paper,  good  printing,  beautiful  Illustrations, 
and  well  bound.     In  cloth,  5^.;  with  gilt  edges,  dr.;  in  tree  calf,  gilt  back 
and  edges,  15J-. 
Goldsmith's     Miscellaneous     Works. 


Complete. 

Burns  s  and  Scott's  Poetical  Works. 
Complete. 

BvRON  s  Complete  Wokks. 

Masterpieces  op  Foreign  LiTBRATime. 

Poetic  Voices  op  the  Eighteenth  Cen- 
tury. 

Aradiak  Nights'  Entertainments. 


Swift's  Works.    Carefully  selected. 

Boswbll's  Lipe  of  Dr.  Samuel  Johnson. 

Josbphus.  Thb  Whole  Works  op  Flavios 
Josephus,  the  Jewish  Historian. 

Shakespeare's  Complete  Works. 

Masterpieces  op  Fiction. 

Poetic  Voices  op  the  Sbvbktbentii  Cen- 
tury. 


Several  others  in  preparation* 
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Lamb's  (Charles  and  Mary)  Tales  from  Shakesi>eare. 

New  Edition.  To  which  are  now  added  Scenes  illostratixiflr  each  Tak. 
With  numerous  Woodcuts  from  designs  by  Harvey.  Edited  by  Charles 
Knight.  Small  8vo,  cloth,  bevelled  boards,  2x.  6d. ;  with  gilt  cdgea, 
y. ;  morocco  antique,  7j. 

Language  of  Flowers,  The;  or,  The  Pilgrrimage  of 

Love.  By  Thomas  Miller.  With  eight  beautifully  coloured  plates. 
Tufit  pubkshed,  a  New  Edition.  Sthall  Ivo,  doth,  gilt  edges,  3^.  6d,i 
handsomely  bound  in  silk  and  in  mdtoccd,  8j. 

Mackey's  Freemasonry :  a  Lexicon  of  Free- 
masonry; containing  a  Definition  of.,  all  its  Communicable  Terms, 
Notices  of  its  History,  Traditions,  and  Antiquities,  and  an  Account  of  all 
the  Rites  and  Mysteries  of  the  Ancient  World.  By  Albert  G.  Mackey, 
fM.D.,  Secretary-General  of  die  Supreme  Council  of  the  U.S.,  &c 
Handsomely  bound  in  cloth,  price  y. 

Many  Thoughts  of  Many  Minds;  being  a  Trea- 
sury of  Reference,  consisting  of  Sdections  from  the  Writings  of  the  most 
celebrated  Authors.  Compiled  and  analytically  annangra  by  Henry 
SoUTHGATE.  Eighteenth  Thousand.  Square  8y<^  printed  on  toned  papei^ 
elegant  binding,  lis.  6d,;  morocco,  £i,  ix. 
"  The  produce  of  years  o£  research." — ExamtMer. 

Maurice's  (Professor)  Manuals  of  Moral  and  Meta- 
physical Philosophy. 

The  Philosophy  Anterior  to  Christ.     51. 

The  Philosophy  of  the  First  Six  Centuries.    31.  6^ 

The  Philosophy  of  the  Sixth  to  the  Fourteenth  Century. 

Ss. 
The  Philosophy  of  the  Fourteenth  to  the  Nineteenth 
Century.     lor.  6d, 

Mental  Science.     Samuel  Taylor  Coleridge   on 

Method;  Archbishop  Whately*s  Treatise  on  Logic  and  Rhetoric. 
Crown  8vo,  cloth,  $s. 

Natural    History    of   the    Animal    Kingdom.     By 

Professor  Dallas.  New  Edition,  with  upwards  of  600  lUustrations. 
Large  post  Svo,  cloth,  Sf.  6d. 

Nicholas   (Professor)    Cyclopaedia   of  the    Physical  ^ 

Sciences ;  comprising  Acoustics,  Astronomy,  Dynamics,  Electricity,  Heat, 
Magnetism,  Meteorolc^,  &c.,  &c  Second  Edition,  enlaiged.  Maps 
and  Illustrations.     Large  Svo.     Half-bound,  Roxburghe,  £1,  is, 

Paley  s  Natural  Theology;  or,  The  Evidences  of  the 

Existence  and  Attributes  of  the  Deity.  With  illustrative  Notes  and  Dis- 
sertations. By  Lord  Brougham  and  Sir  C  Bell.  Cheap  Edition.  In 
I  vol.,  i6mo,  cloth,  $s.  6r/. 

"  Wlicn  Lord  Rrougliain's  eloquence  in  the  senate  shall  have  passed  away,  and  his  services 
n  a  statesman  shall  exist  only  in  the  free  institutions  which  they  have  helped  to  secure,  hn 
?k"k  °u  ^"*"*^'  T^'coloejr  will  continue  to  inculcate  imperishable  truths,  and  fit  the  mind 
■mL!!^7.a^  revelations  which  these  truths  are  destinedto  foreshadow  and  confine"- 


LIST   OF   BOOKS. 


Poetry  of  the  Year;  or,  Pastorals  from  our  Poets 

illiistradve  of  the  Seasons.     Embellished  v;ith  a  Series  of  Admirable 

Imitations  of  Water-Colonr  Paintings  from  the  Drawings  of  Birket  Foster, 

Harrison    Weir,    Barker,    Lejemie,  £.  V.  B.,  Duncan,  Lee,  Cox,  T. 

Creswick,  R.A.,  beautifully  executed  in  Chromolithograph]^  and  mounted. 

4to,  handsomely  bound  in  cloth  and  gold,  idr. ;  morocco,  ^  I,  51. 

"  One  of  the  most  admirable,  as  well  as  most  original,  contributions  to  the  pictorial 
Ulerature  of  the  season."— /V>//  Mall  Gazette. 

"  Altogether,  the  book  is  a  vczy  attractive  cnit.'*-^Twies. 

Ramsay's  (Professor)  Manual  of  Roman  Antiquities. 

With  Map,  numerous  Engravings,  and  very  copions  Index.     Seventh 
Edition,  revised  and  enlargS.     Crown  8vo,  cloth,  &r.  6iL 

Ramsay's  (Professor)  Elementary  Manual  of  Roman 


Antiquities.  Adapted  for  Junior  Classes.  Numerous  Illustrations.  Third 
Edition.    Crown  8vo,  cloth,  41. 

Ramsay's    (Professor)   Manual  of  Latin    Prosody. 

Third  Edition,  revised  and  greatly  enlarged.    Crown  8vo,  doth,  5j. 

Ramsay's  (Professor)  Elementary  Manual  of  Latin 

Prosody.    Adapted  for  Junior  Classes.     Crown  8vo,  cloth,  2s. 
A  New  Work  by  Professor  W.  J.  Macquorn  Ranking. 

Rankine's    Machinery    and    Millwork:    comprising 

Geometry  of  Machines,  Motions  of  Machines,  Work  of  Machines,  Strength 
of  Machines,  Construction  of  Machines,  Objects  of  Machines,  &&,  &c 
Illustrated  with  nearly  300  Woodcuts.     Post  8vo. 

Rankine's  Civil  Engineering.     Fifth  Edition.    Cloth, 

i6s. 

Rankine's    Applied    Mechanics.      Fourth   Edition. 

Cloth,  I2X.  (>d. 

Rankine's    The    Steam-Engine    and    other   Prime 

Movers.     Fourth  Edilion.     Cloth,  izr.  6d. 

Rankine's    Useful    Rules    and    Tables.       Second 

Edition.     Cloth,  9/. 

Religious  and  Moral  Anecdotes.  With  an  Intro- 
ductory Essay  by  the  Rev.  George  Cheever,  D.D.  Tenth  Thousand. 
Crown  8vo,  cloth,  3j.  6d. 

Scientific    Treatises.      By  Frederick   Schoedler. 

Translated  and  Edited  by  Hen ry  Medlock,  F.  C.  S.  ,  &c  ,  ftc. ,  Ac.  With 
numerous  Illustrations.     Crown  8vo,  cloth,  u.  6d,  each. 


Elements  of  Astronomy. 
Elements  of  Botany. 
Elements  of  Chemistry. 
Elements  of  Geology  and 
Mineralogy. 


Elements  op  Natural  Philo- 
sophy. 

Elements  of  Zoology  and 
Physiology. 


Senior's  (Professor)  Treatise  on  Political  Economy: 

the  Science  which  treats  of  the  Nature,  the  Production,  and  Distribution 
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Science  and  Practice  of  Medicine,  The.     By  Wm. 

AlTKEN,  M.D.  Edin.,  Professor  of  Pathology  in  the  Anny  Medical 
School,  Corresponding  Member  of  the  Royal  Imperial  Society  of  Physi- 
cians of  Vienna,  of  the  Society  of  Medicine  and  Natural  History  of 
Dresden,  and  of  the  Imperial  Society  of  Medicine  of  Constantinople. 
Fiflh  Edition,  revised  and  partly  re*written.  In  2  vols.,  8vo^  cloth, 
price  £i,  14s. 

The  Latutt  says : — "  We  can  strongly  recommend  this  new  work  on  the  Practice  of  Me£- 
cine— for  sudi  it  really  is.'* 

The  British  Medical  yourttal  says :— "  Dr.  Aitken's  book  is  the  most  comprehesshpe  of  any 
that  have  in  late  years  been  published  on  the  Practice <^  Medicine.  .  .  .  I'bere  is  not  one  topic 
of  pathological  or  practical  interest  that  has  been  the  subject  of  modem  investigadoa  and 
discovery  which  the  author  has  omitted  to  notice." 

Shakspeare,    The   Stratford.     Edited   by  Charles 

Knight.  An  entirely  New  and  Improved  Edition.  With  an  Intro- 
duction and  a  Life  of  Shakspeare,  by  the  Editor.  Profusely  Illustrated  br 
William  Harvey.  In  6  vols.  Small  8vo,  cloth,  £\^  is. ;  half-bound 
morocco  extra,  £1,  i$s, ;  in  a  handsome  glazed  library  case,  complete, 
doth,  £if  $s, ;  half-morocco,  £2, 

Shakespeare,  a  Treasury  of  Thought  from.     The 

Choice  Sayhigs  of  his  Prindpal  Characters,  analytically  and  alphabetkallj 
arranged.  Crown  8vo,  handsomely  boimd  in  cloth,  3^.  6d. ;  morocco, 
7j.  6i 

Sidereal  Heavens,  The,  and  other  Subjects  connected 

with  Astronomy,  as  illustrative  of  the  Character  of  the  Deity  and  of  ai 
Infinity  of  other  Worlds.  By  Thomas  Dick,  LL.D.,  author  of  the 
Christian  Philosopher^  Ac  New  Edition.  Printed  on  toned  paper,  hand- 
somely bound,  Avith  gilt  edges,  price  5J. 

Spelling  by  Dictation :    Progressive    Exercises    in 

English  Orthography  for  Schools  and  Civil  Service  Examinations.  By 
the  Rev.  A.  J.  D.  D'Orsey,  of  King*s  College.  New  Edition.  iSmo, 
cloth,  IX. 

Treasury  of  Natural  Science.     From  the  German  of 

Professor  Schoedler,  with  numerous  additions,  by  Hy.  Mf.i>lock, 
F.C.S.  Fourth  Edition.  With  Copious  Index,  and  upwards  of  500 
Engravings.     Post  8vo,  cloth,  'js,  (xi. 

Vocabulary   of    Philosophy,   with    Quotations    and 

References.  By  Professor  Fleming.  Second  Edition.  Small  8%>, 
cloth,  red  edges,  7^.  6d,  ' 

Virgil,  The  Works  of.     With  English  Notes,  Ori- 
ginal and  Selected.    By  Archibald  Hamilton  Bryce,  LL,D.     Wiii 

numerous  Illustrations.  In  three  parts.  Foolscap  Svo,  cloth,  2x.  (nL 
each.  I.  Bucolics  and  Geor^^cs.  2.  The  iEneid,  Liber  i — 6.  3.  Th< 
ylineid,  7 — 12 ;  or,  complete  m  one  vol,  6s, 

Whately's    (Archbishop)    Treatise    on    Logic,    with 

Synopsis  and  Index.     Crown  Svo,  3^.,  cloth. 

Whately  s  (Archbishop)  Treatise  on  Rhetoric,   with 

Synopsis  an^i  Index.    Crown  Svo,  31.  6</.,  cloth. 
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